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We study the time evolution of the reduced density operator for a class of quantum Brownian
motion models consisting of a particle moving in a potential V(z) and coupled to an environment
of harmonic oscillators in a thermal state. Our principal tool is the Wigner function of the reduced
density operator and for linear systems we derive an explicit expression for the Wigner function
propagator. We use it to derive two generalized uncertainty relations. The first consists of a sharp
lower bound on the uncertainty function U = (Ap)?(Aq)? after evolution for time ¢ in the presence
of an environment. The second, a stronger and simpler result, consists of a lower bound at time ¢ on
the quantity A® = U — CZ,, where Cpq = %(AﬁA{j + AGApP). (A is essentially the area enclosed by
the 1 — o contour of the Wigner function.) In both cases the minimizing initial state is a correlated
coherent state (a nonminimal Gaussian pure state), and in the first case the lower bound is only
an envelope. These generalized uncertainty relations supply a measure of the comparative size of
quantum and thermal fluctuations. We prove two simple inequalities, relating uncertainty to von
Neumann entropy, —Tr(p In p), and the von Neumann entropy to linear entropy, 1 — Trp®. We also
prove some results on the long-time limit of the Wigner function for arbitrary initial states. For
the harmonic oscillator the Wigner function for all initial states becomes a Gaussian at large times
(often, but not always, a thermal state). We derive the explicit forms of the long-time limit for
the free particle (which does not in general go to a Gaussian), and also for more general potentials
in the approximation of high temperature. We discuss connections with previous work by Hu and
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Zhang and by Paz and Zurek.

PACS number(s): 05.40.+j, 03.65.Bz, 42.50.Lc

I. INTRODUCTION

Quantum Brownian motion (QBM) models have been
the subject of a number of studies over many years [1-15].
Many reasons for the interest in these models may be
found: they permit the possibility of studying in some
detail the approach to equilibrium in nonequilibrium sys-
tem; they arise in studies of macroscopic quantum ef-
fects; and they are related to the question of dissipation
in tunneling. Most recently, they have been studied in
the contexts of quantum measurement theory, decoher-
ence, and the quantum to classical transition. It is these
contexts towards which the present work is directed. We
are, in particular, interested in the emergence of classical
behavior in open quantum systems.

The quantum Brownian motion models belong to an
important class of non equilibrium systems in which there
is a natural separation into a distinguished subsystem S
and the rest (the environment). The distinguished sub-
system S is often referred to as an open quantum system.
One is interested in the behavior of S, but not in the de-
tailed behavior of the environment. S is most completely
described by the reduced density operator p obtained by
tracing out over the environment states. One’s goal is
then to obtain an evolution equation for p, which will in
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general by nonunitary, from which one may calculate the
probabilities of any observables referring to S only. In
the one-dimensional QBM models studied in this paper,
S comnsists of a particle of mass M moving in a potential
V(z). S is linearly coupled to an environment, consist-
ing of a large number of harmonic oscillators in a thermal
state at temperature T, and characterized by a dissipa-
tion coefficient ~.

Given such a model, there are many interesting ques-
tions one can then ask about it. Under what conditions is
there suppression of interference between localized wave
packets? Under what conditions does the Brownian par-
ticle evolve approximately classically? How big are the
fluctuations about classical predictability? Are these
fluctuations larger than the inescapable quantum fluctua-
tions? Is there a generalization of the uncertainty princi-
ple to include environmentally induced fluctuations, rep-
resenting the smallest amount of noise the system must
suffer? What sort of states are most stable in the face of
these fluctuations? Does entropy or uncertainty increase
as time evolves? Toward what sort of states does the sys-
tem evolve in the long-time limit? Does the system tend
towards thermal equilibrium in the long-time limit?

Many of the above questions have been addressed be-
fore [16,14,17-19,15,20,21] and some of them will be the
topic of the present paper. We are particularly interested
in generalizations of the uncertainty principle. The meth-
ods we will develop, however, will be applicable to most
of the other questions listed above, and in fact, a spin off
of our work is a simple method for finding the long-time
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limits of arbitrary initial states, for linear systems.

There are a number of reasons why it is of interest to
obtain generalizations of the uncertainty principle. First,
on general grounds it is desirable to know how the usual
uncertainty principle is modified in the face of environ-
mentally induced fluctuations. This paper therefore con-
tributes to the extensive body of work which is concerned
with the fundamental question of modifications and gen-
eralizations of the uncertainty principle (see, for example,
[22] and references therein). A modified uncertainty re-
lation which incorporates the effects of environmentally
induced fluctuations was previously derived in [16]. The
uncertainty relation derived there was an information-
theoretic relation in terms of the so-called Wehrl entropy.
The aim of the present work is to derive such a relation
in terms of the usual uncertainty function

U = (Ap)*(Aq)® (1.1)

and also related functions.

Second, in a number of recent papers, Hu and Zhang
have computed the time evolution of the uncertainty
function (1.1) in the presence of a thermal environment,
and thus estimated the comparative size of quantum and
environmentally induced effects [14]. Their computation
concerned only Gaussian initial states, and it therefore
becomes an interesting issue to see what can be said
about arbitrary initial states.

Third, in the context of the decoherence program it is
of interest to know what sort of states suffer the least
amount of noise under evolution in the presence of an
environment [18,21]. Such states are regarded as the
most “predictable” or “stable” states. These states were
found, in [18,21], by seeking the class of states that gener-
ated the least amount of von Neumann entropy entropy
(or linear entropy) after evolution for a fixed period of
time. The present work offers an alternative characteri-
zation of these states—they are the states that minimize
the generalized uncertainty relations considered here. A
further question of interest is to discover the connection
between these two different measures of uncertainty, and
this we also consider.

Finally, as shown by Hu and Matacz [23], the influence
functional formalism (used here) has applications to sta-
tistical processes in cosmological and black hole space-
times. In particular a quantum Brownian motion model
can describe a particle detector coupled to a scalar field
around a black hole, and can describe the dynamics of
the field modes of a gravitational wave or inflation field
in cosmological models. Our results may therefore be of
relevance to these considerations.

Our starting point is a study of the dynamical evo-
lution of the reduced density operator, and this is most
conveniently carried out in the Wigner representation. In
particular, the tool we found to be of greatest use in the
Wigner function propagator. The reason why the Wigner
representation is so clarifying is that, at least for linear
systems, the unitary part of the evolution corresponds to
transporting the initial Wigner function along the clas-
sical phase-space trajectories. It is therefore possible to
cleanly separate the unitary effects from the nonunitary
effects induced by the environment.
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In the presence of an environment, the Wigner function
propagator may be calculated exactly for linear systems,
and it is just a Gaussian. It permits the explicit calcula-
tion of all moments of p and ¢ at any time for arbitrary
initial states in terms of the moments at the initial time.
We describe the features of quantum Brownian motion
models in Sec. II, and we calculate the Wigner function
propagator for linear systems in Sec. III.

In Sec. IV, we use the results of Sec. III to derive
generalized uncertainty relations for quantum Brownian
motion models. Two relations are derived. The first is
a lower bound over all initial states on the uncertainty
function (1.1), at an arbitrary time ¢. This lower bound
represents the least amount of noise, both quantum and
environmentally induced, the system must suffer after
evolution for time ¢ in the presence of an environment.
The lower bound is not the time evolution of a particular
initial state, but is actually an envelope—the initial state
achieving the lower bound at time ¢t is different for each
time. The second relation is a lower bound on the related
quantity,

A? = (Ap)*(Aq)® — F(APAG + AGAP)? (1.2)

where A§ = § — (§) and likewise for Ap. A is essentially
the area enclosed by the 1 — o contour of the Wigner
function, and satisfies a strengthened version of the usual
uncertainty principle, A > %/2 [24]. The time evolution
of A turns out to be much simpler than that of U, and
the lower bound on it at any time is the time evolution
of a particular initial state, hence this result is stronger
than the first one. In both cases the minimizing initial
states is a correlated coherent state, a nonminimal Gaus-
sian pure state, of the form y(z) = e~ (@+i¥)2” where a, b
are real. (This is clearly some kind of squeezed coherent
state, but we choose to follow the nomenclature of [24].)
The detailed forms of the lower bounds on U and A are
discussed in Sec. V, in the case of an Ohmic environment
and the connection with the work of Hu and Zhang [14]
is discussed.

In Sec. VI, we discuss the connection of these mea-
sures of uncertainty with von Neumann entropy, S[p] =
—Tr(p ln p). We prove an inequality relating uncertainty
to von Neumann entropy, which in the regime of large un-
certainty has the form, U > A% > h2e25. We also exhibit
the connection with the linear entropy,S; = 1 — Trp2.
These results make the connection with the work of Zurek
et al. [18,21].

In Sec. VII, we show that our expression for the time
evolution of the Wigner function, for linear systems,
readily permits the computation of the long-time limit
of an arbitrary initial state. For the harmonic oscillator
in a certain class of environments, all initial states go to a
Gaussian Wigner function in the long-time limit, not al-
ways a thermal state. We discuss how some of our results
may be generalized to systems with more general poten-
tials, and we consider the case of the long-time limit of
arbitrary initial states for the damped free particle. We
summarize and discuss our results in Sec. VIII.
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II. QUANTUM BROWNIAN MOTION MODELS

We are concerned in this paper with the class of quan-
tum Brownian models consisting of a particle of large
mass M moving in a potential V(z) and linearly cou-
pled to a bath of harmonic oscillators. (This section is
entirely review of standard material [25,8,12,26].) The
total system is therefore described by the action

Siala(t),0a(0)] = [ @tl3M* ~ V(a)

+3 / dt[imag?
n

1 2 2
_Em‘nwnqn - CnQn$] .

(2.1)

Quantum mechanically, the total system will be
described most completely by the density matrix,
pt(z,gn, ', ql). However, we are interested solely in the
behavior of the large particle, and hence the relevant
quantity is the reduced density matrix, obtained by trac-
ing over the environmental coordinates:

t
—/ds/ds'
0 0

Wiz(t),y(t)] =

+i/ ds d "lz(s) — y(s)]v(s — &')[z(s") — y(s')] .

0 0

The kernels 7(s) and v(s) are defined by

v(s) = /°° d—I(w) coth (;Z;_,) cosws , (2.7)
n(s) = y(s) (2.8)
Here
v(s) = /°° d?w%uﬂ cosws (2.9)
and I(w) is the spectral density
I(w) = Z&(w 2mci (2.10)

The kernel v(s) contributes a phase to the path in-
tegral (2.4), effectively modifying the action of the dis-
tinguished system. It leads to dissipation and frequency
renormalization in the effective equations of motion. The
kernel 7(s) damps contributions from differing values of =
and y. It is responsible for noise (and also for the process
of decoherence discussed elsewhere). These two kernels
are completely determined once a form for the spectral
density (2.10) has been specified. A convenient class of
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pt(.’t,.’ltl) = H/dqnpt(m’qn7$,q”) ° (2'2)

It is convenient to introduce the (nonunitary) reduced
density matrix propagator J defined by the relation

pe(w,y) = / dzodyod (,, 20, Yo, 0)po(0,30) . (2.3)

Under the assumption that the initial density operator
for the total system factorizes, p = psystem ® Pbath, the
reduced density operator propagator is given by the path-
integral expression

‘I(mf, Yf, tlmOa Yo, 0)

- /DmDy exp (%S[m] - %S[y] + %W{x,y]) . (2.4)
where
- / LM — V()] (2.5)

and W{xz(t),y(t)] is the Feynman-Vernon influence func-
tional phase:

—y(9)In(s — s)[=z(s") +y(s)]

(2.6)

[

choices is

I(w) = Mryw (w)s_lexp <-%Z—) .

Here, A is a cutoff, which will generally be taken to be
very large, sometimes infinite, and @ is a frequency scale,
which may be taken to be A. We will concentrate almost
entirely on the case of the Ohmic environment, s = 1,
with occasional reference to the supra-Ohmic and sub-
Ohmic cases, s > 1 and s < 1, respectively.

In the Ohmic case, (2.8) is

(2.11)

A
~(s) = Mfyﬁ—/—2 exp(—;llAzsz) , (2.12)
and thus, when A is very large,
v(s) = M~d(s) . (2.13)

We will work in this limit, unless otherwise stated. It
should be noted, however, that this limit sometimes leads
to a violation of positivity of the density operator at very
short timescales (of order A1) [27]. We will say more
about this later.

In the limit in which (2.13) holds, the real part of the
influence functional phase (2.6) may be written
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ReW = /0 dsM~(z — y)(& — 3)

- " dsM8(0) (2 — y7) + Mr[a(0)? — y(0)7] .
(2.14)

Here, the §(0) is understood in terms of (2.12) at s = 0
for large A. It is easily seen that the terms involving it
may be absorbed by defining a renormalized potential in
the path integral (2.4):

Vr(z)

For a harmonic oscillator of frequency wg, considered be-
low, we therefore define a renormalized frequency, wg,
with w3 = w2 — 276(0). The terms involving the
end points z(0), y(0) are clearly negligible and will be
dropped.

The noise kernel (2.7) is nonlocal for large A, except
in the so-called Fokker-Planck limit, ¥T" > AA, in which

case one has

= V(z) — M~5(0)z? (2.15)

(2.16)

An evolution equation for p may be derived. Its ex-
pected most general form is

Bp B2 (0%p B%p

ot~ M (8:1:2 - 6y2) * Va(e) = Va@le
. dp Op

—thDl(t)(z — y) (5; i:)_y)

—iD(H)h() (@ — )P

+AL (@) f(t)(xz —y) 9 + op (2.17)
5z "3y ) .
The coefficients I'(t), f(t), h(t), are in general rather
complicated nonlocal functions of time, and appear to
be known only in two particular cases. First, explicit ex-
pressions for them may be found in [26] for the case of
linear systems. Second, in the Fokker-Planck limit, for
any potential V' (z), one has (8],

T = )= 2

. ) = (2.18)

The propagator J may be evaluated exactly for the
case of the simple harmonic oscillator, V (z) = ; Mw3z?.
We will also be interested in the free particle, wo = 0.
Introducing X =z + y,£ = = — y, it may be shown that
[8,26]

T(X 1,85t Xo,E0,0) = - exp (% %) L (219)
where
S = K(t)Xs&5 + K(t) Xobo — L(t) Xols — N(t) X 5o
(2.20)
and

6873

¢ = A(t)E + B(t)Eséo + C(8)E5 - (2:21)

Explicit expressions for the coefficients A, B, C' and K,
K, L, N are given in the Appendix.

III. THE WIGNER FUNCTION PROPAGATOR

Instead of the density operator, it is often convenient
to work with the Wigner function, defined by

W) =5 h/dﬁe"P (“%Pf) pla+36a-38) .
(3.1)

Its inverse is

@) = [dpexs (%p(z—y)) W( ,“’;”’) . (32)

(See [28,29] for properties of the Wigner function.)

The evolution of the reduced density operator is de-
scribed by the (generally nonunitary) propagator, J,
Eq. (2.4). Correspondingly, one may introduce the
Wigner function propagator, K(p,q,t|po,qo,0), defined
by

1 —(z 7
K(p, 4, tpo, 4o, 0) = ﬁ/dfdfoe (i/W)p€ o i/ Bpoto

xJ(qg+ 3€,q9— 1€, tqo
+2&0,90 — 3£0,0) (3.3)

and one has

W(p,q,t) =/dpodqu(p,q,tIPo,qo,O)W(P,q,0)~ (3.4)

By performing the Wigner transform of the evolution
equation for p, Eq. (2.17), one may derive an analogous
equation for the Wigner function. It is

o oW ow
6_‘:’ = ]cl 5 +Va(9) 5 , T 2L (5 (pW)
+AL(D)h(t) 5 W + hF(t)f(t)a W
oo 2k 1 6 +1W
(7)) e 0 G

(3.5)

It follows that the Wigner function propagator also obeys
this equation, together with the initial conditions
K (p,4,0[po, 90,0) = 6(p — Po)8(q — qo0) - (3.6)
Consider the right-hand side of the Wigner function
evolution equation (3.5). The first two terms are a Liou-
ville operator, and if the equation had only these terms,
W would evolve along the classical flow in phase space.
The third term is the dissipative term. It modifies the
flow along which W evolves, and also causes a contrac-
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tion of each area element. The fourth and fifth terms
are diffusive terms, and produce an expansion of each
area element. They are responsible for noise, and also
for the destruction of interference, by erasing the struc-
ture of the Wigner function on small scales. The last
term, the power series, together with the first two terms
make up the unitary part of the evolution. Hence, up
to corrections of order A2, unitary evolution corresponds
to approximately classical evolution of the Wigner func-
tion. It is partly for this reason that the evolution of a
quantum system is most conveniently undertaken in the
Wigner representation. The higher corrections can often
be argued to be negligible, e.g., if the Wigner function
does not develop too much detailed structure on small
scales. There are, however, important examples where
they cannot be neglected, e.g., in chaotic systems [30].

To illustrate the simplicity of evolution in the Wigner
representation, we write down the solution for the propa-
gator, in the case in which the diffusive terms, dissipative
terms, and higher-order terms in # are ignored. It is

K (p,4,t|po, 900) = 8(p — p*)8(q - ¢°') , (3.7)

where p! = p°(po,qo,t) and ¢! = ¢°(po, qo,t) are the
solutions to the classical equations of motion,

p= '“V,((I) s (3'8)
i=4 (3.9)

satisfying the initial conditions p! = po, ¢! = gp at t = 0.

For the case of linear systems coupled to an environ-
ment, described in the previous section, the density oper-
ator propagator is given explicitly by (2.19)—(2.21). The
Wigner function propagator may be computed, yielding

N
Th(4AC — B?)1/2

K(p, q,t|po,q00) =

x exp[—a(p — p™)? — B(g - ¢*)*
—e(p —p™) (g — ¢ (3.10)
where
c
_ 4(AN?+ BNK + CK?)
A= h(4AC — B?) ’ (3:12)
_ 2(NB+2CK)
 K(4AC - B?) (3.13)

and ¢, p°! = M ¢!, are the solution to the classical field
equations with dissipation and with a renormalized fre-
quency,

G+ 274+ whkqg=0 (3.14)
matching po, go at t = 0. Explicitly,
cl Po R
=2 L= 3.15
N + NQD 9 ( )

pd = Ep() ad 2(LN — KK)

- (3.16)

9
N
Now, for what follows, it is important that the trans-
formation from pg,qo to p<, ¢!, defined by Egs. (3.15)
and (3.16) is not a canonical transformation, since the
Jacobian of the transformation is
3(p°l, qcl) L

a(Po,QO) B N (3'17)

This is because the classical evolution is dissipative,
which tends to cause the phase-space cell to shrink. This
shrinking effect can be compensated for by a scaling
transformation of p°, ¢°'. In particular, the variables,

p/ — /\_IPCI, ql — /\_lqd (318)
where A = (L/N)/2, are related to po, go by a canonical
transformation. Using these new variables, the propaga-
tion of the Wigner function may be written

1
W(p,q,t) = /dpodqomw(mqmo)

X exp[—a(p — /\p’)z —B(g— A¢)?
—e(p— Ap') (g — Ad')] -

Now one may perform the canonical transformation of
integration variables from pg, qo to p'q’,

(3.19)

1
W(p,q,t) = / dP’dQ’mW’(ﬂ,q’,O)

x exp[—a(p — Ap')? — B(g — A¢')?

—e(p—Ap") (g — Aq)], (3.20)

where
W’(p’a q,’ 0) = W(Po, q070) .

Now the point is that the quantity W’ defined by this
transformation is still a Wigner function, i.e., it is the
Wigner transform of density operator, p’, say. In fact, it
is readily shown that p’ is related to the original p by a
unitary transformation. This would not be true of the
transformation from po, go to p°!, gL

Equation (3.20) is the main result of this section: a
simple expression for the evolution of the Wigner func-
tion for linear systems from an arbitrary initial state.
The (nondissipative part of the) classical evolution has
been absorbed into a canonical transformation of the ini-
tial state, and the effects of dissipation and diffusion are
contained in the coefficients a, 3, €, A.

It is sometimes convenient to write the Wigner func-
tion propagator in the alternative form

(3.21)

N
Th(4AC — B?)1/2
x exp[—u(po — p§)? — v(g0 — ¢§')?
—o(po — p§) (20 — "] , (3.22)

K(p,q,t|po, 90,0) =

where
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‘ A
= h@aAac — B2y’ (3.23)
4(AK? + BLK + CL?)
Y= R@Ac-BY) (3.24)
_ 2(LB +24K)
7= "h(4AC — B?) ° (3.25)

pgl, g§! are again solutions to the classical field equations
with dissipation, but now matching the final conditions
p,q at time t:

A

a__P K 3.26
=Ko _ouN-kR)L. (3.27)
°= T L

We will use these expressions in the following sections.

IV. GENERALIZED UNCERTAINTY RELATIONS

We now show how the results of the previous section
may be used to derive generalized uncertainty relations
for quantum Brownian motion models, for linear systems.

A. A lower bound on the uncertainty function

From the Wigner function propagator, one may obtain
expressions for the distributions at p and ¢ at time ¢:

p(g,q,t) = /de(p,q,t)

1 (g —Ag')?
= /dpodq() (@ns2)i/? exp (—__233

xW'(p’,4',0),

p(p,p,t) = /dqW(p,q, t)

(4.1)

1 (p—Ap')?
= /dpono (@ns2)i/2 exp (— “‘—““—2312,

xW'(p',q',0) , (4.2)
where
2a 23
P s = 4.3
%q 4a8 — €2’ °p 4af3 — €2 (4.3)

From these results, it is straightforward to compute the
variances of » and ¢ at any time ¢:

(Agq)? = A2(A¢)? + sZ , (4.4)
(Ap:)? = A%(Ap')? + 52, (4.5)

where (Ag¢')%,(Ap’)? denote the variances of ¢ and p
in the canonically transformed initial Wigner function
(3.21), or equivalently, in the unitarily transformed ini-
tial density operator py. (The variances are generally not
invariant under such transformations of the state.)

We have the usual uncertainty principle

(Ad')(Ap') = ; (4.6)

with equality if and only if p’ is a coherent state, i.e., if
and only if

1
W'(p',q',0) = — exp

_2(Aql)2 12 q"
wh

72 P _2(Aq’)2) (4.7)

(where Aq’ is, so far, an arbitrary parameter). It follows
that the uncertainty function at time ¢ satisfies

U = (AQt)z(APt)z
B2 2.2 h*Xs} 2.2
> — 1 A(Ag)?s2 + Z(AT’;E + s2s (4.8)

with equality if and only if the initial state is given by
(4.7). Since Agq' is arbitrary, we may minimize over it.
The minimum is at

hsq

N\2 —
(Ag ) 25,

(4.9)
and inserting the minimum value in (4.7), we obtain

by,
(Age)(Ape) > 5 + 895 - (4.10)

In terms of the coefficients of the nonunitary propagator,
(3.11)—(3.13), this reads

EL A _
(Agqe)(Ap:) > aN T W(ACNZ + BCNK

+C2K?)Y/2 . (4.11)
This the first main result of this section: the uncertainty
at time t satisfies the generalized uncertainty relation
(4.11), with equality if and only if the initial state is
given by (4.7) with Aq’ given by (4.9).

Consider now the conditions for equality. From (4.7)
and (3.21), the minimizing initial Wigner function is

202

5 Ay 12
LN [Kpo — 2(LN — K K)qo]

1
W (po, 90,0) = =7 &XP [-

1 1 > \?
-\ = K . 4.12
202LN (2p°+ q") } (4.12)
Inverting the Wigner transform, one finds that the min-
imizing state is a pure state:

1/4
U(z) = (2?“) exp[—(a + ib)z?] . (4.13)

This is a so-called correlated coherent state [24], dis-
cussed below. The coefficients a and b may be computed
from (4.12) but will not be needed here so are not given.

It is important to note that the initial state (4.13) min-
imizing the uncertainty at time t is different for each mo-
ment of time. That is, the lower bound (4.11), is not the
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time evolution of a particular initial state. It is actually
an envelope. The initial state (4.13), which depends on
t, will minimize the uncertainty at time ¢ but generally
not at other times. This is because, although the effect of
diffusion is generally to increase the uncertainty as time
goes on, there are competing effects that may reduce it.
In particular, wave-packet reassembly (the time reverse
of wave-packet spreading) and dissipation may cause the
uncertainty to decrease. This point is discussed further
n [16], where an analogous lower bound on the Wehrl
entropy (discussed below) was proved.

B. A sharper lower bound

As stated, the lower bound on the uncertainty (4.11) is
sharp, in the sense that at each moment of time there ex-
ists an initial state at which the lower bound is achieved.
But it is only an envelope because the initial state achiev-
ing it is different for each moment of time. It turns out
that an improvement of this result is possible.

First, we note that the conventional uncertainty rela-
tion, ApAg > h/2, may be generalized to the stronger
result [24]

hz
A? = (Ap)*(Ag)* = Cpg > (4.14)
where C,, is the correlation between p and g¢:
Cpg = 5(APAG + AGAP)
= [ dptapaWo.0) - )@ (4.15)

where AG = ¢ — (§), Ap = p — (p). The quantity A
defined by (4.14) is essentially the area enclosed by the
1 — o contour of the Wigner function. Equality in (4.14)
is achieved when the state is a correlated coherent state,

1 z? ir
¥(z) = (27n?)1/4 €xp (_Z,-,E [1 - (1- ,.2)1/2]

4o Ly |a|2)) , (4.16)

n 2
where 7, r are real parameters [r = Cpq/(ApAg) and n =
Agq], and o is a complex parameter.

We have, however, already seen a correlated coherent
state—it is the state minimizing the uncertainty relation
(4.11). It is therefore plausible that a stronger version
of (4.11) might be possible in terms of the Wigner func-
tion area (4.14). Indeed, computing the correlation from
(3.19), one finds the remarkably simple result

2_ L 7 2
A? = —N—Z.Ao + W(4AC - B*). (4.17)
This give the Wigner function area A at an arbitrary
time ¢, A, in terms of its value at time t = 0, Ap. It is
remarkable because A at time ¢t depends on only its value
at t = 0, and not on any of the other moments of the

initial state. Now at ¢ = 0, Ap satisfies the uncertainty
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principle (4.14). We thus obtain, for the Wigner function
area at time ¢, the inequality
o _ B2L2 A2 2

A > e +4N2(4AC B?) .
Equality is achieved when the initial state belongs to
the four-parameter family of correlated coherent states.
Most importantly, the inequality is sharp at every mo-
ment of time for one and the same initial state. It is not
an envelope. Equation (4.18) is the second main result
of this section.

The simplicity of the time evolution in terms of the
Wigner area is easy to understand. For linear systems,
the area is preserved under unitary time evolution. For
the nonunitary case considered here, therefore (4.17) ex-
presses entirely the effects of the environment, with the
effects of unitary evolution completely factored out. In
this respect it is similar to the von Neumann entropy
discussed in the next section. Indeed, for Gaussian
states, the von Neumann entropy is a function only of
the Wigner area. Some rather different, but not unre-
lated generalizations of the uncertainty principle may be
found in [22,31].

(4.18)

V. EXPLICIT FORMS OF THE LOWER BOUNDS

We now give the explicit forms of the lower bounds
(4.11) and (4.18), in a variety of situations. There are
a very large number of different situations and regimes
that our results may cover, depending on the choice of ¢,
T, v, and w (harmonic oscillator in the under- and over-
damped case, inverted harmonic oscillator, free particle).
We will not present here a completely exhaustive search
of the parameter space, but concentrate on the cases that
contain some interesting physical results. In particular,
most of the following results are the underdamped case.
The cases not covered here are readily derived, should
the reader be interested.

Consider first the case of short times, ¢ < y~1. Then
for high temperatures, (4.11) and (4.18) become, respec-
tively,

(Age)(Ape) > g (1 — 2yt + SLFWTTt ) , (5.1)

2122
87th) (5.2)

A§>f’_2~ 1—4yt+ -
=4 3 k2

These relations are in fact valid for any potential. They
represent the initial growth of fluctuations, starting from
the purely quantum fluctuations at ¢ = 0.

The «t term in each expression indicates an initial de-
crease of fluctuations, in apparent violation of the uncer-
tainty principle. This violation occurs, in Eq. (5.1), for
example, on a time scale less than %A/kT. This is because
these expressions have been derived by taking the infi-
nite cutoff limit in Eq. (2.13), which as previously stated
can lead to violations of positivity of the density opera-
tor on time scales less than A~! [27]. The expressions are
therefore not valid for ¢t < A~1. The high-temperature
limit used in deriving (5.1) means kT > AA. Combining
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these inequalities, we see that (5.1) is valid only for times
t > A~! > A/kT, for which violations of the uncertainty
principle will not arise.

To illustrate explicitly that it is the infinite cutoff limit
that is responsible for violations of the uncertainty prin-
ciple, we compute the lower bound (4.11) leaving the cut-
off finite in the expressions for the various coefficients in
the propagator (2.19)—(2.21). The important point is to
keep A finite in Eq. (2.12). Expressions (Al)-(A4) and
(A14) are no longer valid, and the correct expressions for
these coefficients, in the short-time limit, are given by
Eqgs. (A28)-(A32). One thus obtains, in the short-time
limit, the lower bound

~ykT A 3

(Aq)(Ap) 2 5+ 15

+ SRS (5.3)

h
2
for which there is clearly no violation of the uncertainty
principle.

Ignoring the positivity-violating terms in (5.1) and
(5.2), the remaining terms given an indication of the time
scale on which the thermal fluctuations become impor-
tant in comparison to the quantum ones. It is

5 1/2
t ( Y )
kT

As noted in [32], this is the time scale on which quantum
fluctuations become comparable to Nyquist noise.

A related result was derived by Hu and Zhang [14].
They showed that for the initial state consisting of a
Gaussian of width o, the thermal fluctuations become
comparable with the quantum ones on a time scale of
order

(5.4)

ﬁz

tg~
4™ M~ykTo?

(5.5)

(see also [16]). This was observed to coincide with the
time scale characteristic of decoherence for that initial
state [33].

The two results (5.4) and (5.5) are, in fact, consistent,
and this may be seen as follows. Note that (5.5) con-
tains the initial width o but (5.4) does not. As discussed
earlier, the initial state minimizing the uncertainty U at
time t is actually an envelope. There is a different initial
state doing the job for each ¢, so the state depends on t.
The minimizing initial state is the Gaussian (4.7) with
width o given by (4.9). For small ¢ one has

h. ht
o2 =%

. 5.6
2sp m (5-6)

Hence the width of the initial state which minimizes the
uncertainty at the time (5.4) when thermal and quantum
fluctuations are comparable is

1/2
2 (A
m \ ykT

Inserting this value of o into (5.5), one finds that t4 coin-
cides with (5.4). Our results are thus in agreement with

(5.7)
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Hu and Zhang [14].

In the weak-coupling regime, for all temperatures and
times (except very short times), Eq. (4.18) becomes, us-
ing (A18)-(A20),

2
% [6_4‘Yt + coth? (%) 1- e_27t)2] . (5.8)

An expression may also be derived for arbitrary coupling
and high temperatures, using (A11)-(A13), but this is
rather complicated and will not be given.

In the long-time limit, for any coupling and tempera-
ture,

A} >

2 2 2 72 2 vz
U, = A2 > oI (Fl - EF2> : (5.9)
In the high-temperature limit this becomes
22
Uy = A? > kwf (5.10)
R
and, in the weak-coupling limit,
h? hw
=A%?> —coth® [ — | . 5.11
U= A 2 7 coth™{ 527 (5-11)

VI. INEQUALITIES RELATING UNCERTAINTY
TO ENTROPY AND LINEAR ENTROPY

The von Neumann entropy of the reduced density op-
erator,

S[pl = —Tr(p Inp)

is often discussed in the present context, in asso-
ciation with uncertainty, decoherence, and correla-
tions of the distinguished systems with its environment
[18,19,21,34,17]. Zurek, Paz, and Habib, for example,
looked for classes of initial states, which under evolu-
tion according to a master equation of the form (2.17),
generate the least amount of entropy at time ¢. They
regarded such states as the most stable under evolution
in the presence of an environment. They argued that the
initial states doing the job are coherent states, at least
approximately.

One of the reasons for looking at the von Neumann en-
tropy is that it is constant for unitary evolution, thus for
open systems such as those considered here, it is princi-
pally a measure of environmentally induced effects. The
Wigner area considered in Sec. IV also has this prop-
erty. The results of Sec. IV thus agree with the claims
of Zurek et al. (except that it is really the correlated
coherent states, rather than the ordinary coherent states
which are the most stable, although this distinction is not
very important). It would be useful to find a connection
between these two measures of stability or fluctuations.

(6.1)

A. Uncertainty vs von Neumann entropy

The connection between uncertainty and the von Neu-
mann entropy may be found indirectly, by considering
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first of all the phase-space distribution
u(p,q) = (z|plz) , (6.2)

where
(z]2) = (z|p, q)
1 1/4 (z—q)% ¢
_ B Gl VN 6.3
(2#03) exp ( 403 + hp:c) (6:3)

are the standard coherent states. The function u(p,q) is
normalized according to

dpdq
—_— =1. 6.4
/ 5rp, H(©P) (6.4)
It is readily shown that u(p, ¢) is also equal to
p— p/ 2
w(p,q) = Z/dp’dq’ exp <—(2—2)
0'p
2
q9—4q

—%> W, q') , (6.5)

where W,(p, q) is the Wigner function of p and 0,0, =
1h. Equation (6.5) is sometimes known as the Husimi
distribution [35], and is positive even though the Wigner
function is not in general (see also [36]).

There exists an information-theoretic measure of the
uncertainty or spread in phase space contained in the
distribution (6.5), namely the so-called Wehrl entropy
[37]

I(P,Q) = — / %%Iﬂ(p, q) Inpu(p,q) - (6.6)

This is the Shannon information of (6.2). I(P, Q) is large
for spread out distributions, and small for very concen-
trated ones. Because of the uncertainty principle, one
would expect a limit on the degree to which u(p,q) may
be concentrated about a small region of phase space, and
hence a lower bound on (6.6). Indeed, a nontrivial theo-
rem due to Lieb shows that

I(P,Q)>1 (6.7)
with equality if and only if p is the density matrix of a
coherent state, |2')(2'| [38]. In [16], the Wehrl entropy
was used as a measure of both quantum and thermal
fluctuations, and a lower bound analogous to (4.11) was
derived.

The reason for studying this quantity is that it pro-
vides the link between the von Neumann entropy and
the uncertainty measures U and 4. On the one hand, an
elementary property of Shannon information is

I(P,Q) <In (%(det K)l/z) , (6.8)

where K is the 2 X 2 covariance matrix of the distribution
1(p,q) [39]. Equality holds if and only if u(p,q) is a
Gaussian. From (6.5), one has

det K = ((Aq)® + O’:) ((ap)® + 012,) —-C?

rq

(6.9)

where Aq, Ap are the quantum-mechanical variances of
the state p. On the other hand, an elementary prop-
erty of the Wehrl entropy, following from the concavity
of Shannon information, is [37]

I(P,Q) = S[p] -

Hence combining the upper and lower limits (6.8) and
(6.10), one obtains

(6.10)

((89)* +07) (Ap)* + 07) — Cpy 2 A2e™E™D . (6.11)

Finally, since the parameter o, is arbitrary (and op04 =
h/2), we may minimize the left-hand side over it, with
the result

(ApAq + L1R)? — C2, > K22(5Y) (6.12)
This is the exact form of the connection between the
uncertainty and entropy for a general mixed state p.

In the regime where quantum fluctuations are more
significant than thermal ones, it is appropriate to use the
lower bound (6.7) rather than (6.10) (since S[p] goes to
zero if the state is pure), and this is formally achieved
by setting S = 1 in (6.12). One then deduces the usual
uncertainty principle form (6.12) [although not the gen-
eralized version including the correlation, (4.14)].

In the regime where thermal (or environmentally in-
duced) fluctuations are dominant, one would expect
ApAg > R/2 and S > 1, and (6.12) then gives

ApAg _ A _ s

> — >
R R

(6.13)

This is the simplest form of the connection between the
uncertainty and the von Neumann entropy: the entropy
is bounded from above by the logarithm of the number
of phase-space cells the state occupies.

To see how sharp these equalities can be, consider the
case of a Gaussian Wigner function. It may be shown
that the von Neumann entropy of a Gaussian is

S[p]=—ln<1i“) —Mglln(Z;i) . (6.14)

where p1 = 2A/h and A is the area of the Gaussian
Wigner function (see Ref. [17] for example). For large

S[p] = In (%) ,

and hence we have equality in (6.13).

)

(6.15)

B. von Neumann entropy vs linear entropy

In practice, the discussion of Zurek et al., and indeed
many discussions of von Neumann entropy, often concern
the so-called linear entropy,
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Sy =1—Trp? (6.16)

How is this related to von Neumann entropy? Let the
density operator be

=" paln)(nl (6.17)

We use Jensen’s inequality (see Ref. [39], for example),
which states that if f is a convex function, and X a ran-
dom variable,

(F(X)) = F({X))

where (---) denotes the mean over X. Take f to be the
exponential function, and X to be Inp,. Then,

(6.18)

Zpi > exp (an lnpn> (6.19)
n n
and thus
Trp? > eS| (6.20)
In terms of the linear entropy
S =1-Trp?>1—¢"%. (6.21)

Equality in (6.21) is reached for pure states, when § =
S1 = 0, and for very mixed states, when S is very large
and S; =~ 1.

VII. LONG-TIME LIMITS

One of the particularly interesting questions for
nonequilibrium systems of the type considered here is
whether they settle down to a unique state after a long
period of time. It turns out to be particularly straightfor-
ward to answer this question for linear systems, using the
Wigner function propagator described in Sec. III. Com-
bining (3.4) and (3.10), we have the expression

N
wh(4AC — B2)1/2 /dedgoW(Po, 40,0)
x exp[—a(p — p*)? — B(g — ¢*)?
—e(p—pM)(g—q?)] (7.1)
|

W(p,q,t) =

WT (p7 q)

The long-time limit (7.2) coincides with the thermal
Wigner function (7.5) in the high-temperature limit,
and in the weak-coupling limit, as may be seen from
Eqgs. (A26) and (A27) in the Appendix. Note, however,
that the asymptotic state is not always a thermal state.

It is also of interest to compute the uncertainty in q in
the long-time limit. It is

1 hw hwR MQJR 2 1 2
ﬁtanh(sz) exp{ tanh(sz) [ZkT t MEoR? |
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where, recall, p°, ¢! are the value of the classical solu-
tions (with dissipation) at time ¢ matching the initial
data pg,qo at t = 0. This expression allows us to com-
pute the moments at any time ¢ in terms of the initial
moments. By computing the long-time limits of these
moments, the form of the long-time limit of the Wigner
function may be obtained, since it is completely deter-
mined by its moments.

A. The harmonic oscillator

For the harmonic oscillator, simplifications occur.
Consider first the case of the harmonic oscillator in an
ohmic environment. One has p®! = M ¢! and ¢! satisfies
Eq. (3.14). Either from Eq. (3.14), or from the explicit
solution (3.15) and (3.16), it is easily seen that p! — 0
and ¢! — 0 in the long-time limit. All dependence on
po and go drops out of the exponential in (7.1), and one
obtains the following expression for the asymptotic value
of the Wigner function:

N
Th(4AC — B?)1/2 exp(—ap® — Bg* — epq) .

Woo(pa Q) =

(7.2)

The coefficients a, 3, € are given by the long—time limits
of (3.11)—(3.13). Using results (A21)-(A23) in the Ap-
pendix, one finds

_ 1
* = MAF: — (/o) F3] (7:3)
8= MwR
2ﬁ[F1 + (’Y/W)Fz]
e=0, (7.4)

with F; and F3 given by (A24) and (A25). These rela-
tions represent the ezact form of the long-time limit in
the ohmic case.

It is useful to compare the result (7.2) with the Wigner
function of the harmonic oscillator in a thermal state:

(7.5)
[
(Ag)Z, = MZﬁz (F1 + le)
/ dv coth( ';‘C’JT)
M a0
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This is in agreement with the fluctuation-dissipation re-
lation [40]. Equation (7.6) was given in [8], for the special
case of a Gaussian initial state, but not surprisingly coin-
cides with this more general result because every initial
state goes to a Gaussian.

For the harmonic oscillator with a nonohmic environ-
ment, it may be shown, using the more general treatment
of [26], that ¢! in the Wigner function propagator in (7.1)
is the solution to the integrodifferential equation

t

i) +wda®) — [ dont—s)a(s) =0, (1)
0

where 7(t — s) is dissipation kernel (2.10) for an arbitrary

spectral density I(w). An explicit representation of the

solutions may be obtained using Laplace transform, and

the solution is given in terms of the contour integrals

o +wo+ed ezt Po
)= v (5 )
0= e e (f

(7.8)
. “+ioco+e ezt
c — d
P (t) ./—ioo+e Zzz + M_IZ’SI(Z) + w?
x (2po — 2°Mqo) , (7.9)

where 4(z) is the Laplace transform of «(t) defined by

Egs. (2.8) and (2.9). Instead of the class of spectral den-

sities (2.11), let
I(w)

= Mgw"0(A —w) . (7.10)

It has been argued that this class of spectral densities
actually gives a very general picture of the long-time limit
[12], and it may then be shown that, to leading order in
w/A,

—2Mgr _,;v-1 ifO0<r<2,
sin(57r)

—%wln(l-}-g) fr=2,

r—2
Mgeh—w ifr>2.

Y(w) = (7.11)

Using these results, and the change of variables zt = y, it
is then straightforward to show that ¢!(¢) and p°!(t) both
go to zero at t — oco. The long-time limit of the Wigner
function is therefore again the Gaussian (7.2) (although
the coefficients «, 3, €, are not the same as before, and
we do not give them here).

These results are consistent with the proof in [15] that
the Wigner function of a single member of a chain of
coupled harmonic oscillators tends towards a Gaussian
Wigner function in the long-time limit, under certain rea-
sonable conditions on the environment. We believe that
the proof given here, however, is somewhat simpler and
more direct.

B. Long-time limit for the damped free particle

In the free-particle case, using the general methods of
[41], it is readily shown that the phase-space operator
on the right-hand side of Eq. (3.5) does not have any
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zero eigenvalues. It follows that there are no stationary
solutions. Ome cannot therefore necessarily expect all
initial states to tend towards a unique final state in the
long-time limit. Still, it is of interest to ask whether one
can say anything at all about the general form of the
solution for long times.

Evolution of the damped free particle has been consid-
ered extensively before (see, e.g., [12,42]). Here, however,
we are interested in one particular point that has not
previously been addressed, namely the long-time limit
of arbitrary initial states. Because we are interested
in understanding this general point, rather than a de-
tailed calculation, we will for simplicity work in the high-
temperature limit (although our conclusions can be gen-
eralized to other cases).

Consider Eq. (7.1) for the damped free particle. For
large t, one has, in the high-temperature limit,

1 M~ 1
= P T €T kT (7.12)
MET 2MkTt
A=B= 2h , 0=, (7.13)
cl
=0 = )
p , g qo+2M7 (7.14)

Introducing § = qo +po/(2M~), Eq."(7.1) may be written

Wieat) = S — g o [” (" } 4“3) ]
x [ ddgo(@ exp [—ﬂ( - q) 2] ,
(7.15)
where
90(9) = /dpoW (po,ri— —2-%,0> . (7.16)

The integrand of (7.16) is still a Wigner function, since
the shift in the ¢ argument can be compensated for by a
unitary transformation of the density operator.

If we integrate out g, and noting that €2/48 — 0 for
large t, we obtain

1 p?
/dqW(P, q,t) = @ MET) 2 P (‘m) - (7.17)

Hence the distribution of momenta approaches a Boltz-
mann distribution for all initial states. The remaining
question is, what we can say about the g distribution in
the long-time limit?

Let y = g+ (¢/28)p = ¢ — (p/2M+~). Then the integral
in the expression for the Wigner function (7.15) is

/dqgo(q) exp (—ﬁ <q+ 25” )2>
=/d¢igo(¢i)exp< (yﬂnz) ,

4Dt

9(y,t) =

(7.18)
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where D = kT /(2M~). g(y,t) obeys the diffusion equa-
tion

g 8%g
= =D_—= 7.19
ot ay? ( )
From (7.18) or (7.19), one may compute all the moments
of y at time t in terms of their initial moments. One has,
for example,

(y*)e = 12D?* + 12Dt(y*)o + (v*)o -

v’ exp | —
2MET

Hence the distribution of p is a Boltzmann distribu-
tion, as noted above, and the ¢ distribution, obtained
by integrating out p, is peaked about the value ¢ =
(9)o + (P)o/(2M~), which is the asymptotic value of ¢
under classical evolution, starting from the initial values
(q>0’ (P)o-

The result (7.22) can, however, be rather misleading,
and has limited value as an approximation to the Wigner
function at large times. To understand this, write the
Wigner function for large times as

W(?a‘lvt) = Ws(]), qat) + Wl(pv ‘Lt) + ey (723)

where Wy is the leading order approximation to the
Wigner function for large t and W; is the next to lead-
ing order term. When a stationary solution exists, Wg
is the stationary solution, and hence is independent of
time. Furthermore, the next term W, is proportional to
e~ 21t where A\; > 0 is the first nonzero eigenvalue of the
operator appearing on the right-hand side of (3.5) [41]. It
follows that all moments of (7.23) are given by their mo-
ments in W plus an exponentially decaying term. Even
if the moment of W vanishes, the correction given by W;
goes to zero for large t. All moments of (7.23) approach
the stationary moments like e~1t,

Now consider the free-particle case. Here there is no
stationary solution, so Wy is time dependent. The next
correction Wy does not decay exponentially fast. There
are certain moments [e.g., ((y — (¥))3)] that are zero for
Ws and take their leading contribution from W;. Such
moments grow with time, as may be seen from (7.20), so
unlike the stationary solution case, they are not well ap-
proximated by their moments in Wgs. Also, even for the
moments which are well approximated by the moments
in Wy for large t, the rate of approach to the regime in
which that approximation is valid depends on the initial
conditions. It does not proceed at a universal rate.

Therefore, although Eq. (7.23) is the formal solution
to the Wigner function equation for large t, it is not very
useful. In practice it will be more useful to work directly
with the equations for the moments.

(7.20)
J

W(p,q,t) = exp (—

C. General potentials

Finally, we sketch the case of more general potentials.
We have calculated the Wigner function propagator only

2kTt

From the explicit expressions for the moments such as
this, it is straightforward to show that the leading-order
behavior of all moments of the form (y™) as t — oo are
correctly reproduced by the Gaussian distribution

1 (y— ()
g(y)zwexp< 4Dt )

This suggests that, for large times, the Wigner function
approaches the asymptotic form

(q ~ lgho— (P)o))

[

for linear systems. To compute the long-time limit of the
Wigner function for more general potentials, we resort
to the evolution equation (3.5). It is sometimes argued
that the power series involving third and higher deriva-
tive terms may be neglected. For example, in the uni-
tary case, Omneés has considered the evolution of phase-
space projectors according to (3.5) [43]. He has shown
that when the corresponding classical dynamics is regu-
lar, their evolution is described to a good approximation
by the first two terms on the right-hand side of (3.5) if the
phase-space cell projected onto is sufficiently large and
regularly shaped. Also, Paz and Zurek have argued that
the diffusive terms may smooth out the Wigner function,
suppressing contributions from the higher-order terms
[30]. The most general conditions under which these ex-
tra terms may be neglected is not known, but when they
can be neglected, and in the high-temperature limit, the
Wigner function evolution equation then is

ow __p W ,()8_W
ot Maq rY op

(7.21)

(7.22)

62W
Op?

This is the Kramers equation, whose properties are well
known [41]. For example, it possesses the stationary so-
lution

+2'y (pW) + 2M~kT (7.24)

(7.25)

W (p,q) = N exp (_ P’ _Va(q)) ,

2MET kT

where N is a normalization factor. This will be an ad-
missable solution, i.e., a Wigner function, only if the po-
tential is such that exp[—Vg(q)/kT] is normalizable. This
requires Vg(q) — oo as ¢ — oo faster than In|g|. In
that case, the stationary distribution is then the Wigner
transform of a thermal state, p = Z~le H/kT here
Z = Tr(e H/*T), for large temperatures. The general
results of [41] then show that all solutions to (7.24) tend
to the stationary solution (7.25) as ¢ — oco. Hence, to the
extent that Eq. (7.24) is valid, all initial states tend to-
wards the thermal state in the long-time limit. The ques-
tion of the validity of (7.24) is not likely to be straight-
forward, and will be considered in more detail elsewhere.

These claims are substantiated by the results of [44],
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in which it was argued (using the quantum state dif-
fusion approach to open systems), that a wide class of
initial density operators evolving according to (2.17) in
the high-temperature limit approach the form

o(6) = [ dpda (5, a,0)l4pa) Wl (7.26)
on a very short time scale related to the decoherence
time. Here, |¢,) is a generalized Gaussian coherent
state and f(p,q,t) is a positive, normalized solution to
the Fokker-Planck equation (7.24). This result is valid
even for general potentials, as long as the length scale on
which the potential varies is much greater than the width
of the coherent states. This result may also be of use in
extending the results of Sec. IV, so far valid only for linear
systems, to more general potentials. These possibilities
will be explored elsewhere.

VIII. SUMMARY AND DISCUSSION

We have studied the evolution of open quantum sys-
tems described by the evolution equation (2.17). We
were concerned with two particular questions: general-
ized uncertainty relations for this class of nonequilibrium
systems and long-time limits. Our results may be sum-
marized as follows.

(1) For any linear system whose evolution is described
by the propagator (2.19)—(2.21), the uncertainty & and
the Wigner function area A have the sharp lower bounds
(4.11) and (4.18), respectively. These represent the least
possible amount of noise the system must suffer after
evolution for time ¢ in the presence of an environment.
These expressions are valid for all types of environment
(i-e., for all choices of spectral density). Also worthy of
note is the particularly simple expression (4.17) of the
evolution of the Wigner function area .A.

(2) For the particular case of the Ohmic environment,
the explicit form of the lower bounds is given in Sec. V.
These explicit expressions give the comparative sizes of
quantum and thermal fluctuations, generalizing the work
of Hu and Zhang [14].

(3) For the linear systems considered here, these
generalized uncertainty relations achieve equality for
Gaussian pure initial states of the form (4.16). Such
states are therefore the ones that suffer the least amount
of noise under evolution in the presence of an environ-
ment, substantiating the results of Zurek et al. [21,18,19].

(4) The uncertainty is connected to the von Neumann
entropy via the relation (6.12), and the entropy is con-
nected to the linear entropy by the relation (6.21).

(5) For a harmonic oscillator in a wide class of en-
vironments all initial states tend towards a Gaussian
Wigner function in the long-time limit. It is the same
as a thermal state for an ohmic environment in the high-
temperature limit or the weak-coupling limit. This proof
of the long-time limit is much simpler than a previous
proof by Tegmark and Shapiro [15] (although not quite
as general).

(6) For the free particle, the Wigner function tends to
a nonstationary Gaussian state, although this is not a
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very useful expression because it does not give a correct
approximation to all the moments for large times.

The reason we were able to prove results (1) and (4)
with such ease was our use of the Wigner function prop-
agator, in terms of which the quantum evolution takes
a particularly transparent form. We comment that the
detailed methods used here could well be of use in related
calculations. For example, it might be possible to discuss
decoherence of arbitrary initial states using the Wigner
function propagator derived in Sec. III. These and other
related questions will be pursued in future publications.
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APPENDIX

In this appendix we give the explicit forms of the coef-
ficients A, B,C and K, K, L, N appearing in the explicit
expression for the propagator, (2.17). The following re-
sults are taken from Caldeira and Leggett [8], and from
Hu and Zhang [14], with minor elaborations and exten-
sions.

We first give the forms of the coefficients for the har-
monic oscillator in the underdamped case, wg > 7. Let

w? = w} — 42, We work in the underdamped case,
v < WR.
Then we have
K(t)=-1My+ 1Mw cotwt , (A1)
K(t) = +3Mvy+ 1 Mw cotwt , (A2)
Mwe™7t
- Awe © A
L(t) 2 sinwt ’ (A3)
Muwe"t
N(t)= ————— . A4
®) 2 sinwt (A4)
Also,
M~ [ v? kv
At) = —;_—/0 dv exp (——F> v coth (2—kT—) A(t),
(A5)
where
e—27t t t
A (t) = — / dT/ ds sinwT cosv(T — s)
sin“ wt Jo 0
X sinwse?(7+) (A6)

Similarly,
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M~y [ v? hv and
B(t) = T/O dv exp (“-p) v coth (m B,,(t) s
(AT) _ My [= v hv :
where Cc@t) = - /) dv exp 2z )Y coth kT C.(t) ,
—2~t gt t A9
B,(t) = giz——/ d’T/ ds sinwT cosv(T — 3) (49)
sin® wt Jo 0
x sinw(t — s)e?(7+e) | (A8)  where
J
1 ¢ t
C(t) = — / dT/ ds sinw(t — 7) cos (T — s) sinw(t — s)e?(7+e) | (A10)
sin“ wt Jo 0

We have included, for completeness, the explicit depen-
dence on the cutoff in the expressions for A, B, and C,
and this is sometimes required, although we will gener-
ally work with the case A — oo. The integrals for 4,,
B,, and C, have been evaluated by Hu and Zhang [14],
and we will make heavy use of their results. The re-
maining integrations over v to yield A, B, and C cannot
be carried out in general, but asymptotic expansions are
possible in various regimes of interest, and these we now
give.

1. High-temperature limit

In the much-studied high-temperature (Fokker-
Planck) limit, one has coth(Av/kT) =~ kT/hv, and the
integrals (A5)—(A10) may be evaluated exactly for any ¢,
with the results

MET
= ——>—|1—-e?" - ———(y%cos 2wt
2k sin? wt 72 + w? O
4wy sin2wt) — T et , (A11)
72 + w?

~yt
B = A@‘ZZ;L __(1 _ e—z-yt) cos wit
h sin® wt
1 2 —2~t
+72+w2(7 (1+e ) cos w
+wy(1 — e”?"*)sin wt)} , (A12)
C= MkTe?? w? g
2% sin? wt | 72 + w?
e—2‘yt
+m(72 coswt — wy sin2wt) | . (A13)
At short times, one has
A= o NS o

f

and, for long times,

MkT .
= 2% sin? wt [ — o (,),2 cos 2wt + w+y sin 2wt)] ,
(A15)
MkTet 2
B=_— 26 Y coswt+ =22 _sinwt|
Bsinwt | 2+ w? Y rw?
(A16)
METe2 2
C= o - (A17)

" 2hsin®wt (72 +w?)

2. Weak-coupling limit

In the weak-coupling regime, v < w, but for arbitrary
temperature, one has, from Hu and Zhang [14],

Muw Fw ¥

A= —"——coth| — ) |1 — *sin2wt — e 2| |

4 sin® wt (2kT) w :|

(A18)

Muwe"? hw v
B= """ —coth | - | |~ sinwt — coswt

5 s ot co (sz) ~sinwt — cosw

+ (1 sinwt + cos wt) e_z’”] , (A19)

w

Muwe?7t hw 0%
C=———coth| — 1-— (1 — si t) 27t
1 sin’ ot co (2kT> + wsmw e

)

(A20)

where terms of order y2/w? have been neglected. The
long-time limits of these expressions are easily seen.

3. Long-time limit for arbitrary temperature
and coupling

It is also possible to determine the exact form of the
long-time limits of A, B, and C, without assuming high
temperature or weak coupling. This is necessary in order
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to give a completely general statement about the long-
time limits of arbitrary initial states, as in Sec. VII. From
Hu and Zhang, they are

M . Y
A= %W{(wz cos® wt — yw sin 2wt) (F1 + ;Fz)
2 2
+w?sin® wt [(1 + %) F - le] } , (A21)
w w
Met
B = ;—2——_—67——(7(41 sinwt — w? cos wt) (F1 + ZF2> ,
& sin® wt w
(A22)
Muw2e27t
2w sin” wt w
where
1 [ hv ~y
F,=— dvv coth { —— e
17 on 0 (2kT> (72+(w+u)2
Y
s ,,)z) ’ (424
1 [ hv w+ v
= d th { —— B PR S
F, o Jo vV co (sz) (72+(w+y)2

I EICES u)Z) ' (A29)

The integrals F; and F» do not appear to be exactly sol-

uble, but can be evaluated in the high-temperature and
weak-coupling regimes. In the high-temperature regime,

kT

Fl ~ 7, (A.26)

and the results (A11)—(A13) are recovered. In the weak-
coupling regime,

hw

%T (A27)

Flz%wcoth( ), FzzO

and the results (A18)—(A20) are recovered.

4. Very short-time limit with finite cutoff

For finite cutoff, and in the very short-time limit, ¢ <
A~1 and at high temperature, kT > Aw, one has
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