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Quantum tunneling for the sine-Gordon potential:
Energy band structure and Bogomolny-Fateyev relation
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A path-integral calculation of the energy band structure for the sine-Gordon potential with the
help of the instanton method is presented. The periodic pseudoparticle configuration obtained re-
cently is seen to be responsible for tunneling at a finite energy which leads to the level splitting of
excited states. The lowest band structure due to the tunneling of vacuum instantons is recovered
from our result in the low energy limit. The above result is obtained by considering a half period
of the classical solution as a kinklike configuration (with nontrivial topological charge). On the
other hand if a full period of the solution is treated as a nontopological (bouncelike) pseudopar-
ticle configuration, the imaginary parts of energy eigenvalues can be calculated. We then obtain
the Bogomolny-Fateyev relation which is well known in perturbation theory at large order. The
agreement of our results with those of WKB calculations also resolves a controversy concerning the
method: In fact this method yields the same correct result as the method of complex paths.

PACS number(s): 11.10.Ef, 11.10.Lm, 11.15.Kc

I. INTRODUCTION

The sine-Gordon (SG) potential has attracted consid-
erable attention both in field theory and in condensed-
matter physics. The classical SG equation has been ex-
tensively studied and the soliton obtained &om it satis-
fying the vacuum boundary condition is perhaps the best
known in the literature. It is well known that Coleman
[1] established the quantum theory by relating the SG
Geld to the massive Thirring model.

The purpose of the present paper is to present an ex-
plicit calculation of quantum tunneling phenomena domi-
nated by so-called nonvacuum instantons at finite energy.
The new pseudoparticle configurations [2,3] characterized
by nonzero energy satisfy manifestly nonvacuum bound-
ary conditions. We do not repeat the tunneling calcu-
lation with vacuum instantons here since this is just a
straightforward matter of following the same procedure
as for the calculation of the level splitting for the double-
well potential [4] or the imaginary part of the energy with
bounces for the inverted double-well potential [5].

However, here, as also in our consideration of vacuum
bounces [5] and nonvacuum bounces [6] we demonstrate
that the pseudoparticle method is, at least as far as
the results are concerned, completely equivalent to the
method of complex paths [7—10], the results of either
method agreeing as expected with those of the leading
WKB approximation. The discrepancy which was previ-
ously found, pointed out most explicitly in Ref. [7] [see
the discussion after Eq. (4.27)], is not one of principle
but of approximation (in the evaluation of the damp-

ing exponential e ~ below). The present investigation
therefore not only resolves this previous controversy, but
also demonstrates the continued usefulness of the pseu-
doparticle method in general. In addition to this, the
considerations given below are based on the use of non-
topological, classically unstable, nonvacuum or periodic
instantons which have recently become the subject of ex-
tensive investigation under the name of sphalerons [2,3].
We also show explicitly that in the present case (which
corresponds to that of the eigenvalue of a self-adjoint op-
erator) the negative eigenvalue of the small Huctuation
equation does not represent an instability.

In a recent investigation [11] of the rate of instanton-
like transitions at high energies a solution to the classi-
cal field equation in the massless (1+1)-dimensional O(3)
0 model has been found. The model has been reduced
to a mechanical tunneling problem for the SG potential.
Therefore the study of tunneling phenomena, especially
with nonvacuum instantons for the SG potential, is of
considerable interest in the context of efForts towards un-
derstanding the subject of baryon- and lepton-number
violation at high energy [12].

II. NONVACUUM INSTANTONS AND THEIR
SMALL FLUCTUATIONS

Field-theoretic models with solitonic (topologically
nontrivial) finite Euclidean action have been discussed for
many years. More recently Manton and Samols [2] have
discovered a new type of classical configuration of (1+1)-
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with the SG potential

1
V(P) = —[1+cos(gP)] (2.1b)

where g & 0 denotes the coupling constant. The classical
solution which extremizes the action is seen to satisfy the
equation of motion

1 dP,
2 d~

- 2

—V(4 ) = E.i, — (2.2)

dimensional P4 field theory by compacting the space to
a circle. The case of the P4 soliton on a circle was then
extended to those of the P bounce and the SG soliton
[3], and it was shown that in each of the three cases the
Buctuation equation is a Lame equation. In the present
paper the (1+1)-dimensional SG soliton on a circle is
considered in 1+0 dimensions for the calculations of tun-
neling phenomena.

The Lagrangian we consider is
2

(2.1a)

The small Buctuation equation about the classical solu-
tion is a Lame equation [3]

M@ =E (2.6)

with the operator

M = — —cos[gP, (r)]d'T

—[1 —2k sn (r)].
d'

2 2

d7
(2 7)

The discrete eigenfunctions are [3] @q
——cn(r), vP2 ——

dn(r), vgs ——sn(r) with eigenvalues Ei ——0, E2 ——k —1,
E3 —k, respectively. It is interesting to see the ex-
istence of a negative eigenvalue which would result in
the imaginary part of energy by the standard instanton
method [14]. This reflects the Bogomolny and Fateyev
observation [15] that for the large order behavior of a
perturbation series, the Green's functions have the imag-
inary parts at physical values of the coupling constant
which are connected with tunneling to the other vacuum
states.

2= —arcsin[ksn(r + ro)] (2.3)

where we have gone to the Euclidean time 7 = it. We
take the mass mo ——1 and natural units c = A, = 1
throughout. Equation (2.2) can be regarded as the equa-
tion of motion of a pseudoparticle with the classical en-
ergy E,~ & 0 which is a constant of integration. Letting
E,i be confined to a region 0 & E,i & 2/g2 the configura-
tion P, (r) becoxnes periodic such that P,(r+7) = P, (r),
which now corresponds to the periodic boundary condi-
tion in the space coordinate of Ref. [3]. The classical
solution is [3]

III. ENERGY BAND STRUCTURE OF THE
SG POTENTIAL AND THE TRANSITION

AMPLITUDE FOR QUANTUM TUNNELING

The SG potential has an infinite number of degen-
erate vacua. Quantum tunneling between neighboring
vacua leads to the level splitting while the levels extend
to bands due to the translation symmetry expressed by
V(P+ nor/g) = V(P). In the narrow-band approxixna-
tion one finds, for the energy, the expression (which is
real since the summation extends over positive and neg-
ative n),

7 = 4nK(k), (2.4)

where n = 1,2, 3, . . . are positive integers and K(k) is
the complete elliptic integral of the first kind and so a
quarter of the period of sn(r). We refer to Refs. [2] and
[13] for a discussion of the significance of these critical
values with regard to the behavior of the classical solution
for (1+1)-dimensional P4 and Ps field theories. In our
case we will see later that n is the number of instanton
and anti-instanton pairs or the number of bounces. The
pseudoparticle oscillates between two turning points in
one of the barriers.

For zero energy E,i = 0(k + 1) the periodic solution
(2.3) reduces to the vacuum instanton configuration.

where sn, cn, dn, . . . are Jacobian elliptic functions with
modulus k = gl —g2E/2 and r() denotes the position
of the pseudoparticle. The elliptic function sn(r) has a
period 4K(k). Then there exist critical values of 7 such
that

E = Z + ) J(R —R„).'"~"--"-&

J(R —W) —= f 0:(4 —&-)I'(4)
-U(4)]4'(& —R-)« (3.2)

is the overlap integral. @; is the eigenfunction corre
sponding to eigenvalue E;'and e is the Floquet parame-
ter associated with the Bloch wave function. If only the
contribution &om the nearest neighbors is taken into ac-
count, i.e., J(~ —R„) for ~m —n) ) 1 is taken to be
zero, we obtain the energy band formula

2&KE = 8;'+ 2Jcos
g

(3.3)

where E;'denotes the ith eigenvalue of the energy in
each well for the harmonic oscillator potential U(P) =
2 (P —R )

2 and R = 2m' /g is the position of the mth
minixnum. In Eq. (3.1),

2
; —arcsin[tanh(7 —ro)] .

k-+1 g
(2.5) The parameter J is just the level splitting resulting

f'rom quantum tunneling (for e = 0 the wave functions
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are periodic). In the following we consider the case of
potential wells surrounded by very high potential barri-
ers with correspondingly sxnall tunneling contributions to
the eigenvalues. Thus the eigenenergies are almost those
of degenerate harmonic oscillators, and in this asymp-
totic case we are not concerned with the entire bands
but only with their edges which correspond to alternately
even and odd states. Thus we suppose Ii)+, Ii) are de-
generate eigenstates in neighboring wells (see Fig. 1), re-
spectively with the same energy eigenvalue E; such that
H Ii) ~ = 8;Ii)~ where Ho is the Hamiltonian of the har-
monic oscillator as the zero order approximation of our
system. The degeneracy will be removed by the small
tunneling effect which leads to the level splitting. The
eigenstates of the Hamiltonian H become

1 - 1
I')o = (I&)+ —Ii)-) I&). = (It)++ I&)-) (3.4)

2 2

with eigenvalues E'; + LE and E',. —LE', respectively. Af
denotes the shift of one oscillator level. It is obvious that

4'y

~(~f &X'~' ~') = &(~he
4*.

(3.8)

is the Euclidean action of the pseudoparticle, and gs +
and @s are the wave functions of the right- and left-
hand wells, respectively, which extend into the domain
of the barrier.

IV. EVALUATION OF THE TRANSITION
AMPLITUDE

with pf = p(7f), p;—:p(w;) and Ty —w; = 2T. What we
are interested in is this expression in the limits P; -+ —a,
Pf ~ a (ka are the turning points, see Fig. 1), namely,
the tunneling propagator through one of the barriers. In
Eq. (3.8),

(tIH —H') It) (3.5) A. Instanton or bounce Y

In the following we calculate this energy shift AE' as
resulting Rom periodic instantons and instanton —anti-
instanton pairs.

The amplitude for a transition from the left-hand well
to the right-hand well at the energy F due to instanton
tunneling can be written

A+ ——~ (EIe 2
IZ) = +e 's~sinh(2AtT), (3.6)

for negligible overlap of the wave functions which dom-
inate over either well. The amplitude (3.6) can also
be evaluated with the help of the path-integral method.
Then

(3.7)

where the Feynman kernel is defined as usual by

In the vacuum case the instanton is looked at as a
stable pseudoparticle configuration (kink) with nontriv-
ial topological charge while the bounce [5,14] is consid-
ered to be an unstable nontopological configuration. It
has been shown that in the (1+1)-dimensional theory all
con6gurations on a circle with periodic boundary condi-
tion [periodic inotion with a finite period in our (1+O)
diinensional case] are unstable in view of the existence of
negative eigenmodes of the small Quctuation equations
[2,3]. Instantons and bounces are now only distinguished
by the topological charge. We therefore consider the mo-
tion through half a period as the trajectory of an instan-
ton while the motion through a full period is considered
as the trajectory of a bounce or that of an instanton-
anti-instanton pair. Since we consider the tunneling &om
one well to another, only the instantonlike solution is
suitable. However, a problem is the negative eigenmode
which should not contribute to the tunneling calculation
so that the transitiion amplitude is real. It will be seen
how this diKculty is resolved.

B. Removal of the negative eigenmode and the one
instanton contribution

(~)- ~~e
As in the standard path-integral calculation we expand

P(7) about the classical trajectory P (7) and thus set

(b} 4(~) = 4.(~) + x(&) (4 1)

where y(w) is the deviation of P(v) Rom P, (~) with fixed
end points. The boundary condition for y(v) is (with
~, -+ —lC, ~y —+ +K)

y(~;) = y(~f) = o. (4 2)

FIG. l. (a) Trajectories of the nonvacuum instanton (half
of period) and a bounce (full period); (b) the case n = 3: one
instanton plus a pair.

Substitution of P(w) of (4.1) into Eq. (3.8) and keeping
only terms containing g up to the second order for the
one-loop approximation yields



QUANTUM TUNNELING FOR THE SINE-GORDON. . . 721

x(~y)=o
K(gf rf P;, r;) =exp[ S—,(Pf Q rf r;)]

g(~;)=o

however, the boundary condition (4.2) leads to constraint
equations on (C ), that is,

x17(y)exp[ —b S)
—:exp[—S,]I, (4.s)

+1@1(+lc)+ +2@2(++)+ +3@3(+lc)

and so to
where the classical action S is evaluated along the tra-
jectory P, so that C,k'+C, =0, C,k' —C, =0 (4 6)

- 2
1 dQ,S.= — ' + V(P.) dr

—[E(k) —k' lC(k)] + 2E,iT .
g

(4 4)

Here E(k) denotes the complete elliptic integral of the
second kind and k' = gl —k2. The limit of end points
tending to the turning points will be taken only after
all the integrations have been carried out so that the
singularities at the turning points are avoided.

The Buctuation action is seen to be

(r) = y(r) + N(r) N, , y(r')dr' (4 9)

where

since cniC = 0, dnK = k', snK = 1.
The only solution of these equations is C2 ——|3

——0
and hence the negative eigenvalue E2 ——k —1 associated
with g2 does not contribute to the functional integral I.
The transition amplitude as well as the level splitting will
therefore be real as expected. For our present purposes
we employ an alternative procedure to evaluate the func-
tional integral I. We introduce the transformation (see,
e.g. , Ref. [16])

(4 5) N(r) = = —k cn(r)
dP 2

d'T g
(4.10)

with M given by (2.7). Expanding y(r) in terms of the
eigenmodes of M, the eigenfunctions of the small Quctu-
ation equation (2.6), i.e., setting

is the zero eigenmode of the small Huctuation equation.
The boundary conditions for y(r) are obtained &om those
of y(r) and are y(r;) = 0 and

(4.6) y(rf) + N(rf) y(r )dr = y(rf) + f (rf) —0&

and changing the integration variables to (C ), the func-
tional intergal I can be formally evaluated to be

(4.7)

if all of the C are independent variables. In our case,

(4.11)

the latter defining the function f(rf)
With the transformation (4.9) the potential term in

Eq. (4.5) is eliminated and the functional integral I of
Eq. (4.3) becomes that of a free particle propagator but
with the constraint (4.11). Inserting into I the identity

OO

dyfb(y(rf) + f(rf)) = — dyfe ' ~" f +f ~ der = 12' (4.12)

we have

1 f dy . N(rf) 2N2(rf) dr
'D(y)exp —— —+ io f d7. exp —a2

1 By 2
~ dr

B ( f) N2( )
(4.1s)

The Jacobian of transformation (4.9) is [16] so that the final result of the functional integration is

- 1/2
By N(rf )
By N(r) (4.14)

1 y d
- 1/2

I = N(r;)N(rf)
2~ ¹ r (4.15)
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A, -(4') =

@s,+(6) =

Cexp( —j ' N($)dg)

QN(P;)
Cexp( —

f& N(P)dg)

V'N(6)
~ — (4 )

(4.16)
N(Pz)

where N(P) is again the zero mode (which corresponds to
the velocity of the pseudoparticle). The renormalization
constant C is defined and evaluated as

The next step in our evaluation of the transition am-
plitude (3.7) is to find the proper wave functions vPs+
and gs, and to carry out the end point integration. In
the barrier the wave functions have, of course, the WEB
form, that is,

in Eq. (2.4) and T = 3K. The trajectory for the one
particle and one pair is shown in Fig. 1(b). The transition
amplitude is seen to be (cf. Refs. [3] and [4])

T T1 TQ 1
A = 47'y l7 2 d7

T T 4K(k')

- 3

(4.22)

The total amplitude is given by the sum

) g(2 +~) —2Z, Tqq~g q
—

W)+-

(4.23)

- X/2
lj2

P' dP
/2(s —v)-

1

4K(k')

- Z/2

(4.17)
with [cf. (4.4)]

W = S, —2E,iT = —[E(k) —k' K(k)].
8

(4.24)

We expand S,(Py, P;, T) and Q(gy) as power series of
[Py —P(T)] with P(~) ~ a up to the second order for the
Gaussian approximation. Thus 1

4K(k') (4.25)

Comparing (4.23) and (3.6) the level shift is given by

x [pf —(t'(T)]

and, for 0 of (4.16),

10 0
O(gz) = —,[Pz —P(T)]'+.

2 c)Py

(4.18) V. LOW AND HIGH ENERGY LIMITS

For the energy far below the barrier height E,~

2jg, i.e. , k2 -+ 1, k'2 ~ 0, we expand the complete
elliptic integrals E(k) and K(k) as power series of k'. Up
to the second order of k' we find (with formulas given in

—W —2Z
4K(k') +' (4.19)

Substituting Eqs. (4.15)—(4.18) into Eq. (3.7), the end
point integration dg; along with N(P;) in the denomina-
tor becomes a Euclidean time integration and the inte-
gration of dPy is seen to become a Gaussian integration.
The transition amplitude then is

- n+X/2

W = —1 — ln —+ — + 0(k' )
8 k' 4 1

g2 2 k' 2J,[.

8 ( 11 2'

2) (n+ 2)g2
n+—')

(5.1)

where we have used the formula (see appendix of Ref. [6])

02S, 1 1

c)Py N(7y) N(~y) 1' ~ ~~N(~g) + (4.20)

- n+X/2
—8/g n+1/21 25

2z (n + i)g2
(5.2)

and

c)20(gg) N(7.y)
c)$2~ N(gy)

(4.21)

C. Sum over contributions from instantons plus
instanton —anti-instanton pairs

which follows Rom the definition of O(gy) in Eq. (4.16).

Here we have used the quantization E,~
——n + 2, which

follows, for instance, &om the oscillator approximation
of the periodic potential around one of its minima, and
k'

2 g E,i. For weak couphng (g « 1) and also

(n + 2)g2 « 1 the transition amplitude as well as the
band width 2J = LE' indeed grow with energy exponen-
tially. With the help of Stirling's formula in the form

y - n+1/2n+-
n! = /2z. one hase

The configuration of one instanton plus one instanton-
anti-instanton pair is given by our solution with n = 3

- n+}/2
—8/g

/2z. n! g' (5 3)
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which is in agreement with the result of Ref. [18]. The
periodic potential has also been dealt with in Ref. [8] but
the level splitting is not given explicitly.

It is more interesting to see the high-energy limit which
is related to the instanton transition at high energy in
the investigation of baryon- and lepton-number violation.
When the energy E,~ tends the top of the barrier, i.e.,
E,i —+ 2/g and therefore k = 2/g —E,i m 0. The
complete elliptic integrals now have to be expanded in
rising powers of k. Then with

for the transition from one well and back to the same well
due to the pseudoparticle propagator, i.e., the quantity

4H—T
~
E) 4K—T (6.1)

We choose 4T here in order to keep the same time scale
as for the instanton case. The energy E then becomes a
complex number as a result of the tunneling. The tran-
sition amplitude A can again be calculated with the help
of the path-integral method. We have

E(k) = — 1 ——k + O(k )2 4 g f E i K f)7f j t)7t d fd i ~ 6 2

we obtain

jC(k) = — 1+ —k + O(k )

W - —k mo.2~ 2
A;-+0 g2

(5 4)

We are interested in the liinit Py
——P; -+ a (where a is a

turning point), and vy —w, = 4T denotes a full period of
motion of the bounce. With a procedure similar to that
used before we have the propagator

Thus in this limit the typical suppression factor of the
transition amplitude (which follows already f'rom vacuum
instantons) disappears. However, the prefactor 1/4K(k')
which is approximately a constant in the low-energy case
becomes energy dependent. This reflects the anharmonic
nature of the system. We have

X(y & y ~ ) = e '~4~ ~' '~&r (6.3)

where 8 is the classical action evaluated along the tra-
jectory of the bounce P„ i.e. ,

1 1 I
4K(k') 4g+1 k»~p 4 ln(4/k)

(5.5)

1 dQ,
2 d7

+ V(P, ) d~: 2W + 4E,iT .

The transition amplitude is again suppressed, but this
time by the prefactor. This is not surprising since the
prefactor is proportional to the efFective &equency of the
real particle in one well. At high energies the number of
impacts per unit time at the turning points approaches
zero (see also Ref. [19]).

(6.4)

~(—2T) = ~(2T) = 0 (6.5)

It is again the functional integral obtained by taking the
ffuctuation trajectories y(r) into account which has to
be evaluated. The boundary conditions for y(~) are now

VI. THE BOGOMOLNY-FATEY'EV RELATION

For the system under discussion the true vacuum state
(or physical vacuum state) is stable. Only the tunneling
of pseudoparticles leads to the level splitting. However, if
one treats the one well as a perturbation theory vacuum,
the tunneling away &om the well to infinity would result
in an imaginary part of the energy. This phenomenon was
observed long ago by Bogomolny and Fateyev in connec-
tion with their discussion of the large order behavior of
perturbation theory [14]. In the latter case, of course, the
potential is no longer the SG potential, but a distorted
one which allows the particle to escape to infinity but
through the same barrier.

To see how this can happen let us regard the full pe-
riod of the above solution Eq. (2.3) as the trajectory of
a bounce with position 7p = K(k) as shown in Fig. 1(a)
for a period 4T, since such a full period configuration is
characterized by the boundary conditions of a bounce as
defined by Coleman [14]. Also, we know from previous
calculations in Ref. [5) how a bounce leads to an imagi-
nary part of the energy. I et us calculate the amplitude

which lead to a constraint equation on the expansion co-
efficients of y(r) with respect to the eigenfunctions of the
small ffuctuation equation (2.6); i.e., one obtains

C,I'-C, =0. (6.6)

dC2 dC3e ' &e ' &5 C3 —C2k'

—cq (Eg+Ic' Eg) dC c~~k'

By rotating to the imaginary axis the integration gives
rise to an imaginary value as expected. Using the same
method as in the previous section for the instanton the
functional integration is seen to give the same formula as
in Eq. (4.15). The WKB wave functions are now defined
only in the left-hand well so that [with N(P) = dQ/d~ =

Thus C2 and C3 are no longer independent integration
variables of two Gaussian integrations. The efFective
Gaussian integration for C2 and C3 becomes
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Oa(4') =
Cexp —f ' PdP

gN(y;)
(6.8)

or

ImE = 2xr(AE)

AE = 4m.i(AE)

(6.13)

(6.14)

@z(4y) =

(
Cexp —f ~ PdP

V'N(A)

Evaluating the end point integration and suming over the
infinite number of bounces we obtain

4Tg=e ' exp
4K(k')

e (6 9)

where (cf. [6]) the factor (—i) comes from the limit of the
factor 4 of the Gaussian integration dPy, i.e. ,

lim
+2T=+2K

1+N(2T)N(2T) j,~ ~~

1

[I —2]x/&
(6.10)

where N(r) = dP, /dr = —kcn(r + ro) with rp = K(k),
in the case of the bounce. The branch cuts associated
with this relation are discussed in detail in Ref. [8] in the
context of the method of complex paths in the complex
time plane.

Coxnparing Eq. (6.1) and Eq. (6.9) the imaginary part
of the energy is seen to be

1 —2W
4K(k')

(6.11)

IxnE = 4K(k') (b$)

For the low energy case (k' m 0),

(6.12)

We now come to the interesting Bogomolny-Fateyev
relation between the level splitting, Eq. (4.25), and the
imaginary part of the energy is given by (6.11); i.e. , we

find

where LE = 2i ImE denotes the discontinuity of the
eigenenergy (low-energy case) at the cut g2 ) 0. We
emphasize that the imaginary part of the energy, i.e.,
Eq. (6.11), is obtained in a natural way by regarding
the full period of motion as a bounce configuration. The
imaginary part of the ground-state energy follows as a
limit of low energy. In the original paper by Bogomolny
and Fateyev [15] only the ground state is discussed. It
is observed that there are some difBculties in calculat-
ing the Taylor expansion of the dispersion integral, since
there are no finite action solutions having equal asymp-
totics at koo (but there are stable instanton-type solu-
tions). In other words, in our (1+0)-dimensional case,
when T ~.koo(k ~ 1) the classical configuration (2.3)
reduces to the kink solution (2.5). If one starts &om the
instanton (2.5) it would be impossible to obtain the imag-
inary part of the energy for the ground state. To over-
come the difhculties a special technique was employed in
Ref. [15] to obtain the imaginary part of the ground-state
energy. We add finally that in Ref. [17] the Bogoxnolny-
Fateyev relation (6.13), (6.14) has been verified from ex-
plicit expressions for ImE and LE' obtained by imposing
appropriate boundary conditions on matched asymptotic
expansions of the solutions of the Schrodinger equation.
The same relation holds in the case of the double-well
potential as in the case of the SG potential. In fact,
the Bogomolny-Fateyev relation applies to theories whose
perturbation series are not Borel summable. Thus ImE
of the SG theory inserted into the appropriate moment
integral relation for the coefH[cient of the perturbation se-
ries yields precisely the large-order behavior determined
long ago [18] by a completely difFerent method.

ACKNOWLEDGMENTS

One of us (J.-Q.L.) thanks the Deutsche Akademis-
che Austauschdienst for financial support and the De-
partment of Physics, University of Kaiserslautern, for its
hospitality.

[1] S. Coleman, Phys. Rev. D 11, 2088 (1975).
[2] N. S. Manton and T. S. Samols, Phys. Lett. B 207, 179

(1988).
[3] J.-Q. I,jang, H. J. W. Miiller-Kirsten, and D.-H.

Tchrakian, Phys. Lett. B 282, 105 (1992).
[4] E. Gildener and A. Patrascioiu, Phys. Rev. D 1B, 423

(1977).
[5] J.-Q. Liang and H. J. W. Miiller-Kirsten, Phys. Rev. D

48, 2963 (1992); 48, 964(E) (1993);S. K. Bose and H. J.
W. Miiller-Kirsten, Phys. Lett. A 1B2, 79 (1992).

[6] J.-Q. Liang and H. J. W. Miiller-Kirsten, Phys. Rev. D
50, 6519 (1994).

[7] A. Lapedes and E. Mottola, NucL Phys. B203, 58 (1982).

[8] I. Bender, D. Gromes, H. J. Rothe, and K. D. Rothe,
Nucl. Phys. B136, 259 (1978).

[9] A. Patrascioiu, Phys. Rev. D 24, 496 (1981).
[10] R. D. Carlitz and D. A. Nicole, Ann. Phys. (N.Y.) 1B4,

411 (1985).
[11] V. A. Rubakov, D. T. Son, and P. G. Tinyakov, Nucl.

Phys. B404, 65 (1993).
[12] A. Ringwald, Nucl. Phys. B330, 1 (1989); O. Espinosa,

ibid. B343, 310 (1990).
[13] F. Zimmerschied and H. J.W. Miiller-Kirsten, Phys. Rev.

D 49, 5387 (1994).
[14] S. Coleman, Phys. Rev. D 15, 2929 (1977); 1B, 1248 (E)

(1977); C. Callan, Jr., and S. Coleman, ibid 1B, 1962.



51 QUANTUM TUNNELING FOR THE SINE-GORDON. . . 725

[15]

[161

[17]

[18]

(1977); S. Coleman, Nucl. Phys. B298, 178 (1988).
E. B. Bogomolny and V. A. Fateyev, Phys. Lett. 7'1B,
93 (1977).
See, for example, W. Dittrich and M. Reuter, Classical
and quantum Dynamics from Classical Paths to Path
Integrals (Springer, Berlin, 1992), p. 213.
P. F. Byrd and M. D. Friedman, Handbook of Elliptic
Integrals for Engineers and Scientists (Springer, Berlin,
1971).
P. Achuthan, H. J. W. Muller-Kirsten, and A. Wiede-

mann, Fortschr. Phys. 88, 77 (1990). A detailed treat-
ment of the asymptotic level splitting for the periodic
potential has been given by R. B. Dingle and H. J. W.
Miiller, J. Reine Angew. Math. 211, 11 (1962), and the
associated large order behavior of the perturbation ex-
pansion by R. B. Dingle and H. J. W. Muller, J. Reine
Angew. Math. 216, 123 (1964).

[19] J.-Q. Liang and H. J. W. Miiller-Kirsten, Phys. Lett. B
$82, 129 (1994).


