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Radiative gluon effects in massive quark-antiquark production in collisions of
positrons and polarized electrons at the Z resonance
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Cross sections and asymmetries for massive quark-antiquark production in electron-positron
collisions at the Z resonance are calculated, for the case of longitudinally polarized electrons. The
polarization of Z, Pzo, for the initial electron polarization P is composed of P and the "natural"
polarization Pzo (0) = —2av/(v + a ), and the composition rule for polarization is given. The cross
section di8'erential in the quark emission polar angle 8 is obtained in terms of form factors which
are given as functions of the quark mass my in exact form. Convenient expansions to order m& are
found and compared to previously published results. For the asymmetries the Z polarization plays
an important role. It is shown that for the forward-backward quark asymmetry AFs(P ) and the
forward-backward left-right asymmetry AFs, l,~(P ) the quark dependence is the same including
radiative corrections, with the relations AFs(P ):AFs(0): AFs, L,R(P )= Pz—o(P—):Pzo (0):P—.

PACS number(s): 13.65.+i, 13.10.+q, 13.87.—a, 13.88.+e

I. INTRODUCTION

The advance of the techniques of obtaining and using
high-energy spin-polarized electron beams [1] has proved
to be an important step for new possibilities for obtaining
more accurate knowledge of electroweak interactions and
for testing the standard model [2].

The theory of gluon bremsstrahlung from massless
quarks and antiquarks produced in annihilation of high-
energy unpolarized [3] and spin polarized [4] electron-
positron collisions was initiated a long time ago. It was
shown that beam polarizations affect cross sections and
asymmetries in distinct ways, and that new information
may be obtained with the use of polarized electron and
positron beams. Radiative gluon effects give radiative
@CD corrections which are observed as modifications of
quark-antiquark cross sections and asymmetries. Cal-
culations for massless quarks [5] show that polarization
effects modify the theoretical results considerably.

At this point it should be remarked that radiative cor-
rections are in general mass dependent through logarith-
mic dependence on mass divided by energy, m/E. Radia-
tive corrections for zero mass fermions have therefore no
meaning, with one important exception: the Kinoshita-
Lee-Nauenberg theorem [6,7] guarantees that radiative
corrections are mass independent, i.e. , have no mass sin-
gularities, for total cross section sections, i.e., when all
final states have been summed over. Actually the theo-
rem can be relaxed in one respect: for the case at hand
only the collinear gluon states are needed in the final-
state sum. The cross section may still be a function of
the quark emission angle, as discussed in [5].

The mass corrections are then important and may in
general be of the form of sums of powers of m/E multi-
plied with powers of ln(m/E) for high energies, always in
a way which is in accordance with our relaxed Kinoshita-
Lee-Nauenberg theorm: the cross-section differential in a
quark emission angle and summed over collinear gluon

states should have no mass singularities, which means
that logarithmic terms are always multiplied with m/E
at least to the first power.

The first calculation of gluon bremsstrahlung &om
massive quarks for unpolarized beams was made by
Grunberg, Ng, and Tye [8] neglecting Z exchange, and
by Jersak, Laermann, and Zerwas [9] who included Zo ex-
change. Recent calculations of cross sections and asym-
metries for unpolarized electrons and positrons are given
by Djouadi [10],Djouadi et at. [11],and Arbuzov, Bardin,
and Leike [12]. We will compare our discussion and
results with their findings. A recent paper by us [13]
on gluon bremsstrahlung constitutes the basis for the
present paper. Related @ED processes are p-p, creation
processes for massive p particles with emission of photons
in collisions of electrons and positrons [14].

We present in this paper a calculation of the cross
section and asymmetries for the production of massive
quark-antiquark pairs in collision of polarized electrons
and unpolarized positrons, including radiative @CD cor-
rections to first order in 0, We consider specifically the
cross section at the Z pole, neglecting the contribution
from photon exchange and interference terms.

In addition to the obvious calculational simplification
obtained with this approximation, we believe that use-
ful physical insight is gained, in particular regarding the
mechanism of spin polarization and polarization trans-
fer. The Z boson, a spin-1 Proca particle, is produced
with a polarization. This polarization is composed of the
"natural" Z polarization Pzo ———2av/(v + a ), due
to the parity-violating electron axial vector coupling a
and the electron polarization P transferred to Z . The
produced Z decays, transferring its polarization infor-
mation to the final state qqg, again through a parity-
violating coupling, the quark axial vector coupling ay.
The polarization is also transferred to the gluon as circu-
lar polarization as shown in [15],and of course also to the
quark and antiquark which is the polarization transfer,
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inverse to the initial Z production process.
We obtain in Sec. II the annihilation cross section for

the polarized electron and unpolarized positron to Z .
The Z polarization is obtained and the composition rule
for obtaining the Z polarization from the natural Z
polarization and the transferred electron polarization is
found. In Sec. III we calculate for massless quarks the de-
cay probability of the polarized Z to a quark-antiquark
state, the two jet process, and to the three jet quark-
antiquark-gluon state. The cross section for the complete
process e+e ~ qqg is obtained by multiplication of the
Z -production cross section with the Z decay probabil-
ity, summing over the Z intermediate state spins. The
qq decay probability with gluon radiative corrections is
obtained after elimination of the infrared singularity in
the usual way, and the decay probability is written in
terxns of in&ared finite factors. In Sec. IV quark mass
eKects on the form factors are obtained, and the formu-
las for the form factors are given in Secs. V and VI. We
discuss and give results for various asymmetries in Sec.
VII, including QCD radiative corrections and quark mass
corrections.

II. Z PRODUCTION

The cross section for producing Z in electron-positron
collisions is given by

rj o = ~M~ b (p++p —pz )d pz. ,
vrel

(2.1)

Here e„ is the Z field polarization vector having three
components as Z is a massive Proca-field particle.

With the electron polarization P in the positive helic-
ity sense, with the z axis along p, and the positron un-
polarized, averaging over positron polarizations, we find,
for massless electrons and positrons,

where v„~ is the relative electron-positron velocity and
the matrix element is, in standard notation,

ie v zc e~M=- p"(v —ap, )2 sin28~ /2E+ +2E v'2Ez

(2.2)

2 ) lMI = s z Tr P+p" P Y (1+P p )(v2+az —2avp )e„e„'SMz sin 28grspins

[v + a —2avP —s (2av —(v + a )P j],4M+ Sln 28~ (2 3)

with s, = i(e x e') [16], the Z helicity, the z component
of the Z spin. It should be noted that the e, component
does not contribute to the order E, since P+ g, P g',
= m2. The physical cross section for specifications as
given, with v„i ——2,

o = —) ~M~'b(2E+ —E,),
sp1ns

(2.4)

1 1
dg e~&(2&+ —& )—~l&l

2~ err '

for 2E+ —E~ ——0, representing the decaying Z, with I'
the total line width of Z .

The cross section for producing polarized Z~ is then

o.(s, ) = — [v + a —2avP
4 sin 2g~ MzI'
—s, (2av —(v + a )P )] . (2.5)

is obtained when replacing the b function representing a
stable Z, by

where we have introduced the Z polarization for unpo-
larized electrons, P = 0, the eKect of parity violation,

2GV
Pzo(0) =-

v2+ a2 (2.7)

Pzo(P ) as a function of P is given in Fig. 1.
It is interesting to note that for a pure vector cou-

pling, a = 0, similar to QED, the electron polarization is
directly transferred to Z:

Pzo(P ) = P

For a pure electron helicity state P = +1, again the
polarization is directly transferred to Z as expected:

Pzo(kl) = +1 .

As is seen Rom Eq. (2.6), for small values of Pzo (0) andP, such that ~Pzo(0) ~ P
~
(( 1, the polarizations add

directly:

The polarization of Z is
Pz. (P ) =Pz. (O)+P . (2.8)

o (s, ) —o (—s, )
o.(s, ) + o.(—s )
—2av+ (v + a )P

V + Q —2GVP

Pzo (0) + P
1 + Pzo(0)P

(2.6)

Pz (P )= tanhXz (P-), -
Pzo(0) = tanhXzo(0),

P = tanhy~ )

(2.9)

For larger values of polarizations, the composition of po-
larizations is more complicated. When we define the hy-
perbolic angles y by
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(

I I I I I and the decay probability of a Z boson with polarization
Sz 1S

0.5

0.0

d2mw(s, )
dO f(vf + af)(1+ cos 8)16' san 26I~

—4s, af vf cos 8$ . (3 4)
—0 ~ 5

—1.0-1.0 -0.5 0.0 0.5
P

1.0

we 6nd the addition rule

FIG. 1. Z polarization as a function of the electron po-
larization P . Solid line: sin 20~ ——0.23; dashed line:
sin 28~ = 0.22; and dotted line: sin 28~ ——0.24.

d'm~~'(Pzo )
dO

1 d2mf (1)
2

= -(1+Pz )

1 d2vuf (—1)+—(1 —Pzo)2

which amounts to replacing s in Eq. (3.4) by Pzo(P ),
given by Eq. (2.6):

The physical decay probability of Z produced in
electron-positron collisions is obtained as a superposition
of probabilities,

Xz (P-) = Xz (O) + X~

ZII. Z' DEC&V

(2.10) d2u)~f~[Pzo (P—)]
dO

(3.5)

(( !+ f)(1 + o"8)
sin 28~

4Pzo(P )a—fvf cos8)

The decay of polarized Z to quark and antiquark of
favor f is obtained &om the decay probability

where

d tUy= )
spins, colors

xS'(V+ e Sz )d'ed'—0, (3.1)

spins, colors
~Mf ~

=
2 ((vf + a2f)(l + cos 8)

2M+ Sin 20~
—4s, afvf cos8), (3.3)

ie
2 sin 28~ +2Eq +2Eq /2Ez

(3 2)
Summation over q, q spins, and colors in Eq. (3.1) gives

The difFerential cross section for the process
e+e + qq is obtained by multiplying the decay rate
(d mf [Pzo (P )]/dA)/I' with the magnitude of the cross
section, Eq. (2.5),

d2crf 3 ( n ) 1—(v + a —2avP )dA 4 (4sin 28~)
x((vf + af)(1+ cos 8)

4Pzo (P )a—fvf COS 8) (3.6)

Written in this form, the Z polarization is displayed ex-
plicitly, which may be useful for understanding the physi-
cal efFect of electron polarization on the cross section and
on polarization efFects.

It is useful to note that the cross section Eq. (3.6) may
alternatively be found by summation over Zo helicity:

d Of ~ 0 (Sz) d @If(Sz)
dn ~ - r Zn

2 —2((v + a —2avP )(vf + af)(l + cos 8) + [2av —(v + a )P ]4vfaf cos8) .3( cx l 1 2 2 2 2 2

(4 sin 28gr )
(3.7)

As described above only the helicity components 8 = +1
contribute to the cross section.

The virtual gluon corrections are obtained by multipli-
cation with the factor

2 ) &3 mfa(mf, p mf ) g2 p )
,mf 1 2''—2 ln +

2 2 3
(3.9)

4o.,1 + ' Fv (mf, P),
37r

(3.6)

where [4a, /(3m)]Fv (mf, P) is the well-known Schwinger
correction modified by the color factor 4/3, with mf =
mf/E and p = p/E, the scaled gluon mass parameter,

This is true in the case of massless quarks also for the
axial vector coupling as demonstrated in [5].

The decay of the polarized Z to quark and antiquark
with emission of a gluon is obtained &om [5]. The decay
probability is for massless quarks:
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d2WQQQ (S )
dO

with

(3.10)

o., Mz
sin 20~

x((vf + af)[@j(mf, P)(1 + cos 0)

+kg(mf)(1 —3cos2 0)]
s,—4af vf @s(mf, p) cos 0),

We define the form factors F; by

Fg ——4'g (mf, P) + Fv (mf, P),
F, = 4, (mf),
Fs —4 3 (mf, P) + Fz (mf, P,)

(3.12)

X2
Pc, (mZ, p) =/dc dd

(
(++ + —1)d' ( z) = f d*d*

I )
d 3(mZ, p) = dc (mZ, p) —f dz dz (

—
)

(3.11)

which isolates the infrared term Fv (mf, p, ), given by Eq.
(3.9), in 4q(mf, P) and @s(mf, P) which are infrared di-
vergent.

The two-jet decay probability of Z produced by polar-
ized electrons and unpolarized positrons including first-
order radiative corrections is then given by

d ~y d ~f 3Mz 4n. 4o,,+ . 2 (vf + af) l

1 + Fq (1 +cos 0) + 'F2(1 —3cos 0)dO dO 16 It sin 20yy 3vr 37t

4n.—dpz (p )zZcZ
~

1+ 'p's
~ ccspI3n

with Pzo (P ) given by Eq. (2.6) and, from [5],

(3.13)

for massless quarks.

1
2' I'3 ——0, (3.14)

IV. +DARK MASS EFFECTS

Finite quark masses will change the qq and qqg decay probabilities. The inclusion of mass terms in the projection
operators in the spin sums of Eq. (3.3) gives the qq decay probability [13] ir.stead of Eq. (3.5):

"'v)f'[Pz'(P —)]
dO

Mz f m2f) 2P (vf + af) 1 + ——afmf (1 + cos 0)sin 20gr 2 2

1 2 2+ vfmf(1 —3—cos 0) —4Pzo(P )afvfpcos0
2 (4 1)

where P = 1 —m, 2f.

The virtual gluon corrections are obtained in a similar way as in Eq. (3.8) except that the additional term Fv (mf, P,),
appears. Equation (4.1) including virtual gluon corrections then becomes

d'v)~y'[Pzo (P )]
dO

3M n (, , ( mP f 4n. 6
P (vf+af) I

1+ 1+ F~(PP )+,ReFv(p)'+ f )
, t' 4 . 2(5 —2m', )——afmf 1+ ' F~(P, P) + 2 ReF&(P)

l
(1+cos 0)2 ( 37r 3mf

4n.+ vf mf 1 + ' Fv (p, p) + 2 ReF&(p) (1 —3 cos 0)2 ( 37r mf )
4n.4Pz (P )0afvf p l

1+ F&(p p) I
cos8

3m p )
(4.2)

where now the exact formulas for F~(P, P,) and F&(P) are given by
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1+p2 1 —p ) 1 —p2 1 ( 2 1) 1 —pF~(p, p) =
~

1+ ln
(

ln ——
~

1+p ——
I

ln —2
2p 1+p) p p ( 2) 1+p

1+P 1 21 —P 1 —P 2P (1 —P) 2vr2——ln +21n ln +2L2 +
2P 2 1+P 1+P 1+P (1+P) 3

1 —P ( 1 —PFv(P) =
~

ln + iver
4 ( 1+

It should be noted that in the present calculation at the Z pole, where photon and interference contributions have
been neglected, only the real part of E„'(P) contributes. In exact calculations [17] the imaginary part of F&(P) is
taken into account. At the Z pole, however, the contribution is extremely small, of the order m f(I' z/Mz).

From [13] we find, in the same way for qqg decays, with the notation as in Eq. (3.11),

d2u)~y~g[Pzo(P )]
dO

o,, Mg o,

4~ sin 20~
x((vf + af)[4q(mf, p)(1 + cos t)) + 42(mf, p)(1 —3 cos 8)]

2af [@4—(mf, P) (1 + cos 8) + 4s (mf, P) (1 —3 cos 8)]
4Pz—o (P )af vf 4s (mf, p) cos 8), (4.4)

where the extra terms (I14 and 4s are terms of order mf and higher. The (I)' functions are found [13] to be given by

—4

fx' —m'(1 —x)— 44f(mg, p) = /dTdd 't

m2f ( m2f)
2 ( 2 ) (1 —x)2

(z —mf) sin 8 ( mf I —z) 2 2(l —zg) —mf
42(mf, p) = — dz dz 1 — + mf4 (1 —x)(l —z) I

2 1 —x ) (1 —x)(l —z)

4s(mf, p) =—
(

z — g (z' —m2f)

mf
(1 —z)'

mf 2 1
[2(1 —x) (1 —x) —xx + mf]

2 1 —x) x2 —m2f
(4.5)

3-2
@4(mg, p) = —m~~ jdxdk &

8

2

2 —m —2xf g

(1 —*)(1—*-)
mf

(1 —z)2

m2f (z2 —m2f) sin 8
4s(mf, p) = f dx dx +

2 —m —2x —x—2 2 —2
f g g m

(1 — )(1 —*-) (1 — )'

with zP zP cos8 = xz —-2(1 —z ——z) —m~f.

We may define the form factors F) Fs similarly to—as in Eq. (3.12):

mf
ey(mf, p) = p 1+ Fg(mf) —Fv(p, p) —

2 ReFv (p)2 ) 2+mf

4'2(mf, P) = P F2(mf) — Fv(P, P,) —ReFv(P)

43 (m f, P ) = (1 —m f ) [Fs(m f ) —Fv' (P, P )]

3m 2(5 —2m2f )
4'4(mf, P,) = P F4(mf) —E~(P, P) —

2 ReFV(P)
m f

m 2
@ s(mf, p) = p Fs (mf ) —F~ (p, p) —

2 ReF& (p)4 m f

(4.6)

Kith these definitions the virtual corrections cancel and we are left with the qq decay probability with radiative
corrections similar to Eq. (3.13), where now also the mass corrections are taken into account:
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tU
d~'[Pz (P-)1 = d v/y [Pzo(P )]

dO

( 4n.
4Pzo—(P )afvyP ~

1+ 'Fq(mf)
~

cos8

d2u)~~~[Pzo (P )]
dO

SM~ o.

sin 28yy

-P ( 4. i 3, , & 4.x (v&+ a&) 1+ i

~

1+ 'Fq(my)
~

— uf—mf
~

1+ 'F4(mg)
~

(1+cos'8)
2 j (( 3/I j 2 ( 32l' j
4~. & 2 f & 4~.+ (v& + a&) + 'Fz(m&) l

—a& ~

1+ 'Fs(mf)
~

(1 —3cos 8)
j

(4.7)

V. FORM FACTORS

The forxn factors, except Fs(my), znay be calculated analytically. In fact the vector coupling form factor F(my)
was calculated by Schwinger [18]. We write it in the form

with

(2+ 3myl 1 11 (1 —mg) 1+p
Fz(m&) = —

2 + — —(2 —m&) + 2 ln + G(mf),
( 2 + f ) p 8 2(2 + y) 1 —p

(5.1)

G(my) = —4 lnP+ 6 ln —3 ln + —+ ln ln + 2I2
~ ~

+ L2(P )
1+p 1+p 2 —mf sr~ 1+p 1+p (1 —pb

2 1 — 6 2 1 — (1+ j

j ( 2 j
We And. further

1 mf 2 1+ my
Hz(ml) = 11(1 —Bm ) 4- (2 —mI)ln + (1 —mI —2mI)(1 + mI)H(mI) + (ml nn —m1))2P 1 —P

m

+ml + —(2 —ml)ln + G(mI) )
m~ I 2 1+p

2 1— (5.2)

9 m,' 1 (, m', ) 1+p
F4(my) = —— + 3 —m& — ln + G(mf), (5 3)

with

H~(mI) = —— — (4+ ml)ln + (1 + mI)H(mI) + (m1 44 mI)) + F4(mI), —m) my 2 1+p mg
4 8p 1 —P 2P

H (m1) =ln ln + I2 ~

~

+ In
I
+ &a

I
1/(I )1)/(1+12)) (II 44 /I)

2 1+P /'1 —P') /' 1+P )

2+m~ 1 —p ), 2 j q2+my j
(1-g1-m~1 ( 1 —g1 —m~) (1-g1-m~)+ L2 i

—L, +1+mg
I 1 + pl+my j ( 1+ pl+my) (1 —pl+my)

+L2 —gl + my
~

—(gl —my W —gl —my)1 —Ql+ mg)

(5.4)

(5 5)

The form factor Fs(my) is obtained by numerical integration; only for an expansion in powers of my given in Sec. VI
is the result simple. The form factors E, , i = 1—5, are given in Fig. 2.
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10
I

I
I I I

)
I I I

)
i 1 l

(
I I I 4.

3''F2(mf) = —' ———mf —mf —+ —+ ln
7r 3 6 3 9 2

7

5
0.
0.

,m, l
3 2 j

(6.2)

2
1

0
—1

0.0
I i i i t & ( ( I ( i ( I ( & i I

0.2 0.4 0.6 0.8 1.0

1 2mf
3 2 )

(6.3)

4a, n, 8 2 (7 m~ 2 mf
3''Fs(mf) = —' —mf + mf —+ ———ln

7r 3 3 18 3 2

FIG. 2. The form factors F,(mi ). Large figure:
—P(3 —P )Fi(my) (solid line); 2P(1 —P )F4(my) (dashed
line). Small figure: —PF2 (my) (solid line), expansion
for small my (dashed line); PFs(m—y) (dash-dotted line);
—P(l —P )Fs(my) (dotted line).

'Ii4(mi) = —' (3+4 in ')

'Iis(my) = —' (5+ 4 ln )

(6.4)

(6.5)

VI. FORM FACTORS EXPANDED
IN POWERS OF M~

We can obtain the expansions of the form factors to
order m& kom the analytical expressions given in the
previous section. For the case of Fs(mf) we show in the
Appendix how the expansion is obtained. The reason
why we give this calculation explicitly is that the results
of Djouadi et al. and Arbuzov, Bardin, and Leike [12]
diH'er and also di8'er &om our result.

From the formula (5.1)—(5.4) and f'rom Eq. (A3) of the
Appendix, we find, to order m&,

Here Fi(mf), F4(mf), and Fs(mf) agree with the results
of Djouadi et al. [11] and Arbuzov, Bardin, and Leike
[12]. Our result for F2(mf) disagrees with [ll] but agrees
with [12], while Fs(mf) Eq. (6.3) disagrees with both.
The very close agreement for Fs(mf) with the numerical
results in Table I, shows that the formula is accurate up
to my of the order 0.2.

VII. CROSS SECTIONS
AND ASYMMETRIES

'F, (mf) = —'(1+ 3m', ),3' 7r
(6.1)

The cross section for polarized electrons is obtained as
in Eq. (3.7), now from Eq. (2.5) and Eq. (4.7):

TABLE I. Exact values of the form factor (4P /3)Fs(my), compared to the 0(m&) expansion, Eq. (A3), for small my.

mf
0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09
0.10
0.105
0.115
0.125
0.135
0.145
0.155
0.165

4p2
3

Exact
0.0290
0.0589
0.0905
0.1235
0.1592
0.1941
0.2299
0.2666
0.3041
0.3423
0.3617
0.4009
0.4406
0.4809
0.5217
0.5629
0.6045

Fs(mg)
Expansion

0.0283
0.0585
0.0903
0.1234
0.1576
0.1929
0.2290
0.2659
0.3036
0.3419
0.3613
0.4006
0.4403
0.4805
0.5211
0.5621
0.6033

mf
0.175
0.185
0.195
0.205
0.215
0.225
0.235
0.245
0.255
0.265
0.275
0.285
0.295
0.305
0.325
0.345

4p2
3

Exact
0.6464
0.6887
0.7313
0.7741
0.8172
Q.8605
0.9040
0.9476
0.9913
1.0351
1.0789
1.1228
1.1667
1.2105
1.2980
1.3850

Fs(mg)
Expansion

0.6449
0.6866
0.7289
0.7705
0.8125
0.8546
0.8966
0.9386
0.9804
1.0221
1.0635
1.1047
1.1456
1.1860
1.2658
1.3436

mf
0.365
0.385
0.405
0.425
0.445
0.465
0.485
0.505
0.525
0.545
0.565
0.585
0.605
0.625
0.645
0.665
0.685

4 2S Fs(mg)
Exact

1.4714
1.5568
1.6411
1.7241
1.8053
1.8847
1.9618
2.0365
2.1083
2.1770
2.2423
2.3036
2.3606
2.4129
2.4599
2.5010
2.5358

mf
0.705
0.725
0.745
0.765
0.785
Q.805
0.825
0.845
0.865
0.885
0.905
0.925
0.945
0.965
0.985
1.000

4P Fs(my)
Exact

2.5633
2.5830
2.5937
2.5946
2 ~ 5844
2.5615
2.5242
2.4702
2.3965
2.2993
2.1729
2.0089
1.7927
1.4955
1.0338
0.0000
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dzaf 3 f' n 'E' P
(v +a —2avP )dO 4 (4sin 28~)

( mf) f' 4n. q 3, , ( 4.
x (vf + af) 1+ I

~

1+ 'Fi(mf)
~

——afmf ~

1+ 'F4(mf)
~

(1+cos 8)
2 ) ( 37r ) 2 ( 3~

+(v + a —2avP ) (vf + af) + 'Fz(mf) —af ~

1+ Fs(mf)
~

(1 —3cos 0)
m', 4n. , m', r

2 3vr ) 2 ( 37l )

+(2av —(v + a )P ]4ayvy)2
~

2+ 'F
( ayv) c( caa8I2 2 ( 4n,

37r ) (7.1)

This equation gives all information concerning cross sec-
tions and asymmetries. Together with the expressions
for the form factors Eqs. (6.1)—(6.5), we can obtain suf-
ficient accuracy for cross sections and asymmetries, with
6-quark mass mg ——0.140 6 0.005.

Obviously left-handed electrons, P negative, cou-
pling directly to the left-handed natural polarization
—2av/(v2 + a2), gives higher Z polarization, Eq. (2.6),
than right-handed electrons. The effect of a left-handed
electron polarization ~P

~

is then to increase the total
cross section by the factor

x vf +Gf 1+ 1+ 'Fq mf
2 ( 3vr )

3, , f' 4n.
afmf

~

1—+— 'F4(mf)
~2 ( 37I )

We write it in the &om

A»(o) A»(o) (1 —a»),
with the exact lowest-order asymmetry

(7.4)

(7.5)

3 2Gv ( 4n,
AFB(0) = —p 2v faf ~

1+ Fs(mf)4 v2+az ( 3m' )

which gives a small increase.
The total cross section including radiative corrections

has been obtained to a high degree or precision in [19].
The left-right asymmetry defined by

3 2av 2af vf
A (o) =-

4 v2+. a2 zs fs' a2 2—
Vf 2 + Q Gf

(7.6)

and the radiative correction, to first order in o., and sec-
ond order in mf,

a( P) —o(P —) 2av.

o( P) + a(P )— vz+ a2 ' (7.2)

—2mf
1 ——mf—FB ~ 3 3

has no QCD radiative or quark mass corrections, which
is easily understood, since integration over the angle 8
removes the Z polarization dependence &om the decay
probability Eq. (4.7). The left-right asymmetry depends
only on the initial production of Z .

The quark foru)ard backboard asym-metry is initiated by
a polarized electron

os(P ) —oB(P )
. Pz. (P )

as(P ) + aa(P—) Pzo(0)

(7.3)

where Pzo(P ) and Pzo(0) are the Z polarizations ini-
tiated by polarized electrons and unpolarized electrons,
respectively, Eqs. (2.6) and (2.7), and where AFB(0) is
the forward-backward asymmetry initiated by unpolar-
ized electrons. A»(0) was first derived by Djouadi et al.
[11],however, with a result which differs somewhat from
ours. We are indebted to Dr. Zerwas for discussions on
this point.

From Eq. (7.1) we find the asymmetry for unpolarized
electrons:

x
I
7+ ——2 ln +lnmf, mf )

6 2 2 )
vf —2afln 2+3m f vf + Gf

3 2av —(v + a2)P
FB 4 v2+ a2 —2avP

2af vf fX 123 Po ~z z ~ FB)
vf 2 +~ af

(7.8)

For n, (Mz) = 0.118, sin 28iv = 0.23, and mi, = 0.104 +
0.005 we find 4&B ——0.02925 g 0.00067. The radiative
correction difFers from the result of Djouadi et at. [11]be-
cause of the disagreement concerning Fs(mf) mentioned
in Sec. VI.

As seen from Eqs. (7.6) and (7.8) the radiative correc-
tion does not depend on the electron polarization. In fact
electron polarization changes the asymmetry Eq. (7.8)
by replacing the Zo "natural" polarization Pzo(0) by
the P dependent polarization Pzo(P ), factorizing the
electron polarization-dependent asymmetry in a lepton-
dependent part and a quark-dependent, part:
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The forward ba-ckward, left rig-ht asymmetry (FB,LB) de-
fined by [20]

~FB,.R(P )

which shows that this particular 4i, 4s combination is
in&ared 6nite. We write the combination in the form

(1 + m&) 2@,(m&, p) —24, (m&, p, )

~F( P-) —~B( P—) —oF(P.
) + oB(P )

oF( . P—) + oB( .P—) + crF(P~) + oB(P )
', (7 9)

is found to be given by
and find, from Eq. (4.5),

4

= (1+m&) J, + ) J;,

P
+FB,IR(P—) — +FB(0)Pz. O

(7.1o)

with AFB(0) given by Eq. (7.8). The FB,IR asymme-
try is therefore obtained from Eq. (7.9) by replacing
Pzo(0) = —2av/(v + a ) by P:—

+FB,LR(P—) = PP sp*— (1 +FB)
2afvf f

4 v2s p* + pz—a2f 2 f
(7.11)

Compared to AFB(0) and AFB(P ) then, the lepton cou-
pling coeKcients v and a are removed.

It is interesting to note that the forward-backward
asymmetries are related by

AFB(P ):AFB(0): AFB I,R(P )

J2 ——m2» dx

1 1 —x ~ 1
xdx —+ 2+

m' + fJ3 —— dx dx 1 +
2 2

)
2 —m2f

(A1)

x —
mzy(1

—x)
x2 m2

= Pzo(P ):Pzo(0): P, (7.12)

with the same quark dependent factor of proportionality:

=--P, (1 —4 ). (7.1 )Pzo(P ) 4 v2s —i" gP2a&f 2 f

( 1
X +((1 —x)2 (1 —x)z)

1 S+ x —x
J4 ——mt dx dx

1 —x 1 —X

where

)
2 —m2f

Note added. After submission of the paper an erratum to
[12] came to our attention: A. B.Arbuzov, D. Yu Bardin,
and A. Leike, Mod. Phys. Lett. A 9, 1515(E) (1994). We
are happy to note that the corrected radiative correction
in the limit of mf small agrees with our result above Eq.
(6.3).
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APPENDIX

In this appendix we give explicitly the expansion of
Fs(my) in powers of my for reasons explained in Sec.
VI. The simplest way is to note that from Eq. (4.6) it
follows that, to order mf

f f2(x~ x -m ) —m'
1 —x~ = (1 —x)

4(1 —x) + mzy

The results are

mf
JP ————+ 2mf—

2 4
1 ( 1 my) mtJi ——2m'+ m ———+

~

3+ —ln
~
ln

12 4 i 2 2) 2
2F 1 2mfJ2 ——m, ———+ ln

6 2 2

3 mfJ3 ——mf —+ jn
2 2

J4 ———mf —+2 ln + ln-2 m» mf
6 2 2

which gives

(A2)

Fs(my) = Fi(mt) + (1+m&)@s(my, p)
6—4, (my, P) —

2 ReFV(P),
f

z (7 m. 1 mt 1 2m'&
F&(mf) = 2mf + m& /

—+ ———ln + —ln
i4 24 2 2 4 2 )

(A3)
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