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We extend the methods of Yennie, Frautschi, and Suura (YFS) to compute, via Monte Carlo

methods, the effects of multiple gluon emission in the processes g+ (q)’ —q"'+ (q)’” + n(G), where
G is a soft gluon. We show explicitly that the infrared singularities in the respective simulations
are canceled to all orders in as;. Some discussion of this result from the standpoint of confinement
is given. More importantly, we present, for the first time, sample numerical Monte Carlo data on
multiple soft- gluon emission in the rigorously extended YFS framework. We find that such soft
gluon effects must be taken into account for precise physics simulations at and beyond CERN LHC

energies.

PACS number(s): 13.85.—t, 11.55.—m, 12.38.Cy, 14.70.Dj

I. INTRODUCTION

Now that the CERN Large Hadron Collider (LHC)
is approved, is in its early stages of development, and
continues to gain momentum, it becomes more and
more necessary to prepare for the physics exploration
which the LHC and possible near-term upgrades will pro-
vide. The primary issue in this exploration is the com-
parison between predictions from the standard SU(2)y
®U(1) ® SU(3) theory and its possible extensions, and
what will be observed by the ATLAS and CMS Collabo-
rations, with the discovery of the Higgs particle or what-
ever it represents as of course a primary goal of such
comparisons. Thus, it is important to know the theoret-
ical predictions as accurately as is necessary to exploit
the expected detector performances of ATLAS and CMS
to the fullest extent. In particular, higher order radiative
corrections to these predictions (due to multiple-photon
and multiple-gluon effects) are in fact essential to obtain
the proper precision on the signal and background pro-
cesses in the respective LHC environment. In [1], we have
developed Yennie-Frautschi-Suura [2] (YFS) multiphoton
Monte Carlo event generators for calculating n~y effects in
LHC processes. In what follows, we now develop the ex-
tension of our own YFS Monte Carlo-based higher order
radiative correction methods to multiple-gluon effects in
LHC processes. Such a calculation of n(G) effects has not
appeared elsewhere, where we use G to denote a gluon.

More precisely, we want to use the fact that, by the
uncertainty principle, infinite-wavelength gluons should
not affect the motion of quarks and gluons inside a
proton, whose radius is ~ 1 fm. Thus, we have re-
cently realized [3] this physical requirement in pertur-
bation theory by showing that in our prototypical pro-
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cesses g+ (q)’ - q"+ (q)”’ + (G), the infrared singu-
larities cancel at O(a;), just as they cancel in the anal-
ogous QED process f + f' — f + f' + . We then are
able to define the QCD analogues of the famous YFS
infrared functions [2] B and B which describe the vir-
tual and real infrared singularities in QED processes to
all orders in a. These functions Bqocp and Bqep then
describe the infrared singularities in QCD in the pro-

cesses g+ (q)’ - ¢+ (q)”’ + n(G) to all orders in a,.
The sum Bqcp + Bqep is infrared finite and allows us
to extend our YFS Monte Carlo methods, widely used
in SLAC Linear Collider (SLC) or CERN e*e™ collider
LEP physics for higher order QED radiative effects, to
the analogous Monte Carlo methods in QCD processes
for the physics objectives of the LHC and possible fu-
ture higher energy hadron colliders. We call the result-
ing programs LHCYFSG and LHCBHLG, for they are the
QCD extensions of the QED n+y Monte Carlo’s SSCYFS2
and LHCBHL. Here we recall that SSCYFS2 was already
described in [1] and LHCBHL is the analogous LHC ex-
tension of the YFS Monte Carlo BHLUMI 2.01 [4] for the
SLC or LEP luminosity process ete™ — ete™ + ny.

In what follows, we shall present sample Monte Carlo

data for the process g+ (q)' - q"+ (q) "+ n(QG)
from the event generator LHCBHLG. Analogous results
from LHCYFSG will appear elsewhere [5]. The latter
Monte Carlo only simulates initial-state gluon radiation,
whereas LHCBHLG simulates initial-state and final-state
n-gluon radiation, as well as the respective initial-final-
state interference effects. Further, we emphasize that
(unlike BHLUMI 2.01) LHCBHLG is not restricted to small
scattering angles. Note finally that LHCYFSG is an initial-
state restriction of LHCBHLG and hence is useful for cross-
checking our work.

Our work is organized as follows. In the next section,
we derive the extension of the YFS exponentiation to n-
gluon emission and the attendant extension of SSCYFS2
and LHCBHL. In Sec. III, we present sample Monte
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Carlo data for n-gluon emission for the CMS, ATLAS,
Solenoidal Detector Collaboration (SDC), and Gamma-
Electron-Muon (GEM) Collaboration acceptances. Sec-
tion IV contains some concluding remarks. The Ap-
pendix contains some technical details.

II. INFRARED SINGULARITY CANCELLATION
IN QCD

In this section, we derive the analogue of the YFS in-
frared functions B and B for QCD, Bgcp and BQCD, for

the process g+ (q)' - q"+ (q)’” + (G). We will focus
on the case of most interest to us, in which a gluon is
exchanged in the t channel and we require that the ex-
changed gluon carries large momentum transfer so that
the outgoing quark (antiquark) is in the |n| < 2.8 accep-
tance of the CMS, ATLAS, and SDC (and GEM). This
situation is depicted in Fig. 1. We remark that if the
relevant exchange is a color-singlet exchange (such as W
or Z° exchange), we can obtain the corresponding for-
mulas for Bqcp and BQCD by dropping the terms in the
color-exchange case which arise from noncommutativity
of the respective QCD A% matrices in the relevant quark
representation.

Specifically, following the kinematics in Fig. 1(a), we
note that, for the CMS, ATLAS, SDC, and GEM accep-
tance, we always have —Q? = —(q1 — ¢2)® > A}p, so
that perturbative QCD methods are applicable. What we
wish to do is to extract the infrared-singular part of the
O(a;) amplitude in Fig. 1(b), in complete analogy with
the YFS [2] extraction of the infrared-singular portion
of the analogous amplitude in QED via the famous YFS
virtual infrared function B. To this end, we first note
that, by explicit calculation, the graphs (v)—(vii) are not
infrared divergent (we compute the gluon vacuum polar-
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FIG.1. The process g+ (q)’ — g+ (q)’+(G) to O(as): (a)
Born approximation; (b) O(ca,) virtual correction; (c) O(as)
bremsstrahlung process. Here, f.s.e. represents the fermion
self-energies.

ization to order a, as well), so that the infrared-singular
part of Fig. 1(b) is given by just the same graphs as the
infrared-singular part of the analogous process in QED.
We follow the YFS methods in [2] and find the infrared-
singular part of Fig. 1(b) to be given by

M, 1R = a,BqcpMss + asBqoecpMos (1)

where Mgp is the respective Born amplitude in Fig. 1(a)
and where

B _ i / c 2p1 + k 2ps — k 2
WP = (8r3) | k2 —A2+ie)| “\kZ+2k-p, +ie k2 — 2k-ps +ic
LAC, 2(2p1 + k) - (2p2 — k) 2q: +k 292 —
*(k? 4 2k - py + i€)(k? — 2k - py + d¢) k®+2k-q +ie k2 —2k- q2+ze
2(2q1 + k) - (22 — k) 2p2 + k 2q2 + k
C
+AC ® (k2 + 2k - g1 + i€) (k% — 2k - g2 + d€) +Cr k2 + 2k -py + i€ k2 + 2k - g + i€
_AC 2(2g2 + k) - (2p2 + k) LC 2p1 + k 2¢: + k
t(k2+2k gz + i€)(k? + 2k - pz + i€) F\k2 ¥ 2k- -p1 + i€ T k24 2k- q1 + ie
_AC 2(2¢1 + k) -(2p1 + k) _c 2p; + k 2q2 + k
t(k2+2k-q1+ie)(k2+2k-p1+ze F\ %2 + 2k - py + i€ T k2 + 2k - qz + i€
2(2p1 + k) - (2112 + k) 2q1 + k 2p2 + k
+AC, 75 3 - Cr 2
(k* + 2k - p1 + i€)(k? + 2k - g2 + t€) k% +2k-qy +ie k2 + 2k-py + ic
2(2q1 + k) - (2p2 + k)
AC,
PR T 2k gy F i) (K + 2k -y F i) (2)
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with Cr = 4/3 = quadratic Casimir invariant of the
quark color representation, A equal to the standard in-
frared regulator mass [6] and

—1, gqq' incoming,

AC, = {—1/6, g7 incoming,

ACt = —3/2,
and
_ [ -5/2, qq' incoming,
AC, = {—5/3, qq incoming. 3)

Thus, we see that the non-Abelian nature of QCD causes
AC; #0.

The additional term in (1), which arises from color al-
gebra, consists of what we call the “singlet” exchange
Born amplitude which is obtained from Fig. 1(a) by sub-
stituting A° for the color matrices A\?, where \° = I//6.
The corresponding value of Bqcp in (1) is obtained from

J

(2) by setting Cr = 0 and AC; = 0 in (2) and by setting

—CF, q¢' incoming,
ACy = AC, = {C’F, gd incoming, (4)
in (2). We note that, to order o, the “singlet” amplitude
does not contribute to our cross section for the process
in Fig. 1.
Turning now to the soft real emission process in
Fig. 1(b), we again follow the methods of YFS in [2]
and extract the infrared-divergent part of the real gluon

bremsstrahlung as
do2t, = doo(2a,Bacp) , (5)
where the real QCD infrared function is

k<Kmax 43f .

2a,BQCD = / T(;SQCD(]C) (6)

with

2
& a D1 '} 2p1-q1 D2 g2 2p2 - q2
Sqcplk) =—=22C - —AC, PN -2 ) _ac, P22
qenl(k) 47r{ F(zn-k ql-k) ‘k-pik-q F(pz‘k qz~k) 'k -pok - g2
2 2
P1 P2 2p; - p2 Q1 q2 2q; - g2
+Cp [ - 2 ) —aAc, 2 - )—AG,—
F(Pl'k pz-k> k-pik - ps F(ql-k 9k k-qik - g2
2 2
q1 P2 2q1 - p2 q2 p1 2q2 - p1
—-C — + AC, ——+~— - C — ) + AC, ————}, 7
F(ql-k pz-k) k-qik - p2 F(qz-k p1-k “k-q2k-p1 ™

where Kp,ax corresponds to the relevant gluon jet de-
tector resolution energy (~ 3 GeV at the LHC) and

ko = Vk2 + A2 so that we regulate the infrared singu-
larities in (7) in complete analogy with our gluon mass
regulator in (2). [Note that graph (v) in Fig. 1(c) is not
infrared divergent.] Here, doy is the respective Born dif-
ferential cross section. The results (1)—(7) represent the
complete infrared (IR) structure of QCD for the cross sec-

=) (=)
tion for g+ ¢’ — ¢+ 4" +(QG) to order a,. The result
(7) is consistent with the pioneering work of Berends and
Giele in [7]. Following the YFS theory, we see that the

Sm(QCD) == 3

A={s,t,u,s't' u'}

where

I
criterion for the cancellation of the O(a,) and IR singu-
larities in the cross section for our scattering process in
Fig. 1 is that

S1r(QCD) = 20, Bqep + 2a,ReBqcep (8)

should be independent of A. Using the well-known results
[2, 8] for the integrals in (2) and (7) (notice that these
are just the same integrals that arise in the YFS analysis
of QED with different color-based weights) we see that,
indeed, A does cancel out of (8). We are left with the
fundamental result (for, e.g., mqg = mg = m)

(=1)?™[CFBiot(4) + AC4Bio,(A)] (9)

Biot(A) = In(2Kmax/+/[A])*[In(|4]/m?) — 1] + %hl(lAl/mz) —1-n?/6+0(4)7%/2 ,

Bioy(A) = 10(2Kma/v/[A])? + 3 In(|A]/m?) — 72/6 + 6(4)7?/2.,

and

0, A=s,s,tt,
p(A):{l, A=u,u’.

(10)

(11)

Results (9) and (10) are then the fundamental results of our analysis.
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Indeed, repeating the arguments in [2] and/or using the factorization results in [7], we see that by virtue of (9), we
may compute the hard gluon radiation residuals at O(a,) as

Bo = do®e loop _ 20,ReBqcpdog (12)
and
Bl = dU’Bl -_ gQCDdO'O (13)

in the exponentiated formula (this formula follows [3] as well from (9), the arguments in [2] and/or the factorization
results in Ref. 7], see the Appendix)

d? k [+1y(P1 +p2—q1—q2—X, kj)+D] d3q1d3q2
dOexp = exp|Sir(QCD)] Z H (%)4 ﬁn(kl,...,kn)W , (14)
192
where
d3k -
D= / o Sacp [e7* = 0(Kumax — F])] - (15)
Here, we use the virtual one-loop correction
do®™® 1°°P = d5o6yir (16)

where

20, ) 1y, 1
6vir = p [(CF — %CA) {ln —’n? (2 —1 E h’l m
s s s tu s
+1n—7:’—1—2-(21n—2—ln~—)+—————— ( (s/u— )In———l)}

m2) T g It

—(Cr—1Ca ){ [u |(21 ] 1n7|7—1“—2|,)+32j_tu21n%<5(1—u/s) ln%—-l)}

5 2
+CFln||+C ( Il +1>+§—(13CA—§CF+%CF] . (17)

Here, C4 = 3 is the adjoined color-quadratic Casimir invariant. The respective soft real gluon bremsstrahlung cross
is given by (5) with

- 20, 4K?2 t 4K?2 1 t
20, Boep = _:_ [(CF —1c,) {1 5= +1n 18 (1 +In =g — ~ln 7]%2)

4[(',2nx 1, s
_2ln—<1+l A2a —'2-1 mz)}

4K ax IUI o Eiax 1 el 7

[

It allows B to be identified as dag)g’ - 20, (BQCD + the size of a typical hadron radius whereas we analyze

Bqcp)doo, where dao( @) _ ggone loop | 4Bl for exam- true infinite wavelength phenomena. The two analyses

£t . .
ple. The above expressions are for incomlngqq and need therefore deal with complementary regimes of the phase

to be modified accordingly for ¢q interactions. The hard = SPace and, to repeat, in no way contz"adict one another.
gluon residual 3; makes a vanishing contribution in the In fact, the methods in [9] are a leading candidate for a

soft gluon limit so that it will be presented elsewhere [5]; methodology to calculate the hard gluon residuals 3, in
for here we focus on the soft gluon effects in (14) so that (14). ) )

we will not need 3; in the current discussion. We should . The results (12) and (16)—(18) are now realized in (14)
empbhasize that the result (14) in no way contradicts the ~ via Monte Carlo methods by replacing the QED forms of
pioneering work of Marchesini and Webber in [9]. Indeed, Br, Sir as described in [1] for our SSCYFS2 and LHCBHL
the key point in the comparison of our work with that event generators by the respective QCD forms. The

of the latter authors is the comparison of the respective ~ resulting event generators are LHCYFSG and LHCBHLG,
sizes of the infrared cutoffs—in [9] this cutoff is Qo > 600 where in the former, only gluon radiation from the initial
MeV whereas in our work it is A — 0. Thus, Marchesini state is treated. Sample Monte Carlo data from LHCBHLG

and Webber analyze phenomena at or below the scale of are illustrated in the next section. Similar data for
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LHCYFsG will appear elsewhere [5].

We should stress that two limits of the QCD coupling
constant are needed in (12), (13), and (14). One is the
perturbative —g? > Adcp regime in the hard gluon

residuals 3, in (14). This regime is well known and we
use the standard type of formula [10]

127
(33 — 2ns) In[u®/(A})?]

o, (p) = (19)

with n; the number of open flavors and AMS the respec-
tive value of Aqcp: we take AMS ~ 0.238 GeV for def-
initeness, where MS denotes the modified minimal sub-
traction scheme.

The second regime occurs in Sig in (9), where the k2 —
0 limit is relevant for “on-shell” gluons of four-momentum
k. (We follow Tarrah [11] and use the concept of on-
shell quarks and gluons in perturbation theory at large
momentum transfer.) Recently [12], it has been pointed
out by Mattingly and Stevenson that this limit of a, /7
exists as an infrared fixed point and its limiting value is
~ 0.263. We use this value of (a,/7) in Sig in (9) and
(14). Because of the fixed point behavior, the value one
uses for the k2 — 0 coupling of gluons is not sensitive
to the precise value AYS, for example. Further, since we
only work to O(a,) in the hard interactions, there is no
contradiction between our use of AMS values in (19) and
the renormalization scheme of Mattingly and Stevenson
in [12].

We should also note that our light quark masses are al-
ways those determined by Leutwyler and Gaisser in [13]:
my(l GeV) ~ 5.1 x 1073 GeV, my(l GeV) =~ 8.9 x
1073 GeV, m,(1 GeV) =~ 0.175 GeV, m.(1 GeV) ~
1.3 GeV, mp(mp) ~ 4.5 GeV; for my, we take my(my) ~
164 GeV. The running of these masses is readily incor-
porated into our calculations [13]; we ignore this running
in the current paper, since it does not affect our results
at the level of accuracy of interest to us here.

With these explanatory remarks in mind, we now turn
to explicit Monte Carlo data illustrations for multiple-

=) (=)
gluon effects in ¢+ ¢ ' — ¢"+ ¢ " + n(G) at LHC
energies in the ATLAS and CMS acceptances.

III. RESULTS

In this section, we illustrate our multiple-gluon Monte
Carlo event generators in the sample case of v + u —
u + u + n(G), where we require the outgoing u quarks
to satisfy |n| < 2.8 and E > 58 GeV, for definiteness,
at /s = 15.4 TeV. (We comment about the case /s =
40 TeV as well for pedagogical reasons with an eye toward
any possible higher energy collider.) For completeness,
we will show explicit Monte Carlo data for LHCBHLG,
since in that generator initial, initial-final interference,
and final-state n(G) radiation is simulated.

Our results are shown in Figs. 2, 3, and 4, where we
show, respectively, the gluon multiplicity, the distribu-
tion of v = (s — s’)/s, where s’ is the squared invariant
mass of the final quark-quark system, and the total gluon

transverse momentum in TeV units. What we see is that
there is a pronounced effect from the multigluon radia-
tion at /s = 15.4 TeV: the average value of the number
of radiated gluons with energy Eg > 3 GeV is, e.g., at
Vs =154 TeV,

(ng) = 28.5 £ 5.5. (20)
The average value of v is, for /s = 15.4 TeV,
(v) = 0.92 % 0.14. (21)

The average value of the total transverse momentum in
gluons is

<p_L,tot> = < ziﬁ;u
72=1

This means that a substantial amount of incoming and
outgoing energy is radiated into gluons (due to the usual
collinearity of radiation with its source, most of the final-
state radiation would be a part of the typical jet associ-
ated with its parent quark). Entirely similar results hold
for the /s = 40 TeV case. Evidently, any realistic treat-
ment of QCD corrections to LHC processes must analyze
the full event-by-event n-gluon effects as they interact
with the detector efficiencies and cuts. Our LHCBHLG
event generator provides the first amplitude-based expo-
nentiated Monte Carlo realization of such n-gluon effects
and we hope to participate in a study of their interplay
with detector effects elsewhere [5].

An important consequence of our work is a prediction
for the effect on the overall normalization of an LHC
physics process due to multiple—gluon radiation, in an
unambiguous way, since all IR-singular effects have can-
celed out of our calculation. For example, if we simply
compute the O(a;) soft cross section, Eg < 3 GeV, we
get [for u + u = u+ u + (G), /s = 40 TeV] that

> =(0.19£0.23) TeV.  (22)

O'/UBorn =1+ byir + Oreal = —22.1, (23)
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FIG. 2. Gluon multiplicity distribution in v + v — u +
u+n(G) at /s = 15.4 TeV.
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v distribution in u+u — u+u+n(G) at /s = 15.4

whereas if we compute the cross section for v + u —
u + u + n(G) and require v < 3 GeV /7.7 TeV= 0.000 39,
we get

0/0Born = 1.2 x 10712, (24)

Hence, we see that multigluon radiation is crucial to get-
ting the proper normalization of the cross section.

We emphasize that the results for /s = 40 TeV
give similar conclusions [5] to those in Figs. 2-4. En-
tirely analogous results hold for the pure initial-state
multigluon event generator LHCYFSG, except only two
lines radiate, so that (ng) is reduced by a factor ~ 2,
with the appropriate corresponding reductions in (v)
and (p, tot). Such results are effectively an integration
over the events used in Figs. 2—4, wherein one integrates
over all gluons within some cones close to the outgoing
fermions. We do not show a separate set of plots for

2.500x10°

2.000x10°

1.500x10°

1.000x103

.500x10%

| 1

1.000 2.000 3.000

.000x10°

FIG. 4. Total transverse momentum of gluons in u +u —
u +u + n(G) at 4/s = 15.4 TeV. The units of the horizontal
axis are TeV.

LHCYFSG here but we will present a more detailed dis-
cussion of the respective initial-state n-gluon radiation
elsewhere [5]. Here, we are focusing on the complete
gluon radiation problem.

IV. CONCLUSIONS

In this paper, we have shown that the IR singular-
ities in fermion-(anti)fermion scattering at LHC ener-
gies in QCD cancel at order o,, permitting an imme-
diate extension of YFS QED exponentiation methods to
such processes. The YFS Monte Carlo methods invented
by two of us [14] (S.J. and B.F.L.W.) for QED radia-
tion in Z° physics can then be extended to multigluon
Monte Carlo event generators with well-defined IR be-
havior to all orders in a,. Such a Monte Carlo realiza-
tion of amplitude-based n-gluon effects opens the way
to a new era in higher-order QCD corrections to hard
processes such as those of interest to the LHC physics
program.

More specifically, we have realized our exponentiated,
n-gluon effects via the Monte Carlo event generators
LHCBHLG and LHCYFSG. Since the latter amounts to
an initial-state restriction of the former, we have pre-
sented results from the former generator in this paper.
We find, for example, that the average number of radi-
ated gluons in u + u = u + v + n(G) at /s = 15.4 TeV
is 28.5 = 5.5 and that (v) = 0.92 £ 0.14. Further, the
cross-section normalization is strongly affected by our n-
gluon effects. Hence, only by taking these effects into
account, as they interact with detector simulation, for
example, can a truly detailed picture of the LHC physics
platform be obtained. We hope to participate in such an
investigation elsewhere.

In summary, we have presented, for the first time,
the realistic event-by-event Monte Carlo realization of
multigluon effects in hard QCD processes at LHC ener-
gies in which IR singularities are canceled to all orders
in a;. A new approach to LHC physics has thus been
created. We look forward with excitement to its many
applications.
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APPENDIX

In this appendix, we give the essential steps needed
to derive the result (14) in the text. We use explicit
construction in complete analogy with the original YFS
argument itself.

Specifically, we start with the amplitude M) for n-
gluon emission in our basic process in Fig. 1, where



114 DELANEY, JADACH, SHIO, SIOPSIS, AND WARD 52

we may presume color exchange on each fermion line in
Fig. 1(a) for definiteness. Using the standard Feynman-
Schwinger perturbation series, we may expand M (™) m
the number of virtual gluon loops as a power series in %=
as usual. The result is

M = S

£=0

(A1)

where £ denotes the number of gluon loops and Me(") is
the contribution to M(™ with £ such loops. Following
YFS, we symmetrize Mé") with the definition

£ 4
m _ 1 d°k; () (. k
M; z!/_n @Rz = 3 ag Pt (R ke,
j=1 3
(A2)
where this serves to define pgn) as a symmetric function
of its gluon-loop momentum arguments k;. Suppose now
that k, approaches the infrared point O = (0,0,0,0)
while all other k; are fixed away from O. Then, we

showed in the text that we must get, for any one-loop
amplitude for gluon ¢,

oS = S(ke) % o™, (Kys ..

ke—1) + Bg(k1, ... ke—1; ke),

(A3)

where S(k) is a, times the integrand of Bqcp in (2)
with a factor of 1/[(2m)*(k%2 — A% + i€)] removed and
Bi(k1,- .., ke—1;k¢) is not infrared divergent in k, by our

one-loop analysis in the text. We now use the symmetry

of pg ) for all n, £ to conclude that (A3) implies

(n) = S(ke)S(ke—1) * Pe 2(’91, y ke_2)
+S(ke)Bg_y(k1,- - - ke—23ke—1)
+S(ke—1)Bg_1(k1, ..., ke—2; ke)

+:8[2(k1"-"kl—Z;kl—lakl)s (A4)

n 1 id d3k,,
do /de = exp(2a5ReBQCD) m / H m
) m=1

(E - Zk()) ﬁ(n)(p17p2’ q1, 92, kl, e 7kn) ,

where, now, 32 is not infrared divergent in the two argu-
ments kg, k¢—1 and is also a symmetric function of these
arguments. Applying (A4) repeatedly, we get finally the
usual YFS representation

L
-8 (ke)Bo + Y [ S(k;)Bu(ks)

i=1 j#i

+ -+ Be(ke, ..., ke),

(n) =S(ky) ..

(A5)

where we have defined the virtual gluon residuals
Bi(ky, ..., k.) which are free of virtual infrared singulari-
ties in k],] =1,...,%7. In the standard YFS notation, (3;
are just the residuals 3¢ implied in the repeated applica-
tion of (A3) and (A4). Upon introducing (A5) into (A1),
we get the familiar result [2]

MR = exp(a,s;Bqep) Z (n) (A6)

where Bqcp is given in the text and here we now have

(A7)

i = J./H 2 @ % B (ks ... k),
=1

as usual. The important point is that, since we integrate
over the entire four-volume of k space for each gluon,
even though the color algebra may have both symmetric
and antisymmetric terms under exchange of gluon 7 and
gluon j, the k-space dependence of p™) for each gluon
must be symmetric in the exchange of any two gluons in
order to contribute to the multiple-loop integration.

Turning now to the real gluon soft emission formulas,
we note that the differential cross section for the emission
of n soft gluons with total energy € has the form

(A8)

where the 5(*) are given by the standard phase space factor times the modulus squared of 3 m( ) as usual. We may
again use the same procedure as we did in the virtual case to remove the infrared divergent contnbutions due to real

emission from the function 5(™)(ky, ...

,k»), where again we exploit the symmetry of 5(®) in its arguments and our

known result for the infrared factor associated with the emission of one real soft gluon as given in the text by S'QCD

n (7). We get

™ (k... kn) = Sqcp(ki) -

i=1

+ZSQCD(k )Br—1(k1,....k

i=1

Sqcp (kn)Bo + Z Sqcp (k1) - -

i— laki+17""

Sqop (ki—1)Sqep (kit1) - - - Sqop (kn) By (k) +

k’n) +)6’n(k17-~'7kn)7 (AQ)

where all infrared divergences are contained in the products of the Sqcp and the B; are infrared divergence free. On
introducing the result (A9) into (A8) and summing (A8) over n, we get the result (14) in the text, using the standard
YFS manipulations illustrated for the virtual case. We stress again that, as in the virtual case, the symmetry of the
n-gluon phase space integration allows us to symmetrize 5(™ in its n-gluon momentum arguments and thus allows us
to carry through the YF'S real gluon exponentiation procedure in the infrared regime. This completes our appendix.
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