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We formulate a new ‘‘no-hair” theorem for black holes in general relativity which rules out a multicompo-
nent scalar field dressing of any asymptotically flat, static, spherically symmetric black hole. The field is
assumed to be minimally coupled to gravity, and to bear a non-negative energy density as seen by any observer,
but its field Lagrangian need not be quadratic in the field derivatives. The proof centers on energy-momentum
conservation and the Einstein equations. One kind of field ruled out is the Higgs field with a double (or
multiple) well potential. The theorem is also proved for scalar-tensor gravity.
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Wheeler’s dictum [1] “a black hole has no hair” has had
great influence in the development of black hole physics.
One aspect of it, that a stationary black hole should be de-
scribed by only a few parameters, proved crucial in the for-
mulation of black hole thermodynamics [2]. In its original
form, “black holes have no hair” held that a black hole can
be “dressed” only by fields, like the electromagnetic one,
which are associated with a Gauss-like law. Early ‘“‘no-hair”
theorems, which excluded scalar [3], massive vector [4], and
spinor [5] fields from a stationary black hole’s exterior, but-
tressed the dictum. With later day developments in particle
physics, the settings assumed by the original theorems have
become outdated, and as a consequence solutions for black
holes with various “hairs” have been found. Among them
are black holes dressed with Yang-Mills, Proca-type Yang-
Mills, and Skyrme fields in various combinations with Higgs
fields (for reviews see [6—8]). Some, but not all, of these
black holes are unstable.

Scalar fields were also covered by the original no-hair
theorems, which, however, limited themselves to the Klein-
Gordon minimally coupled field. Conformal coupling to
gravity permitted the early discovery [9,10] of a black hole
solution with extremal Reissner-Nordstrom geometry, a con-
formal scalar field and the corresponding charge, as well as
electric charge. The solution admits a generalization possess-
ing a magnetic monopole [11]. These black holes sidestep
the no-hair theorems because the scalar field diverges at the
horizon [9], as certified by a recent no-hair theorem of Zan-
nias [12]. On the other hand, it has long been recognized [10]
that the divergence of the scalar field is physically innocu-
ous. There remains the possibility that this solution is un-
stable [13], and the suspicion that it is isolated in the sense of
having exactly the same number of free parameters as the
traditional Reissner-Nordstrom black hole family and not
one more [14]. All these points suggest that the conformal
scalar hair black hole does not compromise the spirit of
“black holes have no hair.”

Another shortcoming of the original ‘“no-scalar hair”
theorems is that they do not take cognizance of the possibil-
ity that the scalar field may have a potential with some com-
plicated shape. Developments in particle physics have shown
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this to be a likely circumstance. In simplest form, the idea of
the original theorems was to start from the action
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for a static scalar field in a static black hole background,
derive the field equation, multiply it by ¢ and integrate over
the black hole exterior at a given time. A physical argument
allows one to show that the boundary terms at infinity and
horizon must vanish. The result is

f (&Y, W+ WPV (YH)](—g)* d’x=0, (2

with the integration extending over the black hole exterior,
and the indices a and b running over the space coordinates
only. The restricted metric g’ is positive definite. If
V'(4?) is everywhere non-negative and can vanish only at
some discrete values ;, then it is clear that the field ¢ must
be constant everywhere outside the black hole, taking on one
of the values {0,i;}. The theorem works for the Klein-
Gordon field for which V' (¢?)=u? where u is the field’s
mass. However, there are examples in particle physics, i.e.,
Higgs field with a double well potential, for which V' (y?) is
negative in some region. The theorem then fails. Modern “no
scalar-hair” theorems (see Ref. [8] for review) have left the
question of this type of Higgs hair open.

In this connection Bechmann and Lechtenfeld (BL) [15]
have claimed that exponentially decaying scalar hair can be
attached to a static spherical black hole. Their field’s poten-
tial, which is not known as a closed expression, does indeed
violate the condition V' (?)=0. However, the BL solution
has regions with negative scalar’s energy density; one can
argue that this makes the BL black hole solution unphysical.
BL contend that their solution evades the no-hair theorems
only by virtue of having V'(¢?)<0 in some region. Were
this view correct, it might be possible to deform the BL
potential so as to produce a physical black hole solution with
scalar hair and with positive energy density everywhere.
With the demonstration in the present paper that the positive-
ness of the field’s energy density is sufficient to rule out a
black hole with scalar hair, the hope engendered by the BL
solution is dashed. One more application of our results is to
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rule out as black hole hair any Higgs field whose potential
has two or more wells of finite depth.

We shall consider a multiplet of scalar fields, ¢,x, ...,
subject to the action

Sd/,x,...z‘f AT T T s hXse - N(—8)? dx.
3

Here & is a function, and yEgaﬁw,az//,B, lﬁEg"‘ﬁx,a,\/,B,
and = g“ﬂ XsaW, g are examples of the invariants that can
be formed from first derivatives of ¢,y, ... . We do not
assume that the kinetic part of the scalar’s Lagrangian den-
sity can be separated out, nor that it is a quadratic form in
first derivatives. One reason for allowing this more general
form is that the known scalar fields in nature are not elemen-
tary fields. Their actions must thus be effective actions ob-
tained by integrating the functional integral of the elemen-
tary fields in nature over some of the fields. Thus under some
circumstances the more general form of the action, Eq. (3),
may arise. Actions such as Eq. (3) have also been considered
in astrophysical contexts [16]; many manipulations here are
inspired by this last reference. In spite of the generality we
do assume minimal coupling to gravity: the scalar’s action
does not include the curvature in any form.

We shall assume that the energy density carried by the
scalar field multiplet is non-negative. When there are only
two field components, as we shall assume from now on (it is
straightforward to generalize to any number), the energy-
momentum tensor corresponding to S, , is

T P=—868P+2(05109), oth,P+2(0E10.2) X aX,”
+(9E10.F) (Xs s P+ 0 X5 P). )

An observer with a four-velocity U* (U%U ,= — 1) observes
the local energy density

p=E+2[(95107) (4, aU)*+ (9519 Z)(X,aU")*
+(9E10.F) XU, gUP]. )

Suppose that, as in our case, the field has a timelike Killing
vector, as would be the case for a static black hole with
scalar hair. If the observer moves along this Killing vector,
¥, ,U%=0, etc., so that p=&. Thus

£=0, (6)

at least for a field with the said symmetry.

Consider now a second observer moving relative to the
Killing-vector observer with a three-velocity v. In a freely
falling frame of reference co-moving momentarily with the
first observer U’=1/(1—v?*)'Y2, while U=v/(1-v?)"2
When |v|— 1, all the terms involving derivatives in Eq. (5)
obviously dominate &; thus together they must be non-
negative. The conditions for positivity of the resulting qua-
dratic form in ¢, ,U“* and x, , U® are

0810.7>0, 9&/9 7>0, @)
and
(0810.H)><4(0&10.9)(9&]d 7). (8)
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We now assume the existence of a self-consistent, asymp-
totically flat solution of the Einstein and scalar field equa-
tions with the character of static, spherically symmetric black
hole. Using the symmetries, the metric outside the horizon
may be taken as

ds2=ga5dx“dxﬁ= —e¥dt?+ eMdr?+ r*(d 6* +sin6d ¢?),
©

with v and N depending on r» only and obeying
v(r),A(r)=0(r 1) as r—o because of asymptotic flatness.
Assuming the scalar field is nontrivial, we must also have
Y=i(r) and y= x(r). As usual, the event horizon radius is
at r=r,;, where exp[1(r;)]=0 (in case there are several such
zeros, the horizon corresponds to the outer one).

The energy-momentum tensor, Eq. (4), must obey the
conservation law

T,”.,=0, (10)

which follows from the coordinate invariance of the scalar’s
action. The » component of this law takes the form [17]

[(—g)2T,7 1 = (1/2)(— )" (g ap/dr)T*F=0, (11)

where the prime denotes d/dr. Because of the static and
spherical symmetry of the solution, 7,” must be diagonal
and T 0”= T, . These conditions allow us to rewrite Eq. (11)
in the form

Atv Aty
(e Z 72T, —(12)e 2 r3[v' T+ N'T, +4T,%/r]=0.
(12)

The terms containing N\’ cancel out so that
(e"r?T,) = (112)e"*r*[v'T/+4T,%r],  (13)

but by Eq. (4) and the symmetries, T,'=T %= — &. Substi-
tuting this in the right-hand side (RHS) of Eq. (13) and re-
arranging the derivatives we get our key expression:

(e?r2T,) = — (e"5r?)' &. (14)

Let us now integrate Eq. (14) over r from r=r, to a
generic r. The boundary term at the horizon vanishes be-
cause ¢”=0 and 7,” is finite there. The reason for the last is
that in order for the surface ¢”=0 to be a regular horizon,
physical invariants, such as 7,4 T*8 must be finite there. In
the coordinates of the metric (9) T,p T*#=(T/)*+(T,")?
+(T %2+ (T,%)? so that T,” (and also T,'=— &) must be
finite at » =r,. The result of the integration is

e-‘v/z ,
T, (r)=-— 2 f(rze”/z)’ &dr. (15)
Th

Now, since e” vanishes at r =r; and must be positive outside
it, 72e¥”> must grow with » sufficiently near the horizon. It is
then immediately obvious from Eq. (15) and the positivity of
& that, sufficiently near the horizon, 7,”<0.

Further, carry out the differentiation in Eq. (14) and rear-

range terms to obtain

(T,)) =—e "Pr=2 (2"’ (5+T,)).  (16)
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From Eq. (4) we obtain
E+T, =26 MN(9510T) .} + (9510, D) X2
+(0&10F) X5 1] (17)

But conditions (7) and (8) precisely insure the positive defi-
niteness of the quadratic form in Eq. (17), so that
&+T,”=0 everywhere. It then follows from Eq. (16) and
our previous conclusion about r?e”? that sufficiently near
the horizon (7,7)' <0 as well.

Asymptotically e”>—1. When this is put in Eq. (16) it
tells us that (7,")' <0 asymptotically. Now for r—o, &
must decrease at least as 7 2 to guarantee asymptotic flatness
of the solution [see Eq. (20) below and the subsequent com-
ments]. Thus the integral in Eq. (15) converges and |T,’|
decreases asymptotically as r~ . But since (7,")'<0 as-
ymptotically, we deduce that T,” must be positive and de-
creasing with increasing r as r— . Now we found that near
the horizon 7,”<<0 and (7,”)'<0. All these facts together
tell us that in some intermediate interval [r,,r,], (T,”)' >0
and also that T, itself changes sign at some r., with
r,<r.<rp, being positive in [r.,r,] (there may be several
such intervals [r,,r,]). To show that this conclusion is
gravitationally untenable, we now turn, for the first time, to
the Einstein equations.

The relevant ones are

e MNr i=r I\ —r2=8nGT,/=-87G¥%, (18)
e Mr W' +r ) —r"2=8xGT, . (19)

We solve the first Einstein equation with
e_}‘=1—87TGr_1f &rdr—2GMr 1, (20)
Th

where M is a constant of integration. Asymptotic flatness
requires that &=0O(r"3) asymptotically so that
A=0(r"1). We also require that e*—o for r—r,, (horizon
located at r=r;,) so that 2GM=r,; evidently M can be
interpreted as the bare mass of the black hole. It follows from
Eq. (20) that e*=1 throughout the black hole exterior (e*
cannot switch sign through infinity outside the horizon; since
e”>0 this would imply a change of the metric’s signature,
and would be incompatible with a regular black hole solu-
tion).

We now rewrite the second Einstein equation (19) in the
form

e V72 (r?e"?) =[4mrGT, + (1/2r)]e*+3/2r
>47rGT, e +2/r, (21)

where the inequality results because e*/2+ 3/2>2. We found
that in [r,,r,], T,”>0. Thus e” %72 (r?2¢"?)' >0 there.
According to Eq. (16) this means that (7,”)’ <0 throughout
[7.,7,]. However, we determined that (7,”)’ >0 throughout
the encompassing interval [r,,r;,]. Thus there is a contradic-
tion.

The only way to resolve the contradiction is to accept that
the scalar field components ¢,y, ... must be constant
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throughout the black hole exterior, taking on values such that
all components of 7' ,” vanish identically, namely values such
that [see Eq. (4)]

I

#(0,0,0,...,4.x, . ..

-
Il
e

(22)

Such values must exist in order that a trivial solution of the
scalar equation be possible in free empty space. It is this
solution which served as an asymptotic boundary condition
in our argument. The black hole solution must thus be iden-
tically Schwarzschild. Were the black hole electrically and/or
magnetically charged, and the scalar fields uncoupled to
electromagnetism so that Eq. (10) applied, a similar argu-
ment would show that the black hole must be a Reissner-
Nordstrom black hole. This establishes the no-hair theorem
for static, spherically symmetric holes.

One immediate application is to a Higgs field, a complex
scalar field ¢ with an action analogous to Eq. (1). Suppose
the potential V(] |?) has several wells; we assume its global
minimum is V=0. One of the values of ¢ for which V=0,
call it ¢, serves as boundary condition for our asymptoti-
cally flat solution which, as mentioned, requires that the en-
ergy density vanish far away. Obviously the field’s energy
density is positive definite. Our theorem thus requires that
Y=, thoughout the black hole exterior, and this excludes
Higgs hair.

Broad as the theorem’s assumptions are, there are fields
that are not subject to it. An example is the conformal scalar
field; its action includes the scalar curvature and is not of the
form of Eq. (3). Put another way, although the Einstein equa-
tions in the presence of this field can be put in a form not
involving extra curvature terms [9], the energy density is not
necessarily positive definite, so the theorem does not apply.
This is what permits the conformal scalar hair black hole
solution [10] to exist.

The theorem does apply within the context of the scalar
tensor (ST) gravitation theory [18,19]. In a ST theory there is
an additional gravitational field, a scalar one ¢. Such a
theory can always be expressed either as a metric theory
(Brans-Dicke conformal frame [18,19]) whose metric g, is
measured by material rods and atomic clocks, or else ex-
pressed in the Dicke conformal frame [20] in which the
gravitational action contains a term exactly like the Einstein-
Hilbert action for a new metric gaﬂz P8ap- In the latter
frame the total action is

1
§= Wf [R(gaﬁ)—((l)+3/2)¢72§aﬁ¢sa¢’ﬁ]
X (=82 d*x+Sy,,. (23)

with w(¢) a function and S, , still expressed as in Eq. (3) in
terms of g,z. Since ¢ plays the role of conformal factor
between the two frames, we assume that 0 << every-
where outside the black hole.

We further restrict ourselves to ST theories with
2w+3>0 for all ¢. This is one way to ensure the physical
requirement that the locally measured Newtonian gravita-
tional constant [18], Gy=G ¢~ (2w +4)/(2w+3), be posi-
tive everywhere. The other way to ensure this, requiring
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w+2<0 for all ¢, is not very interesting since empirically
we know that in the solar system, binary pulsars and cosmol-
ogy, o>1.

Suppose we replace g,5— ¢‘1§aﬁ inS, . If we now
combine the ¢ action with S, , we obtain a new action for
three fields, S, 4, of the form of Eq. (3), but with respect
to the new metric §,5. The problem is then reduced to that
of three scalar fields, ¢, x, and ¢, in general relativity. The
energy-momentum tensor T A obtained from S bx.d by vary-
ing the metric gaﬁ and lowerlng an index with it is the sum
of a part which differs from Eq. (4) only by a factor ¢!
that it inherits the assumed positivity of energy, and the term

T P=2w+3) ¢ o, P—(112)p,,8,78,F1,  (24)

which is of the form of Eq. (4) with &=(w

+3/2)p7?8*P ¢, 4,5 so that by the tests (6)—(8) it bears

positive energy. We may thus repeat the procedure spanned

by Egs. (10)—(22) but with quantities replaced by their

careted counterparts.

The metric is now (new radial coordinate)
§2=¢ ds*=—e’di*+ e dr?+7%(d 6*+sin6%d p?).

(25)

RAPID COMMUNICATIONS

R6611

Asymptotlc flatness is stated in terms of the physical line
element ds?; however, by a suitable choice of units we can
make ¢()=1 so that ¥ and N\ are subject to our original
conditions. Two steps require care. The horizon is at 7=r,
with e”®=0. But the calculation to get the analogue of
Eq. (15) assumes rather that e’"®W=0. However,
e’ = g(r,)e""W=0, the lgst equality because ¢p<<oo. We
also require finiteness of ;" at the horizon. For the contri-
bution of ¢ and y this follows from the regulanty of their
physmal Top T""B at the horxzon which is identical to

Ty T“'g. The contribution 7;” must likewise be finite at the
horizon; otherwise, the divergence of the curvature invariants
of g, it would induce via “Einstein’s equations” would
inexorably afflict the physical curvature (of g,z), and the
solution would not be a black hole. With these input the
previous proof goes through: {¢,x, ...} must all be con-
stant and ¢=1 throughout the black hole exterior, which
must thus be Schwarzschild.
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