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Heavy-light mesons in a relativistic potential model
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The energy spectrum of heavy-light meson states is studied in the framework of the full Bethe-
Salpeter equation. The heavy-Havor mass expansion method is also used to obtain the heavy-light
meson energy spectrum from both the Grst-order correction and the heavy quark limit. The results
calculated by our model for the masses of D, D+, B,B+, D', D'+, B*,D~, and D,+ are in good
agreement with the experimental data.
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I. INTRODUCTION

More and more attention has been paid to the test of
the standard model, the observation of CP violation in
meson decays other than K decays, and the determina-
tion of the Cabibbo-Kobayashi-Maskawa (CKM) matrix
elements, so that the experimental and theoretical inter-
est for heavy-light mesons has been growing considerably
during the last few years. This interest arose from the
discovery of large B Bmixing [-1], from the hope that
CP violation [2] in B meson systems may be observed in
the near future, which is complementary to that of the
K mesons, and from the possibility that effects of new
physics may be disclosed by anomalous enhancements of
the rates of some rare decay channels [3] on the larger
accelerators at energies as high as those on the CERN
Large Hadron Collider (LHC) [4].

In the frame of the widely accepted quark model, the
interaction between a quark and antiquark in a meson has
a nonperturbative feature; the bound-state problems still
cannot be solved by perturbative calculations and effec-
tive theories are needed. For mesons consisting of both
a heavy quark and a heavy antiquark, the Schrodinger
equation has served to calculate the heavy quarkonia's
masses and some rather good fits to experimental data
have been obtained. Speaking generally, the motions of
quarks and antiquarks in mesons are relativistic, even
for heavy ones. As pointed out in Ref. [5], even for the
cc system the kinetic energy is about 13% of the total
energy and the ratio of the relativistic correction to the
quark mass will not decrease with the increase of quark
mass if the interaction is Coulombic type. As a result
the bound-state equation for mesons should in general
be relativistic.

As far as we know, the only effective relativistic equa-
tion of the bound state is the Bethe-Salpeter (BS) equa-
tion [6]. Because of its consistency with quantum field
theory, the BS equation can be used, in principle, for all
quark-antiquark systems, especially for Qq or qQ (heavy-
light mesons) systems which are yet seldom studied in the
frame of the relativistic formulation but of great interest.

At present what one is particularly interested in is
not only the energy spectrum of hadrons, needless to
say, which is an important source to study the dynam-
ics, but also the wave functions which play a key role in
the calculations of form factors, structure functions, de-
cay constants, and related experimental parameters, for
quarkonia and heavy-light bound states. So far one of the
central diKculties in tests of @CD is the lack of knowl-
edge about the hadron wave functions. Traditional meth-
ods used in the perturbative @CD are operator product
expansion, the factorization theorem, and the evolution
equation which separates parts concerning the hadronic
wave function. But the separation of bound-state effects
is valid only for the large momentum transfer processes.

If the hadron wave functions can be obtained theo-
retically, many important quantities, such as decay am-
plitudes, structure functions for exclusive and inclusive
processes, the contributions to inclusive phenomena due
to higher twist term, can be connected. In this sense,
the wave function can be said to be a bridge between
the large-distance nonperturbative physics and the short-
distance perturbative physics [7].

In this paper we intend to discuss heavy-light meson
bound states in the context of the full BS equation. In
Sec. II, we focus our attention on the energy spectrum for
heavy-light meson states after discussing the properties
of the BS equation and its reductions. A new method
to solve the BS equation based on the heavy quark mass
expansion is proposed in Sec. III. Some further discussion
and numerical results are given in Sec. IV.

II. BASIC FORMUI ATION

Considering a system of a fermion-antifermion pair
with masses mz and m2, respectively, the BS equation
can be written, in the ladder approximation, in the form

(ni 7+ 8 ™i)~(p) (n. 7 8+~2)—
d4q

,&(» S» q) ~(q) (1)
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where iYi
—— mi/(mi + m2), iY2 —— m2/(mi + m2),

y(p) is the wave function of the system with total four-
momentum P in momentum space, p is the relative four-
momentum. The formal product V(P; p, q)y(q) of the
interaction kernel acting on wave function represents a
general interaction which can be written as

v(P;&, q)&(q) = ) c„(P;&,q)r„&(q)r. , (2)

where I' are five groups of Dirac matrices, v
S, V, T, A, P according to their Lorentz-transformation
properties of the interactions, corresponding with scalar,
vector, tensor, axial-vector, and pseudoscalar interac-
tions, respectively.

Under the instantaneous approximation, in which the
interaction is taken to be dependent only on three-
momentum p and g, after some standard mathematical
manipulations one arrives at the full Salpeter equation [8]

5 Al (p)~0&(p q)c'(q)~'A2 (-p)
(2') ' M —(ui (p) —(u2 (p)

Ai (p)~0&(p q)~(q)~'A2 (-p)
M + ~i(p) + (u2(p)

(3)

where M is the mass of the system, or~(p) = gp + m~,
o, = 1, 2 represents a fermion and antifermion, respec-
tively, and the projection operators

A+(p) = ~ (p) + pp(p. p+ m ), H (p)
2~-(p) ' ~-(p)

(4)

and the wave function

@4) = j&sox(uov) . ,

The interaction strengths C in Eq. (2) are usually
given phenomenologically and should be expected to sat-
isfy two restrictions: (i) asymptotic freedom and (ii) color
confinement. One expects that the static potential to be
Coulombic at short distances and to grow linearly at large
distances. The short-distance behavior of V can be cal-
culated by using the perturbative QCD. Because of the
vacuum polarization effect in the QCD, potential incor-
porates logarithmic modifications of the Coulombic part
at short distances. Its Lorentz nature is expected to be a
vector, I'~ ——p~, corresponding to the perturbative one-
gluon-exchange interaction. This short-distance prop-
erty is also supported by nonperturbative calculations of
heavy-quark interaction in lattice QCD [9]. It was sug-
gested that vector potential can cause chiral-symmetry
breaking as well as confining. But it was also confirmed
that pure vector potential cannot explain the energy in-
version in j/vP of 1 Pi and 1 Ps levels [10]. At large
distance, the nature of the coupling can be determined
for heavy quarks from lattice calculations, too, by deter-
mining the rate of decrease of the spin-dependent part of
the potential. The results have shown that the large sep-

or

Hi(p)
@( ) + @( )

H2( —P)
~1 ' ' ~2

Because of these conditions the independent component
number of 4 should be reduced. For example, the general
form of instantaneous wave function in the center of mass
(c.m. ) frame for 0 meson states, of which the typifiers
are m, g, K, D, and B, can be expressed in momentum
space as

Y54'1 + Y5Y04'2 + Y5 Y P4'5 + 'Y5'Yp'Y P04, (8)

where Pi, P2, Ps, and P4 are even functions of p. Because
of the conditions Eqs. (6) or (7) imposed on the wave
function, Pi, P2, Ps, and P4 have not been independent,
and tied together by the relations

C2
42 = —4ia

(9)
Cy

44 = ——42a

where for short we have defined ci ——I/ui + 1/tu2, c2 ——

1/ui —I/u2, a = mi/~i + m2/~2. One can see that the
wave functions of 0 mesons are determined by only two
independent functions. This statement is also true for
0+, 1, and 1+ meson states. From Eqs. (3), (4), (8),
and (9) one can calculate the masses and wave functions
of mesons with arbitrary flavor contents.

It is evident that if one neglects the second term, i.e.,
the negative energy term, in Eq. (3) further, the condi-
tions imposed on the wave function turn out to be

Hi (p) 4(p) = (ui 4(p) (10)

H2(p)~(p) = — 2C'(p) .

These reduce the number of independent components
of the wave function further then the coupling between
quark and antiquark is neglected. As pointed out by the
authors of Ref. [13] the results of not good fit to experi-
mental data are discouraging with respect to the utility
of the reduced Salpeter equation. All these show that
the reduced Salpeter equation has an essential flaw and

aration coupling is scalar, as naively expected, I"s ——1.
Though there are only scalar and vector interactions

to be considered for quarkonia [ll], the real nature of
interaction between heavy-light quark-antiquark might
contain other kinds of coupling, and tensor potentials
between heavy quarks have been evaluated with lattice
gauge theory [12]. The change in the nature of the cou-
pling as quark and antiquark move from small to large
separation leads to some complications in the choice of
coupling for the intermediate region of the potential, but
one can assume that it is a mixture of vector and scalar.

Now let us return to the wave function. It is easy to see
that e'(p) in the Salpeter equation satisfies conditions

A+, (p)C(p)A2 (—p) = Ai (p)4(p)A2 (—p) = 0, (6)
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cannot be used to describe mesons containing light quark.
Thus it compels us to solve the full Salpeter equa-

tion for meson systems with light Bavor. By using the
properties of projection operators we can rewrite the full
Salpeter equation as

(M —~i —~2)Ai (p) C'(p)

1

(2') ' d pA+i(p)poVCppA2 (
—p),

(M + ~i + ~2)A, (p)C (p)

(2~)'
d'pA, (p)poVCpoA~+( —p) .

Under the condition of Eq. (7) the last two equations
can be formally rewritten to a set of coupled integral
equations with two independent functions as

MC'(p) = L(p)@'(p) + I(p q)@(q) (13)

where

with components P, , P~ to be the two independent func-
tions by which to determine the wave functions for 0
0+, 1, and 1+ mesons. L(p) is a 2 x 2 matrix acting on
4' and I(p, q) a 2 x 2 integro-operator acting on 4'(q).
Both L(p) and I(p, q) can be derived from Eq. (3) and
Eq. (7) when J of meson is specified. When P, and P~ is
expanded in series of some suitable orthogonal functions,
the operator equation can be simplified and the mass
M and the coeKcients of the expansion can be obtained.
One can get some help on the solution of the BS equation
by means of the matrix method from Ref. [14]. In our
work, Eqs. (12) are solved numerically for D, D+, B,
B+, D*, D*+, B*,D~, and D,+ mesons. The potentials
in our calculation are chosen to be the same form as the
b = 0 potentials used in the first two papers of Ref. [13].
Our calculations are listed as "our results 1" in the third
column in Table I. Those listed in the second column are
experimental data taken from the last updated Particle
Data Group compilation [15] for comparison. Our results
are in good agreement with the experimental data.

Do
D+
BO
B+
D+0
D*+
B*
Do

Experimental data
1864.6+ 0.5
1869.4+ 0.4
5279.0+ 2.0
5278.7+ 2.0
2006.7+ 0.5
2010.0+ 0.5
5324.8+ 2.1
2422.8+ 3.2
1968.5+ 0.7

Our results 1

1864.8
1865.1
5277.2
5271.1
1994.3
1999.5
5258.6
2411.9
1955.3

TABLE I. Masses for several heavy-light 0 mesons in
units of MeV. In the calculations, we have used m = 0.30,
mq ——0.336, m, = 0.50, m = 1.636, and mg ——4.962 in units
of GeV. Experimental data are taken from Ref. [15].

III. HEAVY-FLAVOR EXPANSION METHOD

O(p) = C'o(p) + +.C'i(p)
m2

(14)

M —m2 ——Eo+ + -. -

m2

Correspondingly the projection operators for the heavy
quark can be expanded as

A2 (p) = Ao (p) + +. (16)

where Ao (p) = (1 6 po)/2 and therefore, 4o(p), Pi(p),
and Eo, ez can be determined by the following equations
together with the normalization condition:

The discussion in the last section is quite general.
Though it is possible, in principle, to calculate me-
son mass and wave function in the BS frame, the re-
lations suggested from the heavy quark efFective theory
(HQET) [16] between masses, or decay constants, or form
factors, of difFerent heavy-light mesons with the same
light quark cannot be shown explicitly. To seek such re-
lations we suggest an alternative way to solve the BS
equation for heavy-light mesons.

Consider a meson system containing a quark heavy
enough. If the mass of heavy quark, mg, is much larger
than Aq~o, one could reasonably regard the heavy quark
mass as infinity first, and then take the corrections due
to the Gnite heavy quark mass into account. This is the
picture of the HQET. In the heavy quark limit, heavy
quark moves steadily and acts as a static color source in
the c.m. frame, thus a new spin symmetry emerges. This
new symmetry yields relations between the form factors
for pseudoscalar and vector B mesons [17]. Another new
symmetry emerged in this limit is the additional SU(2)
Havor symmetry when masses of two heavy quarks are
all regarded as infinity, which relates hadronic matrix el-
ements involving B and D mesons [18]. Though various
model-independent predictions can be obtained from the
QCD in heavy quark limit, the finite mass corrections are
generally model dependent. It is very important to know
the magnitude of the 1/mg corrections. Usually, one
may expect that the 6 quark is heavy enough for a small
correction, though the correction may be large in the
case of c quark. Lattice calculations [19] have suggested,
however, that 1/mg correction to the B-meson decay
constant f~ is very large and negative, meanwhile the
corrections to form factors relatively small. This state-
ment has been noted in two-dimensional calculations [20]
and sum rule calculations [21].

Some Rnite heavy quark mass corrections can be ob-
tained in the frame of BS equation. Consider a rne-
son containing a heavy antiquark and a light quark (for
mesons containing a heavy quark and a light antiquark
the treatment is similar). Since the mass of the heavy an-
tiquark, m2, is much larger than that of the light quark,
mi, the eKects of the heavy quark mass can be consid-
ered perturbatively, and both the binding energy and the
wave function can be expanded in reverse power of m2..
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i (p)~'&C'o(q)»~o (
—p)d q )

Eo —ct) y

(17)

1
~'i(P) =

(2 ),
1

(2 )

~ ~i (p)~'&C'i(q)»~o (—p) 2si —p'
d q -C'o p

Ep —My 2(Eo —(ui)

s i (p)&' o(&)»: (—p) i (p)&' o(q)» o (-p)
d q Eo —&y 2

1
(Eo —~i)0s(p) =

4i(P) + &2(P) =
(2 ).

&i(p) —&2(p) = —(2&i p')I" (p)&s—
1

(2') s

d'qro(p, q, 0)gs(q),

d qK2 (p, q, 0)Ps (q),

d'«i(p q 0) [&i(q) —&'(q)],

where

(Cv —Cs) (u)', + mi) (Cv + Cs)pq cos 0
Ko p, q, 0 +

(d i ((d i + Yli i )

K,i(p, q, 0) =
2(@o ~1)

(Cv —Cs) (cui + mi)

(Cv + Cs)pq cos 0
+ / )~, (~, +m, )

(2O)

v.2(p, q, 0) =
(Eo —cu, )

(Cv —Cg)(wi —mi)pq cos0

with C o(p) satisfying A, (p) C o(p) = C o (p) Ao (
—p) = O.

Numerical results will be shown in Sec. IV that this limit
will give rather good fits to the masses of heavy-light
mesons.

For meson states with given J, the wave functions of
the zero order, the first order, . . . , (@o,4 i, . . .) should be
demanded to have the same symmetry. As an example,
let us consider 0 mesons, for which the most general
forms of @o and 4~ can be expressed in exactly the same
form as Eq. (8). The component functions appearing in
4o are denoted by Pi, P2, Ps, P4 and those for 4i denoted
bye &2 &s &4.

Under the condition of Eq. (7), @o can be expressed
only by Ps, and Ci by Pi and P2. Thus one can easily
get

F(p) =
@

(2I)

and ~i —— Qp2+ mi, wi — Qq2+ mi, 0 is the an-

gle between p and q. These equations together with
the normalization conditions form a complete set for the
determination of masses and wave functions of 0 me-
son bound states. Similarly the equations under the
heavy-Aavor expansion can be derived for other J meson
bound states. It should be mentioned that Cv and Cg
in Eq. (20) are functions of p and q i and their forms can
be gained from the Fourier transformation of the poten-
tials in coordinate space. Equations (20) can be solved

by using the matrix method which has been discussed
briefly in the last section. Once the masses and the wave
functions of heavy-light mesons are obtained to the order
of 1/m2, some corrections to the relations suggested by
the HABET in heavy quark limit can be calculated to the
same order.

IV. NUMERICAL RESULTS AND DISCUSSION

Even before the detailed numerical calculations, some
qualitative conclusions for the heavy quark limit and
first-order corrections can be reached based on some rea-
sonable physical considerations too.

As mentioned before, the spin of the heavy quark has a
very small e8'ect on the system, thus the binding energies
for mesons containing a heavy quark (or heavy antiquark)
and a light antiquark (or light quark) will be quite close
to each other for difI'erent spin configurations. This is
consistent with the small spacings among levels of ground
state and excited states for B mesons with the same flavor
contents. It can be shown from Eq. (18) that the values
of Eo degenerate for 0 and 1 states with the same
light flavor contents in the heavy quark limit, meanwhile
values of eq are difI'erent for those two states. Taking the
first order of the heavy quark mass expansion one can
approximately get

(Cv —Cs)p2(cu', + mi) ~iJ=i —~iJ=oaM =MJ x
—MJ o-

m2
(22)

This estimation coincides with

DO

2413.3
2412.6

D~o

2007.4
2004.6

5257.1
5240.1

Our results 2
Our results 3

2018.8
2006.6

TABLE II. Numerical results from the heavy-flavor expansion. Our results 2 ancl 3 are those from the Grst-order under the
heavy quark mass expansion and those in heavy quark limit, respectively.

DO D+ BO B+
1865.9 1865.2 5277.2 5271.1
1867.9 1873.1 5250.1 5241.8
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FIG. 1. 0 meson wave function Pi(r) in configuration
space.

M&. —M~ = (140.6+ 0.15) MeV 3(M&. —MQ)

as a consequence of the fact that the 6 quark is about
three times heavier than the c quark. As a prediction, if
mesons T' and T (analogue to B* and B with t quark in
place of b quark) do exist, one can see MT. —Mz 1 MeV
from the recent exciting experimental results of the ev-
idence for the top quark [22]. Both the Collider Detec-
tor at Fermilab (CDF) and the DO Collaborations pre-
sented detailed data on the search for top at the Fermi-
lab Tevatron collider. The Do results are expected for
a top quark of mass between 140 and 180 GeV/c [23].
The best mass extracted from the CDF top search is
mt ——174 6 10+iz GeV/c [24].

The I/Mg correction to the wave function can also
bring remarkable improvements on the calculations of de-
cay constant and various kinds of form factors. As is well
known, the hadronic wave function provides connection
between inclusive and exclusive processes, since the prob-
ability amplitude and distribution determining those pro-
cesses can, in principle, be obtained from hadronic wave
function. Some applications of the quarkonium wave
function can be found in Ref. [25]. Correction to the wave
function may be helpful in the calculations of hadronic

matrix elements when nonspectator efFects have to be in-
cluded. When Eo and the wave tunction are calculated
in the heavy quark limit, the relation EMV'M = const
is obvious and deviation from this equality is for heavy
mesons mainly due to the I/Mg correction to the wave
function.

We calculate masses for heavy-light mesons D, D
gg, jP+, D*, D*+, B*,and Dz by using the heavy quark
mass expansion method. Numerical results at the first-
order approximation and in the heavy quark mass limit
are listed in Table II. It is shown that our calculations
in the heavy quark limit (our results 3) are quite close to
the experimental values (see Table I), and the first-order
approximation (our results 2) can give quite good fits.
The behavior of the 0 wave function Pi(r) in configu-
ration space which is the Fourier transformation of that
in momentum space is shown in Fig. 1.

As a summary, we mention once more that the finite
heavy quark mass corrections play an important role in
the study of heavy flavor physics and that the heavy fla-
vor expansion method based on the relativistic bound
state equation can give a quite conventional descrip-
tion for meson system containing a heavy quark. The
heavy flavor expansion method enables one to study me-
son mass and its wave function both in the heavy quark
limit and in the finite heavy quark mass correction, thus
one can search for the relations of form factors or de-
cay constants between heavy mesons containing a same
light quark not only in the heavy quark limit, but also
at higher-order approximations. Based on these studies,
a more profound understanding of the meson properties
and that of the @CD may be achieved.
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