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The normalized spectral ratio (the ratio of the measured electron spectrum to that of the SSM
with both spectra normalized to contain the same number of events) is used to study results from
electron scattering and deuterium dissociation experiments. It is found to be a very useful tool for
measuring the energy-dependent deviation from the SSM and results can be expressed in terms of
a single parameter—its slope. The number of events needed to see a positive slope preferred by
current data at the 30 level is about 4000-5000 for electron scattering experiments and about 2000

for deuterium dissociation experiments.

PACS number(s): 96.60.Kx, 12.15.Mm, 13.10.+q, 14.60.Pq

I. INTRODUCTION

Recoil-electron spectra observed in solar neutrino ex-
periments can provide significant clues to the origin of
the solar neutrino problem [1]. Whereas solar physics
may change the normalization of these spectra, it cannot
change the shapes predicted by standard solar models
(SSM’s) [2]. Neutrino physics can change both the nor-
malization and the shapes, and so the observation of a
change in shape is, in principle, an unambiguous signal
for a neutrino physics solution rather than a solar physics
one.

Unfortunately, the observed spectra are actually con-
volutions over the spectrum of electron neutrinos arriving
at Earth and this tends to wash out the sometimes subtle
differences in shape predicted by mechanisms such as the
Mikheyev-Smirnov-Wolfenstein (MSW) effect [3]. More-
over, background problems restrict the observed data
to the higher-energy regions of the electron spectra [4],
where the differences between the SSM spectrum and
other predictions are not as pronounced as in the lower-
energy regions. Thus in practice deviations from SSM
shapes are not easy to detect.

In this paper we wish to expand upon a method
for dealing with this type of problem which was first
proposed [5] in the context of the Kamiokande solar
neutrino-electron scattering experiment [4]. The spe-
cific motivating issue in that case was the presence of
neutral-current scattering: if electron neutrinos oscillate
into other active flavors, then these flavors will scatter
from electrons through neutral-current interactions alone
and the corresponding cross sections will be reduced by
a factor of 6 to 7. How can one determine whether such
effects are present in the observed electron spectra?

The method we discussed [5] was to take the ratio of
the standard model prediction to the observed spectrum
on a point-by-point basis. If no change in shape were
taking place, then this “spectral ratio” would be flat as a
function of recoil-electron energy. If, on the other hand,
there were a change in shape, then the spectral ratio
would not be flat: its value would be much lower in re-
gions of large changes in shape than in regions with lesser
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shape changes, and hence it would have an observable
slope.

For example, in the nonadiabatic MSW solution [6]
to the solar neutrino problem, low-energy neutrinos are
much more strongly converted from electron type to other
flavors and the spectral ratio would have a positive slope
as a function of electron energy. By contrast, high-energy
neutrinos are much more strongly converted in the adi-
abatic solution [7] and in this case the slope would be
negative.

The situation for other models is similar. For example,
with long wavelength vacuum oscillation, there is also an
energy-dependent suppression like that of the MSW ef-
fect [8]; depending on the neutrino parameters, the slope
of the spectral ratio can be either positive or negative.
In models in which the neutrino has a large magnetic
dipole moment [9], spin flips that are due solely to a
magnetic field result in an energy-independent suppres-
sion and thus cannot be distinguished from the SSM by
spectral analysis. When matter effects are included, the
Hamiltonian of the so-called matter-enhanced spin flip
has the same form as that of the MSW effect and leads
to similar kind of energy-dependent suppressions. The
amount of suppressions from these different mechanisms
will of course be different, and the slopes of the resulting
spectral ratios will not be the same.

It goes without saying that in order to apply this
method successfully we need sufficient data to establish
beyond any doubt that the spectral ratio is not flat. In
our first work [5], we argued from an analysis of the ex-
isting spectral data from the Kamiokande II experiment
[10] that approximately 3000 events would be needed in
the various energy bins above 7.5 MeV. For lower thresh-
olds, the differences between SSM and neutrino physics
predictions become more pronounced and fewer events
might be needed. Here we shall investigate this issue in
considerable detail.

First of all, relevant experimental energy resolutions
and electron detection efficiencies will be included. Sec-
ondly, we will use a new “normalized” spectral ratio in
which both the experimental and the theoretical spectra
are normalized to contain the same number of events.
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This has the advantage of maximizing any differences
between the two spectra.

Besides a more detailed analysis of solar neutrino-
electron scattering, we shall also apply this normalized
spectral-ratio method to the charged-current reaction
v+ d — 2p+ e~ which will be observed in the SNO
detector [11]. The differences between the SSM recoil-
electron spectrum and, say, MSW predictions tend to be
subtle and so we shall use the ratio to determine, in this
case whether lower-energy electron neutrinos are being
converted to other flavors and hence are losing the abil-
ity to initiate the charged-current reaction. This effect
is similar to oscillations into a sterile neutrino in both
Kamiokande and SNO: the neutrino is “lost” and cannot
scatter even via neutral-current reactions.

We will illustrate how the normalized spectral ratio
works by using the MSW solutions as an example of a
model that produces energy-dependent suppressions. In
Sec. I, we introduce the electron-neutrino survival prob-
ability for the MSW effect. Section III is devoted to
the experimental signature for neutrino-electron scatter-
ing experiments at Kamiokande, SuperKamiokande, and
SNO. The purely charged current reaction of deuterium
dissociation is treated in Sec. IV. Section V contains the
summary with more discussions.

II. MSW PROBABILITIES

The MSW mechanism of matter-enhanced neutrino os-
cillation provides us with an energy-dependent probabil-
ity P(E) that an electron neutrino v, of energy E pro-
duced in the Sun will not have oscillated into another
neutrino species v, when it arrives at Earth. In the non-
adiabatic approximation, it has a very simple form [12]:

P(E) = e~°/% 1)
with
C = 7w Am? sin? 20 ( d

-1
4 cos 26 dr In Neﬂ) ) (2)

Here, Am? = m(v,)? — m(v.)?, 0 is the vacuum mixing
angle between v, and v,, and N.g is the effective density
of the Sun as seen by the neutrinos with the logarithmic
derivative evaluated at the resonance point.

In the adiabatic approximation, the survival probabil-
ity depends on where in the Sun the neutrino is produced
[13]:

p(r) cos 26 ) ’ @)

P(E,;r) =+ (1-

( 7') 2 ( [p2(r) + Sinz 20]1/2
p(r) = 1.52 x 107" Neg(r) E/Am? — cos 20 , (4)
- with E in MeV and Am? in eV2. Since solar neutrinos

are created over a large range of density, we must average
over the production point r:

P(E) = /P(E, " f(r)dr (5)

where f(r)dr is the fraction of neutrinos produced be-

tween radius r and r + dr.

In the standard model, v, can be either v,, or v, which
we will call active neutrinos; other models may give in-
active neutrinos that are undetectable on Earth, such as
sterile neutrinos or unstable neutrinos which will have
decayed away by the time they arrive on Earth. Sterile
neutrinos differ from active and other inactive neutrinos
in another aspect [14]. When v, oscillates into v, both
neutrinos interact with the electrons and hadrons in the
sun via the neutral current and this leads to an overall
unobservable phase of the neutrino wave function. On
the other hand, for oscillations of v, into a sterile neu-
trino, the sterile neutrino does not interact with anything
as it travels through the Sun and this leads to an observ-
able difference which is reflected in the effective density
Neg in Egs. (2) and (4). For v, to vy, Neg is the electron
density N., while for oscillations into sterile neutrinos,
half the neutron density has to be taken out and N.g
becomes N, — N, /2.

This alters the point of resonance in the Sun and
changes the definition of C in Eq. (2) for the two cases.
However, the change in C is very small for 8B neutrinos
[5]- The ratio of the logarithmic derivative in (2) for ster-
ile to active v, starts at 0.75 when the resonance occurs
at the center of the Sun and ends at 0.989 when the reso-
nance occurs at the surface of the Sun. The resonance for
8B neutrinos typically takes place three-quarters of the
way to the surface of the Sun at which point the ratio will
be roughly 0.98. Therefore, for all practical purposes, we
can use the same value of C for the two cases.

When solar neutrinos interact with the detector, they
either produce electrons in nuclear collisions or scatter
them from atomic orbits. The spectral shape of these
electrons contains important information about the en-
ergy distribution of the incident neutrinos. Kamiokande
is the only running experiment that measures the spec-
tral shape directly. So far, no deviation from the SSM
shape has been detected [10], mainly because of the large
statistical uncertainty in the measured spectrum.

Indirect evidence for energy-dependent deviation does
exist. Experiments that are sensitive to neutrinos of dif-
ferent energy ranges have reported different suppression
factors relative to the SSM and a combined fit of the 37Cl
[15], Kamiokande [16], and "*Ga [17,18] results performed
by the GALLEX Collaboration [17] points to two small
regions in the parameter space of MSW solutions: one
with a small mixing angle and the other with a large mix-
ing angle. The small angle solution is well described by
the nonadiabatic approximation with C' ~ 10; however,
the more complicated adiabatic approximation must be
used for the large angle solution [19].

III. NEUTRINO-ELECTRON SCATTERING
EXPERIMENTS

A. Theoretical spectra

In elastic v-e scattering, the basic cross section is given
by
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where R, = 2sin? 0y for all cases, and L, = R, + 1 for
ve and = R, — 1 for v, and v,; do/dT is, of course, zero
for sterile neutrinos.

The neutrino signal measured at Earth involves the
convolution of (6) with the solar neutrino flux ¢(E).
When neutrino oscillations v, « v, are taken into ac-
count, the differential rate can be written as

T ew (P(E)j—;’,(ua
+l1- P(E)]j—;(vm)) dE )

where Ein = %T [1+(142m./T)/?] is the lowest energy
of a neutrino that will participate in the scattering.

The results of the integral (7) using the nonadiabatic
P(E) of (1) have been worked out in our earlier anayl-
sis [5] and are reproduced here in Fig. 1. The top half
shows the spectrum dR/dT for oscillations into active
and inactive neutrinos. The C = 0 case corresponds
to the SSM result where neutrinos are exactly massless
and do not mix. The lower half shows the same results
divided by the SSM prediction, what we called the SSM-
reduced spectra. We can see that the major effect of
neutrino oscillations is the reduction of the overall rate;
the change in the spectral shape, although noticeable, is
a much more subtle effect. A direct fit of the Kamiokande
data [10] to the SSM-reduced spectra in the active case

[5] gave roughly C = 13 + 2; a straight-line fit of the
same data gave a slope of 0 & 3 in units of 0.01 MeV~!
while the maximum slope of all the SSM-reduced spec-
tra is only about 2 in the same unit. In essence, the
SSM-reduced spectrum contains information of both the
spectral shape and the overall normalization. For study
of spectral shapes alone, it is more convenient to remove
the overall normalization by normalizing all cases to con-
tain the same number of events. Since the cross section
is largest at low recoil energy 7' which is not accessible
to experiments, the normalization is best done in a more
realistic experimental situation.

The same results using the adiabatic probability of (3)
are shown in Fig. 2. Because of the complicated depen-
dence of P(E) on both Am? and sin? 26, we have chosen
to present results only around the large angle solution of
the GALLEX fit. The spectra show negative slopes at

. small T, but for energies accessible to experiments, i.e.,

above 5 MeV, they are very flat and there will be very
little observable deviation in shape from the SSM spec-
trum. Inclusion of experimental resolution and efficiency
will only flatten these curves further. It is safe to con-
clude that spectral shapes cannot be used to distinguish
the large angle solution from the SSM.

B. Experimental spectra

The experimental rate can be written as a function
of the actual measured energy 7" of the electron with
the help of an energy resolution function p(7,7") and a
detection efficiency €(T):

dR/dT

inactive _'

FIG. 1. Recoil spectra for electron scat-
tering by solar ®B neutrinos in the nonadia-
batic approximation: The top diagrams are

Ratio to SSM

differential event rates and the bottom dia-
grams are their ratios to the corresponding
SSM rate. The labels “active” and “inactive”
refer to oscillations into active and inactive
neutrinos, respectively. Each curve is labeled
by the value of the nonadiabatic factor C.
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where we have used R’ instead of R to distinguish it from
the theoretical rate of (7). The resolution function can

be approximated by [20]

p(T, TI) =

with

a(T)/T = a+/(10 MeV)/T .

FIG. 2. Electron-recoil spectra in the adia-
batic approximation near the large angle so-
lution of the GALLEX fit. The solid curve
not labeled by SSM is from the best fit
with (sin® 20, Am?) = (0.6,107°). The dot-
ted curves represent maximum lo deviations
from the best fit. The upper and lower
dotted curves have (sin® 28, Am?) values of
(0.7,2 x 107%) and (0.4,5 x 107°), respec-
tively.
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FIG. 3. Normalized nonadiabatic elec-
tron-recoil spectra for Kamiokande.
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ergy resolution a = 0.2, for detection threshold T’ > 6.1
MeV, and the corresponding €(T") described in [21] that
has a value of 50% at threshold. Figure 3 shows the
resulting nonadiabatic spectra, which are now all nor-
malized to contain the same number of events.

For a second example, which is more relevant to SNO
and SuperKamiokande [22], we use a = 0.2v/3, T' > 5
MeV, and €(T") = 100%. The results are shown in Fig. 4.

The same number of curves as in Fig. 1 are plotted in
Figs. 3 and 4. The normalized spectra (top diagrams) for
the active case are so close together that it is impossible
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FIG. 5. Slopes of straight lines fitted to the normalized
spectral ratios in Figs. 3 and 4, weighted by the number of
events expected in 0.5 MeV bins.

even to label the individual curves. The improvement
in resolution and efficiency for Fig. 4 does not seem to
help much. If there is any measurable difference from the
SSM, it will definitely not show up in such a plot. The
normalized spectral ratios (to the SSM) in Figs. 3 and 4
look much better, but the actual size of the slope is still
very small.

The spectra for oscillation into inactive neutrinos are
somewhat more spread out than for the active case. From
the spectral ratios we can see that the slopes for the
inactive case do not turn over but keep increasing for
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FIG. 6. Average statistical significance of the fitted slope
expressed in number of standard deviations for electron scat-
tering experiments. Uncertainties in the slopes are calculated
from events generated by Monte Carlo simulations.
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large value of C. This is due to the absence of neutral-
current interactions for v, a feature that will be shared
by the deuterium dissociation experiment discussed be-
low, and can be understood from the SSM-reduced spec-
tra in Fig. 1: The C = oo curve corresponds to a pure
neutral-current interaction and has a negative slope; the
slope of the active spectral ratio must therefore turn neg-
ative at some point as C continues to increase. Without
the balancing effect of the neutral current, low energy
ve's are simply more and more efficiently converted to
v,’s, giving a steeper and steeper spectral ratio.

C. Monte Carlo simulations

To better quantify the situation, we plot in Fig. 5 the
slope of a straight-line fit to the curves for the normalized
spectral ratios. To simulate a real situation the spectral
ratios were actually binned before being fitted. We used a
0.5 MeV bin from threshold to 16 MeV and combined the
last five bins to avoid small statistics. Figure 5 shows very
clearly that the inactive case always has a larger slope
than the active case at the same value of C. For the active
case at large C the one with the better resolution actually
has a smaller slope; this is because of the lower threshold
used with the improved resolution. (See Fig. 1.)

dRY/dT (102 cm? MeV)

ratio to SSM

40—

0 BT S s W TN T

0 2 4 6 8 10 12 14
T (MeV)

FIG. 7. Electron spectra from deuterium dissociation by
8B neutrinos in the nonadiabatic approximation, experimen-
tal resolution included.
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We next perform a Monte Carlo experiment to find
the statistical uncertainty of these slopes. We choose
the active case with C = 10 as a typical example and
generate a total of 10 000 events according to the spectra
shown in Figs. 3(a) and 4(a). The results are then binned
as before and straight-line fits are performed. Figure 6
shows the average behavior of how the fitted slope im-
proves as more events are accumulated. The case with
the better resolution has indeed a better fitted slope, but
the difference is modest; the main improvement will, of
course, come from the much higher rate at SNO and Su-
perKamiokande. To reach a 3o effect, Kamiokande needs
roughly 4600 events, while SNO and SuperKamiokande
will probably need 3500 events depending on the actual
experimental parameters achieved.

Notice that the points in Fig. 6 do not lie on perfect
straight lines; their slopes decrease slightly as the number
of events increases. This is due to the error involved in
approximating the normalized spectral ratios of Figs. 3
and 4 as straight lines. When this error becomes com-
parable to the statistical uncertainty, a direct fit to the
normalized spectra for various values of C' will then yield
a slightly better result.
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FIG. 8. Electron spectra from deuterium dissociation by
8B neutrinos in the adiabatic approximation, experimental
resolution included.
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FIG. 9. Normalized nonadiabatic spectra for deuterium
dissociation.

IV. NEUTRINO DISSOCIATION
OF DEUTERIUM

At SNO [11], the main detection mode for solar neutri-
nos is via the dissociation of deuterium: v +d — 2p + e.
The outgoing electron tends to carry off most of the en-
ergy of the incident neutrino since the two-proton system
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FIG. 10. Slopes of straight-line fit to the normalized spec-
tral ratios of Fig. 9.
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FIG. 11. Average statistical significance of the fitted slope

for deuterium dissociation with errors generated by Monte
Carlo simulation.

has a much larger invariant mass. The resulting elec-
tron spectrum is therefore much more correlated with
the neutrino energy spectrum then in the case of elastic
v-e scattering, and we expect any energy-dependent de-
viation from the SSM to show up more prominently than
in the previous case. Furthermore, since this is a purely
charged-current interaction and solar neutrinos are not
energetic enough to produce muons, there will be no dis-
tinction between active and inactive neutrinos. From the
discussion of the last section we anticipate that results
here will resemble that of the inactive case there.

We use the simplified expression of Ref. [23] for the
differential cross section. Since we are mainly concerned
with ratios, the error involved will be minimal. We will
use the same detector parameters from the previous sec-
tion, a = 0.24/3, T/ > 5 MeV, and € = 100%. The theo-
retical spectra with experimental resolution included are
shown in Figs. 7 and 8 for the nonadiabatic and adiabatic
case, respectively. Again the deviation in shape from the
SSM signal is extremely small near the large angle solu-
tion.

Next, we consider only the nonadiabatic case and take
into account the 5 MeV threshold by normalizing all the
curves in Fig. 7 to contain one event between 5 and 16
MeV. The results are plotted in Fig. 9. Figure 10 shows
the fitted slopes of the spectral ratios and Fig. 11 shows
the result of a Monte Carlo simulation of the C = 10 case
for 10000 events.

As expected, the normalized spectra are more spread
out and the slopes of the spectral ratios are much larger
than the previous case. We find from Fig. 11 that it
takes roughly 1800 events for a 30 effect, which is about
half the numbers needed for the previous case of electron
scattering.

V. SUMMARY

We have shown that the normalized spectral ratio,
being independent of the total neutrino flux, is an im-
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portant tool for analyzing solar neutrino data. It pro-
vides maximum sensitivity to the spectral shape with-
out reference to any specific model and is extremely use-
ful in distinguishing the SSM from models that produce
energy-dependent suppression factors. The amount of
deviation from the SSM can be measured conveniently
in terms of a single parameter—the slope of the normal-
ized spectral ratio. For the examples discussed here, the
nonadiabatic MSW solution with C = 10 is presently fa-
vored by most experimental results. The amount of data
needed to determine the slope for this solution at the
30 level consists of several thousand events for electron
scattering experiments (4600 for Kamiokande, 3500 for
SNO and SuperKamiokande) and about 1800 events for
the deuterium dissociation experiment at SNO. With Su-
perKamiokande alone expecting to see 8000 events a year,
there should be no difficulty in establishing unequivocally
a nonzero slope, if there is one. A precise measurement
of model parameters such as the nonadiabatic factor C
would then be possible.

Unfortunately, the normalized spectral ratio has very
little sensitivity to the large angle solution of the
GALLEX fit since this solution basically has the same
shape as the SSM. Nevertheless, it can still be estab-
lished or rejected by one of two ways. First, the overall
suppression is large—it predicts 30% of the SSM flux for
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oscillation into v, that have neutral-current interactions
with the detectors and 20% for those that do not—and
will put severe constraints on any solar model solution.
Second, its oscillation parameters fall into the same range
as those which would produce a strong day-night effect
due to MSW resonances inside the Earth [24] and it is
close to being ruled out from the absence of a day-night
effect in the Kamiokande data [25].

Finally, we would like to emphasize that here the nona-
diabatic MSW solution is used mainly for the generation
of a data sample for statistical analysis. Any model that
produces an energy-dependent deviation from the stan-
dard spectrum will also produce a nonzero slope for the
normalized spectral ratio: The ratio of two similar look-
ing spectra with the same normalization will always lead
to an approximate linear dependence on energy. At the
30-50 level, i.e., before a nonzero slope can be firmly
established, this is an effective way of measuring energy-
dependent deviations from the standard spectrum, which
is a good indication of nonstandard neutrino physics.
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