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Solar neutrinos: radiative carrections in neutrino-electron scattering ex.periments
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Radiative corrections to the electron recoil-energy spectra and to total cross sections are computed
for neutrino-electron scattering by solar neutrinos. Radiative corrections change monotonically the
electron recoil spectrum for incident B neutrinos, with the relative probability of observing recoil
electrons being reduced by about 4 Jp at the highest electron energies. For p-p and Be neutrinos,
the recoil spectra are not affected signi6cantly. Total cross sections for solar neutrino-electron
scattering are reduced by about 2'P0 compared to previously computed values. We also calculate the
recoil spectra from N and 0 neutrinos including radiative corrections.

PACS number(s): 96.60.Kx., 13.10.+q, 14.60.Lm, 95.30.Cq

I. INTRODUCTION

The observation of neutrino-electron scattering,

v+eMv +e

is one of the principal techniques used to study solar neu-
trinos. The Kamiokande experimental team [1] has used
the observed energy spectrum of recoiling electrons that
results from the reaction indicated in Eq. (1) to show
that (1) the neutrinos originate from the Sun since the
electrons are predominantly scattered in the forward di-
rection along the Earth-Sun vector, (2) the flux of sB
neutrinos is about one-half the lux predicted by stan-
dard solar models, and (3) the energy spectrum of elec-
tron recoils is inconsistent with what is predicted [2—4] on
the basis of the adiabatic Mikheyev-Smirnov-Wolfenstein
(MSW) effect (but is consistent with the expectations for
a nonadiabatic MSW eKect or a large mixing angle solu-
tion of the solar-neutrino problem).

Four additional solar-neutrino experiments currently
under development, SNO [5], SuperKamiokande [6],
Imaging of Cosmic and Rare Underground Signals
(ICARUS) [7], and BOREXINO [8], will also detect elec-
trons scattered by solar neutrinos. The erst three of these
new experiments will concentrate on the B solar neu-
trinos and will measure more accurately (in heavy wa-
ter, normal water, and argon gas, respectively) and with
greatly improved statistics, the total flux of B neutrinos
and the energy spectrum of the electron recoils. Because
of the large counting rates expected in these new experi-
ments, it will be possible to measure all of the quantities
as a function of arrival time of the neutrinos and to look
for the seasonal dependence of the neutrino cruxes, as well
as to search for the day-night eQ'ects that are expected

for some regions of MSW parameter space. When com-
bined with the measurement by the SNO experiment of
the flux of electron-type B neutrinos, it will be possi-
ble to infer constraints on the mixture of flavors of the
neutrinos observed by the reaction in Eq. (1) since the
neutrino-electron scattering cross section depends sensi-
tively upon neutrino flavor. BOREXINO, the fourth new
experiment listed above, will observe the recoil spectrum
of the 0.862-MeV neutrinos produced by electron capture
on Be in the solar interior, as well as the N and 0
solar neutrinos.

Two proposed experiments, HERON (liquid he-
lium used as a bolometer to observe rotons [9]) and
HELLAZ (high-pressure helium gas used in a time-
projection chamber, [10]), will make use of electron-
neutrino scattering to observe the low-energy neutrinos
created by the fundamental p-p reaction, as well as the
Be neutrino lines and the N and 0 neutrinos.

The thresholds in these different experiments vary from
an electron kinetic energy of about 0.2 MeV (for obser-
vations of the p pneutrinos) t-o above 5 MeV (for obser-
vations of the B neutrinos). The maximum energy of
interest for neutrinos from solar-fusion reactions is about
19 MeV [ll]. In addition, neutrinos from supernovae are
potentially observable with energies up to 30 MeV and
beyond.

The use of electron-neutrino scattering to study solar
neutrinos was first proposed by Reines and Kropp [12];
the directionality of the recoil electrons and the shape of
the recoil energy spectrum was erst calculated for solar
neutrinos by Bahcall [13]using the then-current V-A the-
ory of P decay. In an early application of the Weinberg-
Salam model of weak interactions, 't Hooft [14] calculated
the cross sections for neutrino-electron scattering in what
has since become known as standard electroweak theory.
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II. RECOIL-ENERGY SPECTRA

In this section, we describe the changes in the calcu-
lated recoil-energy spectra that result from including ra-
diative corrections and an improved value, 0.2317 [19,24],
for the modified minimal subtraction scheme (MS) pa-
rameter sin Oiv(mz). (In [11,15], the value sin 0~ =
0.23 was used. ) The results are presented in a series
of figures that give the ratio of probability distributions
computed with and without the two improvements, the
radiative corrections, and the value of sin 0~(mz). The
values for electron (p or v) neutrinos are displayed in dark
(light) curves. The results are presented as a function of
T, the kinetic recoil energy of the electrons.

We recall that the spectrum averaged differential cross
section is given by [11,15]

( ).=
@max d0

dqA(q) (2)

The results of 't Hooft were used by Bahcall [15] to calcu-
late the total cross sections, the energy spectrum of the
electron recoils, and the angular distribution (relative to
the Earth-Sun vector) of the scattered electrons for all
solar-neutrino sources of interest.

For all of these experiments, it is natural to ask: How
will radiative corrections affect the calculated cross sec-
tions that are used to interpret the observations? On
dimensional grounds, the corrections are expected to be
of the same order of magnitude as the Gne-structure con-
stant, n 1 jo. However, if the experimental precision
is high the corrections may be significant. In particular,
it is especially important to know if radiative corrections
cause an appreciable energy-dependent modification of
the electron recoil spectrum. Indeed, we recall that a
measurement of the shape of the 8 solar-neutrino en-
ergy spectrum at the Earth is a practical and powerful
test of standard electroweak theory, independent of solar
models [16], and that difFerent MSW solutions predict
characteristic modifications of the shape of the electron
recoil spectrum [2,3,11,17,18].

We evaluate the effects of radiative corrections upon
the recoil-energy spectrum and the total cross sections
for the neutrino sources that are important for the op-
erating and the planned experiments. We adopt the no-
tation and results for electron-neutrino scattering that
are summarized in [11,15]. In particular, we include the
one-loop electroweak and @CD corrections to the cross
section for the elastic-scattering reaction in Eq. (1). We
also include @ED radiative corrections. We calculate the
corrections to the elastic-scattering cross section and in-
clude for consistency the cross section for the inelastic
process v+ e ~ v' + e' + p. We assume that this final-
state photon is not detected.

This paper is organized. as follows. The derivation, by
one of us (A.S.), of the formulas describing the radiative
corrections is presented in the Appendixes. The recoil-
energy spectra are described in Sec. II and the total scat-
tering cross sections are given in Sec. III. We summarize
and discuss the main results in Sec. IV.

where T is the kinetic energy of the recoil electron, q the
neutrino energy, A(q) the normalized neutrino spectrum
incident at Earth, and

P(T) = Po(T)[1 + &(T)) . (4)

We present in the following subsections ((T) versus T for
various solar-neutrino sources: the Be lines (Sec. II A),
the p-p neutrinos (Sec. IIB), and B neutrinos (Sec. II C).

A. ~Be electron recoil spectrum

Figure 1 shows in the darker lines the changes (caused
by including radiative corrections and/or the more pre-
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FIG. 1. Electron recoil spectrum from the 0.862-MeV Be
neutrino line. The heavy (light) solid curve is the ratio, minus
unity, of the probability distribution for v, (v„or v ) scatter-
ing obtained using an updated value of sin Hiv(mz) = 0.2317
and including radiative corrections to the probability distribu-
tion obtained using the less accurate value 0.23 with no radia-
tive corrections. The plotted ratio gives the net change, less
than 1+0 over essentially all of the allowed recoil-energy range,
in the probability distribution that is obtained using the for-
mulas and constants employed in this paper compared to the
values that were obtained in [11,15]. The efFect of changing
just sin 0~ is shown in the dotted curves. The dotted curves
are the ratios, minus unity, of the probability distributions
that are obtained using sin 0~ = 0.2317 to the probability
distributions obtained using the older value of sin 8~ ——0.23.
The dashed curves show the effects of just including radiative
corrections. The dashed curves are the ratios, minus unity,
of the probability distributions obtained including radiative
corrections to those obtained without radiative corrections.
The spectra are displayed up to T = 0.99T

0.2

q;„(T) = (T + [T(T + 2m, ,c )]i~2)/2

the minimum neutrino energy compatible with T.
The normalized probability P(T) for observing a recoil

electron with kinetic energy between T and T+ dT com-
puted from Eq. (2) by including improvements [radiative
corrections or precise sin Ogr(mz)] can be expressed in
terms of the probability Po(T) computed without im-

provements [11,15] as
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FIG. 2. Same as I ig. 1 but for the Be neutrino line with
an energy of 0.384 MeV.

cise Weinberg angle) in the spectrum of recoil electrons
produced by electron neutrinos &om the 0.862-MeV "Be
neutrino line. The corresponding changes for v~-e scat-
tering are shown in the lighter lines. The solid curves
are the ratio, minus unity, of the probability distribution
for v-e scattering obtained using the updated value of
sin g~(mz) and including radiative corrections to the
same probability distribution obtained using an older
value of sin Ogr(mz) with no radiative corrections. This
ratio gives the net change in the probability distribution
that is obtained using the formulas and constants em-
ployed in this paper compared to the values that were
obtained in [11,15]. The net changes are less than 1%
over essentially all of the allowed recoil energy range. Be-
cause the radiative corrections diverge at the end-point
T „(see Appendix A), all spectra in this paper are dis-
played up to T = 0.99T „. The singularity in the ex-
pression used here is related to the infrared divergence
and signals the breakdown of perturbation theory. How-
ever, the breakdown appears so close to the end point
that it should be of no consequence for any realistic ex-
periment with Rnite energy resolution.

Since the net changes are produced by two different ef-
fects, we also display separately in Fig. 1 the effects due to
the inclusion of radiative corrections and to the use of the
more precise Weinberg angle. The effect of changing just
sin 0~ is shown in the dotted curves. The dotted curves
are the ratios, minus unity, of the probability distribu-
tions that are obtained using sin 8~(mz) = 0.2317 [19]
to the probability distributions obtained using the old
value of sin 0~(mz) = 0.23. The dashed curves show
the effects of just including radiative corrections. The
dashed curves are the ratios, minus unity, of the probabil-
ity distributions obtained including radiative corrections
to those obtained without radiative corrections. Each of
the two effects considered here results independently in
changes of less than or of order l%%uo in the relative prob-
ability distributions.

T
0.0000
0.0066
0.0133
0.0199
0.0266
0.0332
0.0399
0.0465
0.0532
0.0598
0.0665
0.0731
0.0798
0.0864
0.0931
0.0997
0.1064
0.1130
0.1197
0.1263
0.1330
0.1396
0.1463
0.1529
0.1596
0.1662
0.1729
0.1795
0.1862
0.1928
0.1995
0.2061
0.2128
0.2194
0.2261
0 ~ 2327
0.2394
0.2460
0.2527
0.2593
0.2660
0.2726
0.2793
0.2859
0 ~ 2926
0.2992
0.3059
0.3125
0.3192
0.3258

P(T)„.
1.7143
1.7089
1.7039
1.6990
1.6941
1.6893
1.6845
1.6797
1.6750
1.6703
1.6656
1.6610
1.6564
1.6518
1.6472
1.6427
1.6382
1.6337
1.6292
1.6248
1.6204
1.6160
1.6116
1.6072
1.6029
1.5986
1.5943
1.5900
1.5857
1.5815
1.5773
1.5731
1.5689
1.5647
1.5606
1.5565
1.5524
1.5483
1.5442
1.5402
1.5362
1.5322
1.5282
1.5242
1.5203
1.5164
1.5125
1.5086
1.5047
1.5G08

P(T)„„
1.7367
1.7287
1.7211
1.7136
1.7063
1.6990
1.6919
1.6849
1.6780
1.6711
1.6644
1.6577
1.6512
1.6447
1.6383
1.6321
1.6259
1.6198
1.6138
1.6079
1.6020
1.5963
1.5906
1.5851
1.5796
1.5742
1.5690
1.5638
1.5587
1.5536
1.5487
1.5439
1.5391
1.5344
1.5299
1.5254
1.5210
1.5167
1.5124
1.5083
1.5043
1.5G03
1.4964
1.4926
1.4889
1.4853
1.4818
1.4784
1.4750
1.4717

T
0.3325
0.3391
0.3458
0.3524
0.3591
0.3657
0.3724
0.3790
0.3857
0.3923
0.3990
0.4056
0.4123
0.4189
0.4255
0.4322
0.4388
0.4455
0.4521
0.4588
0.4654
0.4721
0.4787
0.4854
0.4920
0.4987
0.5053
0.5120
0.5186
0.5253
0.5319
0.5386
0.5452
0.5519
0.5585
0.5652
0.5718
0.5785
0.5851
0.5918
0.5984
0.6051
0.6117
G.6184
0.6250
0.6317
0.6383
0.6450
0.6516
0.6583

P(T)-.
1.4970
1.4932
1.4894
1.4856
1.4818
1.4781
1.4744
1.4707
1.4670
1.4633
1.4596
1.4560
1.4524
1.4488
1.4452
1.4416
1.4381
1.4345
1.4310
1.4275
1.4240
1.4205
1.4171
1.4136
1.4102
1.4067
1.4033
1.4000
1.3966
1.3932
1.3898
1.3865
1.3831
1.3798
1.3764
1.3731
1.3698
1.3664
1.3631
1.3598
1.3564
1.3530
1.3496
1.3461
1.3426
1.3390
1.3352
1.3312
1.3267
1.3211

P(T)„„
1.4686
1.4655
1.4625
1.4596
1.4567
1.4540
1.4513
1.4488
1.4463
1.4439
1.4416
1.4393
1.4372
1.4351
1.4332
1.4313
1.4295
1.4277
1.4261
1.4245
1.4231
1.4217
1.4204
1.4192
1.4180
1.4170
1.4160
1.4151
1.4143
1.4135
1.4129
1.4123
1.4118
1.4113
1.4110
1.4107
1.4104
1.4103
1.4102
1.4101
1.4101
1.4101
1.4102
1.4103
1.4104
1.4104
1.4104
1.4101
1.4095
1.4077

Figure 2 shows results for the 0.384-MeV line that are
similar to those obtained for the 0.862-MeV line. Tables I
and II give for the Be 0.862-MeV line and the 0.384-MeV
line, and for both v, -e and v„-e scattering, numerical val-
ues for the probability distributions that electrons recoil
with kinetic energy T.

TABLE I. Recoil spectrum from v, -e and v„-e scattering
by the Be neutrino line with energy 0.862 MeV. The kinetic
energy of the electron is denoted by T (measured in MeV) and
the normalized probability distributions per MeV by P(T)„.
and P(T)„„.
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B.p-p electron recoil spectrum

Figure 3 shows results for neutrinos with the en-
ergy spectrum [11] characteristic of p-p neutrinos. The
various curves have the same meaning as in Fig. 1.

For these very low-energy neutrinos, the fractional
changes due to radiative corrections and to the use
of the more accurate Weinb erg angle are also less
than and of order 1%. Table III gives, for both
v -e and v~-e scattering, numerical values for the proba-

TABLE II. Recoil spectrum from v, -e and v„-e scattering
by the Be neutrino line with energy 0.384 MeV. The kinetic
energy of the electron is denoted by T (measured in MeV) and
the normalized probability distributions per MeV by P(T)„.
and P(T)„„.

TABLE III. Recoil spectrum from v, -e and v„-e scattering
by pp neutrinos. The kinetic energy of the electron is denoted
by T (measured in MeV) and the normalized probability dis-
tributions per MeV by P(T)„, and P(T)„„.

T
0.0000
0.0023
0.0046
0.0069
0.0092
0.0115
0.0138
0.0161
0.0184
0.0208
0.0231
0.0254
0.0277
0.0300
0.0323
0.0346
0.0369
0.0392
0.0415
0.0438
0.0461
0.0484
0.0507
0.0530
0.0553
0.0576
0.0600
0.0623
0.0646
0.0669
0.0692
0.0715
0.0738
0.0?61
0.0784
0.0807
0.0830
0.0753
0.0876
0.0899
0.0922
0.0945
0.0968
0.0992
0.1015
0.1038
0.1061
0.1084
0.1107
0.1130

P(T) .
5.1781
5.1591
5.1407
5.1226
5.1045
5.0865
5.0686
5.0507
5.0329
5.0151
4.9974
4.9798
4.9622
4.9446
4.9271
4.9097
4.8922
4.8749
4.8575
4.8402
4.8230
4.8057
4.7886
4.7714
4.7544
4.7373
4.7203
4.7033
4.6864
4.6695
4.6526
4.6358
4.6190
4.6023
4.5856
4.5689
4.5522
4.5357
4.5191
4.5026
4.4861
4.4696
4.4532
4.4368
4.4205
4.4042
4.3879
4.3717
4.3555
4.3393

P(T)-.
4.3774
4.3716
4.3663
4.3612
4.3563
4.3515
4.3470
4.3425
4.3382
4.3341
4.3301
4.3262
4.3225
4.3190
4.3155
4.3122
4.3091
4.3061
4.3032
4.3005
4.2979
4.2954
4.2931
4.2909
4.2889
4.2870
4.2852
4.2835
4.2820
4.2807
4.2794
4.2783
4.2774
4.2765
4.2758
4.2753
4.2749
4.2746
4.2744
4.2744
4.2745
4.2748
4.2751
4.2756
4.2763
4.2771
4.2780
4.2790
4.2802
4.2815

T
0.1153
0.1176
0.1199
0.1222
0.1245
0.1268
0.1291
0.1314
0.1337
0.1360
0.1384
0.1407
0.1430
0.1453
0.1476
0.1499
0.1522
0.1545
0.1568
0.1591
0.1614
0.1637
0.1660
0.1683
0.1706
0.1729
0.1752
0.1775
0.1799
0.1822
0.1845
0.1868
0.1891
0.1914
0.1937
0.1960
0.1983
0.2006
0.2029
0.2052
0.2075
0.2098
0.2121
0.2144
0.2167
0.2191
0.2214
0.2237
0.2260
0.2283

P(T)„.
4.3232
4.3071
4.2910
4.2750
4.2590
4.2430
4.2271
4.2112
4.1954
4.1795
4.1638
4.1480
4.1323
4.1166
4.1010
4.0853
4.0697
4.0542
4.0387
4.0232
4.0077
3.9923
3.9769
3.9615
3.9462
3.9309
3.9156
3.9003
3.8851
3.8699
3.8547
3.8396
3.8245
3.8093
3.7943
3.7792
3.7641
3.7491
3.3741
3.7191
3.7040
3.6890
3.6739
3.6588
3.6437
3.6284
3.6130
3.5974
3.5812
3.5638

P(T)„„
4.2830
4.2846
4.2863
4.2881
4.2901
4.2922
4.2945
4.2968
4.2993
4.3020
4.3047
4.3076
4.3106
4.3138
4.3171
4.3205
4.3241
4.3277
4.3315
4.3355
4.3395
4.3437
4.3480
4.3525
4.3570
4.3617
4.3666
4.3715
4.3765
4.3817
4.3870
4.3924
4.3980
4.4036
4.4094
4.4153
4.4212
4.4273
4.4335
4.4398
4.4461
4.4525
4.4590
4.4655
4.4720
4.4785
4.4849
4.4911
4.4966
4.5007

T
0.0000
0.0027
0.0053
0.0080
0.0106
0.0133
0.0159
0.0186
0.0212
0.0239
0.0265
0.0292
0.0318
0.0345
0.0371
0.0398
0.0424
0.0451
0.0477
0.0504
0.0531
0.0557
0.0584
0.0610
0.0637
0.0663
0.0690
0.0716
0.0743
0.0769
0.0796
0.0822
0.0849
0.0875
0.0902
0.0928
0.0955
0.0981
0.1008
0.1034
0.1061
0.1088
0.1114
0.1141
0.1167
0.1194
0.1220
0.1247
0.1273
0.1300

P(T)-.
8.5321
8.4161
8.3053
8.1969
8.0902
7.9855
7.8815
7.7779
7.6766
7.5733
7.4724
7.3748
7.2744
7.1738
7.0771
6.9762
6.8797
6.7782
6.6817
6.5851
6.4886
6.3920
6.2954
6.1985
6.1015
6.0042
5.9068
5.8091
5.7111
5.6128
5.5142
5.4250
5.3262
5.2270
5.1275
5.0385
4.9386
4.8384
4.7495
4.6489
4.4580
4.4593
4.3582
4.2697
4.1682
4.0799
3.9782
3.8901
3.7885
3.7007

P(T)-.
6.7549
6.8009
6.8314
6.8504
6.8610
6.8659
6.8631
6.8530
6.8415
6.8182
6.7953
6.7746
6.7421
6.7047
6.6718
6.6257
6.5854
6.5310
6.4837
6.4333
6.3799
6.3236
6.2645
6.2026
6.1379
6.0707
6.0010
5.9289
5.8543
5.7775
5.6984
5.6338
5.5510
5.4661
5.3792
5.3084
5.2183
5 ~ 1265
5.0517
4.9568
4.8605
4.7821
4.6834
4.6030
4.5019
4.4197
4.3165
4.2327
4.1279
4.0428

T
0.1326
0.1353
0.1379
0.1406
0.1432
0.1459
0.1485
0.1512
0.1538
0.1565
0.1592
0.1618
0.1645
0.1671
0.1698
0.1724
0.1751
0.1777
0.1804
0.1830
0.1857
0.1883
0.1910
0.1936
0.1963
0.1989
0.2016
0.2042
0.2069
0.2095
0.2122
0.2149
0.2175
0.2202
0.2228
0.2255
0.2281
0.2308
0.2334
0.2361
0.2387
0.2414
0.2440
0.2467
0.2493
0.2520
0.2546
0.2573
0.2599
0.2626

P(T),
3.5989
3.5115
3.4097
3.3227
3.2212
3.1347
3.0334
2.9475
2.8621
2.7614
2.6768
2.5925
2.4930
2.4097
2.3110
2.2287
2.1471
2.0501
1.9697
1.8900
1.7950
1.7168
1.6396
1.5630
1.4716
1.3970
1.3233
1.2353
1.1640
1.0937
1.0245
0.9419
0.8756
0.8106
0.7470
0.6850
0.6113
0.5529
0.4963
0.4416
0.3770
0.3270
0.2793
0.2340
0.1914
0.1426
0.1068
0.0748
0.0467
0.0235

(T)-.
3.9363
3.8500
3.7422
3.6551
3.5464
3.4585
3.3490
3.2606
3.1721
3.0620
2.9735
2.8847
2.7748
2.6862
2.5766
2.4885
2.4009
2.2923
2.2053
2.1187
2.0119
1.9265
1.8419
1.7578
1.6544
1.5721
1.4906
1.3908
1.3116
1.2334
1.1564
1.0625
0.9884
0.9157
0.8445
0.7748
0.6909
0.6253
0.5616
0.4999
0.4264
0.3701
0.3162
0.2651
0.2169
0.1613
0.1209
0.0846
0.0529
0.0266
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0.01

0.005

I
I I I I

pp neutrinos

The difFerential efFect of radiative corrections reduces
the relative probability of observing recoil electrons by as

h 4%%u t the hi hest recoil energies. The direction
of this suppression is opposite in sign to the e ect a
is expected from the nonadiabatic MSW solution. The
highest-energy neutrinos are the least suppressed in t e
nonadiabatic MSW solution. Table IV gives, for both v-
e and v~-e scattering, numerical values for the probability
distri ution a inci en'b th t 'dent B neutrinos scatter electrons
that recoil with kinetic energy T.

-0.005
D. N and ~50 electron recoil spectra

-0.01
0 0.1 0.2 0.3

FIG. 3. Same as Fig. 1 for the pp neutrinos.

e

bility distribution that incident p-p neutrinos scatter elec-
trons that recoil with kinetic energy T.

C. B electron recoil spectrum

Figure s ows a4 h th t the CKect of radiative corrections
is significant for the higher-energy neutrinos that origi-

pressed relative to lower-energy neutrinos. We have omit-
ted from Fig. 4 the small, less than 0.5%, differentia e-
fect of the change in the Weinberg angle that corresponds
to the dotted curves in Figs. 1—3.

10 I ~
I

~ I I I I
I

I

v, —e

In addition to the p-p and Be neutrinos, there will
be neutrinos produced in the CNO cycle Rom decays of

N (E„&1.199 MeV) and 0 (E~ ( 1.732 MeV). To-
gether, these may contribute 20%%uo of the neutrino Hux
in an experiment such as BOREXINO, so it is impor-
tant to include the recoil spectra from these neutrinos as

-e scat-
tering numerical values for the probability distributiontering, numenca

at ll1cl end t N neutrinos scatter electrons that recoil
with inetic energy . n

~ I ~ ~ T In Table VI we present the same
for neu rinos. e0 t ' W include radiative corrections and
the updated value for sin 0~ in this calculation.

In Fi . 5, we plot the recoil spectra for both electronIn ig. , we po
e N and 0 neu-an d muon neutrinos from p-p, e,

0 ~ T. Thefunction of electron kinetic energy,trinos as a unc
l robab lit isspectra are normare normalized such that the tota pro a i i y is

unity. The dotted curve is the recoil spectrum from
neutrinos and the short-dashed curve is that from i5

0.02 I I I
II

I I I I II I I I

0. 1O

f4

0.01

10

~, I I ~ I

0.2 0.4

~
I

I I ~
I

0.6

T (MeV)
I I I

I
I I I

0.8
I ~ 1

v —e

0 0.1

-0.02
0.01

0 0.2
g ~ I

0.4 0.6

T (MeV)
0.8

-0.04

10

T (MeV)

FIG. 4. Same as Fig. 1, except that the dotted curves are
omitted, for the B neutrinos.

FIG. 5. Recoil spectra for both electron and muon neutrc-
B N and 0 neutrinos as a function ofnos from p-p, e, , an

electron jnetxc energy, T The spectra are normalized such
that the total probability is unity. The dotted curve is the re-

r N trinos and the short-dashed curvecoil spectrum rom neu rinos
is that from 0 neutrinos. The solid curve is the recoil spec-
trum from t e . — eh 0 862-M V Be line the dot-dashed curve is
that from the 0.384-MeV Be line, and the long-dashed curve
is that from the p-p neutrinos.
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neutrinos. The nearly Hat spectrum which extends to
higher energies (the solid curve) is the recoil spectrum
from the 0.862-MeV Be line, while that which only ex-
tends to lower energies (the dot-dashed curve) is that
from the 0.384-MeV Be line. The solid curve which ex-

tends the highest at the lowest energies (the long-dashed
curve) is the recoil spectrum from p-p neutrinos. The
fractional changes in the electron recoil spectra from N
and 0 neutrinos due to radiative corrections and the
new value of sin 0~ are no more than roughly 1%.

TABLE IV. Recoil spectrum from v -e and v„-e scattering by B neutrinos. The kinetic energy
of the electron is denoted by T (measured in MeV) and the normalized probability distributions
per MeV by P(T)„, and P(T)„„.

T
0.0000
0.1541
0.3082
0.4623
0.6163
0.7704
0.9245
1.0786
1.2327
1.3868
1.5409
1.6949
1.8490
2.0031
2.1572
2.3113
2.4654
2.6195
2.7736
2.9276
3.0817
3.2358
3.3899
3.5440
3.6981
3.8521
4.0062
4.1603
4.3144
4.4685
4.6226
4.7767
4.9308
5.0848
5.2389
5.3930
5.5471
5.7012
5.8553
6.0094
6.1634
6.3175
6.4716
6.6257
6.7798
6.9339
7.0880
7.2420
7.3961
7.5502
7.7043

P(T)„,
0.1671
0.1658
0.1646
0.1635
0.1624
0.1613
0.1601
0.1589
0.1576
0.1563
0.1549
0.1534
0.1519
0.1502
0.1485
0.1467
0.1449
0.1429
0.1408
0.1387
0.1365
0.1342
0.1318
0.1293
0.1269
0.1242
0.1215
0.1188
0.1161
0.1132
0.1102
0.1074
0.1044
0.1013
0.0982
0.0952
0.0921
0.0889
0.0857
0.0827
0.0795
0.0764
0.0734
0.0702
0.0671
0.0640
0.0611
0.0581
0.0552
0.0524
0.0495

P(T)-.
0.2101
0.2051
0.2006
0.1962
0.1919
0.1878
0.1838
0.1799
0.1761
0.1724
0.1687
0.1651
0.1616
0.1581
0.1546
0.1512
0.1479
0.1445
0.1411
0.1377
0.1345
0.1311
0.1278
0.1245
0.1213
0.1180
0.1147
0.1114
0.1082
0.1049
0.1017
0.0985
0.0953
0.0921
0.0888
0.0858
0.0826
0.0795
0.0763
0.0734
0.0703
0.0673
0.0645
0.0615
0.0586
0.0558
0.0531
0.0504
0.0477
0.0452
0.0426

T
7.8584
8.0125
8 ~ 1666
8.3207
8.4747
8.6288
8.7829
8.9370
9.0911
9.2452
9.3993
9.5533
9.7074
9.8615

10.0156
10.1697
10.3238
10.4779
10.6319
10.7860
10.9401
11.0942
11.2483
11.4024
11.5565
11.7105
11.8646
12.0187
12.1728
12.3269
12.4810
12.6351
12.7891
12.9432
13.0973
13.2514
13.4055
13.5596
13.7137
13.8678
14.0218
14.1759
14.3300
14.4841
14.6382
14.7923
14.9464
15.1004
15.2545
0.0000

P(T)-.
0.0467
0.0440
0.0414
0.0388
0.0363
0.0339
0.0316
0.0293
0.0271
0.0250
0.0230
0.0210
0.0193
0.0175
0.0158
0.0144
0.0127
0.0115
0.0102
0.0090
0.0079
0.0069
0.0060
0.0052
0.0044
0.0037
0.0031
0.0026
0.0021
0.0017
0.0013
0.0010
0.0008
0.0006
0.0004
0.0003
0.0002
0.0001
0.0001
0.0001
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

P(T)„„
0.0401
0.0377
0.0355
0.0332
0.0309
0.0289
0.0268
0.0248
0.0230
0.0212
0.0194
0.0178
0.0163
0.0148
0.0133
0.0121
0.0108
0.0096
0.0085
0.0076
0.0066
0.0058
0.0050
0.0043
0.0037
0.0031
0.0026
0.0021
0.0017
0.0014
0.0011
0.0009
0.0007
0.0005
0.0004
0.0003
0.0002
0.0001
0.0001
0.0001
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
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III. TOTAL CROSS SECTIONS

Figure 6 shows the total scattering cross sections as a
function of neutrino energy; the notation for the diferent

curves is the same as in Fig. 1. For v -e scattering,
the net decrease in the total cross section is about 2%,
essentially independent of energy. For v~-e scattering,
there is a net increase in the cross section of about 1.3%

TABLE V. Recoil spectrum from v -e and v„-e scatter-
ing by N neutrinos. The kinetic energy of the electron is
denoted by T (measured in MeV) and the normalized proba-
bility distribution per MeV by P(T), and P(T) „.

TABLE VI. Recoil spectrum from v, -e and v„-e scatter-
ing by 0 neutrinos. The kinetic energy of the electron is
denoted by T (measured in MeV) and the normalized proba-
bility distribution per MeV by P(T) . and P(T)„„.

T
0.0000
0.0098
0.0197
0.0295
0.0393
0.0491
0.0590
0.0688
0.0786
0.0884
0.0893
0.1081
0.1179
0.1277
0.1376
0.1474
0.1572
0.1670
0.1769
0.1867
0.1965
0.2063
0.2162
0.2260
0.2358
0.2456
0.2555
0.2653
0.2751
0.2849
0.2948
0.3046
0.3144
0.3242
0.3341
0.3439
0.3537
0.3636
0.3737
0.3832
0.3930
0.4029
0.412?
0.4225
0.3223
0.4422
0.4520
0.4618
0.4716
0.4815
0.4913

P(T) .
2.1691
2.1472
2.1265
2.1060
2.0858
2.0657
2.0461
2.0259
2.0056
1.9859
1.9662
1.9453
1.9253
1.9051
1.8849
1.8644
1.8417
1.8207
1.7995
1.7779
1.7562
1.7342
1.7118
1.6892
1.6664
1.6432
1.6233
1.5997
1.5758
1.5516
1.5271
1.5022
1.4771
1.451?
1.4307
1.4050
1.3789
1.3526
1.3260
1.2992
1.2775
1.2504
1.2230
1.1955
1.1677
1.1457
1.1178
1.0896
1.0614
1.0330
1.0109

P(T) „
2.1421
2.1324
2.1210
2.1079
2.0941
2.0791
2.0646
2.0478
2.0300
2.0133
1.9960
1.9757
1.9571
1.9381
1.9185
1.8984
1.8742
1.8530
1.8312
1.8090
1.7864
1.7632
1.?397
1.7158
1.6914
1.6666
1.6467
1.6214
1.5957
1.5695
1.5431
1.5163
1.4892
1.4619
1.4405
1.4128
1.3847
1.3564
1.32?9
1.2992
1.2772
1.2483
1.2191
1.1898
1 ~ 1604
1.1381
1.1086
1.0791
1.0494
1.0197
0.9975

T
0.5011
0.5109
0.5208
0.5306
0.5404
0.5502
0.5601
0.5699
0.5797
0.5895
0.5994
0.6092
0.6190
0.6288
0.6387
0.6485
0.6583
0.6682
0.6780
0.6878
0.6976
0.7075
0.7173
0.7271
0.7369
0.7468
0.7566
0.7664
0.7762
0.7861
0.7959
0.8057
0.8155
0.8254
0.8352
0.8450
0.8548
0.8647
0.8745
0.8843
0.8941
0.9040
0.9138
0.9236
0.9334
0.9433
0.9531
0.9629
0.9727
0.9826

P(T)„.
0.9824
0.9539
0.9253
0.9033
0.8748
0.8462
0.8177
0.7959
0.7676
0.7393
0.7111
0.6898
0.6620
0.6343
0.6068
0.5862
0.5592
0.5324
0.5058
0.4862
0.4603
0.4347
0.4158
0.3910
0.3666
0.3427
0.3252
0.3021
0.2796
0.2631
0.2418
0.2209
0.2006
0.1861
0.1617
0.1488
0.1358
0.1189
0.1028
0.0875
0.0770
0.0634
0.0508
0.0424
0.0317
0.0222
0.0163
0.0092
0.0037
0.0012

P(T)-.
0.9679
0.9383
0.9087
0.8866
0.8573
0.8279
0.7987
0.7771
0.7483
0.7195
0.6910
0.6699
0.6419
0.6141
0.5865
0.5663
0.5394
0.5127
0.4864
0.4673
0.4417
0.4166
0.3982
0.3740
0.3502
0.3268
0.3100
0.2876
0.2658
0.2500
0.2294
0.2093
0.1898
0.1760
0.1578
0.1403
0.1280
0.1119
0.0967
0.0822
0.0723
0.0595
0.0476
0.0397
0.0296
0.0208
0.0152
0.0086
0.0034
0.0011

T
0.0000
0.0150
0.0300
0.0450
0.0600
0.0750
0.0900
0.1051
0.1201
0.1351
0.1501
0.1651
0.1801
0.1951
0.2101
0.2251
0.2401
0.2551
0.2701
0.2852
0.3002
0.3152
0.3302
0.3452
0.3602
0.3752
0.3902
0.4052
0.4202
0.4352
0.4502
0.4652
0.4803
0.4953
0.5103
0.5253
0.5403
0.5553
0.5703
0.5853
0.6003
0.6153
0.6303
0.6453
0.6604
0.6754
0.6904
0.7054
0.7204
0.7354
0.7504

P(T)„.
1.4034
1.3907
1.3787
1.3668
1.3551
1.3436
1.3319
1.3204
1.3084
1.2968
1.2852
1.2726
1.2606
1.2485
1.2362
1.2237
1.2111
1.1983
1.1852
1.1719
1.1584
1.1447
1.1307
1.1164
1.1020
1.0872
1.0722
1.0570
1.0415
1.0258
1.0098
0.9965
0.9802
0.9636
0.9467
0.9297
0.9124
0.8949
0.8808
0.8630
0.8450
0.8269
0.8085
0.7900
0.7754
0.7568
0.7380
0.7191
0.7000
0.6810
0.6661

P(T)„„
1.4756
1.4639
1.4517
1.4387
1.4255
1.4126
1.3986
1.3851
1.3703
1.3562
1.3420
1.3260
1.3112
1.2962
1.2810
1.2656
1.2499
1.2340
1.2180
1 ~ 2017
1.1851
1.1684
1.1515
1.1343
1.11?0
1.0995
1.0817
1.0638
1.0457
1.0274
1.0090
0.9942
0.9755
0.9567
0.9377
0.9186
0.8994
0.8801
0.8649
0.8455
0.8260
0.8064
0.7867
0.7669
0.7517
0.7320
0.7122
0.6924
0.6727
0.6529
0.6379

T
0.7654
0.7804
0.7954
0.8104
0.8254
0.8404
0.8555
0.8705
0.8855
0.9005
0.9155
0.9305
0.9455
0.9605
0.9755
0.9905
1.0055
1.0205
1.0355
1.0506
1.0656
1.0806
1.0956
1.1106
1.1256
1.1406
1.1556
1.1706
1.1856
1.2006
1.2156
1.2307
1.2457
1.2607
1.2757
1.290?
1.3057
1.3207
1.3357
1.3507
1.3657
1.3807
1.3957
1.4107
1.4258
1.4408
1.4558
1.4708
1.4858
1.5008

P(T)-.
0.6470
0.6278
0.6086
0.5893
0.5745
0.5554
0.5363
0.5171
0.4981
0.4836
0.4648
0.4461
0.4275
0.4090
0.3951
0.3770
0.3591
0.3414
0.3239
0.3109
0.2939
0.2772
0.2607
0.2485
0.2328
0.2173
0.2021
0.1874
0.1766
0.1625
0.1489
0.1358
0.1262
0.1139
0.1021
0.0907
0.0799
0.0723
0.0624
0.0532
0.0445
0.0385
0.0310
0.0241
0.0180
0.0140
0.0091
0.0051
0.0020
0.0007

P(T)„„
0.6182
0.5986
0.5791
0.5596
0.5449
0.5258
0.5066
0.4876
0.4687
0.4546
0.4361
0.4178
0.3996
0.3817
0.3683
0.3508
0.3336
0.3166
0.2998
0.2876
0.2714
0.2555
0.2400
0.2286
0.2137
0.1992
0.1850
0.1712
0.1613
0.1482
0.1356
0.1235
0.1147
0.1034
0.0925
0.0821
0.0722
0.0653
0.0563
0.0479
0.0401
0.0347
0.0279
0.0217
0.0161
0.0125
0.0082
0.0046
0.0018
0.0006
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TABLE VII. Scattering cross sections for individual neutrino energies. The tabulated values
were determined for T;„=0.0 MeV. The neutrino energy q is given in MeV and the cross sections
o, -e and o „-e are given in units of 10 cm .

q

0.38
0.86
1.00
1.44
2.00
3.00
4.00
5.00
7.00
10.00

Crv, -t

1.92 x 10
5.79 x 10
6.98 x 10
1.09 x 10~

1.59x 10
2.51x 10
3.42 x 10
4.35 x 10
6.19x 102
8.96 x 10

Ov

5.09x 10
1.28 x 10'
1.50 x 10
2.21 x 10'
3.11x 10
4.70 x 10
6.29 x 10
7.87 x 10
1.10x 10
1.58 x 10

q

12.00
14.00
1600
18.00
20.00
25.00
30.00
40.00
50.00
60.00

CTv C

1.08 x 10
1.27x 10
1.45 x 10
1.64 x 10
1.82 x 10
2.28 x 10
2.74 x 10
3.67x 10
4.59x 10
5.52 x 10

CTv C

1.90x10'
2.21 x 10
2.53x10
2.85 x 10
3.16x 10
3.95 x 10
4.74 x 10
6.32 x 10
7.90 x 10
9.48 x 10

I
I

~ I I I I I I I I I

0.04 tot

0.02

relative to the numerical values given in [11,15].
At first sight, it may seem puzzling that the eKect

of the radiative corrections on the total cross sections
is essentially independent of energy, while the fractional
corrections to the electron recoil spectrum are apprecia-
bly energy dependent. The explanation lies in the fact
that the radiative corrections manifest themselves in two
ways: (1) the @ED corrections (described in Appendix
8), which are energy dependent, and (2) the electroweak
and @CD corrections to the coupling constants gL, and
gR (described in Appendix A), which are largely energy
independent. The corrections to the coupling constants
are generally larger and dominate the changes in the total
cross sections, producing an almost constant correction
to the total cross section. The eKects of the corrections to
the coupling constants largely cancel out of the calcula-
tion of the shape of the electron recoil spectrum, leaving
an energy-dependent correction to the recoil spectrum.
From the appearance of Fig. 4, it would seem that the
larger corrections to the recoil spectrum at larger recoil

energies would have a significant impact on the total cross
section at large incident neutrino energies. However, the
fractional change in the recoil spectrum due to radiative
corrections is large only when the recoil spectrum be-
comes very small (see Fig. 8.2 in [ll] and Table IV here).

For many purposes, it is convenient to have available
numerical values for neutrino-electron scattering cross
sections at specific energies. Table VII gives the com-
puted total cross sections for neutrino energies equal to
the prominent solar neutrino line energies and to typical
energies in the range from 1 to 60 MeV. The tabulated
values were determined for T;„=0.0 MeV.

The cross sections given in Table VII can be described
approximately by the relation

0 (q) = const x 10 cm
10 MeV

where the constant is equal to 9.2 for v scattering and
1.6 for v„scattering.

The recoil spectrum for v, -e scattering is relatively Hat.
Therefore, for v, -e scattering, the cross sections given in
Table VII can be used to estimate reasonably accurately
the cross section for a specified minimum recoil electron
energy. One simply multiplies the tabulated values by
(T „—T;„)/T „. This approximation is less appro-
priate for v -e scattering, but still will give a useful first
estimate.

Q

-Q.02

TABLE VIII. Total neutrino-electron scat tering cross
sections. Radiative corrections were included and
sin 8~ = 0.2317 was used. The minimum allowed recoil ki-
netic energy is zero in all cases considered in this table; the
maximum recoil energy is given in column 3. The neutrino
energy, q, and the maximum electron recoil energy, T „,are
given in MeV; the neutrino cross sections, o „-eand o „-e are
given in units of 10 cm .

-Q.04

I ~ I s I I

10

q (Mev)
15 20

FIG. 6. Ratios of the total cross section for v-e scattering
as a function of the neutrino energy q. The meanings of the
diferent symbols for the curves are the same as in Fig. 1.

Source
pp

Be
Be

8B
13N
15O

q
&0.420

0.862
0.384

&15.0
&1.199
&1.1732

Tmax
0.261
0.665
0.231

14.5
0.988
1.509

Ov -e
11.6
57.9
19.2

594
45.8
70.8

O v„-e
3.28

12.8
5.08

106
10.4
15.1
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In Table VIII, we list the total neutrino-electron scat-
tering cross sections for the neutrino sources we have
considered here for both electron and muon neutrinos.
These are obtained by convolving the neutrino spectra
from each source with the neutrino-electron scattering
cross section. Radiative corrections as well as the up-
dated value of sin 0~ are included in the calculation.

Ye

Ve

Z

IV. CONCLUSIONS AND DISCUSSION
FIG. 7. Feynman diagrams for electroweak corrections to

v, -e scattering.

For precise solar neutrino-electron scattering experi-
ments, radiative corrections should be taken into account
in analyzing the total rates. The dominant v -e scatter-
ing cross sections are decreased by about 2'Fo by radiative
corrections.

The shape of the electron recoil spectrum produced by
the scattering of B solar neutrinos is decreased by about
4%%up at the highest electron energies. This effect should be
included when analyzing future neutrino-electron scat-
tering experiments for the shape of the electron recoil-
energy spectrum.

If the shape of this spectruin can be measured ac-
curately, the result will constitute a direct test of elec-
troweak theory independent of solar models and will also
constitute a way to discriminate among difFerent pro-
posed particle-physics solutions that invoke physics be-
yond the standard electroweak model.

The analysis software for future experiments should
take account of the fact that the photons produced by
the radiative corrections (see the Appendixes) are more
strongly peaked in the forward direction than are the
Cherenkov photons. In fact, the photons from radia-
tive corrections will have an angular distribution simi-
lar to the well-known forward peaking of the electrons in
neutrino-electron scattering (see, for example, [11]).The
recoil energy of the electrons should be calculated pri-
marily from the photons in the much wider Cherenkov
cone (vrith appropriate corrections for incompleteness)
to avoid confusing photons from the radiative corrections
with photons from the Cherenkov light. The shape of the
electron recoil spectrum for incident p-p and Be neutri-
nos is not appreciably afFected by radiative corrections.

Radiative corrections will also afFect the shape of the
electron recoil spectrum produced when neutrinos are
captured by nuclei. The efI'ects analogous to those that
we have calculated in this paper must, therefore, be eval-
uated for neutrinos captured by deuterium, the SNO ex-
periment [5], and for neutrinos captured by argon, the
ICARUS experiment [7].

would like to thank P. Gambino and M. Passera for car-
rying out the numerical checks described in Appendix B.

APPENDIX A: RADIATIVE CORRECTIONS

2G' m
gL (T) + —f- (z)

jr 71

fA 0!
gIt(T)gr, (—T) —z 1+ f+ (z)—

where I is the electron mass, T = E —m is the kinetic
energy of recoil of the electron, q is the incident neutrino
energy, and z = T/q. We adopt G~ = 1.16639 x 10
GeV and sin 0~(mz) = 0.2317 [19].

For v -e scattering,

g,'"."'(T) = p„'~ [-,
' —~i""i(T)»n' g~(~z)] —1,

(A2)

p
' = 1.0126 + 0.0016 . (A3)

The function K, ~ "~ is

Icl" "l(T) = 0.9791+0.0097I(T) + 0.0025, (A4)

where

We outline in this section the calculation of radiative
corrections for neutrino-electron scattering: v~+ e ~ v~+
e (t = e, p). The basic result for v-e scattering is
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FIG. 8. Feynman diagram for QCD corrections to
( ~ ) (T)
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APPENDIX B: +ED EFFECTS

FIG. 9. One of the Feynman diagrams for v„-e scattering.

and x = gl + 2m/T. The deviations of piv& and
k1 "1(T) from 1 reflect the effect of the electroweak cor-
rections. The T dependence of k comes from the dia-
grams shown in Fig. 7.

The error in p~& is mainly due to the lack of pre-
cise knowledge of mq and mH. We use a top-quark mass
m& ——177 + 11+is GeV [19]. The 177-GeV central value
is for mH ——300 GeV; the first error is the experimental
uncertainty while the second refiects the shifts in the cen-
tral value corresponding to mH ——1 TeV, 60 GeV. The
main error in K~ "i(T) is of QCD origin and arises from
diagrams such as that shown in Fig. 8. We used a recent
update of these QCD effects by Marciano [20].

For v„-e scattering,

g~"" (T) = p~~"~i[-' —K~ "i(T) sin Ow(mz)],

The functions f (z), f+(z), and f+ (z) describe QED
effects (virtual and real photons). The functions f (z)
and f+(z) have been evaluated in the extreme relativistic
(ER) approximation in [21]. This means that in that
paper the electron mass m has been set equal to zero
in all contributions that remain finite as m ~ 0. In
practice, this means that the approximations m/E « 1
and m/(E „E)«—1, m/q « 1 have been made. Exact
expressions from which one can obtain f (z) and f+(z)
are given in [22]. The formulas are long and complicated.
They can only be used by numerically tabulating them.

One of the main features of these functions is that there
is a term that diverges logarithmically at the end point.
As a consequence, f (z) exhibits a sharp decrease (large
negative values) near the end point. For q )) m, this is
not important for the f+(z) contributions because they
are multiplied by (1—z) which is very small near the end
point. If q (( m, z „&(1 and the above suppression is
not present.

It turns out that the coeKcient of this logarithm is

exactly known because it is related to the infrared diver-

gence. It is universal, that is, it appears in. f (z), f+(z),
and f+ (z) and is given by

(E+ l') ( m
l q m ) ), E+ l)

gIr""" ( ) = p~c P~ "i(—T) sin'0~(mz) .

Here p~& is the same as before but K is changed:

""(T) = 0.9970 —0.00037 I(T) 6 0.0025 .

(A6)

zmax
2g m

2q+ m' (E+ l) 2(+m (82)

where l = v E2 —m~ is the three-momentum of the elec-
tron. At the end point,

The difference between k~"&"1(T) and r" ~" "1(T) comes
from the fact that the first diagram in Fig. 7 is replaced
by the diagram in Fig. 9.

and the argument of the logarithm vanishes.
In order to obtain a relatively simple formula that can

be applied approximately in the nonrelativistic domain,
the ER expression for f (z) has been modified to read

E (E+1)) ( m
f (z) = —ln —1 21n~ 1 —z-

i

—ln(1 —z)
l ), m ) q E+ ly
1 1 2 z)+—[L(z) —I (P)] ——ln (1 —z) —

~

+ —
~

ln(l —z)
2 2

1 (2q ) (31 1 i ll z
+z lnz+ —ln

~

—
~

—
~

—+ lnz
~
p ——z+—

2 (m j (18 12 j 12 24

1——lnz—
2

5

12

(B3)

where L(x) = fz ln ~1 —t~(dt/t) is the Spence function
and P = l/E. A short table for L(x) is given in a book
by Lewin [23] about dilogarithms and related functions.
The L(x) used here is L(x) = —Li2(x), where Li2(x) is
called the dilogarithm in I ewin's book and is the func-

tion tabulated there. The function of f (z) is plotted in
Fig. 10 for neutrino energies for q = 0.1, 1, and. 10 Me V.

In the ER approximation the formula for f (z) re-
duces to that of Sarantakos et al. The modified formula
contains exactly the log that blows up at the end point.
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This has the advantage that the error in the formula re-
mains bounded no matter how close one approaches the
end point [always assuming that we work to O(n)]. If
one gets so close to the end point that (cr/7r) f (z) ——1,
perturbation theory breaks down and one has to consider
multiple-photon emission. However, this is not a realistic
possibility. The experimental resolution would have to be
incredibly good before (n/vr) f (z) —1. The function

f (z) has been constructed so that it vanishes at z = 0.
The overall corrections can become sizable, especially

for large q, but this occurs only near the end point. That
is mainly due to the above-mentioned logarithm. For
small q, the coeKcient of that log, namely

Z, (E+i)
l m )

4

-6

-10
0

\

I

I I I I I I I I I I

0.2 0.6 08
I I I I ~

I I
I

~ I I
I

I I I
I

I I ~

is small because l &( m and that factor vanishes as l —+ 0.
In order to check the accuracy of Eq. (B3), that ex-

pression has been compared numerically with the cor-
responding result &om L22], for q = 0.2, 1, 5, and 15
MeV, and several values of T. As expected, in the non-
relativistic regime the relative error of Eq. (B3) is rather

~
I

~ I I
I

I I I
I

I

FIG. 11. The function f+(z) as a function of z for neu-
trino energies of q = 0.1 MeV (solid curve), q = ]. MeV
(short-dashed curve), and q = 10 MeV (long-dashed curve).

large. However, this occurs when the correction itself is
quite small. As a consequence, in all the cases considered,
the absolute value of the error remains small, typically

0.1%. For 5 & q & 15 MeV, the absolute error reaches
= —0.4%, but this only occurs very near the end point,
where the correction itself is very sizable.

The corresponding modification of the ER expression
for (1 —z) f+(z) is

~
I I I ~

I
I I I

I
I I I

-0.2

-0.4

-10
0 0.2

I I I I I a

0.4 0.8 -0.6

FIG. 10. The function f (z) as a function of z for neu-
trino energies of q = 0.1 MeV (solid curve), q = 1 MeV
(short-dashed curve), and q = 10 MeV (long-dashed curve).

-0.8

-1
0

I I I I ~ I ~

0.2 0.4 0.6 0.8
I I I I I I I

Note: the exact function f (z) does not vanish at z
0, but it gives a small correction there: —(ca/m) f (0)
—ca/27r = —0.12%%uo.

FIG. 12. The function f~(z) as a function of z for neu-
trino energies of q = 0.1 MeV (solid curve), q = 1 MeV
(short-dashed curve), and q = 10 MeV (long-dashed curve).
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lnz 2

2 3
E l'E g l ) rn

(1 —z) f+(z) = —ln
~ ~

—1 (1 —z) 2 ln
~

1 —z —
[
—ln(1 —z)—

E m & «E+l)
(1n (1 —z) + P[L(l —z) —ln z ln(1 —z)])

(1 —z)
2

z' 1 —z( II z z(1 —2z)+ ln(1 —z) —lnz +
~

2z ——
[

——L(1 —z)— lnz—
2 3 ( 2) 2 3

P t' 115 —109z )lnz+ (1 —z)
i12 .

z(l —z)
6

z lnz+ 1 —z
2

(B4)

This formula reduces in the ER limit to that of Saran-
takos et a/. , is 0 at l = 0, contains correctly the logarithm
discussed before and, for z —& 1, behaves as (1 —z)2
modulo logs, which is the correct behavior. The func-
tion f+(z) is plotted in Fig. 11 for neutrino energies of
q = 0.1, 1, and 10 MeV.

The function f+ (z) has not been calculated previ-
ously. The maximum value of mz/q in the last term of
drr/dT is 2m/(2q+ rn). So there is a suppression factor
for q )) m. For q & m, there is no suppression &om this
factor. If q (( m, the electron is nonrelativistic and the
corrections are expected to be very small, except very
close to the end point (because of the divergent loga-
rithm). The largest contributions from f+ (z) should

occur when q —m and one is close to the end point.
For v, -e there is another suppression factor because [gR[
is substantially smaller than [gl, [. The approximation
adopted here is to set

E /E+ li m
f+ (z) = —ln

[ [

—1 21n(1 —z-
l q m y q E+ l)

(»)
This should take care of the largest effects near the end
point. Aside from this, the other contributions &om

f+ (z) to drr/dT should be small. The function f+ (z)
is plotted in Fig. 12 for neutrino energies of q = 0.1, 1,
and 10 MeV.
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