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A kinematical description of infinitesimal deformations of the world sheet spanned in spacetime
by a relativistic membrane is presented. This provides a framework for obtaining both the classical
equations of motion and the equations describing infinitesimal deformations about solutions of these
equations when the action describing the dynamics of this membrane is constructed using any local

geometrical world sheet scalars.

As examples, we consider a Nambu membrane, and an action

quadratic in the extrinsic curvature of the world sheet.

PACS number(s): 98.80.Cq, 11.27.4+d, 98.80.Hw

I. INTRODUCTION

A useful approximate description of the dynamics of
many physical systems is to model them as relativistic
membranes of an appropriate dimension. The construc-
tion of the corresponding phenomenological action de-
termining the dynamics of the membrane involves the
selection of an appropriate linear combination of the ge-
ometrical scalars of its world sheet. At lowest order, this
action is proportional to the intrinsic volume of the world
sheet, and it has come to be known as the Nambu action.
If the approximation stops here, the classical trajectory
of the membrane will be an extremal surface of the back-
ground spacetime. A large body of information has ac-
cumulated on the dynamics of geometrically symmetrical
extremal solutions (see, e.g., Ref. [1], for a review in the
context of cosmology). To place these solutions in proper
context, however, their stability needs to be examined
both with respect to classical and quantum mechanical
perturbations propagating on the world sheet [2]. What
becomes clear when this is attempted for even the sim-
plest models is that a manifestly covariant formalism to
describe the evolution of these perturbations which is also
independent of the particular symmetry of the membrane
is desirable. This problem was approached for Nambu
membranes by one of the authors in Ref. [3] and, inde-
pendently, using similar techniques! in Refs. [4,5]. The
perturbation is described by a system of coupled linear
wave equations, one for the projection of the infinitesimal
deformation in the world sheet onto each normal direc-
tion, which can be considered as scalar fields living on
the world sheet. In this way, a perturbative framework
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!The relevant mathematical formalism was developed by
mathematicians much earlier in the context of minimal sur-
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for examining the stability of any system described by
the Nambu action is provided.

The analysis presented in Refs. [3-5] was tailored to
describe extremal surfaces. For some time, however, it
has been realized that extrinsic curvature additions or
corrections to the Nambu action can have a dramatic in-
fluence on the dynamics on short length scales [7,8]. In
particular, when such corrections are introduced the de-
velopment of cusps or kinks on the membrane appears
to be inhibited on these scales. These corrections may
arise in a more realistic truncation of the underlying field
theory, or may be induced by quantum mechanical fluc-
tuations.

The equations of motion which correspond to a generic
action which is quadratic in the extrinsic curvature, are
typically hyperbolic equations which are fourth order in
derivatives of the embedding functions describing the
world sheet. To derive these equations and their sub-
sequent linearizations, one could attempt to imitate the
analysis applied earlier to extremal surfaces. However,
by following this case by case approach, one can easily
lose sight of the fact that there is a solid kinematical
structure underpinning these equations which is entirely
independent of the underlying dynamics. In this paper
we develop such a kinematical framework for describing
deformations of an arbitrary world sheet. Relevant ear-
lier investigations in this direction are Refs. [5,8-10]. In
Ref. [10] Hartley and Tucker exploit very elegant exterior
differential techniques to derive the equations of motion
for relativistic membranes. This language could, poten-
tially, provide a very powerful geometrical approach to
the description of deformations.

Our effort divides naturally into an examination of the
deformation of the intrinsic and of the extrinsic geometry
of the world sheet. Once this is done, both the equations
of motion, and the equations describing the dynamics of
deformations about classical solutions can be constructed
in lego block fashion, by assembling the various kinemat-
ical ingredients.

The paper is organized as follows. To establish our no-

6736 ©1995 The American Physical Society



51 GEOMETRY OF DEFORMATIONS OF RELATIVISTIC MEMBRANES

tation we begin in Sec. II by summarizing the well-known
classical kinematical description provided by the Gauss-
Weingarten equations of an embedded timelike world
sheet of dimension D in a spacetime of dimension N,
in terms of its intrinsic and extrinsic geometries [11-13].
There are two structures which describe the extrinsic ge-
ometry. One of these is given by the extrinsic curvatures
and is well understood. The other structure, which we
call the extrinsic twist potential, only features when the
codimension of the world sheet is two or higher. The ex-
trinsic twist plays a subtle role related to the covariance
of the description of the geometry under rotations of the
normals to the world sheet.

In this same kinematical spirit, in Secs. IIT and IV we
describe the deformation of the world sheet. There are
analogues of the Gauss-Weingarten equations which are
useful for identifying the structures associated with such
deformations. The description of the deformation divides
naturally into two parts. The deformation of the intrinsic
geometry is very simple to describe. Indeed, for exam-
ple, the deformations of the world-sheet metric provide a
geometrically satisfying definition of the extrinsic curva-
tures. The description of the deformation of the extrinsic
geometry is less simple. One reason for this is because the
naive deformation of the structures associated with the
extrinsic geometry do not transform covariantly under
normal frame rotations. By examining the deformation
of the normal vectors (the analogue of the Weingarten
equations) we can identify a “connection” which guaran-
tees the manifest covariance of the deformation of such
structures under normal frame rotations. It turns out,
however, that this connection does not appear in any
physical quantity, and thus it does not need to be calcu-
lated.

In Sec. V we apply this kinematical framework to some
phenomenological actions of physical interest. We con-
sider first the familiar Nambu action, to show how our
analysis reproduces the results of Refs. [3,4]. Next, we
consider an action quadratic in the extrinsic curvature.
We derive the equations of motion, and the equations
that describe the dynamics of deformations about clas-
sical solutions in the case the background spacetime is
Minkowski space. We conclude in Sec. VI with a brief
discussion.

We confine our attention to closed membranes without
physical boundaries.

II. MATHEMATICS OF THE EMBEDDING
OF THE WORLD SHEET

In this section we provide an overview of the well-
known mathematical description of the world sheet of
a membrane viewed as an embedded surface in a fixed
background spacetime [11-13].

Let us consider an oriented timelike world sheet m of
dimension D described by the embedding

zh = XH(EP) (2.1)

p =0,...,N -1, and a = 0,...,D — 1, in an N-

6737

- dimensional spacetime M, endowed with the metric g,, .

The D vectors

eq = X40, (2.2)
form a basis of tangent vectors to m at each point of m.
The metric induced on the world sheet is then given by
Yab = X,I:IX:;;guV = g(ear eb) . (2'3)

The signature of v, is taken to be {—,+,...,+}.

Let n* denote the ith unit normal to the world sheet,

i=1,...,N — D, defined by

g(nt,n?) =69, g(eq,n*)=0. (2.4)
It is important to emphasize that these equations define
the normal vector fields n only up to a O(IN — D) rota-
tion, and up to a sign.

Normal vielbein indices are raised and lowered with
8% and d;j, respectively, whereas tangential indices are
raised and lowered with v2® and ~4s, respectively.

The collection of vectors {e,,n'} can be used as a basis
for the spacetime vectors appropriate for the geometry
under consideration.

We define the world-sheet projections of the space-
time covariant derivatives with D, := e£D,, where D,
is the (torsionless) covariant derivative compatible with
Gguv- Let us now consider the world-sheet gradients of the
basis vectors {eq,n’'}, D,ep and D,n’. These spacetime
vectors can always be decomposed with respect to the
basis;?

— Kap'ing , (2.5a)

(2.5b)

Dgep = 'Yabcec
D.nt = Kaple? + wan; .

These kinematical expressions, generalizing the classical
Gauss-Weingarten equations, describe completely the ex-
trinsic geometry of the world sheet.

The v,,° are the connection coefficients compatible
with the world-sheet metric v,4:

'7’(11)C = g(Daebaec) = 'Ybac - (26)

The quantity K,3¢ is the ith extrinsic curvature of the
world sheet:

Koo' = —g(Dgep,n’) = Kpg" .« (2.7)
The symmetry in the tangential indices of these quanti-
ties is a consequence of the integrability of the tangential
basis {eq}.

The normal fundamental form, or extrinsic twist po-
tential, of the world sheet is defined by

wa'l = g(Dgnt,n?) = —w,’" . (2.8)

2To avoid confusion we adopt the notation w (adopted by
Maeda and Turok in [6]) instead of T as was used in [3] for
the twist potential, and 2 (adopted by Carter in [5]) for the
corresponding curvature.
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In the familiar case of a hypersurface embedding, D =
N — 1, the extrinsic twist vanishes identically. The geo-
metrical meaning of w,* can be understood by recalling
that there is the freedom to perform local rotations of
the normal frame {n‘}. With respect to the rotation,
nt = O¢ jnj , Yab© transforms as a scalar, and Kyp' trans-
forms as a vector. The extrinsic twist potential, w,,
transforms as a connection:

wa = Owa,0™ 1 + 0,07 . (2.9)

As discussed in detail in Ref. [3], for example, it can be
considered as the gauge field associated with the normal
frame rotation group. It is desirable to implement this
covariance in a manifest way. Let V, be the (torsionless)
covariant derivative compatible with v,; induced on m.
We introduce a new world-sheet covariant derivative V,
defined on fields transforming as tensors under normal
frame rotations as

ﬁaéij = Va@ij — waik@kj — wajqu'k . (210)
We also introduce the curvature associated with w,%
with

Qo™ 1= Vpwo — Vowp? + wowi? — wp*war?
(2.11)

Note that when D = 1, Q4% = 0 so that w,¥ is pure
gauge, at least locally. We also know that when D =
N —1, w," = 0. When D = N — 2, the gauge group is
O(2) with a single generator. We conclude that the non-
Abelian (or nonlinear) character of w,* displayed in an
arbitrary dimension does not manifest itself in spacetime
dimensions lower than five.

Given some specification of intrinsic and extrinsic ge-
ometries Egs. (2.5) will not generally be consistent with
any embedding because X*(£) is over specified by these
equations. Consistency will require that the intrinsic and
extrinsic geometries satisfy the Gauss-Codazzi, Codazzi-
Mainardi, and Ricci integrability conditions:

g(R(eb,€q)ec, €q) = Rabed — Kac' Koai + Kad' Kpei
(2.12a)

g(R(es, ea)ec,ni) = VoKpt — VKoot , (2.12b)

g(R(eba ea)ni’nj) = Qabij - KaciKij + KbciKaCj .
(2.12¢)

We use the notation g(R(Y1,Y2)Y3,Ys)
= Ropu Y2 YPYYY. R%s,, is the Riemann tensor of
the spacetime covariant derivative D,, whereas R%p.q is
the Riemann tensor of the world-sheet covariant deriva-
tive V,. Note that Eq. (2.12c) possesses no nontrivial
contractions. In particular, it is vacuous when D = 1,
and when D = N — 1.

These equations can be obtained directly from the
Gauss-Weingarten equations, by taking a second space-
time covariant derivative projected onto the world sheet,

subtracting the same equation with the indices on the
derivatives switched, and exploiting the spacetime Ricci
identity.

In de Sitter spacetime,

R‘u/aB = Hz(guaguﬁ - gpﬂgva) ) (213)

so that

g(R(eb, ea)ecy ed) = Hz ('Yac'ybd - 7ad'7bc) . (214)
The right-hand sides of Egs. (2.12b) and (2.12c) both
vanish.3

The appearance of the curvature of the extrinsic twist
potential, 2,5, in the Ricci integrability condition,
Eq. (2.12c), provides us with additional information
about the extrinsic twist itself. First, note that, for a
given spacetime, Eq. (2.12c) implies that the curvature
Qap¥ is completely determined once the intrinsic geom-
etry and the extrinsic curvatures are specified. In fact,
as was emphasized by Carter, Q" is the conformally
invariant trace-free part of the squared extrinsic curva-
ture [13,14]. This equation also provides the necessary
and sufficient conditions that the extrinsic twist can be
gauged away:

9(R(eq,ep)n,m9) + Koo Kb — KpolK, =0 . (2.15)

In particular, in de Sitter spacetime, if all but one K,
vanish, then the antisymmetric product of extrinsic cur-
vature tensors vanishes, and the integrability condition
is satisfied automatically.

III. DEFORMATIONS OF THE
INTRINSIC GEOMETRY

In the previous section we described the characteriza-
tion of a single embedded surface in spacetime, in terms
of its intrinsic and extrinsic geometry.

Let us now consider the neighboring surface described
by a deformation of m:

2t = XH(6%) + OXH(€%) .

We can decompose the infinitesimal deformation vector
field  X* with respect to the spacetime basis {e,, n’}, as

85X = ®%, + D'n; . (3.1)
The tangential projection can always be identified with
the action of a world-sheet diffeomorphism, §X* =
®2X¥, and so will subsequently be ignored. The physi-

a?
cally observable measure of the deformation is therefore

3From Eq. (2.12a), it is clear that the necessary and sufficient
condition that the world sheet will also be a de Sitter space
is that

Koo' Kpai — Kaa' Kbei ¢ (YacYbd — YadVoe)-
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provided by the projection of § X# orthogonal to m, char-
acterized by the N — D scalar field &°.

Our task will be to express the deformation of the geo-
metrical structures introduced in Sec. II as linear combi-
nations of the scalar fields ®*, and their covariant deriva-
tives, Vo ®%, V,V,®%, ... . We make use of the covariant
derivative defined in (2.10), because ®* transforms as a
vector under normal frame rotations.

In this section we consider the deformation of the in-
trinsic geometry of the world sheet under a deformation
in the embedding. The displacement § X* in the embed-
ding induces a displacement in the tangent basis {e,}. In
light of the discussion above, let § = ®‘n;, and consider
the gradients of {e, } along the vector field 4, defined with
Ds := 6*D,,. We can always expand Dse, with respect
to the spacetime basis {eq, n;}, in a way analogous to the
Gauss equation (2.4a) as

Dseq = Bape® + Jojn’ . (3.2)
Comparison with the Gauss equation shows that the
quantity (G.s, defined by

IBab = g(D&Ca, eb) = ,Bba. 3 (33)

appears in the same position as v45°. The quantities Jy,;
are defined by
Jai = g(Déeaani) ) (3~4)
and appear in the same position as Kgp? in the Gauss
equation. We note that (3,5 transforms as a scalar un-
der normal frame rotations, whereas J,; transforms as a
vector. _
In order to express (.5 and J,; in terms of ®* and its
covariant derivatives it is crucial to recognize that, for

all infinitesimal deformations of the world sheet [15], one
has

Dse, = Do . (3.5)

In words, this equation follows from the equality of the
gradient along the deformation vector field § of the tan-
gential basis {e®}, with the changes of {e®} induced by
the displacement of the world sheet.

Using Eq. (3.5), it is easy to show that

,Bab = g(Déeaaeb) = g(Da‘s’ eb) = g(Dani,eb)Qi

= abiéi ) (36)
Jai = g(Dsea,'l’Li) = g(D"'&’ nz)
= g(Dan],n’)‘I), + VaQi
= 60'@1' . (37)

Therefore, the gradients along the deformation of the tan-
gential vectors depend on the values of the scalar fields
®*, and on their first derivatives along the world sheet.

The deformation in the induced metric on m is just
twice Gup:

Dsvab = Dsg(ea;es) = 2g(ea, Dses)

=20 = 2K3,'9P; . (3.8)
In fact, this equation encodes the geometrical role of K 21;-
It is half the change induced in the world-sheet metric per
unit proper deformation of the world sheet along the ith
normal direction.

This is all we need to know about the deformation of
the intrinsic geometry, if we are only interested in the
deformation of extremal surfaces. However, one might
also be interested in more general theories that contain
scalars constructed with the world-sheet curvature ten-
sor, R%pcd-

To derive an expression for the deformation of R%p.q,
we exploit the Palatini identity, and Eq. (3.8), to write
the tensor valued infinitesimal deformation of the world-
sheet Christoffel symbol:

Dsvap® = 37 Ve(DsYad) + Va(DsVsa) — Va(DsYab)]
= 7Cd[vb(Kadi¢i) + Va(KbdiQi)

—-Vd(Kabi‘I)i)] . (3.9)

The infinitesimal deformation in the world-sheet Rie-
mann tensor then can be simply expressed in terms of
world-sheet covariant derivatives of the Dgv,p°:

DsR%ca = Ve(Dsva®) — Va(Dsypc”) - (3.10)

We see that it depends on second and first world-sheet
derivatives of the scalar fields ®°.

The corresponding infinitesimal variations in the Ricci
tensor and the scalar curvature are, respectively,

DJRab = VC(DS’YabC) - Vb(Dé'Yacc) 3

DsR = V®(Dsvap®) — V(7**Ds¥ab®) — 2Rap K2 0" .

Thus, modulo a divergence,

DsR = 2R, K%, 8" . (3.11)
We also note that
Ds(vV=AR) = —2G.,K*;®* , (3.12)

where G, is the world-sheet Einstein tensor.
This concludes the analysis of the deformation of the
intrinsic geometry of the world sheet.

IV. DEFORMATIONS OF THE
EXTRINSIC GEOMETRY

The extrinsic geometry is characterized by the extrin-
sic curvatures K ;¢ and the extrinsic twist w,”. As a
preliminary step, let us examine the gradient along the
deformation vector field of the normal basis, Dsn?, in the
same way as we did for the tangent basis. We expand

Dsn; = — wie® + ’yijnj . (41)

This equation is the analogue for infinitesimal deforma-
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tions of the Weingarten equation (2.4b). We note that
Jai appears in Egs. (3.2) and (4.1) in an analogous way
to that of K,® in Eqgs. (2.4a) and (2.4Db).

The normal projection of Dsn;,

Yii = 9(Dsninj) = —ji » (4.2)
is a new structure we have not encountered already. It
vanishes on a hypersurface embedding, in the same way
that w,* vanishes in the corresponding Weingarten equa-
tion. In contrast to J,; and (.5, however, there is no
simple relationship between ;; and deformations of the
world sheet analogous to Egs. (3.6) and (3.7).

The analogy between Eq. (4.1) and the Weingarten
equation suggests a role for +;; analogous to w,*. In
particular, ~;;, like we¥, transforms as a connection un-
der normal frame rotations:

¥ = OyO~! 4+ (DsO)O* . (4.3)
However, by an appropriate choice of DsO, it is always
possible to gauge 7;; away on the world sheet. Reflect-
ing this fact, as we will demonstrate below, v;; will never
appear explicitly in any physical quantity, although it
will show up in intermediate calculations. Nonetheless,
J
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we will insist on explicit covariance under normal frame
rotations. For this purpose we introduce a covariant de-
formation derivative as follows:

ﬁg‘l’i = Ds¥,; — ’yij\I/j . (4.4)
Equation (4.1) can then be written in the form
D,s’ni = — aie"’ = —(6,1@,')6‘1 . (45)

A. Deformations of the extrinsic curvature

Let us now evalgate the deformation of the extrinsic
curvatures, DsK,p*. Using its definition we have that

DJKabi = _g(ﬁéni’Daeb) - g(niaDé'Daeb) .

Using Eq. (4.5) and the Gauss equation (2.5a), the first
term on the right-hand side is given by

—g(f)gni,Daeb) = 7o Tt .

The second term on the right-hand side can be developed
using the Ricci identity, as

—g(n*, DsDgep) = —g(n', R(8,eq)es) — g(n*, DaDsey)
= —g(n*, R(n;, eq)es)®’ — Dog(n®, Dses) + g(Dqnt, Dses)
= —g(ni,li!('rzj7 ea)eb)d)j — Do Jp? + Boc Ko + waiijj
= —g(ni, R(n;, ea)eb)<I>j — Vo Vpd® + Kbchad@j ,

where in the last line we have used Egs. (3.6) and (3.7).
Therefore we find

DéKabi = _6a€b¢i + [g(R(eaa nj)eby ni)
+ Koo K]0 . (4.6)
Note that the change of the extrinsic curvatures under
an infinitesimal deformation of the world sheet involves
second derivatives of the scalar fields ®°.
The left-hand side of Eq. (4.6) is manifestly symmet-
ric in the indices @ and b. The apparent integrability
condition on the right-hand side,

2V oV = [g(R(eqas n;)es, n') + Ko’ K5 — (a > b)]®7

(4.7)
is automatically satisfied as a consequence of the Ricci
integrability condition (2.12c). To show this, one needs
to use the cyclic Bianchi identities for the spacetime Rie-
mann tensor, Ry(g,,) = 0, and the identity 2V, Vy®* =
Qap?; P9,

B. Deformations of the extrinsic twist potential

We turn now to the analysis of the deformation of the
extrinsic twist w,*. Unfortunately, the obvious measure

of the deformation Dsw,* does not transform covariantly

under normal frame rotations. However, by examining

Dsw,¥ itself, we can identify the appropriate addition

that provides a covariant measure of the deformation.
By definition we have that

Dsw,a™ = Dswa™ — v pwo™ — 47 jwa'* | (4.8)
where

Dtswaij = Dég(Dani’ng)
= g(Dqn*,Dsn?) + g(DsDan’,n?) . (4.9)
The first term on the right-hand side is

g(Danis D(snj) Kabig(evaJnj) +waikg(nkaD6nj)
= —Kabinj + waik7jk

_Kabi6b¢j + waik'yjk .

(4.10)

In the second term of (4.9), using the Ricci identity, we
have
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g(DsDont,n?) = g(R(6, eq)n", n?) 4 g(DaDsn*,n?)
= g(R(3,e.)n,n?) + D,g(Dsn',n’) — g(Dsn, Dyn?)

= g(R(8,ea)n',n7) + Vo'l + Kop? V2B — w, 7%y

where we have used (4.10) in the last line.
We find then that

Dswe™ = —Kap'VP® + Kop? Vo' + V oy

+9(R(nk, eq)n? , n*) ®* (4.12a)
or
Dswo' — Vo = — Ko VP + K,/ VPo*
+9(R(ny,ea)n?, n')®* . (4.12b)

This result indicates that the left-hand side is the co-
variant measure of the deformation of the extrinsic twist
potential. In fact, the right-hand side of (4.12b) is man-
ifestly covariant, and thus so also is the left-hand side.
Both sides of Eq. (4.12b) are manifestly antisymmetric
in the indices ¢ and j. Unlike for the deformation of the
extrinsic curvature, Eq. (4.6), here no integrability con-
dition need ever be invoked. We also note the identity
Dswo™ — Vv = Dswa™ — Vv . (4.13)
The deformation of the curvature of the extrinsic twist
is then given by

D5V oAb = Ds[DaAbi — YopAci — Wai' Abj] — ¥ VaAv;

= DoDsApi — Ds[7SpAci + wai® Abj] — i Va Apj

(4.11)

D5Qap? = Vo(Dswp?) — Vy(Dswa™) . (4.14)
We note that Eqgs. (4.6) and (4.14) are consistent with
the integrability condition, Eq. (2.12c).

This concludes the description of the deformation of
the extrinsic geometry of the membrane.

C. Deformations of world-sheet derivatives
of the extrinsic curvature

In theories involving terms quadratic in the extrin-
sic curvatures, one needs to evaluate also terms like
Ds(V.K, 2d), to obtain the linearized equations of motion.
One would like to reexpress terms of this form as

Va(DsK:;) + lower order terms ,

and exploit the fact that we aiready know what DsK:, is.
This involves the evaluation of the commutator [ﬁg@a].
We will do this for the commutator operating on an ar-
bitrary world sheet and/or normal frame vector Ay;:

= DoDsAp; — Y DsAci — wai’ D5 Apj + Yoy DsAci + wai' D5 Apj — Ds[vpAci] — Ds|wai® Abj] — 7i? Vo Av;
= VaDsApi — (Ds75s)Aci — (Dswai®) Avj — 7' VaAp; -

Therefore, we find

[Ds, ValAbi = —{(Ds72,)87 — [(Dswai’) — (Vo )15} Acj -

Note that on the right-hand side appears the same covariant combination appearing in Eq. (4.13).

A useful application of this equation is given by considering the deformation of the d’Alembertian
Applying the d’Alembertian to an arbitrary ¥, one finds

P>
Il
<
e
<
5

Ds(A¥?) = (Ds7*®) Vo Vs ¥iq®[Ds, Vo] Ve + 42*Vo{[Ds, Vo] ¥} + A(DsT)
= A(DsT¥) - 2V, [K*;87 (Vs T)] + [V*(K; )] (Va T')
+2Kab[i(6a‘1>k])ebqlk + 2ea[Kab[i(€b‘I>k])\I’k]

—g(R(nj, e®)n*, n)® (Vy¥y) — Vi[g(R(n;, e®)n*, n*) 7 T,] .

This expression will be useful in the following section.

V. DYNAMICS: SOME EXAMPLES

In this section we apply the kinematical framework
we have developed to the derivation of the equations
of motion, and of the linearized equations of motion,

(4.16)

—

for two phenomenological theories of relativistic mem-
branes of physical interest. We begin with the familiar
Nambu action. This will allow us to recover the results of
Refs. [3,4]. A second example we consider is a correction
term quadratic in the extrinsic curvatures.

The Nambu action for a relativistic membrane is given
by



6742

So = —-a/de\/—_, (5.1)
where o is the membrane tension.

To derive the equations of motion we can describe the
deformations of the world sheet with the vector field § =
&'n;, because only motions transverse to the world sheet
are physical. We have that

6So = ~0/dD£\/—77“bKabi<I>i =0.

Therefore the equations of motion describing an extremal
surface are given by
Ki=0, (5.2)
and we recover the well-known result that extremal sur-
faces have vanishing trace of the extrinsic curvatures.
To obtain the linearized equations of motion, consider

DsK* = v**DsKab' + Kap' D5y
= —Ad* + [9(R(eq,nj)e®,n*) + KabiK“bj]i)j ,

so that we find the linearized equations of motion in the
form

Ad* + [KabiK“b]- — g(R(eq,nj)e®, n')]® =0, (5.3)
in agreement with Eq. (4.1) of the second paper in
Ref. [3]. This set of coupled linear equations can be seen
as the equations of motion for a multiplet of scalar fields,
with a “variable mass” that depends on a particular pro-
jection of the curvature of spacetime, and on the extrinsic
geometry.

When the projection of the spacetime Riemann tensor
vanishes, Eq. (5.3) can be written in the form, which will
be used below,

0'97 = [Af + Ka'K*;| @9 =0. (5.4)

—~AA® — 2K ;K7 (V,V®%) + LKIK; A"
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We now consider a less simple example involving an
action quadratic in the extrinsic curvature:

Sy = a/dDgﬁKiKi , (5.5)
where a is a coefficient characterizing the rigidity of the
membrane. This action is of some interest in that, mod-
ulo the totally contracted Gauss-Codazzi equation, when
D = 2, and the background geometry is flat, this action
represents the most general action of this order in the
world-sheet geometry. For an alternative derivation of
the equations of motion corresponding to higher order
actions of this order, see Ref. [9].

The variation of this action with respect to normal
deformations of the world sheet gives

88 = a / dPe/—H{K;K'K'®; + 2K;[-A®*
+g(R(ea,nj)e“,ni)‘I>j — Kt aqu)j]}.
Thus, the Euler-Lagrange equations for Sy are given by

AK® + [—g(R(eq,n?)e*, n?)

+(7ac,ybd _ %7ab’YCd)Kaijcdi]Kj =0. (56)

Note that extremal surfaces are obvious nontrivial solu-
tions of these equations.

The linearized equations of motion are considerably
more complicated than in the case of an extremal sur-
face. For the sake of simplicity we restrict ourselves to the
case in which the background spacetime is Minkowski,
in order to disregard the spacetime curvature projec-
tions. The generalization to an arbitrary background is
straightforward. For this case, a lengthy computation,
exploiting (4.16), gives the linearized equations of mo-
tion in the form

+(K'K; — 2K, K®®))A®7 — 2K (VK9 (V@) — K;(VPK?)(V,®%)
—2V[ Ko K%;](V.®7) 4 2K (V,K;)(Vs®7) — 2K%;(V,K*)(V,®7)
+2K;(VPKY)(V®7) — A[Ko K87 — (VOK)(V.K;)®

—2K°;(V VoK) @7 + 2K, K K, K70 + 1K' K** K7 K;®* + K'K; KJ, Kb ®*

—Kap' K K 4, K°48* =0 .

The scalar field ®¢ satisfy then a set of coupled fourth-
order linear differential equations. It is interesting to
note the presence of the square of the world sheet
d’Alembertian as the only term that depends only on
the intrinsic geometry of the world sheet.

The linearized equations (5.7) are rather complicated.
An interesting special case is given by considering lin-
earized about an extremal surface, i.e., setting K* = 0.
The equations simplify considerably, and reduce to

(5.7)

—(0%)587 =0, (5.8)
where the operator O, defined in Eq. (5.4), is the operator
describing small perturbations about an extremal surface
induced by the Nambu action. It is remarkable that its
square appears here. Thus, linear perturbations about an
extremal surface which satisfy Eq. (5.4), continue to be
solutions when one takes into account the modifications
induced by the action (5.5).
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We conclude this section with the following remarks
about the deformation connection v*J. We note that the
action must be a scalar under normal frame rotations.
Such an action (ignoring possible contractions of world-
sheet or spacetime indices) involves an integrand con-
sisting of a totally contracted product of normal frame
tensors. The most simple such product is of the form
PiQ;, where P; and Q; are normal frame vectors. We
note that

Ds(P'Q;) = P'DsQ;i + Q*DsP;
= P'DsQ; + Q"Ds P; — (7vij + v4:) P*Q’
= P'DsQ; + Q'DsP; = Ds(P'Q;) ,
where the second line follows from the first line because
of the antisymmetry of ;;. The introduction of the nor-
mal frame covariant variation does not complicate the

derivation of the Euler-Lagrange equations. Let us now
denote these equations by

E=0.
The perturbed equations of motion are then just
Dagi =0.

Modulo the background equations of motion, these equa-
tions reduce to Ds&; = 0. In other words, the connection
7i; never needs to be calculated explicitly. In perturba-
tion theory, the normal frame covariant derivative comes
for free. In light of the above remarks, one can safely
always set v;; = 0.

VI. DISCUSSION

In this paper we have presented a thorough analysis of
the kinematics of infinitesimal deformations of the world
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sheet spanned by a membrane of arbitrary dimension in
any spacetime. The physical measure of the deforma-
tion is given by the normal components of the displace-
ment vector. These normal components are scalar fields
living on the world sheet. The deformation of the in-
trinsic geometry is straightforward. The deformation of
the extrinsic geometry, however, is complicated by the
requirement of covariance under normal frame rotations.
We introduce a manifestly covariant deformation opera-
tor. When we do this the covariant deformations of both
the extrinsic curvature and the extrinsic twist curvature
are given by second-order hyperbolic partial differential
operators acting on the scalar fields.

This kinematical framework is applied in Sec. V to de-
rive the equations of motion and their linearizations both
for a system described by the Nambu action and for a sys-
tem involving an action quadratic in the extrinsic curva-
ture. Specializing to Minkowski spacetime for simplicity
we find that the perturbations about an extremal sur-
face are described by a second-order hyperbolic operator
for the Nambu dynamics, and by its square for the dy-
namics described by an action quadratic in the extrinsic
curvature.

A more systematic treatment of all low order actions
will be addressed in a forthcoming paper [16]. We also
leave for a future publication a nonperturbative descrip-
tion of the deformations of a relativistic membrane. This
involves a nontrivial generalization of the Raychaudhuri
equations for a curve [17].
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