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The problem of neutral-current processes (neutrino scattering, pair emission, pair absorption,
axion emission, etc.) in a nuclear medium can be separated into an expression representing the phase
space of the weakly interacting probe, and a set of dynamic structure functions of the medium. For a
nonrelativistic medium we reduce the description to two structure functions S4(w) and Sy (w) of the
energy transfer, representing the axial-vector and vector interactions. Sy is well determined by the
single-nucleon approximation while S4 may be dominated by multiply interacting nucleons. Unless
the shape of S4(w) changes dramatically at high densities, scattering processes always dominate over
pair processes for neutrino transport or the emission of right-handed states. Because the emission of
right-handed neutrinos and axions is controlled by the same medium response functions, a consistent
constraint on their properties from consideration of supernova cooling should use the same structure
functions for both neutrino transport and exotic cooling mechanisms.

PACS number(s): 97.60.Bw, 12.15.Mm, 13.15.+g, 95.30.Cq

I. INTRODUCTION

The neutrino signal from the supernova (SN) 1987A
has confirmed our basic understanding that type-II su-
pernovae result from the core collapse of massive stars [1].
The observed neutrinos were radiated from the “neutrino
sphere” with a luminosity and energy spectrum commen-
surate with expectations based both on broad theoreti-
cal grounds and detailed numerical models. Further, the
time scale for the neutrino “light curve” was broadly in
agreement with the hypothesis that energy transport in
the hot, dense core is dominated by neutrino diffusion.
Despite these successes there is much that needs to be
done to achieve both a quantitative and a qualitative un-
derstanding of SN physics.

In this paper, we examine a number of issues concern-
ing neutrino transport in SN cores. We are especially in-
terested in the neutral-current (NC) processes that gov-
ern the transport of u and 7 neutrinos. These include
scattering vX — X'v, pair emission X — X'vp, and
pair absorption ¥#X — X' where X and X' are configu-
rations of one or several particles of the medium. These
processes are intimately related because the underlying
matrix elements are structurally the same. Still, the pair
processes have usually been neglected in transport calcu-
lations [2], presumably because in a noninteracting gas of
nucleons they vanish due to energy-momentum conserva-
tion. We would like to know if this naive expectation is
born out in a strongly interacting medium.

Although this question has always been present, it has
been obscured by the difficulty of calculating any of the
relevant processes reliably. Further, the authors that
worried about scattering processes and transport in hot
SN cores [3-6], could plausibly assume that scattering
was the dominant part of neutrino transport; whereas au-
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thors worried about pair processes were usually concen-
trating on the cooling of older, cold, degenerate neutron
stars [7]. There is another problem in that the relevant
calculations are usually done in the context of perturba-
tion theory—processes with the fewest number of nucle-
ons are assumed to dominate. The lowest-order emission
process is usually neutrino pair bremsstrahlung involv-
ing two nucleons, NN — NNvi, whereas the lowest-
order scattering process is scattering from a single nu-
cleon vN — Nv. Therefore, if pair processes turned
out to be important compared to scattering, the whole
perturbative framework of the calculations would seem
questionable.

In this light, we find several recent papers on the SN
emission of hypothetical right-handed (RH) neutrinos ex-
tremely interesting [8-10]. On the basis of perturbative
calculations of nucleon-nucleon and pion-nucleon interac-
tions (if there is a pion condensate) it appeared that pair
processes of the type X — X' vg would be more impor-
tant than spin-flip scattering vz X — X'vg in a nonde-
generate nuclear medium. As these processes are struc-
turally very similar to the ones involving only left-handed
(LH) neutrinos we are led to wonder if pair processes
are also important for the standard neutrino transport
in newborn neutron stars, and under what, if any, condi-
tions the perturbative framework can be trusted. Simi-
larly, resolving the question of pair processes in transport
calculations will affect the interpretation of the emission
rate calculated for several species of hypothetical parti-
cles, including RH neutrinos and axions.

General answers to these questions are difficult because
of our lack of knowledge about strongly interacting sys-
tems. In the end we travel the perturbative road, but
before doing so we want to make sure that the rela-
tion between scattering and pair processes is kept clear.
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To this end, we factorize the problem of neutrino in-
teractions into a “neutrino part” and a “medium part.”
This allows us to maintain a consistent treatment of the
medium while discussing the different neutrino processes.
The medium is then described by a small number of re-
sponse functions, common to all NC processes. In the
limit of nonrelativistic medium constituents and ignor-
ing the neutrino momentum transfer to the nucleons, the
medium response can be reduced to a single structure
function S(w) of the energy transfer. S is a linear combi-
nation of the density and spin-density dynamic structure
functions at vanishing three-momentum transfer. Al-
though we derive S for ordinary LH neutrino interactions
it also applies to spin-flip scattering.

In a sufficiently dilute medium the dynamic structure
functions can be calculated perfectly well by perturbative
methods, so we may borrow readily from other authors’
calculations. Our hope is that when extended into the
regime of high densities the overall shape of S(w) will not
abruptly change. In this case we will argue that the rel-
ative strength of scattering almost certainly exceeds that
of pair processes for a medium dominated by nonrela-
tivistic nucleons. Thus, if a pion condensate would sub-
stantially add to X — X'vgriy it would add even more
to v X — X'vg. Then, however, it would also strongly
affect v X — X'vp and thus neutrino transport.

Turn back to the emission of weakly interacting par-
ticles. The bremsstrahlung emission of RH neutrinos or
axions are sensitive only to the spin-density fluctuations.
Even so, the spin-density structure function used for RH
neutrino or axion emission is the same as that for ordi-
nary LH neutrino scattering and, therefore, the uncer-
tainties of, for example, the axion emission rate are not
unrelated to that of neutrino transport. It follows that a
consistent treatment of “exotic” particle emission would
have to rely on a common structure function S(w) for
both neutrino transport and particle emission, whether
or not S(w) can be reliably calculated. Modifications of
the neutrino transport and the emission of novel particles
will both affect the observable neutrino signal, and thus
they should be implemented on the same footing.

There remains the problem of how to calculate the dy-
namic structure functions, a problem which is arguably
more difficult for the present application then for any
other problem concerning neutrino interactions with stel-
lar material. The medium at the core of a photoneutron
star is hot, dense, and strongly interacting. There are
no parameters that one may use as the basis for a per-
turbation expansion. Further, the material is neither de-
generate nor nondegenerate. In this context, we suggest
a phenomenological approach that we believe illustrates
some of the features that a full treatment of an interact-
ing medium must possess. This approach uses the in-
teractions of the medium to regulate soft processes, i.e.,
those where the energy transfer is small, but leaves the
hard processes relatively unscathed. Although not to-
tally successful, the technique goes in the direction of
regulating the amplitude of the response function calcu-
lated in a perturbative series, while modifying its shape
in a controlled way.

The rest of this paper is organized as follows. In Sec.

II, we develop the main tool for our investigation, the
vector and axial structure functions Sy (w) and Sa(w),
respectively, which describe the medium’s response to
NC’s. In Sec. III we present useful properties of these
functions and evaluate them perturbatively. In Sec. IV,
we examine the relative strength of pair vs scattering
processes under a variety of different assumptions about
the high-density behavior of S4. In Sec. V, we consider
applications to nonstandard physics, i.e., the emission
of novel particles and the impact of a pion condensate.
Finally, in Sec. VI, we summarize our discussions and
conclusions, with some suggestions as to useful strategies
for future research.

II. NEUTRAL-CURRENT NEUTRINO
PROCESSES IN A MEDIUM

A. Collision integral

Neutrino transport in a medium is governed by
the Boltzmann collision equation, L[f] = C[f,f] =
(df /dt)con, where f and f are the neutrino and antineu-
trino occupation numbers for LH states. (For now we
focus on the standard model without RH neutrinos.) An
analogous equation applies to f . The Liouville operator
is given by L[f] = 8:f +%-Vx +k- Vi f while the collision
integral is

dfi,
dt

3
= %[sz,kl fia (1= fiey) — Wiy ks fieu
X(l - sz) + W_kakl (1 - fkl)(l - sz)

—Wkl:_kakl sz] )

coll

(2.1)

where we have written the momentum variables as sub-
scripts. The first term corresponds to neutrino scatter-
ings into the mode k; from all other modes, the second
term is scattering out of mode k; into all other modes,
the third term is pair production with a final-state neu-
trino k;, and the fourth term is pair absorption of a
neutrino of momentum k; and an antineutrino of any
momentum. In this collision integral we only include ef-
fective NC processes between neutrinos and the nuclear
medium,; i.e., we are not considering charged-current pro-
cesses and NC processes coupling neutrinos to the leptons
in the medium.?

The expression Wy, x, = W (ki, k2) is the rate for a neu-
trino in state k; to scatter into k, via interaction with the

!The temperature T is expected to be of order 50 MeV,
whereas the density of baryons is characterized by Fermi mo-
menta in the 400-500 MeV range. Particle species whose
density is characterized by T are not nearly as abundant as
nucleons. The importance of degenerate e~ and v. for neu-
trino scattering is typically less than a tenth of the nucleons.
Even though it is conceivable that there may be situations
where they dominate [11], we will always ignore purely lep-
tonic processes.
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medium. W is defined in the entire k space for both of
its arguments where negative energies indicate the “cross-
ing” of an initial-state neutrino into a final-state antineu-
trino or vice versa. In thermal equilibrium f and f must
assume Fermi-Dirac distributions at a given temperature
T and chemical potential p while the collision integral
must vanish, leading to the detailed-balance requirement
W(kl, kz) = e(wl_wz)/TW(kz, kl)

It is the pair production and absorption terms under
the integral in Eq. (2.1) that are usually neglected in
the context of SN neutrino transport. The justification
appears to be that the pair terms vanish for a medium of
free nucleons. More specifically, W (ky, k2) is identically
zero if the energy momentum transfer £ = k; — k3 is
timelike (kz > 0) and if the dispersion relations of the
medium excitations are like that of ordinary particles,
E? —p2=m?2>0.

B. The transition rate W (ky, k3)

The low-energy NC Hamiltonian for the neutrino field
1 and an effective current operator B* for the medium
is

Hipy = —2 B4y, (1 — vs5) .

G
2v/2
If the neutrino interactions are dominated by nucleons,
the current of the background medium is

B* = 3" %iv*(Cvi — Caivs)vsi

i=n,p

(2.2)

(2.3)

where 1), , are the interacting quantum fields for protons
and neutrons, and Cy,; and C4; are the relevant vector
and axial weak charges.

The current-current structure of H;,; allows the tran-
sition rate to be written in the general form

GL N

Wik, ks) = S N#-| (2.4)
where G is the Fermi constant and N the number den-
sity of baryons. N*¥ entails the neutrino kinematics, and
Sy describes fluctuations in the medium that produce,
scatter, or absorb neutrinos; i.e., it is the dynamic struc-
ture function of the medium for NC'’s.

Up to a normalization factor, N#¥ is given by the neu-
trino part of the squared matrix element for the scatter-

ing vy, — v, [12]:
8

NW =~
2(4.)12(4}2

EPkY + kPKY — kikog"t — i€®PP ko kag]
12 2 *1 8

(2.5)

Then, by the usual crossing relations the expression for
the emission of a pair ¥, 1A, is given by k; — —k,, while
k2 — —ko is for the absorption of v, #,. Both opera-
tions leave N*¥ unchanged because we included a factor
(2w12wz) ! in its definition. :
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The dynamic structure factor is then functionally de-
pendent only on the energy momentum transfer so that a
single tensor S, (k) describes all processes in Eq. (2.1).
It can be written directly in terms of the fluctuations in
the weak NC’s [13],

1 [t L
se (k) = 3= /_ _ dt e™“t(B*(t,k)B"(0,—k)) , (2.6)

where k = k1 — k2 = (w,k). By the expectation value
(---) of some operator we mean a trace over a thermal
ensemble of the background medium.

Equation (2.4) is a first-order perturbative result in
the weak Hamiltonian. The medium, on the other hand,
is strongly interacting, so a perturbative calculation of
S, may or may not be possible. Of course, in principle
some insight into its properties can be gained by labo-
ratory experiments, e.g., particle emission from the hot
and dense systems produced in heavy-ion collisions.

However, for practical SN calculations one proceeds
with a perturbative approach as follows. For a particular
term in the expansion one calculates the squared ma-
trix element, which can be written in the form |M|? =
(G%/8)M,,, N*¥2w,2w,, where M*¥ is the square of the
medium part of the matrix element. Then one performs
a phase-space integration over all medium participants
and sums over all relevant processes:

o T s

processes =1

Sy =

d’py

XH/2E (2 )3(1ifpf)

N; Ny
)@t [ k+> pi— o | D My, (27)

=1 f=1 spins

where N; and Ny are the number of initial and final
medium particles, the f, are occupation numbers, and
the (1 £ fp) are Pauli-blocking or Bose-stimulation fac-
tors.

Unfortunately, for the conditions of a SN core higher-
order processes typically yield contributions to S, which
are of the same order or larger than lower-order ones
(see Sec. III below), so one may question the validity
of this method. However, because W (ki, k2) factorizes,
this complication can be separated from a discussion of
the relative importance of scattering vs. pair processes,
which is largely an issue of neutrino phase space.

Therefore, instead of relying too much on perturba-
tive calculations of S*¥(k) we should focus on its general
properties. To this end we assume that the medium is
homogeneous and isotropic, in which case S#” can be
constructed only from the energy-momentum transfer &
and the four-velocity u of the medium [14]:

S# = Ryubu” + Rp(utu” — g") + R3k k"

+Ry(k*u” 4+ uPk¥) + iRse"*Puyks . (2.8)

The structure functions R;j,...,Rs depend on the
medium temperature and chemical composition, and on
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the Lorentz scalars that can be constructed from u and
k, namely k? and uk. (The third possibility u? = 1 is a
constant.) Instead of k? and uk we will use as indepen-
dent variables the energy and momentum transfer w and
|k|, measured in the rest frame of the medium.

It is convenient to calculate the interaction rate in the
rest frame of the medium defined by v = (1,0,0,0). Mul-
tiplying Eqgs. (2.5) and (2.8), we find

GLN
” B (1 + cosO)Ry + (3 — cosO) R,

—2(1 — cos 6) (w1 + w2)Rs] , (2.9)

W(k17 k2) =

where 0 is the neutrino scattering angle. It is specific
to the contraction with N#¥, relevant for LH neutrinos,
that only R; 25 contribute. For the spin-flip processes
discussed in Sec. V we will find that all R’s contribute
while for axion emission only R, survives.

C. Nonrelativistic and long-wavelength limit

Within the context of a nucleonic medium there are
two closely related limits that are often taken—the “non-
relativistic” and “the long-wavelength” approximations.
The justification for both is that the nucleon mass is
larger than any other energy or momentum scale in the
problem. (Even though nucleon Fermi momenta are in
the 400-500 MeV range and the effective nucleon mass
may be as low as 600 MeV, it is still reasonable to treat
the nucleons nonrelativistically for the purposes of this
paper.) Then, the currents are expanded as a power
series in 1/my, after which only the leading term is
kept.2 The long-wavelength approximation assumes that
the three-momentum transfer to the nucleons is small
compared to typical nucleon momenta and thus can be
ignored when calculating the available phase space, thus
simplifying those calculations considerably.

As a consequence of the nonrelativistic assumption the
structure functions Rs 45 vanish. To see this we first
note that the medium current in Eq. (2.2) generally is a
sum of vector and an axial-vector piece, B¥ = V* + A,
Then the transformation properties under parity of the
five terms in Eq. (2.8) are easily identified to be like
(VEVY) or (A*A”) for terms 1 — 4 and (A*VY + VHAY)
for term 5. In the limit of nonrelativistic nucleons V'#
has only a zero component, V? = Cy4'y (a sum over
nucleon species is implied), while the axial-vector cur-
rent A* has only spatial components, A* = Cafoiy,
where o° are the Pauli matrices and the nonrelativistic
1 are Pauli spinors. If V¢ = 0 and A° = 0 all terms
involving (VOV?) or (A°A*) vanish, i.e., terms 3 and 4.
Term 5 involves components (A*V7) which also vanish.
Term 1 only has a 00 component and thus corresponds to
(VOV?), i.e., for only one species of nucleons R; = CZ S,

2It may happen that the leading contribution to the current
makes no contribution to an interaction, in which case the
next term in the nonrelativistic expansion should be kept.

with S,, the usual dynamic structure function for nu-
cleon density fluctuations [6]. Term 2 only has spa-
tial components and thus, it corresponds to (A4*A4%), i.e.,
Ry, = CflS‘7 with S, the dynamic structure function for
spin-density fluctuations [6]. For a mixed medium of pro-
tons and neutrons, the interpretation of R, » is more com-
plicated because there are isospin 0 and 1 contributions to
both [4].

In the nonrelativistic limit we are thus left with only
two structure functions R; (k) to consider. Turning to
the long-wavelength approximation we assume that the
three-momentum transferred to the nucleons is negligi-
ble. This is justified by considering the perturbative se-
ries Eq. (2.7). Each contribution to S,, “knows” about
the energy-momentum transfer only through the over-
all energy-momentum conserving § function. If the nu-
cleon mass is very large we may neglect the momenta of
the neutrinos (and other relativistic participants) in the
overall law of three-momentum conservation so that

5'p) = 8 (Xpi— Y ps) 8 (w+ 3 B = S Ey)
(2.10)

It may seem somewhat strange to drop the momentum
transfer and keep the energy transfer. Specifically, when
scattering from individual nucleons in the nonrelativistic
limit, the energy transfer is smaller than the momentum
transfer: w = k- p/my < |k|, where here p is the nu-
cleon momentum. Although this is true for single-particle
scattering, and indeed implies that w = 0 in the long-
wavelength approximation, it is not true for the higher-
order terms involving the interaction of a neutrino with
a pair (or more) of interacting nucleons. In that case, it
is possible to conserve momentum exactly in the nucleon
sector while still releasing energy to or absorbing energy
from the neutrinos. Thus, in the long-wavelength limit
the perturbative response function is a ¢ function in w
at leading order, but at higher order the medium can
transfer any amount of energy subject to the thermal
constraints of the medium and the energy available in
the incident neutrino; but to all orders it is independent
of k.

Thus, in an isotropic medium there remain two struc-
ture functions Sy (w) = R;(w,0) and S4(w) = Rz(w,0)
which are given in terms of field correlators as

+oo
Sv() = 5= /_ dt e (VO (£)V(0))

(2.11)
+oo
Sa) = gy [ dteHA®D - AQ)
where e
Vo(t) = / &Bx[Cy (¢, %)y (£, %)
+Cv, bl (8, X) Y0 (t, x)] ,
(2.12)

Al(t) = / Bx[Ca bl (t, %) (8, %)
+CA,n¢l(tax)ai'l/)n(t’ x)] E]
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with the Pauli matrices o*.
For an isotropic distribution of neutrinos, after averag-
ing over the scattering or emission angles the cosf terms
in Eq. (2.9) average to zero. Therefore, we are left with
W (k1,k2) = G%NpS,(w) with a single structure func-

tion
Sv (w) +3S4 (w)

S(w) = —F——+,

i (2.13)

which, in the nonrelativistic and long-wavelength limit,
is all we need to study neutrino scattering and pair pro-
cesses.

III. EVALUATION OF S(w)
A. Simple properties of Sy and S,

In general, a full evaluation of S(w) is not possible.
We will present perturbative calculations later in this
section, but there are limitations to the range of their
reliability. However, even without detailed knowledge of
the structure functions we can easily state several useful
and simple properties of Sy (w) and S4(w).

To begin, the detailed-balance requirement for
W (kq, k2) translates into

SV’A(—w) = e_“’/TSV‘A(w) (3.1)
so that is it enough to specify these functions for positive
energy transfers (energy absorbed by the medium).

Next, we consider the overall normalization. By in-
tegrating Eq. (2.11) over dw/2m we extract the total
strength. On the RHS [e*!dw/2m = §(t), allowing us
to trivially perform the time integration, and find

too g,
[ s = g vee)),

(3.2)

o dw
[ 5254w) = 55 (A0 - A))

Of course, we could have chosen any time, not just t = 0,
as a reference point.

If there are no spin or isospin correlations between dif-
ferent nucleons of the medium we may interpret A as the
single-nucleon spin operator (apart from overall factors).
In this case Eq. (3.2) yields the “sum rule”

+oo dw
/ — Sy (w) = YPC‘Z/’p + YnC‘z,v,n =Ky,

(3.3)

oo dw
[ 5254@) = %0, + YaCh = Ka

where Y, and Y,, are the number fractions of protons and
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neutrons, respectively.®> With the values of the weak-
coupling constants discussed in Appendix A and because
Y, +Y,=1onefinds Ky =~ Ky = 1.

For noninteracting nucleons the time evolution of the
operators is trivial, e.g., A(t) = A(0), and so we find

Sv,a(w) = Ky, a2mé(w) . (3.4)

This result yields directly the usual neutrino scatter-
ing rate in a medium of nonrelativistic, nondegenerate,
quasifree nucleons. I' = G%Z Npw?(Kv + 3K 4) /4w, where
w; is the energy of the incident neutrino.

It is expected that the normalization and shape of
the response functions will be altered in an interacting
medium, however this primarily affects the axial response
S4. For the vector current Eq. (3.4) should be a good
approximation even in the presence of nucleon-nucleon
interactions because the quantity V° (the zeroth compo-
nent of the four velocity) does not fluctuate; i.e., it is
identically 1 in the nonrelativistic limit where the wave-
length of the momentum exchange is large compared to
the smearing of the nuclear charge density due to inter-
actions in the medium. The axial charge, on the other
hand, is a spatial three-vector quantity. Although a nu-
cleon’s location is not smeared out, nucleon interactions
in the medium cause the direction of the nuclear spin to
fluctuate, altering the effective charge seen by a leptonic
probe. We expect that the axial response is weakened for
soft energy transfers, w < I'jnt, where by T'j,y we mean
some typical rate for the nuclear spin to fluctuate due to
collisions.*

The counterpoint to these arguments is that there is no
vector response for nonzero energy transfers, but in gen-
eral the axial response gets spread out to higher w with
increasing interactions. Specifically, explicit calculations
(see Sec. IIIB below) show that only the axial-vector cur-
rent contributes to bremsstrahlung in the nonrelativistic
limit.

A related issue concerns the appropriate values to use
for the axial and vector charges C4 and Cy. In a dilute
medium, one should use the vacuum values, but in a nu-
clear medium the axial weak-coupling constants may be
altered. The vector charges remain unchanged. Specific
values are discussed in Appendix A.

Thus, within the nonrelativistic and long-wavelength
approximation the vector current is unaffected by multi-

3If the medium is degenerate, but approximated by nonin-
teracting particles, one must account for final-state blocking
effects and replace the number fractions by Y; — N5! f dp
2f:(1 — fi)/(27)%. This result, however, cannot be extended
trivially to interacting nucleons.

*Isospin fluctuations do not lead to an equivalent damping of
the vector response, due to isospin conservation in the strong
interactions. In order to have the equivalent effect a proton
must turn into a neutron, but this can only occur if a neutron
turns into a proton in the same interaction. In the long-
wavelength approximation, the net weak vector charge probed
by the neutrinos will remain unchanged.
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ple collisions but does not contribute to bremsstrahlung,
and the reverse applies to the axial-vector current. It
remains to determine the axial-vector structure function
S4(w) in a fully interacting medium.

Finally, it should be clear that random spin fluctua-
tions of the sort which happen in a thermal medium may
lessen the total scattering interaction rate, but we would
be surprised if any significant enhancement could occur
through thermal interactions. Thus, the normalization of
Sv,4 in Eq. (3.3) should constitute a rough upper bound.
This does not allow, however, for collective effects such as
spin waves, or the influence of a pion condensate, which
could in principle enhance the interaction rates of neu-
trinos with the medium.

B. Perturbative result for S(w)

We proceed with a perturbative calculation of S4(w).
After the -function contribution from free nucleons, the
next lowest-order process that can contribute is nucleon-
nucleon scattering. We consider nondegenerate nucleons,
model the NN interaction by one-pion exchange, and for
simplicity neglect m, in the pion propagator. A sum-
mary of our calculation, which follows the same general
lines as Brinkmann and Turner’s [15] calculation of axion
bremsstrahlung, is given in Appendix B. The result is

T
Svn(w) = w—':s(w/T) , (3.5)
where®
2N T1/2
Ty =4n?/222280 (3.6)
my

and a, = (2fmy/mx)?/4n ~ 15, where f =~ 1 is the

pion-nucleon coupling. The function s(w/T) is given by

s(2) = Y2C4 als0(2) — swa1(@)] + Y7 CF pls0(2) — sica(@)]
+3Y,Y,[(7C3, , +5C2 _)so(c)

~(6C% 4 +2C3 Jswa()] (3.7)

where, ¢ = w/T, and Cy,+ = %(CA,,L + Cap). The
functions sg and sy.; are remnants of the nucleon phase-
space integration and are given in the nonrelativistic limit
by

S0 = / dv(v? + zv)/2e7Y |
0
(3.8)

ska(z) = /°° dv2(2:: 2) In (\/:))_\/_—gi— ﬁ) e~ ? .

5In a previous version of this paper which we had circulated
as a preprint we erroneously gave a coefficient 487!/2 instead
of 47'/? in the expression for I'y. With the corrected T's
a puzzling discrepancy with our estimate of I'4 in [16] has
disappeared.

These formulas are derived in Appendix B, along with
more general results for when the pion mass should not
be neglected. We also give there analytic approximations
that are good to a few percent. In passing, we note that
the combination sg(z) — sxq = 1+ 0.2 for z < 20, and
that s(z) is typically 2—-3 times larger for a mix of protons
and neutrons than for pure neutrons.

This result cannot be the complete answer, however,
as it diverges at w = 0. The perturbative calculation
is based on the assumption that a given bremsstrahlung
event can be viewed as a single collision where in states
travel unperturbed from the infinite past and are scat-
tered into out states which remain unperturbed into the
infinite future. In a medium these assumptions are vi-
olated as each nucleon participant in a given reaction
has emerged from a previous interaction and will interact
again in the future. The nucleon field can freely evolve
only for an approximate duration 7 = I‘;l: where Ty, is
a typical nucleon-nucleon scattering rate. Hence, we can-
not expect such a calculation to yield meaningful results
for energy scales |w| < 77! = Iiue. This estimate reveals
the approximate range of w where a naive perturbative
approach can be trusted.

In a nondegenerate medium in thermal equilibrium,
the scale of a typical energy transfer in any collision or
radiation event is given by the temperature 7. Hence, as
long as T/Tint > 1 one may expect that a naive applica-
tion of perturbative methods is justified and we call such
a medium “dilute” for the purposes of our discussion.
Conversely, the criteria T'/Ti; < 1 quantifies our notion
of a “dense” medium (the limit of large collision rates)
where the naive use of perturbation results is problem-
atic because it is not justified in any obvious way. The
hot material of a young SN core appears to be a medium
which is approximately nondegenerate and yet “dense”
in the spirit of this definition.

Energy conservation in the collisions between neutrinos
and nucleons will be satisfied only with a precision AE =~
Tint- This observation suggests that the nucleons may
be described as resonances with an approximate width
[int, rather than as states with a fixed energy [17]. In a
previous paper we argued [16] that in this case one should
replace the 1/w? soft behavior of S4(w) by a Lorentzian
1/(w? +T2%,/4). 1t is tempting to identify I, = T4,
especially since I" 4 as given in Eq. (3.6) has the structure
of an interaction rate (nov) for nonrelativistic nucleons
of size 1/m,. We therefore define

Ta

w? + a?T'% sw/T)

Syn(w) = (3.9)

where a is an arbitrary number of order 1 which we
will choose for convenience. For example, if we choose
a = s(0)/(2C4a,,) then this form has two attractive fea-
tures in the limit of a dilute, but interacting, medium.
ForTyo < T, Sa(w) = C%2mé(w), i.e., it gives the cor-
rect single-nucleon scattering rate, and it gives also the
correct bremsstrahlung rate which probes S4(w) mostly
at w>T4.
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C. Large collision rates

We have argued that in the limit of small collision
rates, defined by the condition I'y < T, the low-w be-
havior can be reasonably approximated by a Lorentzian
shape. In a supernova core, however, we are confronted
with the opposite case of large collision rates. Numeri-

cally, Eq. (3.6) becomes

Ta g (800 MeV\*/? (50 MeV') /2 (3.10)
T = Po my T ’ ’

where pp = 3 x 10'* g/cm? is the nuclear density. The
numerical value of I' 4 /T is in reasonable agreement with
the value we estimated for 'yt /T in a previous paper [16]
on the basis of low-energy p-p and p-D scattering data.
It is the large magnitude of I' y /T that makes the inter-
pretation of the perturbative results for S4 very prob-
lematic.

If we used the form Eq. (3.9) then both neutrino
scattering and pair processes would be substantially sup-
pressed. This will be shown explicitly in Sec. IV. For
now, it suffices to note that in a thermal environment,
typical values of w are a few T, and if 'y > T then the
denominator in Eq. (3.9) becomes large for reasonable
w. Although there may be scattering strength at large
w that strength will not be sampled by thermal energy
transfers.

It is plausible, however, that in a dense medium S 4 (w)
is narrower than indicated by a naive extrapolation of
the dilute-medium result. The width of the spin-spin
correlation function for a single nucleon is determined
essentially by scattering off the spatial spin fluctuations
in the medium. But if those spins are all fluctuating
rapidly in time, then their spatial fluctuations will be
damped by the same mechanism. To get a consistent
picture, one must self-consistently include the effects of
interactions in an evaluation of the interaction rates.

Even though it appears impossible to extract reliable
results for S4 from a simple-minded perturbative calcu-
lation, we believe that the overall shape of the structure
function will be a broad distribution, and that the high-
w wings will be represented by the bremsstrahlung re-
sult. However, it is in no way evident what one should
use for the soft part of the axial response function. The
Lorentzian shape espoused in Eq. (3.9) is possible, but
it is also possible that some radically different shape is
correct. Indeed, in the next section we will show that ex-
treme changes to the shape are required if pair processes
are to dominate over scattering processes.

IV. SCATTERING VS PAIR PROCESSES

There are many ways that one could choose to compare
the strength of the scattering and pair processes. For
example, we could concentrate on the contribution to
various transport coefficients or calculate the Rosseland
mean opacity. To illustrate our arguments we will use the
rate at which particles are absorbed by either the pair or
scattering terms, averaged over the neutrino phase space:

1 a3k, d3k,
Fscat = "]V—V W Ww(kla kZ)f(wl)[l - f(wZ)] )
(4.1)
1 a3k, a3k, -
Tpair = N, W / Ww(kla —k2) f(w1) f(w2) -

These quantities have the advantage of being simple to
calculate and interpret, without being too specific to
the details in some corner of phase space. We have
normalized by the number density of neutrinos N, =
J f(w1)d®ky/(2w)®.  The occupation numbers will be
taken to be Fermi-Dirac distributions without a neutrino
chemical potential.

In Sec. II, we argued that for the conditions relevant
for a SN core, W (k1, k2) depends only on one function S,
of the energy transfer w according to Eq. (2.13). There-
fore,

G%‘NB * * 2 2
Focat = = dw, dwawiw; f(w1)[1 — f(w2)]Sy(w) , (4.2)
47 NV 0 0
or transforming to an integral over @ = wy — w; = —w,
Gz N oo B oo _ - -
Fscat = F“l B / dw/ dwlwf(w + wl)zf(wl)[l - f(w + wl)]SV(—w) . (43)
4miN, J_,, 0

By means of the detailed-balance requirement S, (—w) = e~*/7S,(w), and relabeling the integration variable & — w,

we may write this as an integral over positive w only:

Fscat = / du-’Fscat(w)Su(w) .
1]

We have arranged things so that we will need S, (w

medium). The detailed-balance Boltzmann factor e*/T

(4.4)

only for positive-energy transfers (energy absorbed by the
, relevant for negative-energy transfers (energy given to the
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neutrinos) has been included in the definition of the phase-space factor F(w) which is specific to a given process and
chosen type of thermal average, e.g., by number, by energy, etc.
F, . is then expressed as a sum of two terms because we split the w integration to ensure that w is always positive:

G%ZN
Fscat(w) = F-_B

+ /0'°° dwlwf(uh + uJ)zf(wl)[l — f(w1 + w)]e_“’/T} .

Note that in the first term w = w; — wy, while in the
second w = w3 — w;. Also, there is a detailed-balance
factor e=“/T in the second integral relevant for the case
when the medium gives energy to the neutrinos rather
than absorbing it. Finally, in the case S, (w) ~ §(w) only
one of the terms in Eq. (4.5) should be included, to avoid
double counting.
Similarly, I'pair = f0°° dw Fpair(w)S, (w) with

G%Ng
474N,

Fonie(w) = [ dorstw - o f(n) fo - )

(4.6)

Because we consider thermal neutrino distributions, Fpa;;
equally applies to the phase-space averaged pair emit-
tance.

As a further simplification, for nondegenerate neutri-
nos we may approximate the Fermi-Dirac by Boltzmann
distributions, and ignore the Pauli-blocking factor in Eq.
(4.1). In Fiscat and Fpa; this means that f(w;) — e /T
and f(wz) — e~ “2/T while 1 — f(wz) — 1. Then we find
analytically

G%NgT? o
Fscat(m) ~ —27“_‘5‘““‘(24 + 12z + 2z )e ® 5
(4.7)
GZNpT?z% _,
Fouir(@) ~ =60
where £ = w/T. These approximations are shown in

Fig. 1; they deviate from Eqgs. (4.5) and (4.6) by less
than 10%, except for Fpair at values of z less than 5,
where Eq. (4.7) overestimates Fp,i; by up to a factor of
3. Since Fpair < Fycat for these z, we can use Eq. (4.7)
without reservation.

From Fig. 1 it is clear that scattering is more sensitive
to the structure function near w = 0 while pair absorp-
tion is more sensitive to S, at higher w. Put another
way, for pair processes to dominate, F, (w) would need to
have much more power at large w than near w = 0. For
example, if S, (w) would vary like a power law w™, T'pair
would exceed I'gcat for n > 3, but would be subdominant
for smaller n.

For a noninteracting medium one can use the §-
function result Eq. (3.4). This limit allows for no pair
processes, and scattering dominates. The scattering rates
due to this choice of S4(w) and Sy (w) are shown as

4riN, {/:c dwiw}(wy — w)2f(w1)[1 — f(w1 — w)]

(4.5)

solid horizontal lines in Fig. 2. Including interactions
broadens the axial response. For a dilute medium, the
Lorentzian shape, Eq. (3.9) seems a reasonable approxi-
mation. For large w, the axial response then behaves as
w™2, a result which is much softer than the n > 3 power
law required for pair processes to dominate. Again, there
is no scope for pair processes to dominate.

In the limit of large collision rates there is more room
for speculation. In order to avoid the conclusion that
Lscat > Dpair we would have to assume that S, (w) is
not monotonically decreasing, but rather is “hollowed
out” near w = 0. A radical example would be to take
Eq. (3.5) for S4(w) above some cutoff wy;,, and to set®
Sa(w) = 0 for w < wmyin. Under this assumption, the
rates I'scat and I'pair are shown as the dotted curves in
Fig. 2. As can be seen, Syn becomes more important
for pair processes than for scattering for wmin/T 2 5.
However, even if such a radical transformation of the ax-
ial response occurs, there will still be the vector contri-

0.5 ——r—r——r———————————7

04 | b Foc Fermi occupation numbers ]
1 - - - - Boltzman occupation numbers

03| i
mc
=
2 o2f i
01} 4
0‘0 1 1 1 1 i 1 1 1 1 1 n
0 5 10 15 20
x=w/T

FIG. 1. The functions Fiscat and Fpair defined in Egs. (4.5)
and (4.6), and the analytic approximations defined in Eq.
(4.7). The results are normalized to Fo = GZNpT?.

8For the sake of this extreme example we ignore the normal-
ization of Eq. (3.3). If that relation is indeed an upper bound
then the implied cutoff is wmin = 130.

~
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FIG. 2. Comparison of scattering and pair absorption
rates, Eq. (4.4), calculated using the F’s in Eq. (4.7), for
different choices of S(w). Horizontal lines are single-nucleon
scattering rates. Dotted curves use Syn from Eq. (3.5) with
a lower cutoff wmin while the dashed curves are for Si 5 from
Eq. (3.9), also cut off below wmin. The parameters used are
p=po=3x10"gmecm ™3, T =50MeV, Y, = 0.7, my = 800
MeV, and the vector and axial charges given in Eqs. (A1) and
(A2), respectively.

bution, Sy (w) = 27Ky é(w), to scattering. From Fig.
2, for p = po and wmin/T 2 3, vector current scatter-
ing dominates over two nucleon axial current processes.
Thus, even with the radical assumption of a total cutoff
of the low-w response there is almost no range where pair
processes dominate over scattering.

Not only must the axial response be hollowed out, but
in order for the pair processes to dominate, the axial
strength at high w must remain strong. At the same time,
we note that for wpin/T < 2, the scattering response is
enhanced over the single-nucleon result, a consequence
of the w™2 behavior of Syy. If we use the Lorentzian
form, the w™2 behavior is regulated, but the strength of
the axial scattering is severely suppressed. For exam-
ple, using Eq. (3.9), for w > wmin instead of the naive
bremsstrahlung result, Eq. (3.5), yields the two dashed
curves in Fig. 2. Again, pair processes exceed scattering
for a cutoff wmin/T = 5; however, now both processes are
two orders of magnitude smaller than the vector contri-
bution.

The results shown in Fig. 2 are for p = pg, and
T'4 =~ 19. As the density is raised even higher the single-
particle contributions to the rates increase linearly with
density, while the naive bremsstrahlung rates increase as
p%. So it would appear that eventually pair processes
could overtake the contribution from Sy. However, if
we look at the contribution from S%;, instead of Syn
we find that the contribution to I' is independent of p,
and the comparison favors scattering even more strongly.
Given the wide range of possibilities for S 4, it is not clear
whether or not increasing the density can eventually al-
low pair processes to win out.

We do not think that an extreme behavior such as a
sharp cutoff to S, (w) is realistic, so we view these ex-
ercises as examples of how radically different the high-
density behavior of S, would have to be in order that
pair processes might dominate.

We conclude that, even though we cannot calculate
the exact form of the axial response of the medium, a
combination of phase-space arguments and a recognition
of the stability of the vector response, seems to preclude
pair processes dominating over scattering processes in the
evaluation of neutrino transport properties. In order to
avoid this conclusion the axial response function for a
strongly interacting medium would have to be both sup-
pressed at low- and enhanced at high-energy transfers in
comparison to the bremsstrahlung result, Sy .

Another effect of increasing density is degeneracy of
the nucleons. As the nucleons become degenerate the
amount of nucleon phase space available for small energy
transfers decreases, effectively creating a harder response
function. From Friman and Maxwell’s [7] bremsstrahlung
rate we can easily extract Syn. The result includes var-
ious prefactors, but for our purposes the interesting part
is the dependence on the energy transfer,

3 +4n?z  e*

—_ 4.8
22+ y2jder — 1 (48)

Sdeg(T) =

where * = w/T and v = T'ipt/T is our phenomenologi-
cal cutoff, again necessary to regulate an =2 divergence
at small w. Now, however, the large-z behavior is much
“stiffer,” sqeg o< x. This is still not hard enough to pro-
vide for the dominance of pair processes, but it is getting
closer. In the extreme case where I';,; > T, the effective
power law of the response function is n = 3. This last
value is enough to make pair processes competitive; how-
ever, we do not think this extreme case really applies to
the SN core since the temperatures are high enough that
the nucleons are only mildly degenerate.

In summary, we repeat that it is in no way evident how
one ought to extrapolate the dilute-medium approxima-
tion for S4(w) into the high-density regime. However,
unless the overall shape of S is radically different from
its limiting behavior, the pair processes will always be
less important than scattering. Further, it appears that
both the pair rates and the axial-vector scattering rates
will be suppressed relative to their “naive” values.

Finally, one may wonder if these conclusions are not
in conflict with the reasonable agreement between the
SN 1987A neutrino observations and the expected sig-
nal duration. However, as the vector-current appears to
remain unsuppressed, the scattering rates would be re-
duced only to about % of their naive values, even if the
axial-vector contributions were entirely suppressed. It is
an interesting question if, given the freedom to adjust
other parameters, such a reduction in neutrino opacities
can be excluded on the basis of the detected events. For
a first attempt at answering this question see Keil, Janka,
and Raffelt [18].
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V. NONSTANDARD PHYSICS

We now turn to exploring how our conclusions affect
various arguments related to certain nonstandard aspects
of SN physics. First, we consider the emission of hy-
pothetical particles weakly coupled to the NC of the
medium. This process could provide an anomalous cool-
ing mechanism for the core, which in turn could result in
a diminished neutrino signal of SN 1987A, thus allowing
one to constrain the properties of the particles in ques-
tion [19]. In fact, trying to understand the consistency
of such arguments was the original motivation for this
work. Second, we look at the possible impact of a pion
condensate for both neutrino transport and hypothetical
particle emission. All these issues are connected through
the same medium structure functions that control neu-
trino transport. It is therefore possible, and necessary, to
treat the novel effects and neutrino transport in a con-
sistent fashion.

A. Processes with “flipped” neutrinos

As a first case we consider the possibility that neutri-
nos have a small Dirac mass m,, which allows for the
production of “wrong-helicity” states in the deep inte-
rior of a SN core [20]. If m, is small enough these states
can escape freely and thus provide an anomalous sink for
the heat in the core. If m, is not too small then that
heat sink would have had observable effects on the SN
1987A neutrino signature, thus constraining m,,. Several
estimates of these bounds have been made, often with
different treatments of the processes which contribute to
the emission [8-12,20,21]. Specifically, under certain as-
sumptions, the strength of the pair emission processes
X — X'vrvr has been shown to exceed the rate for
spin-flip scattering from single nucleons vz N — N'vp
[8-10]. In analogy to our remarks about the importance
of pair processes in the transport of ordinary LH neutri-
nos; we argue that unless the full response is very “hard”
spin-flip scattering still dominates over pair emission.

We take m, to be very small compared with typical
neutrino energies. Therefore, it is not necessary to dis-
tinguish carefully between helicity and chirality, and so
we shall always refer to wrong-helicity neutrinos or an-
tineutrinos as right-handed and to the correct-helicity
states as left-handed. Moreover, if m, is sufficiently
small, RH states will not be trapped so that their oc-
cupation numbers are subthermal. The energy-loss rate
per unit volume due to the emission of RH neutrinos is
then QVR = Qscat + Qpait with

d3ky d3kg —
Qscat = /WWWkL,kakLwR ’
(5.1)

&k;, d*kp —

Qpair - W(Z—W—)EW*kL’kﬂ(l - ka)wR )

where Wk ..kr is the transition probability for the scatter-
ing process vr(kr) + X = X' + vr(kr) while W_y, rp
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refers to X — X' + vy(kr) + vr(kr). For the energy
loss due to D one obtains an analogous expression; for
nondegenerate v, we have Qz, = Q,p-

In order to determine W}, i, we note that it can be
written in the form Eq. (2.4) where the structure func-
tion S, remains unchanged. For interactions of neutri-
nos with specified helicities, Gaemers, Gandhi, and Lat-
timer [12] showed that the expression for N*¥ remains of
the form Eq. (2.5) if one substitutes k; — 3 (k; + m,s;),
¢ =1 or 2, where the plus sign refers to v and the minus
sign to 7, and s is the covariant spin vector. For rela-
tivistic neutrinos we may consider a noncovariant lowest-
order expansion in terms of m,. Then k; remains un-
changed for LH states while

k,‘ = (w,-,k,-) — ’:3, = (m,,/Zwi)z(w,-, —k,) (52)

for RH ones. After this substitution has been performed,
all further effects of a nonzero m, are of higher order so
that one may neglect m, everywhere except in the global
spin-flip factor.” Therefore, the neutrino tensor N# s
found from Eq. (2.5) by multiplication with (m, /2wg)?,
inserting k1 = kz, and k2 = (wgr, —kg).

Next, we explicitly contract N* with Syuu in the form
Eq. (2.8) in order to derive the spin-flip equivalent of Eq.
(2.9):

— 2
W(kr,kgr) = GrNs ( e

2
1 Z‘UR) [(1 = cos )Ry

+(3 4+ cos0)R,
+4w%(1 — cos ) R3 — 4wr(1 — cos 6) Ry
+2(wgp — wr)(1 + cos0)Rs] . (5.3)

Following Gaemers, Gandhi, and Lattimer [12] we em-
phasize that this expression differs in more than the fac-
tor (m,/2wg)? from the nonflip rate Eq. (2.9). This
difference is related to the changed angular momentum
budget of reactions with spin-flipped neutrinos.

In the nonrelativistic limit, however, the contribution
of R3 45 can be neglected as discussed in Sec. IIC above.
Moreover, in an isotropic medium the cosf terms aver-
age to zero. Then, the spin-flip factor is the only mod-
ification necessary to deal with RH neutrinos, and we
may write W (ky,kr) = G%Np(m,/2wg)?S, (w), which
involves the same structure function as for the nonflip
case, i.e., we do not need to define a new function §,,.
Then, in analogy to Eq. (4.4), the energy-loss rates can
be written as

"The dispersion relation of neutrinos in a SN differs
markedly from the vacuum form; in the core the “effective
m,” is several 10 keV. However, m, in Eq. (5.2) is the vac-
uum mass which couples LH and RH states and thus leads to
spin flip while the medium-induced “mass” only affects the
dispersion relation of LH states. This view is supported by
a detailed study of Pantaleone [22]. Of course, for nonrela-
tivistic neutrinos the situation is more complicated because
an approximate identification of helicity with chirality is not
possible.
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oo
Qi= / dwFi(w) S, () | (5.4)
0
where, i stands for “pair” or “scat.” If for nondegenerate
neutrinos we use a Boltzmann distribution and neglect
Pauli blocking in Eq. (5.1), the phase-space functions
are

. wNpT*
Fscat(w) = UﬂpTaB(wg + 6z + 12)6_:” ,
(5.5)
~ oaipNgT* 4 _
Foun(2) = =05 2—15¢7"

where ogip = GZm2/4m and ¢ = w/T. In Egs. (5.5) a
factor of 2 was included in both ﬁscat and ﬁpai, to in-
clude the scattering of antineutrinos and the production
of flipped antineutrinos, respectively.

A comparison of Egs. (5.5) and (4.7) shows that the
RH neutrino emission bears a resemblance to LH neu-
trino absorption: in order for pair processes to dominate,
the response function must be very hard. In Sec. IIIC
we characterized the “hardness” of S, by a power law w™,
and noted that the “critical exponent” where pair pro-
cesses were as important as scattering was n = 3. Sim-
ilarly, for RH neutrino emission, the critical exponent is
n = 2.57.

Since the critical spectrum for spin-flip pair emission is
slightly softer than for LH pair absorption, it is slightly
easier for pair processes to dominate, than in the case
of LH neutrino transport. In Fig. 3 we show the
LH emission results analogous to the LH scattering re-
sults shown in Fig. 2. The emission rates are scaled
to Qo = oaipNgT*/(2m3). The results are similar to
those presented for the transport of LH neutrinos. The
crossover to pair processes dominating the axial emis-
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FIG. 3. Comparison of scattering and pair emission con-
tributions to the emission of RH neutrinos from Egs. (5.4)
and (5.5), for the same choices of S(w) and parameters as in
Fig. 2.

sion occurs at wmin/T = 4, but a combination of axial
plus vector scattering always dominates even when no
attempt (other than the cutoff at wp;,) is made to reg-
ulate the soft w response. When the Lorentzian form
for S4 is used, vector scattering dominates at nuclear
density. Therefore, by any indication that we can ob-
tain from extrapolating perturbative calculations into the
high-density regime, the scattering processes are domi-
nant for spin-flip emission of RH states, as well as for the
transport of LH neutrinos.

Even though we can be reasonably sure that scattering
processes dominate the emission rate of RH neutrinos
there is still uncertainty about the total emission rate
due to the uncertainty about the axial contribution. If
the axial contribution is much suppressed then Qscat,v,
should give a good lower bound to the emission rate,
whereas if the axial part is enhanced the emission rate
may be much larger than Qgcat,v. We feel that the latter
possibility is remote but cannot be ruled out on the basis
of perturbative calculations alone.

Even though perturbative calculations do not seem to
allow for a reliable calculation of the absolute magni-
tude of neutrino scattering rates, the NC transport of
ordinary LH neutrinos and the spin-flip emission of RH
Dirac-mass neutrinos are linked to each other through a
single-response function. In fact, the functions Fycat(z)
and ﬁscat(z) in Egs. (4.7) and (5.5) even have identical
shapes.® Because modifications of the transport coef-
ficients and of the spinflip rates would both affect the
observable neutrino light curve, a consistent attempt to
constrain Dirac masses would then depend on letting the
NC transport coefficients and the spin-flip emission rate
“float” together.

B. Axions

The emission of axions is another interesting possibility
for an anomalous energy sink in the inner core of a SN.
Again, the expected impact on the SN 1987A neutrino
signature was used to constrain the coupling strength
and then indirectly the mass of these pseudoscalar bosons
[24]. They would couple to the medium according to

1
fa

where ¢ is the axion field and f, is the axion decay con-

Hint = Bgay.¢ ) (56)

81f one of v, or v, had a large enough mass so that spin-flip
processes would be important at all, and if it had a not-too-
small mixing angle with v., a degenerate sea of this flavor
would be populated [8,23]. For such a degenerate flavor the
phase-space functions F,(w) and ﬁ,, (w) for ordinary and spin-
flip scattering would be different because the former would
involve neutrino Pauli-blocking factors for the final-state vr.
The two processes would then involve different integrals over
the common function S, (w).
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stant which has dimensions of energy. The medium cur-
rent is presumably dominated by protons and neutrons
according to

Bt =" Cajbiv"vs¥; »

j=n,p

(5.7)

where C, , and C, , are model-dependent dimensionless
coupling constants of order unity. The structure of this
interaction is of the current-current type so that we may
apply an analysis similar to that for neutrino processes,
except that we replace N#¥ by its axionic equivalent
®HY = kHEY [2w,, where k, is the four-momentum of the
axion and w, its energy. Note that by our definition of
the momentum transfer k = —k,.

If axions are weakly enough coupled they are not
trapped in a SN core, so that their occupation numbers
are subthermal. In this case the energy-loss rate per unit

volume is
1 d3k v
Q= 7z [ amyeenSt s

The response function S¥” is as defined in Eq. (2.6) with
the above current B¥. In the nonrelativistic and long-
wavelength limit we have

(5.8)

T 4m2f2

Qa / ” dw whe /TS, (w) . (5.9)
0

Apart from normalization the phase-space function for
axion emission, w?e~“/T is identical to that for spin-
flip pair emission. S,, however, differs from its neutrino
counterpart S, in a number of ways. (a) R, vanishes
because the current BY is purely axial. (b) Since the
axion couplings to the nucleons are generally different
from the axial vector current couplings of the nucleons
in the weak interactions, the isospin structure of Rj,
will differ in detail from that of R;, for neutrinos. How-
ever, the general considerations behind a calculation of
R, are entirely analogous in the two cases and have the
same soft divergence in the energy transfer w™2. (c) Be-
cause of the contractions with ®,, and N,,, respectively,
So = R2,4(w,0), whereas the axial part of S, is equal to
%Rz’ v (w, 0) .

From our previous discussions several points should be
evident. First, naive axion bremsstrahlung calculations
rely on an S, similar in form to the Syny given in Eq.
(3.5). Although there is no divergence in the emission
rate, that is only because the phase-space factor has suf-

d3p
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ficient powers of w to regulate the divergence. However,
since that divergence does show up in neutrino transport,
it must be regulated in some fashion; e.g., the modifica-
tion to the Lorentzian form in Eq. (3.9), or the sharp
cutoff at wpn;, used in Figs. 2 and 3. It seems likely
that whatever mechanism is chosen to regulate the diver-
gence at small w, that regulation will result in a suppres-
sion of the axion emission rates compared to the naive
bremsstrahlung calculations, perhaps by 1 or 2 orders of
magnitude. As an example, consider the effect of the
Lorentzian regulation by comparing the curves labeled
Qpair,vn and Q' . v in Fig. 3. Conversely, if one were
to insist that the naive calculation of the axion emis-
sion rates were correct, one would have to conclude that
the neutrino scattering rates are much enhanced, in vio-
lation of our expectation that thermal spin fluctuations
can only decrease the net interaction rate. To probe the
effects that axion emission would have on the neutrino
cooling curves of supernova cores, one must treat axion
emission and neutrino transport using the same assump-
tions about the axial response functions of the medium.

C. Pion-induced processes

It is also interesting to consider nonstandard effects in
the nuclear medium that could grossly affect SN cooling.
In particular, the conditions are close to forming a pion
condensate, and in some equations of state the number of
7~ can be much in excess of a thermal distribution [25].
A pion condensate can have an important impact on the
late-time cooling of neutron stars [26], and it was recently
speculated that under certain assumptions it could have
a substantial effect on neutrino processes in a newborn
neutron star also [8,10].

We calculate the one-pion contribution to the structure
function on the basis of #~p in the hadronic initial state,
and n in the final state, while we neglect 7% and 7+ as
we are mostly interested in the case of a #~ condensate.
For the pion-nucleon interaction we use the pseudoscalar

form
2fmpy - _
PVnYsT ¢p .

Hpnp = V2 (5.10)

m

We set m, = m, = my, and keep a, = (2fmn/mx)?/
47 constant. Moreover, we calculate in the nonrelativis-
tic and long-wavelength limit, leading to §3(k, — k) for
momentum conservation. Thus, E,, = E, and we are left
with §(wr + w) for energy conservation. With these sim-
plifications we find, for the one 7~ contribution to® Eq.
(2.7),

S(wn + w)

SH = 167r2a1r/ GNP = 5P [ Gy T,

(P + kx/2) - kx]?

x{C3 _ktkYy — C4 L [P*|kg|? + P**PYPEZKE] — CF _ [P w2 — w'u ke |? — (u¥ P + u” P*)kRw,]}, (5.11)

— T

°In deriving Eq. (5.11) we neglected a diagram where the Z boson interacts with the 7~ before it is absorbed by the nucleon.
We also neglected A degrees of freedom and made no attempt to modify the m properties for medium effects. These issues
are discussed in Migdal et al. [26] in the context of a degenerate nuclear medium. Although there is no real justification for
neglecting the same effects here, it does reduce the complexity of the result and allows a simple comparison to other work [8].
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where P* = g*¥ — u#u”. The isospin couplings are
defined by C4+ = %(CA,n + Cap), and similarly for
the vector couplings. The Cy, coupling does not con-
tribute in the nonrelativistic approximation. Also, we
have dropped a term proportional to C'4 +Cyv,— which
is formally of the same order of magnitude but vanishes
when averaged over neutrino directions since it behaves
as (kl X kz) . k,r.

The term [(p + kx/2) - kr]? in the denominator of Eq.
(5.11) comes from the propagator of the intermediate
nucleon. It differs slightly between the two amplitudes
which contribute to Eq. (5.11), but we dropped the neu-
trino four-momentum from the nucleon propagator so
that the two diagrams would be more similar. In the
nonrelativistic approximation and for thermal pions, it
is equal to (myw,)?; then the integral over the nucleon

|

_dag

Sn(w) = 2% (2 212 [ci,_ (1 M

my

Yp fr- (Jwl)
X 0

If one takes m, = 0 and C4 4 = 0, this agrees with
Turner’s result [8]. Note that the term with w > m,
corresponds to n in the initial and pm~ in the final state,
i.e., to the creation of a pion. In thermal and chemi-
cal equilibrium one must satisfy p. = p, — pp so that
Ypfr-(Jw]) = e “VTY,[1 + fr-(Jw|)], and detailed bal-
ance is satisfied.

Since S, o« O(|lw| — mg), it is an explicit exam-
ple of a “hard” S with all power above some thresh-
old, so it is interesting to compare the scattering and
pair process strength as a function of m,. Evaluating
i = [5° Fi(w)Sx(w)dw, with F; given in Eq. (4.7)
for ¢ =scat or pair, and using Eq. (5.12) we find that
Fpaic(Zx) = Decat(@x) for zx = my/T = 3.9. At this
point the scattering processes are suppressed by about
a factor of 6 from their maximum if we had ignored the
pion mass, i.e., Iscat(3.9) = 1/6Tsca¢(0); but the pair
processes which are sensitive to higher values of w are
essentially unchanged from their . = 0 value.

Next, we compare the thermally average scattering
rate to the single-nucleon scattering rate T'N,,, i.e.,
the scattering rate expected if there were no multiple-
scattering suppression. Using m, = 0, which maxi-
mizes S,, and approximating 1 4+ f,- — 1 for ther-
mal pions we have Sp(w) = (4an/m%)Y,C2w where
C2=0C3% _C% , +2Cf _. Then,

..  10a,T?
Pﬁat B ”m?v
T 2 /800 MeV \ 2
~ 0.17 5.13
(soview) ()~ 539)

2w?

forw < —mg ,
for —my; < w < My,
Y[l + fr-(Jw])] for w >m, .
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phase space gives 1. However, for a pion condensate we
will have to be more careful as this denominator can di-
verge.

Note that the tensor structure of S#¥ reduces to the
general form of Eq. (2.8) if the pions are distributed
isotropically. However, if the pion condensate has a
nonzero momentum, the covariant Lorentz structure will
involve the condensate momentum and so, the number of
distinct response functions increases.

As a first specific case we discuss thermal pions. In or-
der to determine the contribution S, (w) to our general re-
sponse function we contract S#¥ with NV#¥, and integrate
over neutrino angles. After this, any angular dependence
on k, has disappeared so that the pion phase-space inte-
gration can now be done just over w,. For nondegenerate
nucleons the result is

m 2 m2
)+eie (1-85) + b (2= 53)

(5.12)

f

where we have set ¥,C2/[;(Kv + 3K4)] = 1. By us-
ing the single-nucleon result, we have probably overesti-
mated the contribution to I'scat from nucleons; however,
any multiple scattering suppression of Syn should also
affect S,. Further, we have overestimated the contri-
bution from pions by taking m, = 0. Therefore, the
interaction of thermal pions with nucleons yields only a
modest correction to the scattering rate for the condi-
tions pertaining to a SN core.

Now turn to the possibility of a pion condensate which
implies that pr = pn — pp = wxo where wyg is the lowest-
energy value for the #~. The interaction with nucleons
typically causes a dispersion relation for pions where this
minimum occurs for a nonzero momentum k,¢ so that
the four-momentum describing the condensate is ko =
(wro, kxo)- The occupation numbers for the condensate
are given by fr(ky) = (27)3N,63(k, — kyo), reducing
the 7~ phase-space integration in S*” to N, /(2wro) and
leaving a factor d(wno — w).

Most authors use a condensate with k,o # 0, based
upon consideration of cold, degenerate nuclear matter
characteristic of an older neutron star. It is conceiv-
able, however, that thermal effects may modify the pion
dispersion relation so that w,(k,) has its minimum at
kro =-0. We will first consider such a zero-momentum
condensate. The contraction S#”N,, is identical to
that for thermal pions except that we have to set both
Wy = Wxo and My = wro. Then we find

Sx(w) = 167%0, (C3 _ + 3Cy )
N,

m[ypa(w‘"o + (1)) + YnJ(w,,o d w)] .

(5.14)
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We have used the fact that 1+ f, ~ f, for the condensate.
Then Y, /Y, = e~“=/T and detailed balance is satisfied.
Curiously, the axial and vector charges have exchanged
roles from the single-nucleon case, a fact which is related
to the 5 in the pion coupling to nucleons.

It is easy to compare scattering and pair absorption for
LH neutrinos by comparing Ficat With Fpaji in Eq. (4.7)
at £ = wyo/T. The pion contribution to the pair process
exceeds that to scattering for wyo > 6.4T. Equally, we
may compare the energy-loss rate in RH neutrinos from
n7p — nvrvg with that from vp7~p — nvg or vLn —
n~pvgr. Here, the comparison is between Fycay with Fpa;,
of Eq. (5.5). Pair emission exceeds spin-flip scattering for
wro 2 5.5T. Therefore, in both cases scattering is more
important than the pair processes because for T' ~ 50
MeV a condensate with wro = 57 is highly unlikely.

Next, we compare the pion-induced scattering rate
with the single-nucleon one. In analogy with Eq. (5.13)
we now find

T 2
1";sat _ SagN,r z° 4 6z + 123“” (5.15)
Fscat mNT 6

with © = wro/T. For example, taking the number den-
sity of pions to be N = 0.1Ng, my = 800 MeV, T = 50
MeV, and wro = 100 MeV we get I'" /TN . ~ 0.2.
Even for small values of w,o it is difficult to get pion-
induced scattering to dominate over that from single
nucleons. Further, as wyo is decreased the result will
become more sensitive to the scheme used to include
multiple-scattering effects for soft processes. To con-
clude, a zero-momentum condensate is unlikely to domi-
nate over single-nucleon scattering for neutrino transport
or the emission of RH neutrinos.

Finally, we consider finite momentum condensates. As
long as (wro,kro) is timelike, we may always go to a
Lorentz frame with kro = 0 at the expense of exact
isotropy of the nucleon and neutrino distributions. If
|kro|/wxo is not large, then in the new frame the fluid
momentum will be small, number densities will be of
order their values in the fluid rest frame, and we may
still use the long-wavelength approximation. Apart from
an overall factor of order unity involving w,o and ko,
there will be no dramatic changes from the case of a
zero-momentum condensate.

However, when the condensate dips below the light-
cone so that (wro,knro) is spacelike, w2, < |kno|?, a dif-
ferent approach is required. In this case the denominator
[(p + kx/2) - kx]? in Eq. (5.11) can become zero, cor-
responding to on-shell intermediate nucleon states. Put
differently, the process pm~ > n is now possible without
any other particles involved. However, because the pions
have one fixed momentum, we may consider a Lorentz
frame where w!, = 0. There, the pion condensate looks
like a static pion field with a fixed wave number k’.
The nucleons, then, should be described as Bloch waves
in this periodic potential, i.e., the nucleon quasiparticles
will be certain superpositions of n and p, involving spa-
tial Fourier components of typical nucleon momenta and
of klq.

The NC scattering of neutrinos from these quasipar-

ticles in the nonrelativistic and long-wavelength limits
should be very similar to the scattering off quasifree sin-
gle nucleons. Therefore, in the nondegenerate limit it
should be given essentially by the number density of
baryons times a typical weak cross section on a nucleon.
We do not expect an anomalously enhanced scattering
rate. (We note that in old neutron stars a pion con-
densate leads to a strong enhancement because the pion
momentum is available to conserve momentum and thus,
processes can go which otherwise are suppressed by de-
generacy effects. In our case, there are no barriers from
momentum conservation to overcome, and scattering can
occur with full strength anyway.)

To summarize, we arrive at two conclusions. First,
pions would always enhance the scattering rates more
than they would enhance pair processes, whether or not
they are in a condensate. For RH neutrino emission that
was considered in [8] this means that its effect would
be most important for the spin-flip scattering channel
vrpw~ — nvg. Second, however, we find that typically
the effect of pions will not yield an anomalous enhance-
ment of the scattering rate relative to the single-nucleon
case. The overall uncertainty of the neutrino interaction
rates at high densities appears to be much larger than
the uncertainty introduced by the question of whether or
not there is a pion condensate.

We must comment that our conclusions differ some-
what from Mayle et al. [10], who find that a pion con-
densate can have a dramatic effect, especially for the
emission of RH neutrinos. There are two essential differ-
ences. First, they estimate the emission of RH neutrinos
by multiplying the emissivity per thermal pion times the
number of pions in the condensate, which we believe sig-
nificantly overestimates the emissivity. For example, we
can compare the emissivity, @), per pion by using Egs.
(5.12) or (5.14) for Sy, for thermal pions or for a k.o = 0
condensate, respectively. Plugging into Eq. (5.4) and us-
ing Fpai,, the ratio of the emissivity per thermal 7 divided
by the emissivity per condensate 7 is

(Q/N'lr)th _ 3007%
(Q/Nw)cond N (Ci’_ + 30‘2/,_)-'178(1 + e_mo) ’

(5.16)

Unless the condensate if “hard,” use of the thermal pion
formula overestimates the emissivity by an order of mag-
nitude; but, if wyo > T then Eq. (5.15) shows that the
rates will be small compared to those from single nu-
cleons. Further, as argued above, for a ko # 0 conden-
sate we expect little enhancement over the single-nucleon
emissivity, if one uses an appropriate set of Bloch states
to describe the nucleons.

We have conducted our entire discussion of the pion-
induced effects as if we were in a dilute medium where dif-
ferent contributions to the emissivities add linearly. The
pion interactions, however, are just another contribution
to the nucleon spin fluctuations and so, they essentially
add to the width of S4(w) without adding to the overall
strength, at least as long as we may treat the normal-
ization in Eq. (3.3) as an upper bound. If we take our
conclusions concerning Syy and Sy, as a guide, it is
quite possible that a large number of pions could actu-
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ally have the effect of decreasing the effective emissivities
of axions or RH neutrinos.

The second distinction is that Mayle et al. [10] stress
that the presence of charge in a pion condensate will re-
duce the electron degeneracy, which in turn results in
the release of entropy and heating of the core material.
The resulting increase in temperature increases all emis-
sion rates. In this picture, the presence of pions affects
the emission rates indirectly through their impact on the
equation of state. This aspect of the work of Mayle
et al’s is precisely in the spirit of what we advocate:
When adding novel physics to the model one must be
careful to include all ramifications, not just focusing on
a single aspect of the new phenomena. In the present
context, if one adds a pion condensate to the model to
increase the emission of RH neutrinos then one must also
allow for a change in the transport properties of the or-
dinary LH neutrinos.

VI. DISCUSSION AND SUMMARY

We have studied weak NC processes in the environment
of the newly born neutron star in a SN core. They are
crucial for understanding the cooling of the core for the
first tens of seconds after collapse, the time during which
the neutrino flux from a galactic SN would be observable
in a large underground detector. The most important
application is the role NC’s play in ordinary neutrino
transport of lepton number and heat. In addition, they
also couple weakly to a variety of hypothetical particles,
which would provide for an anomalous loss of heat from
the core by particle emission. Constraints on exotic parti-
cle properties can be derived from a comparison between
their calculated effect on the neutrino flux from the “sur-
face” of the star with the SN 1987A observations.

Understanding these transport and emission processes
is made difficult because of the breakdown of perturba-
tion theory, the usual tool for studying particle inter-
actions. Nonetheless, it is possible to relate different
aspects of a particular problem, e.g., the transport of
lepton number or energy, to a common medium struc-
ture function, S, (w), where w is the energy transfer to
the medium. The rate for any weak process can then be
put into the form [ dwF(w)S, (w), where F is specific to
that process. The difficulty with perturbation theory is
confined to the function S,(w), so that once a particu-
lar S, (w) has been determined, the rates for all related
processes can be calculated in a consistent fashion. Of
course, different processes have F’s which weigh the fre-
quency dependence of S, in different ways, so there re-
mains some sensitivity to the shape of S, (w). Within
this framework we have compared neutrino scattering
and pair absorption and emission as they apply to the
transport of ordinary neutrinos. We have also studied
how the same function S, (w) relates to the emission of
RH neutrinos and how a very similar function S, applies
to axions.

In the limit that the medium is dominated by nonrel-
ativistic nucleons, the medium response consists of the
sum of vector and axial-vector response functions, Sy (w)
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and S4(w), respectively. In the context of perturbative
calculations of S, we have discussed two contributions:
one from quasifree nucleons Sy§(w), and one from in-
teractions in the presence of two nucleons Syn(w). In
the nonrelativistic long-wavelength limit the former is a
0 function, whereas the latter naively has a soft diver-
gence Syn(w) ~ w2, In Sec. ITI, we argued that, based
on physical arguments and explicit calculation, Sy (w)
contributes only to Sy, i.e., the vector response is well
approximated by quasifree nucleons.

The axial response, on the other hand, requires a full
calculation of the spin fluctuations in the medium, and is
not well determined. Nucleon-nucleon interactions ran-
domize the nuclear spin at a rate comparable to the col-
lision frequency, which has a twofold effect. They soften
S46(w) to something like a Lorentzian with a width of
about the nucleon-nucleon interaction rate 'y, and, by
the same token, they regulate the divergence of Sy n(w)
at w = 0. It is possible to choose the width of the
Lorentzian so that it reproduces the quasifree nucleon 6-
function result in the limit of a very dilute medium, while
at the same time for large values of w the bremsstrahlung
result for Sy (w) is obtained. Although this formulation
is appealing (it replaces the one and two nucleon results
by a single function), if extended into the regime of large
collision rates it implies a very strong suppression to the
axial response function and, as discussed in Sec. III, the
internal consistency of the approach may be questioned,
as well as its justification based on a comparison with
laboratory data.

We conclude that there is no unique way to extrapo-
late the Syx to high densities, and that different pre-
scriptions lead to significantly different results for quan-
tities such as neutrino opacities or axion emissivities. We
stress that this inadequacy of perturbation theory cannot
be ignored. We are interested in the evolution of a neu-
tron star for, say, the first 10 sec after the collapse of the
progenitor star. During this phase, all numerical models
show maximum temperatures around 7" = 50 MeV. Even
though large parts of the core may be cooler, the neu-
trino opacity increases with temperature, and so the hot
regions should act as a bottleneck to neutrino transport.
There, the nuclear medium is on the verge of degeneracy,
but still essentially nondegenerate. If the medium were
sufficiently dilute, then even for strong interactions one
could proceed perturbatively with some confidence, while
if the degeneracy were much higher only nucleons near
their Fermi surfaces participate, in effect rendering the
medium more dilute. In the middle, perturbation theory
fares worst. Still, because one can calculate reasonable
answers both for very high and for very low degeneracies,
we find it difficult to believe that the neutrino scattering
rate should be very different from its naive lowest-order
result in the intermediate range. In particular, an anoma-
lously enhanced scattering rate seems rather unlikely, es-
pecially as it would require a violation of the upper limit
in Eq. (3.3), which is based on the presumption that
the different momentum, spin, and isospin parts of the
nucleonic wave function are uncorrelated.

We speculate that the overall shape of S(w) given by
the low-density approximation will not be radically mod-
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ified at high densities. In this case scattering rates defi-
nitely exceed the rates for pair processes. This conclusion
applies to the transport of LH neutrinos as well as to the
emission of RH ones. Moreover, extreme modifications to
the shape of S, seem likely to suppress the total interac-
tion rate for both scattering and pair processes. Since the
vector response is essentially unmodified and contributes
only to scattering, it seems unlikely that any reasonable
form for §4 will make pair processes dominate over scat-
tering. This conclusion holds equally for the scattering
of LH neutrinos and the emission of RH neutrinos.

We caution, however, that there seems to be a trend
that as the medium becomes less dilute the response func-
tion gets suppressed for low w while it increases on the
wings. We have assumed that for w above a typical
nucleon-nucleon interaction rate, S4 is still reasonably
represented by a perturbative result. If this were not the
case, the true shape of S(w) could be so “hard” that pair
processes could be important for neutrino transport af-
ter all. Equally, if the medium had strongly excited col-
lective modes, their decay into neutrino pairs could be
stronger than their contribution to scattering, depending
on the nature of their dispersion relation. In this light
we note that Iwamoto and Pethick [6] have discussed the
importance of sound waves with a strong NC coupling,
while Haensel and Jerzak [27] have shown that in degen-
erate matter quasifree nucleons still seem to make the
dominant contribution. Further, in the explicit case of a
timelike 7~ condensate we find that pair emission does
not dominate.

Given the uncertainty in the basic transport rates, how
is one to understand the good agreement between the
SN 1987A neutrino signature with theoretical expecta-
tions? One answer is that other parameters may have
been adjusted to achieve good agreement with the SN
1987A neutrino signal, hiding the sensitivity to the neu-
trino transport. Another possibility is that somehow the
cooling curve is rather insensitive to the details of neu-
trino transport. Or, perhaps the transport in the nu-
merical models, just be chance, is close to the real thing.
For example, if the axial response were eliminated en-
tirely, the vector response would still contribute ~ % of
the naive single-nucleon scattering rate. Perhaps even a
fifth of the standard scattering rates is sufficient to re-
produce the observed cooling time scale of SN 1987A. In
this light, we feel it is time to undertake a systematic
survey of how variations in the neutrino diffusion affect
the cooling of the core on time scales from a second to
a minute.'® This certainly seems important in light of

1By the time we had prepared a revised version of the
present paper, a first attempt at such a numerical study had
been completed [18]. The modification of the neutrino opac-
ities implemented in that study were relatively schematic.
Still, it appears that a complete suppression of the axial-
vector opacities is not compatible with the SN 1987A signal
if the late-time events in the Kamiokande and IMB detectors
are taken to represent the tail end of the Kelvin-Helmholtz
cooling of the neutron star. Some implications of [18] for the
issues raised in our present paper will be discussed in a forth-
coming joint article [28].
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the efforts to prepare experiments in advance of the next
galactic supernova neutrino burst.

We have also commented on the derivation of bounds
on exotic particle interactions. In such calculations, the
nonstandard processes should be treated on the same
footing with the ordinary neutrino transport, i.e., all
NC-type processes should be based on the same function
S. Any regulation applied to keep the ordinary scatter-
ing rates bounded must be applied consistently to ex-
otic emission rates also, which essentially has the effect
of decreasing them. Further, new processes proposed to
increase emission rates must be studied for their effects
on neutrino transport as well. In the end, only calcu-
lations where the transport and emission are performed
with the same approximations for S(w) may be used for
quantitatively precise constraints, and even then only af-
ter allowing for different choices of S(w) and variation of
all other unknown parameters.

Finally, we have evaluated the contribution to the re-
sponse function from the interaction of single pions with
nucleons, S,(w). Contrary to previous speculations in
the literature, we find no indication for an anomalously
large contribution by this latter process for the conditions
relevant for the cooling of a SN core.
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APPENDIX A: EFFECTIVE NUCLEON
WEAK CHARGES

If the nucleon weak current is written in the form Eq.
(2.3) the vector charge is given by Cy = 73 —4 sin® 0w Q,
where 73 = +1 for protons and —1 for neutrons and Q is
the nucleon electric charge in units of e. Therefore,

Cy = —1 and C}, =0.07, (A1)
where we have used sin?6y, = 0.2325 for the weak mixing
angle.

There remain problems, however, with the value of the
axial charge. If axial vector currents were conserved we
would have C4 = 73, but axial charge conservation is
known to be violated by the strong interactions, leading
to a charged-current axial coupling of bare nucleons of
Ca,cc,o = 1.26. In large nuclei this value is suppressed
somewhat, and the commonly used value [29] for nuclear
matter calculations is C4,cc = 1.0. Based on the naive
quark model it was common practice until recently to
take the NC axial charges to be isovector in character and
so0, in a nuclear medium C4 nc = 1.073 was a reasonable
choice. It is now realized, however, that the neutral axial
current has an isoscalar piece as well, which is associated
with the polarization of the strange quark sea of nucleons.
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The axial charge of nucleon ¢ can be written as a
sum over the contributions from different quarks, C% =
Au* — Ad* — As*. The contributions from u and d quarks
include both valence and sea contributions, whereas the
s quark only has a sea contribution. It is expected that
the heavy quarks do not contribute significantly. Isospin
symmetry dictates that Au™ = AdP and Ad"™ = AuP.
Charged-current processes determine Au? — AdP = 1.26
for bare nucleons. Scattering experiments of polarized
muons on polarized hadronic targets by the European-
Muon Collaboration (EMC) [30] and Spin Muon Col-
laboration (SMC) [31] groups at CERN, and by polar-
ized electrons at SLAC (E142 [32]) give a range of val-
ues for AsP between 0 and —0.2. In a review of the
phenomenology and theory, Ellis and Karliner [33] sug-
gest As = —0.11 & 0.04, leading to C% , = 1.37 and
C?%,0 = —1.15 in vacuum. For nuclear matter we find

% =—0.91 and C% =1.09 (A2)
if Au, Ad, and As are suppressed by an equal factor 155 26
We do not give uncertainties because of the many possible
sources of systematic errors, both in the interpretation of
the laboratory results and in the extrapolation to nuclear
matter.

For the scattering of neutrinos on quasifree nucleons
the relevant combination of coupling constants is C? =
1(C% +3C3) for which we find

Qo= [ 128 3 IMPCr)5 (s + 2~ s~ pa—ka)o

spins
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o7 = 0.89 for protons (1.41 in vacuum) , A3
0.87 for neutrons (1.24 in vacuum) . (A3)

Therefore, the scattering rate is suppressed by about a
factor of 0.63 for protons and 0.70 for neutrons relative
to their vacuum values.

As a last point, we note that the reductions in C4
are a property of the medium, not the weak interactions.
It seems reasonable, then, that if axions exist, their cou-
plings would also be reduced at nuclear density compared
to their vacuum values. This would introduce an addi-
tional uncertainty in relating the constraints on axion
models from supernovae to axion properties as measured
in other experiments.

APPENDIX B: PERTURBATIVE ESTIMATES
OF S4(w)

In order to determine the perturbative S4(w) from NN
interactions we find it convenient to study the axion emis-
sion rate NN — N Na. To apply these results to neutri-
nos one must take care to use the appropriate couplings,
cf. Eq. (B15) below and Eq. (3.7).

The axionic energy loss rate from a medium is given
by the usual phase-space integral

(B1)

where p; 2 are the four—momenta of the initial-state nucleons, ps 4 are for the final states, and k, is for the axion. The
symmetry factor S is equal to 1 3 for nn or pp interactions, and equal to 1 for np interactions. The dIl is a product of
phase-space factors for all partlcles involved: d3k,/[2w(27)3] for the axion and d3p;/[2F;(2n)3] for each nucleon. The
initial-state occupation numbers f; 2 are given by the Maxwell-Boltzmann distribution for nonrelativistic particles
f(p) = (Np/2)(2/mnT)*2e~P"/2mnT (B2)

so that [2f(p)d®p/(27)® = Np gives the nucleon (baryon) density where the factor 2 accounts for the two spin
states. Final-state Pauli-blocking factors may be omitted for nondegenerate conditions.

To estimate |M|? we assume nonrelativistic nucleons and use the one-pion-exchange approximation to model the
NN interaction. We follow Brinkman and Turner [15] and agree with their result for |M|?. For nn interactions,

(4 a k* i k2% — 3|k - 1|2
ZM’”n"’MZ k2 22 T2 2)2 2 2|2 lz ’ (B3)
spins ( + m"') (l + m1r) (k + m‘rr)(l + m1r)

where o, = (2mpy/f.)?/4m is the axion-nucleon “fine-structure constant,” C,, is defined in Eq. (5.7), ar =

(2fmn/mx)?/4m = 15 for f ~ 1, and here k = p; — p3 and Il = p; — p4 are the three-momentum transfers in
the direct and exchange diagrams. The first term constitutes the result from the direct diagrams, the second from
the exchange diagrams, and the third term is the interference between them. For pp interactions one just replaces n
by p in Eq. (B3), but for np interactions the result is more cumbersome:

16(4m)3ca k*
E: 2 _ —~_a 2 2
el |M|np - 3mN |:(Ca + + Ca,—) (kz + m12r)2
4 C2, +C2 k1> - (3C2, +C2_)k-1?
(4C2++2C¢i_) l 2( a,++ a,—) ( a,++ a,—)l | , (B4)

@+ m2)? (2 + m2) (I +m2)
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where C, + = %(C’a’n + C,p)- The larger coefficients in
the np result are due to the stronger coupling (by a factor
V/2) of charged rather than neutral pions to nucleons.
We note that Eq. (B4) is at odds with the corresponding
result for bremsstrahlung of v in np interactions derived
by Friman and Maxwell [7] who give in their Eq. (70)
the coefficient of the C3 4, k21 term as —1 instead of
+2. There are other differences, but they may all be
attributed to the fact that Friman and Maxwell work in
the degenerate limit where k - I = 0 or that they use
Cppn = —Cypsothat Cy 4 =0.

It remains to perform the phase-space integrations. In
the nonrelativistic limit one may use d*p;/[2E;(2m)3%] =
d®p;/[2mn(27)%] and E; = p?/2mpy in the energy &
function. Moreover, the axion momentum can be ig-
nored in the momentum § function. The integration is
simplified by introducing center-of-mass momenta such
that p;2 = P £ p; and p3s = P £ pys, where P =
%(pl +p2) = —;—(p3 + p4) and the last equality is ensured
by using the momentum § function. The integral over

a.a2 NET7/? 128

Qa,nn = wl/2 m?v/Z iag

where

I(y) = 1‘2—8_

du/ dv/ dzz®/uve "§(u — v — )= / dz

d®P may be done separately since neither the energy &
function or |M|? depend on P. Since we have already av-
eraged |M|? over nucleon polarizations and axion emis-
sion angles, all that remains is a four dimensional integral
over [pil, [Pyl wa, and z, where z = (p: - ps)/(Ipil Ips)
is the cosine of the nucleon scattering angle. Finally, one
introduces a dimensionless axion energy z = w/T and
initial- and final-state nucleon energies u = p?/my7T and
v = p2 /mnT. In terms of these variables the energy §
functlon becomes §(u — v — z)/T. The various terms in
|M|? then take on the form

kz/mNT=u+v—2z\/uv ,
lz/mNT:u-i—v-i—Zz\/uv R
k-l/myT=u—v.

(B5)

Defining y = m2/myT, we rewrite the energy loss in

terms of reduced phase-space integrals, I(y). For the
case of nn bremsstrahlung
|
C2 nllk(y) + Li(y) + ha(y) — 35a(y)] (B6)
u+v—2z4//uv 2 for k
utv— Zz\/’LTv-f-y) or ’
2
u+v+2z uv
u+v+222\/u‘v-l;y) for 1, (B7)
_(utv)* —duvz®
(u+v+y)? 24uvz"‘ for ki ,
(v for k-1 .

Clearly, Ix(y) = Ii(y) by symmetry under z — —z. The
normalization arises from

/dudvdzwzy/uve “S(u—v—z) =12

and ensures that Iy (0) = [;(0) = I)y(0) = 1.

For the high temperatures of a SN core it is reasonable
to neglect the pion mass and set y = 0. Even in this limit
the k-l term must still be averaged over z. To this end we
use the é function to eliminate the integration over the
axion energy and perform the z integration analytically.
After defining ¢t = (v/u)'/?, the u integration can be
separated out leaving only the ¢ integral so that

1 _ 42\4
105 t(l t2) ln(1+t>dt

B = 3Ixa(0) = 3—
= 1.3078 .

16 1+t2 1—t
(B8)

In this notation Iy + I; + Iy — 3Ixq1 = 3 — B for the
present case of a vanishing m,. Equation (B8) differs
from Brinkmann and Turner who found 8 = 1.0845 be-
cause they gave (1 + ¢2)2 instead of 1 + ¢? in the denom-

(ut+v+y)2—4uvz?

inator of the integrand (see the unnumbered formula at
the top of p. 2347 of [15]).

If one wants to extract a perturbative expression for
the function S4(w) the z integration must be left undone.
Using the energy ¢ function to eliminate the u integration
we may write

I (0) = I;(0) = 5iu(0)

35
= E—S— dz :L'ze—zS()(:B) (Bg)
with
so(z) = / dv e7?(zv +v?)/2 . (B10)
0

Similarly, for the k -l part of the interference term we
define

i) = [t (R ) e

(B11)

Combining these results with Eq. (B6) we may write



1798
2 N2 T7/2 oo
Qann = 9751—%53—9/2—/ drz?e ®s,n(z)  (B12)
my 0
with spn, = C2, (s0 — sk.1)-

We may now compare with Eq. (5.9), the representa-
tion of @, derived in the main text from more general
considerations:

a, Ng [~ —w
Qo = Z;m—?vL dwwie /TS, (w) . (B13)
We conclude that S,(w) may be written as
Salw) = 4
o) = s(w/T) (B14)

with 'y = 47T1/2a,2rNBT1/2m1—v5/2 as stated in Eq. (3.6)
of the main text.

For a mixed medium of protons and neutrons (both
nondegenerate) one must include pp and np interactions
as well. Generalizing the above analysis for massless pi-
ons, one need only modify s:

() = VICFalso(2) = siea (@)] + Y7 CF p[50(2) = sca(@)]
+3Y,Y,[(7C2 , +5C3 _)so(z)

—(6C2 | +2C2 )sia(z)] , (B15)
where Y,, and Y, are the numbers of neutrons and pro-
tons per baryon; we assume Y, + Y, = 1. The total
emission rate depends on both the mix of baryons and
the details of the couplings. If we ignore the low w cutoff
considerations of the main text, the naive axion emission
rate scales as

Qa & (Ynzcz,n + Y;?Cg,p)(l - %ﬂ)
+4Y,Y,[7C2 , +5C2 _ — 1B(6C2, +2C2 )] .

Typically the axion emission rate is some 2.5 times higher
for a baryon mix of Y,, = 0.7 than for pure neutrons.

We give analytic approximations for s and sk.; that
may be useful when one must perform integrations in-
volving s(z) in the integrand:

1

s(x,y)=/0°° dv/av e-v/ dz

-1

where is it understood that u = v + = as determined by
energy conservation.

We were able to perform analytically the z integrals,
but not all of the resulting v intervals. To qualitatively
show the effects of the pion mass, we plot the functions
Le(y)/Ix(0), ha(y)/ha(0), and Iica(y)/Ix1(0) in Fig. 4.
Because I (0) = Iii(0) = 1 the former two expressions
are simply [k (y) and I (y), respectively. Even for tem-
peratures as low as 10 MeV the I(y) are reduced by only
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FIG. 4. Functions I(y) as defined in Eq. (B7), plotted
as a function of T' according to y = m2/mnyT. Recall that
Ii(y) = Ix(y) and that I;(0) = Ix(0) = Liu(0) = 1.

These approximations were chosen to give the leading
behavior at large and small z, and for sy.; the next to
leading order at large = and a pleasing fit at small =
as well. For all, z, sg — sy differs from the integral
representation by less than 3%.

As a last item, we discuss the situation where m, is
not small. Now, the I's are functions of y = m2/myT.
For the nn case the “reduced structure function” is

snn(m7 y) = 2sk($, y) + skl(mvy) - 33k~l($7y) ’ (B17)
where it was used that s; = s,. Explicitly we find
u+v—22z4/uv 2
(u+u—zz¢m) for k ,
!u+v!2—4uv22 for ki , (B].S)

(u+v+y)2—4uvz?

u—-’u!2
('u.+'v—(+-y)"’—4uvz2 for k -1 ’

[

about 50% relative to the I(0) values. We conclude that
even for nondegenerate nucleons, pion mass effects do not
seriously suppress Qo (or I'scat, etc., for neutrino pro-
cesses) until 7' < 10 MeV. For degenerate nucleons the
typical momentum transfer will be higher and pion mass
effects will be even less important. See Burrows, Ressell,
and Turner [34] for a similar discussion of the suppression
due to a finite pion mass.
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