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Low-energy theorems for photoinduced reactions in the Skyrme-soliton model

Sakae Saito*
Department of Physics, Nagoya University, Nagoya 464-01, Japan

Masayuki Ueharat
Department of Physics, Saga University, Saga 840, Japan
(Received 28 December 1994)

We show that low-energy theorems for pion photoproduction and Compton scattering can be
reproduced within the Skyrme-soliton model using current algebra and gauge invariance. The
electromagnetic polarizabilities are evaluated through dispersion integrals of the low-energy pion-
photoproduction amplitudes obtained in the model. We explicitly give contributions from the A
state as the resonance and the wA channel coupling.
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I. INTRODUCTION

Recently, there has been a revival of interest in low-
energy theorems (LET’s) in processes such as pion scat-
tering, pion photoproduction, and Compton scattering
off a nucleon. This is due to theoretical efforts to con-
struct models of hadrons based on QCD, and recent ex-
perimental activities on low-energy 7° photoproduction
[1] and reanalyses of them [2], and also due to measure-
ment of the dynamical structure constants, electric and
magnetic polarizabilities [3]. Many theoretical papers
have appeared to examine how to reproduce the data
by various models of the nucleon, out of which we cite,
here, review works by Drechsel and Tiator [4] and by
L’vov [5]. How to reproduce LET’s is a crucial test both
for models of nucleon and for approximations, because
low-energy theorems are derived from general principles
such as current algebra, partially conserving axial-vector
current (PCAC), and gauge invariance.

Since the Skyrme-soliton model was recognized as a re-
alistic soliton model based on QCD [6,7], much effort has
been devoted to investigation of the validity of the model
and has shown that the SU(2)xSU(2) original Skyrme
model can fairly well describe a low-energy pion-nucleon
system within about 30% error in spite of only two pa-
rameters for pions. There have been also carried out
many attempts to reproduce LET’s and the polarizabili-
ties within the Skyrme-soliton model [8-16].

We have shown in a recent paper [17] that the soft-
pion theorems, the Goldberger-Treiman [18], Adler-
Weisberger [19], and Tomozawa-Weinberg [20] relations,
can be reproduced within the Skyrme-soliton model. We
have also tried in a previous paper [21] to reproduce the
LET’s for pion photoproduction [22,23] in the model:
The LET’s have been reproduced at leading order in
my/M through the electric and magnetic Born terms,
but not completely for terms linear in m,/M, where
M (m,) is the nucleon (pion) mass.
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The analyses of pion scattering and pion photo-
production lead naturally to the investigation of Comp-
ton scattering, which involves the electromagnetic polar-
izabilities of the nucleon. We, thus, attempt to derive
LET’s for Compton scattering which give the polariz-
abilities. In doing so, we restudy LET’s for pion photo-
production in this paper.

One may think that it must be easy to reproduce
LET’s within the Skyrme-soliton model, since the orig-
inal Skyrme Lagrangian is chiral invariant except for
the pion mass term, and the electromagnetic current
is conserved. However, we should recognize that the
Skyrme-soliton model is essentially nonrelativistic in the
sense that the production and annihilation of soliton-
antisoliton pairs are not well defined, though pions as
fluctuation fields around the soliton are treated relativis-
tically. The nonrelativistic kinematics give rise to a re-
striction against proving LET’s: Relativistic effects such
as Z-type diagrams are of higher order by 1/M than non-
relativistic direct and crossed diagrams, but crucial to
reproduce LET’s [24]. In order to reach LET’s within
nonrelativistic kinematics we study the amplitudes writ-
ten in terms of charge density operators after the classic
papers by Low [25]: The amplitudes are derived using
the gauge invariance imposed on the corresponding am-
plitudes given in terms of the spatial currents. The am-
plitudes are regarded as describing reactions induced by a
“longitudinal” photon instead of the real transverse pho-
ton. We shall show that the LET’s are really reproduced
within a nonrelativistic Skyrme-soliton model using these
amplitudes.

In a previous paper [26] we have shown that the electric
polarizability cannot be attributed to the so-called sea-
gull term, because of the requirement of gauge invariance.
In this paper we show that the electric polarizability sat-
isfies a sum rule of the total absorption cross section for
the longitudinal photon. From this, the magnetic one is
shown to be given by the difference between the total
absorption cross sections for the real transverse and the
longitudinal photon. We explicitly study contributions
from the A state. Because both the A isobar and the
nucleon are the rotational levels of the Skyrme-soliton,
the A should be treated equally as the nucleon in the
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Skyrme-soliton model. This is in contrast with the chi-
ral perturbation theory [27,28], where the A state con-
tributes at higher order as a part of two-loop effects. It is
shown that the contributions from the channel coupling
to the process v + N — m + A enhance both the elec-
tric and magnetic polarizabilities at the empirical A — N
mass difference, and that those from the A pole in the
v+ N — 7 + N channel enhance the magnetic polariz-
ability.

The paper is organized as follows. We first give the
Lagrangian of the Skyrme-soliton model with the elec-
tromagnetic interaction in the next section. The Hamil-
tonian expanded in powers of the electric charge e up to
O(e?) and the current are given in terms of the total pion
fields. LET’s for the Compton scattering amplitudes are
next shown to be reproduced, and a dispersion relation
is given for the forward scattering amplitude of the lon-
gitudinal photon in Sec. III. Section IV is devoted to
how LET’s for the pion-photoproduction amplitude are
reproduced. The amplitudes including the A are explic-
itly given. In Sec. V we show the polarizabilities using
the sum rule of the longitudinal photoabsorption cross
section calculated with the pion-photoproduction ampli-
tude. Conclusions and discussion are given in the last
section.

II. SKYRME LAGRANGIAN AND
HAMILTONIAN

In order for this paper to be self-contained, we start
with the definition of the total canonical pion field @,
through SU(2) field U(z) according to Ref. [17]:

Ule) = fl[cpo(m) +iTa®a(2)] (2.1)
with a constraint
3
- Z @2’ (22)
a=1

where ¢ = (z°,x), f. is the pion decay constant, which
is 93 MeV empirically. The total field contains full in-
formation about the classical soliton configuration and
the fluctuation around it in the one-soliton sector. Any
gauge-fixing conditions need not be imposed on the to-
tal field. It should be noticed, however, that the total
field ®, must not be separated into the soliton configura-
tion and the fluctuation fields before the matrix elements
of ®,’s are reduced into those sandwiched between two
single-baryon, the nucleon or A, states. When a func-
tion of ®,’s is sandwiched between the two single-baryon
states, the total field can be replaced by the classical
soliton configuration within the tree approximation:

(B(p')| @a(z) [N (p)) = (B(P')| 9%(x — X(°)) |N(p)),
(2.3)

where X (z°) is the center of the soliton, and ¢%(x) is the
classical soliton configuration,
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¢%(x) = frsin F(r)Rg;:&;, #%(x) = frcos F(r)

(2.4)
with » = |x| and &; = z;/r, and F(r) is the profile func-

tion, R,; the orthogonal rotation matrix.
The Skyrme Lagrangian is written as

1. .
Ls = /daw {E‘PGK‘,;,@;, —-V[®, V@]} (2.5)
with
Vi@, V] = %apcca,,ai@b +m2IMB),  (2.6)
where
Kab = Xa.b + <= 2f2
X (XabajécXcdajcbd — XacanCdeaj@d) s (2.7a)
Gab = Xab + 2f2
X (Xabajcchcdaj@d — XacanCdeand) s (2.7b)
with kK = es fr, es being the Skyrme constant, and
.9
Xab = bap + 3 ba (28)
@5
and the pion mass term is given by
M[®]=1- % (2.9)

The electromagnetic fields A,(z) are introduced
through replacing the derivatives by the covariant ones
in Lg:

DM‘Pa = 8u¢a + EAusasb‘I)b,

D”‘@o = 8uq’0. (2.10)

And also the anomalous interaction comes from gauging

the Wess-Zumino term [29]. The interaction Lagrangian
exact up to O(e?) is then given as

Liny = e/dsxAu(@J“(w)
thet [ dea,@ Az

+e? [ d00p00,4,(2) - Ap(@)W, () +O(E),
(2.11)

where

JH=VF+ -;—B“, (2.12a)

Vau = €30Pq (Kbc
xoHP,,

2f2 (Xchde deXce)édée)
(2.12b)
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B* = — _1_g”"aﬁsabcd‘l)aauq)baaq)caﬁq)d’

1373 (2.12¢)

and V} is the three-component of the isovector current
and B* the isoscalar current identical to the topological
baryon current. The explicit forms of Z#¥ and W, are
given in the Appendix.

Now in order to obtain the Hamiltonian exact up to
O(e?), we have to extract the terms involving the time
derivatives of the fields from J* and others:

. 1. .
JE=g* + JED, + §<I>QJ;‘,,<I>,,, (2.13a)
. 1. s
ZHY = (W 4 ZH S, + -2-‘1’41251, By, (2.13b)
Wa = gdigi + gaonaq.)a, (213C)

where j*, J¥, (*¥, etc., are functions of ® and 9;®, but
not containing ®; they are given in the Appendix. Thus,
the total Lagrangian is rewritten as

o . ~ 1
Luos = / d"z{ %«paKa,,@,, + Labo — V= 50,4,0° 4

+e2e0ijnAi ArE; }, (2.14)
where
oy 1
Kap = Kop + €A, JY + iezAuA,,Z‘i‘,;’, (2.15a)

Hyy = /d%{%HaK;}IIb +V},

H,

e / d*z A {—j* — JEK ', — LT K ' T4 K 3 11, },

— 1 |
L, =eA,J! + EezA#A,,Zfl“’ + eze”ko(aiAj)Akna,

(2.15b)

V=V—ed,j* - %e2AuA,,C‘“’ — eI (9;A,) ALE;.
(2.15¢)

Then, the momenta 7#(z) and I1*(z) conjugate to A,(x)
and ®,(z), respectively, are written as

i 2_0pjk
= —A* + e*e" M A&y,

II, = ’T:bq.)b-i-i:.

(2.16)
(2.17)

We obtain the Hamiltonian by using the standard pre-
scription without any constraints as

Hior = [ @31, - LYK ab(s - L) + V)
+% /d3a:{—(7r“ — eIk A.61)% + 8;4,0° A%}
= ~sky + ﬁelmga

(2.18)

where we denote the first integral as ﬁsky and the second

as ﬁelmg. Expanding the Hamiltonian in powers of the
electric charge e up to O(e?), we have

Hgy = Hay + Hy + Ha + O(€®), (2.19)

where

(2.20a)

(2-20b)

Hy = 1 / BrA A~ + JEKNTY + 200K YK T, — 207 K ML)

—e? / P (0iA,) Ay (PO, K I, + 43¢, )

+%e2 / PrA ALK TLK TG Ky — TK ) Z0 K L}

(2.20c)

The second term in the first set of curly brackets on the right-hand side of Eq. (2.20c), J,‘,‘K;}J,’,’ , is the term which
cannot be obtained, if the momentum field II, conjugate to ®, is not given correctly. We should notice here that
Hiyy # — Lin in general, when the latter involves the time derivatives of the fields. In the above we discarded the
ordering problem concerning noncommuting operators, the effect of which is of higher order by O(A2).

The conserving electromagnetic current operator is defined through the equation of motion

‘7#(1") = iz{Htoh [Htota Aﬂ(m)]] + aiaiAu(m)

= J{(z) + J3' (=), (2.21)
where J} is the current of O(e) and J}' of O(e?):
T = —e{j* + JEK ', + 31K I K3 LY, (2.22a)
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TY =2 A, (2){—C* + JEK MY + JEK IS K G T, + JY K M TE K M,
—Z K M + I [K M T K T3 K g — 3K 20 K LY
—e2{A,0;[e" O K Iy + €9 ¢;] — 2(8; A, ) e O K M T, + €7 ¢;]

e A, T K 5 geomvi, g},

0P,

We note that A does not commute with 73 at the equal-
time, since the current involves 7*. These are the build-
ing blocks for our calculations of the Compton and pion-
photoproduction amplitudes in the next section.

III. LET’s FOR COMPTON SCATTERING

As stated in the Introduction, the Skyrme-soliton
model is nonrelativistic in the sense that the soliton-
antisoliton pair production and annihilation are not well
defined similar to the static Chew-Low model [30]. Since
the Z-type diagrams are not taken into account prop-
erly, the intermediate states with the baryon number one
in the time-ordered product terms are saturated with
the states of a positive-energy baryon plus mesons. If
we restrict ourselves to the positive energy single-baryon
states, the Born terms with the spatial current cannot
give the Thomson limit in the Compton scattering, as
shown by Low [25]. Here we stress that the Thomson
limit is of order N ! except for e?, the electric charge
unit. Since the matrix element of the spatial current
sandwiched between two single-baryon states is of O(N,)
in the Skyrme-soliton model, we have to reduce the sum
of the Born terms by N2 to reach the Thomson limit.

|

-
4

diye™V (N (p)| T(T*(v), T*(0)) +8(s°) {[4* (), T*(0)] = iwi[A°(4), 7 (0)]} IN(p))

(2.22b)

It cannot be obtained, however, to reduce the order of
the amplitudes by the cancellation among the Born terms
constructed with the spatial current. The Thomson limit
is hidden in the complicated seagull terms in the Skyrme
model, the explicit form of which will be given later.

According to Low [25] we consider the Compton scat-
tering amplitudes made of the charge density operators
using the gauge invariance. It turns out that the am-
plitudes have many advantages for the following rea-
sons: they do not have the seagull terms, and the simple
cancellation between the direct and crossed Born terms
naturally leads to the Thomson limit of O(N; 1), when
the classical charge density of O(1) enters into the Born
terms.

We adopt the standard Lehmann-Symanzik-
Zimmermann (LSZ) reduction formula [31] to write the
scattering amplitudes; then, the Compton scattering am-
plitude is

Sﬁ = 5)6,' + (27T)4i(5(p+ k —p' — k,)
% 1 1
(2r)3/2 2 (2722 2

where ¢, (¢,) is the polarization vector of the fi-
nal (initial) photon. The amplitude is written as

4me, T*e,, (3.1)

(3.2)

where the factor (1/4x) in T is for making a coupling constant rationalized. The gauge invariance requires that

Toowkrwk — k:T,Jk:] =0,

which leads to

00 _ 1 ..
T = k;Tijk;

with k = k/wg.

(3.3)

The seagull term S#¥ is just the sum of the equal-time commutators, which are expressed as

SH — eZ{gw — JEKMIY — JPKNTK ML, — (i v)

1
+Z¥ KM, — 10, [K;clJc“eK;lJ}’dK;bl - EK;lzg;K(;}] 11,

—0;[e" O K3 T, + eipvjé;] — 29 | K} % 2ik'°5j] }

ab (S@b (34)

For the matrix element of the seagull term the pion fields ®,(0)’s can be taken to be the classical soliton fields, in a
tree approximation, with the center X(0) and the rotation matrix R,;’s. The momentum fields I1%’s are also rewritten
by the classical fields with the rotational and translational zero modes as shown in Ref. [17].
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We have already shown in Ref. [26] that (N| S°° |N) vanishes in the Skyrme-soliton model by an explicit calculation
of §°°, and that the vanishing of S is attributed to the gauge invariance of the Compton scattering amplitude. Here
we prove that (N|S% |N) = 0 by another method: Since the current obtained in Eq. (2.22b) does not contain the
momentum field 7°(z) conjugate to A° in the Skyrme-soliton model, we have

5(y° — 2°)[A%(y), J¥ (z)] = 0.

Then, we have
0= / diydize® V= (ik,) (N (p')|(y° — 2°)[4° (), T* (4) N (p))
= /d“yd“we““'y_“““{iw (N(p")]8(y° — 2°)[A%(y), J°(z)] + 8(¥° — =°)[A°(y), J°(=)]| N (p))}

= (2m)*8(p' + k' — p — k) (4m)(N||S®°|N), (3.5)

where used are the current conservation 8, 7" = 0. The gauge invariance T%k, = 0 also leads to (N|S°°|N) = 0 by
a similar calculation. This is the reason why the electric polarizability cannot be derived from the seagull term [26,5].

The amplitude T°% may be regarded as the Compton scattering amplitude for the scattering of a longitudinal
photon from Eq. (3.3),

T = ¢, T'e;, (3.6)
where
k
€ = o = K (3.7)

is the polarization vector. The amplitude 7% is simply given as
7 1!
790 = = [ @ty (N ()| T(7°w), T°0) IV ) (3.8)

in which there appears no seagull term (N|S° |N) .
The Born terms are obtained by inserting the intermediate positive-energy nucleon states as follows:

1 { (N(P)| Jo(0) [N (p" + k) (N(p + k)| Jo(0) | N (p))

TN =
00 ™ 4 En(p+k) — En(P) — wk

(N (8')] J0(0) [N (P’ — K)) (N(p — k)] To(0) |N ()
+ Ex(p ) — En(p) + } ' (3-9)

The charge densities sandwiched between single-nucleon states are

(N(D")| Jo(0) IN(p' + k')) = en + O(wi”), (3.10a)
(N(p + k)| Jo(0) IN(p)) = en + O(wp), (3.10b)

where ey is the charge of the nucleon |N), and we discarded possible spin-flip terms and the effects of the electric
form factor. The A states do not contribute to the Born terms. For low energy scattering we, thus, have the Thomson
limit [25]

ek 1 kK -k

TN = 2N
00 4 M wiwy,

+O(wp), (3.11)

where we used that the coefficient of % /M in the numerator is given by
En(p+k) - En(p) —wk + En(p' — k) — En(p') + wx =k - k'/M,

and that the product of the denominators is wiwy: at leading order.
For the forward scattering of the longitudinal photon in the laboratory system, p = p’ = 0 and k = k/, we see that
the relation

Too(wk, k) = Too(wr, —k) (3.12)

holds if we use the parity transformation, and that Ty is a function of wy. We redefine Ty so as to be suitable for
the dispersion relation:
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2

Too(wr) = i

/ diye (N (0)] 6(5°)[To(v), To(0)] IN(0))

(3.13)

where 6(y°) is the usual step function. This definition is different from Eq. (3.8) in the sign of the imaginary part on

negative wy, [32]:

tToo(un) = 7 3~ {80 () = M = ) 1 (0] Jo(0) INO)F

= 81Bn(~k) = M + w1 ()| Fo(0) [V @)}

Since e**¥ = exp[iwi(y® — ky)] and the commutator
[Jo(y), Jo(0)]0(y°) survives only for y§ > y? > (ky)?
and 4¥° > 0, we have ¥° — ky > 0, and then we may
make Too(wg) to continue into the upper-half complex
wy plane. The asymptotic behavior of Tyg is the same as
that of the amplitude for the real transverse photon at
most, since the charge density commutator at y? — 0+ is
not much singular than the spatial current commutator.
We may, therefore, have a dispersion integral for Too(wy).

Since ImTyo(—wi) = —ImTho(wi) holds, we have
1 €3 wZ [ ImToo(w})
T, - _ N k 2 ! d /] k
00(wk) 4T M + T /; Wik wkwf(wf — wi) ’

(3.15)

which is once subtracted at wj = 0 to make the dispersion
integral converge as in the forward scattering amplitude
for the real photon [33]. The constant is the Thomson
limit, Too(0) = —e%,/4mM. Note that ImTpp is propor-
tional to the total absorption cross section of longitudi-
nal photon, and is of O(NN;) as shown in the next section.
Thus, the Compton amplitude is of O(NN.). We shall use
Eq. (3.15) in Sec. V to study the electromagnetic polar-
izabilities.

IV. LET’s FOR PION PHOTOPRODUCTION

The pion-photoproduction amplitude for ~(k) +
N(p) = m*(q) + B(p') is defined as

St =8f + (2m)*is(p+k—p —q)
1 1

X

(2m)3/2 2wq (27)3/2\/ 2wy,

4nT e (4.1)

with

TS = ﬁ /d4yeiqy (BT (T*(y), Tu(0))

+3(3°) {[9a(v), T (0)] - iw,[@a(v), Tu(O)]}
<N (p)), (4.2)

where J® = (8,0* + m2)®, is the pion source term. For
the electromagnetic current J* it is sufficient to take the
term, J}, defined in the preceding section, which is exact
up to Ofe).

(3.14)

Now, we rewrite the pion source term J° of ®, using
the axial-vector current Af, according to Refs. [34,4,21].
We divide the axial-vector current into the pion pole and
the direct coupling part as

A (2) = A5 (2) — fx0u%al(2), (4.3)

where fiz is the direct coupling part, which is related to
the pion source term as

AL = frT° (4.4)
Then, the amplitude is written as
€ v a ' a a
T: = ﬁ[q IT;,, — zC# + quu]’ (4.5)

where we define II7, , etc., as

0, = 4 [ d've™ (BE)I T(A2), Tu0) IN ),
(4.6a)
Ci = 4 [ e s ) (BE)| 450, Tu(0)] N (B)).
(4.6b)
D= L2 [ atyeinns) (BE)|12a(0), Ju0)) N P)
(4.6¢)

Taking the polarization vector as

e*(k) =(0,¢) with e-k=0, (4.7)

we have the amplitude T, = —Tf¢;, which describes the
pion production by the transverse photon, and it was
used to reproduce LET’s in Ref. [21]. Since the equal-
time commutators, Cj; and Dj,, were much involved, we
were restricted to approximate calculations there. After
Low [25] we transform the amplitude to that of the charge
operator in place of the spatial part of the electromag-
netic current, under the gauge invariance, and show that
LET’s are reproduced for the electric part of interaction.
The magnetic part of interaction is treated separately,
because it is not included in the transformed amplitude.

A. Electric Born terms

The gauge invariance, which is equivalent to the con-
servation of the electromagnetic current, requires that
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Tiaki = T(‘,’wk, (48)
which may be rewritten as
T(;l =T*. €p, (49)

as if it is the production amplitude induced by the lon-
gitudinal photon. The amplitude is written in terms of
the operators

Jo=e (VS + %Bo) ; (4.10a)
Ve = e346Palls, (4.10b)
1 .
By = — Oigk abcd® a1 j ¥'c ) .
0 12”2.}_,#5 Eab di’ 1s) <I>b8]<I> 8kq>d (4 10C)
T —%{QO,H“}. (4.10d)

The equal-time commutators are much simpler than the
J

case for the spatial current, owing to the current algebra

[17]:
[45(0,¥), Jo(0)] = ica3pA5(0)5(y) + S.t.,
[@a((), y)a \70(0)] = 7:Eaifqu)b(o)(s(y),

(4.11a)
(4.11b)

where S.t. stands for the Schwinger term. The equal-
time commutators are then given as

€

—iCg +waD§ = 2 (B(p)] 43(0)

+ifrwg®(0)IN(P)).  (4.12)

The Schwinger term vanishes exactly at the threshold,
and we discard it hereafter.

The axial-vector current and the pion field sandwiched
between the single-baryon states can be replaced by the
corresponding classical fields:

e;;:b fiw (B(p")] A5(0) + ifrwa®s(0) [N (P)) = ica3

where we used the relations [21]

(B(p')| A2 [N () = f»CENTS . (p/ 4 p)T* -1

2M

(B(p')| 2(0) [N(p)) = - ZBN";S . (p' — p)T®

2M

bTbCSv'B]]E.— {is.(p/+p) iS.(p’_p)(qu—wk)}+O(NC_1),
T

2M mZ + (p' — p)?
(4.13)
STF" (4.14a)
! (4.14b)

m2 + (p' — p)?’

and T (S;) is the transition isospin (spin) matrix from N to A for B = A and 7% (0;) for B = N.
We take hereafter the center-of-mass system to write the amplitudes explicitly, where p = —k and p’ = —q. Then,

Eq. (4.13) reduces to

ieag T BN L {is k@)t S (k- q)

8TM wy

2M

_ 2
2wiwe = Wi } (4.15)

m7 + (k —q)?

Next, we proceed to the contribution from the single-baryon intermediate states in the time-ordered product terms:

i(B(p')| Jo(0) |B'(p' — k)) (B'(p' — k)| 45(0) [N (p))

T {i<B(p')| A5(0)|B'(0)) (B'(0)] Jo(0) IN(p))
B'=N,A

wk + En(p) — Ep:(0)

Using the relations

(B'(0)] Jo(0) [N (p)) = 8w (; ; gfs) e+ O(k?),

(B 50(0) B0 1)) = dniy 5+ 3T ) e+ O,

(B(p')| A¢ IN(P)) = fx

we have

BN~ a
M SzT )

wk + Ep/(p’ — k) — Eg(p’) } '

(4.16)

(4.17a)

(4.17D)

(4.17¢)
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1 e — €GBN= _iS-qT%(5 +37%) N iS-q(: +3785)T°
foTH0 T T8aM wh + w, + B E2ka
LS APHRT G+ w18 (P PR+ 5TER) T @y (4.18)
wi + 2M wi + %24& 2M
[
as the nucleon and A pole terms, where we approximated eGBN=x . 1 2
as k?/2Ma = k%/2M+ O(N;?) in the denominators. aso\ M iS5 E(_E#) +0(17) (4.21d)

Here, we ignored the effect of the form factors and spin-
flip terms in the matrix element of the charge as in the
preceding section. The effect of the form factors will be
discussed in the last section related to other definitions
of the electric polarizability.

Now we decompose the production amplitude as

Te = ieayT TS + TOTO + TE TP,

where T .5 = T°172 + 17357, which reduces to 8,3 for
B = N. Combining Eqgs. (4.15) and (4.18), we obtain the
amplitudes for the Born terms together with the equal-
time commutator terms in the center-of-mass system as

(=) _ [ €GBNx
To *(snM)
'S-(k—Q)(2'~‘~-q—F~~k)}

X 118 n+z
mZ + (k — q)?

(4.19)

(4.20a)

(0 _ () _ (€GBNR g (_ Yo ob
T = 1 (SWM)ZS n( 2M>’ (4.20b)

where we discarded nonleading terms which vanish at
the threshold. We call these amplitudes the longitudinal
Born terms later.

Note that the amplitude T§ is equal to Tk;, but what
we want to obtain is —Tf€;, the electric interaction part
of which we denote as Té.i’o). Replacing & by €, we have,

for T,gi’o) s

7o) = (M) {is.€+2i8~(k~q)(e-q>}7

8w M m2 + (k — q)?
(4.21a)
L (99887 s e 1 o(u?)) (4.21b)
a—0 \ 8TM ’
©) _ p(+) _ [(eGBNx . wq

with being yu = m,/M. We call these terms as the elec-
tric Born terms later.

We can see that the threshold amplitude in Eq. (4.21d)
satisfies LET’s except the terms proportional to the mag-
netic moments of nucleon. Note that the linear term
in p is exactly reproduced in the method. The term
is not obtained by means of the transverse polariza-
tion condition, because of the nonrelativistic treatment
of the time-ordered product terms. Usually, the term
is behind the antinucleon propagation. Thus, we have
shown that the Skyrme-soliton model can also repro-
duce the model-independent part of LET’s for the pion-
photoproduction amplitude. We note that the amplitude

Té,_E) is of O(N&/?), while Téjgio) are of O(N:'/?).
B. Magnetic Born terms

It is known that the amplitudes of Ncl/2 also come from
the magnetic interaction for the spatial current. We now
examine these magnetic Born terms in —g*Il,;e;. These
are the terms which vanish in the longitudinal polariza-
tion, so that the previous prescription cannot include
these terms.

According to Refs. [7,21] the matrix element of the
spatial current is given as

(B(p")| Ji(0)ei [N (p)) = i(o - 5) S 1§
+i(S - s) T3uBN, (4.22)

where s = Sy F ) 2Myg, 8N = —3/y2ud, and
s = (p' — p) x €. Here, we discarded the terms of the
translational zero modes in the isoscalar current. Note
that pfY is of O(N,), while uY of O(N ). The magnetic
Born terms are composed of two parts; we denote one of
them as Tz(v?) with being o = +,0, which is proportional
to s = k X €, and the other as T proportional to o -
so -k. The former vanishes at threshold, while the latter
remains finite. Both amplitudes are transversal, so that
they vanish for the longitudinal polarization.

We give TI&;) which we call the magnetic Born terms
for y+ N > 7w+ N as

) = (eGNNw) Y {_(U'q)(U-S) _(o-s)(e-q)

8t M

Wi

Wk
1[3s - q— (o a)( -5)]
t3 won — AM

1
2 wk + AM

[3s-q— (o -s)(o - q)] } , (4.23a)
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T (m> p{-ldlen)  (o:0)oq

8w M Wk Wi
Bs-a—(o-q)(o-s)] [3s-q—(o-s)(o-q)]
- wn — AM + oo+ AM } ) (4.23b)
©) _ (eGNNx (0-q)(o-s) (o-s)(o-q)

where we put (1 + wy/2M)/(1 4+ wr/2M) = 1 and neglect k- q/M in the denominator. The amplitudes Tls,[a) become
of P wave owing to neglecting k - q/M in the denominator, and vanish at the threshold; we note that (o - q)(o - s)
and 3q-s — (o - q)(o - s) are the P-wave projection operators for J = 1/2 and J = 3/2, respectively [30].

It is easy to see that T,(V;E) reduces to O(Ncl/z) by the cancellation among the N- and A-pole terms, while TI(VIO) is

nonleading and of O(Nc_l/z).

The amplitudes ,(na)’s which remain finite at threshold are

; 2 : 2
) — _ eGNNnx N w‘-ekaﬁ lza-ek wq 4.24
T <87rM)'uV{ or MVt 2o rAMM/’ (4.24a)
: 2 ; 2
+) eGNNx N [io - €k wg io - €k wq 4.24b
T (SWM)uV{ we M wr+AMMYJ’ (4.24b)
: 2
©) _ eGNNr\ N [10-€k” wg
= (2 gy fir o), 10
in the same approximation as Eqs.(4.23a) to (4.23c). At the threshold we obtain
Y 2
() & g (CCNNT) N (1 1
In” 307t 6( 8 M ) woar \MT 2T AMm, ) (4.252)
2
(+) oo EGNNT) N (1 1
T q:)ozo. e( 8mM )#V M ! 1+AM/m, )’ (4.25D)
) eGNNx m2
T oio e ( S ) ugﬁ (4.25¢)

This result has already been obtained in a previous paper [21], and is the same as that of the covariant perturbation
theory [23]. If we take the leading order terms in the 1/N. expansion by expanding Eqgs. (4.25a)—(4.25¢) in powers of
AM /m, which is of order N1, we have

c

2
() & —ig.e[EGNNT N (3 4.2
T a2 “’e(SwM)"VM 2)" (4.262)
2
+) . eGNNx yms: (AM
T, ot e( Py ),uv )i (m,, . (4.26b)

Note that the net threshold value of T\, ) remains to be of O(Ncl/z), but that of T)\;”) reduces to O(Nc_l/z); that is,
they are of the same order as of the electric Born terms, Egs. (4.21b) and (4.21d), while T is of O(Nc_3/2) higher
than the pion pole term by O(N_1).

Under the same approximation the channel-coupling Born terms for the process v + N — 7w + A through the
magnetic interaction are obtained:

(1)) = (egr%) uy {“(S.qu);ia.S) _ %(SAA :)(U'S)
+2(S-s)(0"q)_l(SAA'S)(a'q)}, (4.27a)
wq 5 W
@iy - (S ) wy {- a2 (aadlB 0
+(S-s)(cr-q) +1(SAA'S)(U'q)}, (4.27b)
Wq 5 W

where (S-q)(S-s) and (Saa -q)(S-s) are also the P wave projection operators for J = 1/2 and J = 3/2, respectively,
in the reactions. We have the counterparts of T}, in the v + N — 7 + A process, but we do not write them here.
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Collecting the above electric and magnetic amplitudes, we write, for the Compton scattering amplitude of nucleon

at threshold,

) — (%Vﬁ_) i e{1+0(u?)}, (4.28)
eGNNrx \ . 1 1
G R O o

where uX are in the units of nuclear magneton. Thus, we have succeeded in reproducing LET’s for the pion-
photoproduction amplitude through the electric and magnetic Born terms within the Skyrme-soliton model.

V. ELECTROMAGNETIC POLARIZABILITIES

The low-energy Compton scattering amplitude of no
spin-flip can be expanded in powers of wy as

&iTije; = €T e + (

idij € -EI.E_{'IBSI'S)“)IE'FO(“’:)? (5'1)
where T} is the nucleon Born amplitude, and & (8) is the
electric (magnetic) polarizability. In the aboves = kX e.
If we put the longitudinal polarization €y = & in place of
the transverse polarization, we have

' = 2 3
Too = kjTijk; = KT ki + awlel - € + O(wh),

(5.2)

and k/,TY k; = T{'. This equation shows that the electric

7ij
J
4#/(2

Then, we obtain a dispersion integral for a:

(5.5)

where oy is the total pion-production cross section by the
longitudinal photon defined as

oo(wk) = wik Z/dﬂ IT(;‘B(q, k)|2 + multipions. (5.6)
B,a

If the total photoabsorption cross section oot is used
in place of oo in the right-hand side of Eq. (5.5), the
dispersion integral becomes the Baldin sum rule [35]:

3 1 > Otot (wk)

= dwp ——5—=. 5.7
s 272 Jopn il wi (5.7)
Note that T$Z(q, k) is of O(Ncl/z), so that & is of O(NV,).
Introducing a Lorentz invariant variable v = p - k/M
which reduces to wy in the laboratory system, we write

Eq. (5.5) as
__ 1 [% go(v)
o= /;h dv 7 (5.8)

6(EB(k Q) + wg — M — wy) |TgB (q, k)| ——/qu |TsB( q,k)\

r

polarizability can be obtained by using the amplitude
Too.

Taking the single-pion plus baryon states
|7%(q), B(k — q)) with B = A or N as |n(k)) in the
imaginary part of the amplitude, Eq. (3.14), for the dis-
persion relation of Too, we rewrite (n(k)| 75(0) |[N(0)) as

1

(n(k)| Jo(0) [N (0)) = (2m)3/2 /20,

4n T3 (q,k), (5.3)

where T¢P is the production amplitude of a pion a with
a baryon B = A or N in the laboratory frame. The
contribution to the imaginary part of Tgo is then given
as

(5.4)

—

which can be used in the center-of-mass system, where

_k* *

- (5.9)
with wj and k* being the photon energy and momentum
in the center-of-mass system. We take an approximation
wy, = wy, hereafter. Using the Baldin dispersion integral,
we write the magnetic polarizability as

[ot0t (w )—UO(W )]
27.—2/ dwy k k

Note that we cannot use experimental data for both
expressions of &, Eq. (5.5) and (3, Eq. (5.10) in con-
trast with the finite-energy sum rule developed by L’vov,
Petrun’kin, and Startsev [36]. We note here that recently
proposed is the backward dispersion relation for & — 3,
which is given as the s- and the t-channel contributions
in the relativistic pion-nucleon theory [37].

(5.10)

A. Contribution from the electric Born terms

For calculating the longitudinal-photon absorption
cross section we here take the longitudinal Born term
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T{™) in Eq. (4.20a) as T¢® in the static limit, where
wr = wqg + AM for B = A with being AM = Ma — M
and wi = wg for B = N. Integrating Eq. (5.6) with
neglecting multipion terms, we have, for B = A,

g 8 (eGanx\>
A _ 4.9 9 [eGANT
o5 41er 9( P~y ) Fp(v), (5.11)
with
1 o 1 1-02
Fat) = b—z{““'" Uy
b2 + 2 — 202 a+bv
+-———In (a_bv) : (5.12)
where v = q/wq and
AM
b =1+ V1—v2 (5.13)
My
For B = N, we obtain
2
N _ 4pd [ Y2eGnnx
oo -—47rwk( . ) Fn(v), (5.14)
with
5, 5 3-2 1+w
FN(v)_{_Z + v+ ™ ln(l—v)}' (5.15)

This is the same expression as by L’vov [38]. Note that
Fa(v) reduces to Fn(v) at AM = 0. The integration of
af’,v with respect to v from 0 to 1 gives

2
&( N) — \/§6GN N« 10
8TM 2dm, |~
This result is the same as that of the chiral perturbation
theory at leading order in powers of m, [5,38].
In order to calculate the magnetic polarizability

we take into account the electric Born term T,(E_) of
Eq. (4.21b), through which we obtain

(5.16)

q 8 eGAN 2
A _ 22 (Z7ANT
Oioy = o 0 ( -~ ) Ga(v), (5.17)
2
N _ 9 [ V2eGNnnnx
Tior = - (—-——st Gn(v), (5.18)
where
_ 1, 2 a(l—1?) a+bv
GA(U)—bz{b tl-w 2bv In a—bv) |’
(5.19)
— 22
Gn(v) = {2——1}2 _1 2: ln<ii3)} (5.20)

Since oy diverges logarithmically at v = 1, but o, tends
to a constant, the integrand of 3, ot — 00, becomes
negative for large v. Integration with respect to v gives
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2
g = (\/ECGNNW) { 1 } (5.21)
8t M 24m,

This result has already been given by L’vov [38] and is
equal to the leading 1/m, term by the chiral perturbation
theory.

The proton-neutron difference between polarizabilities
comes from that of the contribution from TO(%. Because

the amplitudes Té}:o) behave as O(wg) in our nonrel-
ativistic Skyrme-soliton model, it is impossible to inte-
grate terms including TI(;F’O) from the threshold to in-
finity without unitarization of them. So we do not esti-
mate the proton-neutron difference of the polarizabilities
within this paper. At least we can say that the difference
is of O(1), that is lower by N, than the leading order po-

larizabilities, and that the sign of Tl(,jo) indicates that the
neutron electric polarizability is larger than the proton
one.

Here we discuss the effect of the channel coupling with
the v+ N — 7 + A process. The relation of coupling
constants, GAn» = —3/\/§GNN,,, holds in the Skyrme-
soliton model. Therefore, the size of the coupling con-
stant in 08" is twice as large as that in oY . Thus, if we put
AM =0, 08 + ) = 30). This factor 3 on @ has been
pointed out [39] concerning the difference between the
chiral soliton models such as the Skyrme-soliton model,
and the chiral perturbation theory; however, the result
by the chiral soliton models was obtained from the sea-
gull term at the cost of gauge noninvariance. Our result
indicates that the enhancement by the factor 2 in the
size of the coupling constant is independent of models,
because the factor is due to the spin-isospin contraction
ind>, IT“A |2 and the ratio of GAn» to GNNx- The same
factor is also pointed out in the chiral perturbation the-
ory [28]. If we use Eq. (5.10) for & + f3, the same factor
2 appears from the single-pion production cross section.
Thus, G is also enhanced by the channel coupling.

It should be recognized, however, that the mass degen-
eracy between N and A is not inevitable to the Skyrme-
soliton model. Numerical calculation of the channel cou-
pling effects shows a monotonic decrease of the sizes
of the channel coupling and gives aan = 0.52ay and
Ba = 0.788y at the empirical mass difference, the ra-
tio AM/m, being about 2.1. The effect by the channel
coupling with the y+ N — w®+4 A process cannot be neg-
ligible both for the electric and magnetic polarizabilities,
though the enhancement by the factor 3 is much reduced.
The effect of the finite width of A to the wA channel con-
tributions is not so large; it only reduces about 10% from
the above mentioned values.

B. Contribution from the magnetic Born terms

The P-wave magnetic Born terms T&t ) of Eqs. (4.23a)
and (4.23b) contribute to the magnetic polarizability at
O(N,).

We rewrite T J(V;t ) as
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+ eGNNr () p [~ = (&) p s =
Tl(u) - (W) {t Py (4,8) +t3 Pg(q,s)},

(5.22)

where uif is the size of the magnetic moment in units of
the nuclear magneton, and

P1(q,8) = (o-§)(o-8),
P3(q,8) = 3(4-8) — (o-§)(o-8)
are the P-wave projection operators for J = 1/2 and
= 3/2, respectively [30], and § = q/q and § = s/k.
Using the same variables as in the preceding subsection,
v = q/wg and b = 1+ dv1 —v? with d = AM/m,, we
give the amplitudes ! J)

(5.23)

(- 1 [ 2 gkAM Y 1d .,
f 2M{ 3 we(we + AM) uzvy (5:24a)
k(Apr —iL

= L qk(Anm —i5)
2M | (Wi + AM)[wr — AM +iL]
2 qgkAM
3wi(wr + AM
_ v{l d— 50 _lé}
TR Zb —dVI— 2+ iVl — o7 3D
(5.24b)
and similarly
2 d
£ = ~nzvy, (5.25a)

J

Ot (- (-
2/dQQ<Tg)T§A’+T§4’Tg))

\/_CGNN‘K
. - ( 8w M / diq
spin nonflip
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d—%i’y
b[l—d\/l—v2+i'y\/1—v2]

tg+) =pv {__

R
3'() b .
(5.25b)

In t{*) we introduced the finite width I" of A state to the
direct A pole by the simple Breit-Wigner form, and v =
I'/(2m,). In order to take account of the P-wave nature
of the A state near threshold, we may approximate the

total width I" as
v \3
F N FA <_) ’
vA

where va is the velocity at wg = AM, and we define I'p
as

(5.26)

GAn 3
Pa= 12w M2 (43)

(5.27)

with g} is the c.m. system (c.m.s.) pion momentum at
the resonance. Since this definition gives 113 MeV to I'a
at the parameter set by Adkins 7] and the value is close
to the empirical one, we fix I'a /2m, = 0.4 in this paper.

It should be stressed that just due to the cancellation
between the N and A poles each of the magnetic Born
terms for J = 1/2 or 3/2 is asymptotically finite and of
O(Ncl/z) as like as the electric Born terms. Such a can-
cellation occurs naturally in the Skyrme-soliton model,
where the V and A states are treated as the same rota-
tional levels of the Skyrme soliton. On the other hand,
TM , which is of O(Nc_l/z), is not finite by the lack of
the cancellation, so that we need some unitarization to
get a finite difference between 3, and f3,.

We give at first the interference terms as

_4(e-a)’qk [Re( )

(=)
2 + k q) t3 )]

V2eGNNr N [ Mx
(Yo | oY (537) Hemw), (5.28)
ACET R s (5.29)

Hpm(v) = {1 -1 ;vvz In G t Z) } (1 +dv1 —v2)[(1 — dv/1 — v?)?

The contribution to 3 from the interference between the electric and magnetic Born terms is of O(m

72 (1 - v?)]

9), that is of the

next-to-leading order in powers of m,, but the leading order term in the 1/N. expansion. There are no Inm, terms

TABLE I. Numerical results of & “Empirical” means that empirical values of constants are used
in calculating the Born amplitudes, while “Adkins” that the Skyrme model parameters by Adkins(7]
are employed to calculate constants. The second and third columns show the contributions of the
N and A states to &, respectively. The sum of both contributions are given in the fourth column.

Parameters N contribution A contribution Total
(fm?) (fm?) (fm?)
Empirical 13.8x107* 7.2x107* 21.0x107*
Adkins 10.8x10™* 5.6x10* 16.4x107*
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TABLE II. Numerical results of 3. The second column shows the contributions of the electric
Born terms in Eq. (4.21b) to the total absorption cross section, the third those of the interference
terms in Eq. (5.28), and the fourth those of the magnetic Born terms in Eq. (5.30). Here, the
upper cases are the contributions of the n-IN channel, and the lower of the n-A channel. Total
means the full contribution to the 3. See the caption of Table I for others.

Parameters Electric Born Interference Magnetic Born Total
(fm?) (fm?) (fm3) (fm?)
.. 1.4x10™* -1.8x107* 4.4%x1074 4
Empirical 1.1x10™* ~1.1x1074 1.8x10* 5.8x10
1.1x10~% -1.2x10° ¢ 2.0x107%
Adki —4
mns 0.8x10~* ~0.6x10™* 0.7x10~4 2.8x10

in the nonrelativistic Skyrme-soliton model. The interference term gives a negative value owing to the resonance
behavior of the A pole.
The contribution from the square of the magnetic Born terms are given as

[ a0t + T = 4 (%%}i) ()7 (7)o Hya o), (5.30)
_ &A@+ V-4 g
Hymm(v) = T B(1 = dvT 92 171 o2 (5.31)

This is of O(m2), so that it contributes to 3 as of order p.

Since the interference term contributes to 8 as of O(u) and the square of the magnetic Born term does as of O(u?),
one may think that these are effects of higher order. It should be recognized, however, that the order in the 1/N,
expansion is the same for all of the terms, that is of O(V.), though the seeming order in powers of m, differs from
O(m;1) to O(m?2). We have to take account of all of them from the viewpoint of the Skyrme-soliton model, which is

based on the 1/N, expansion.

The contributions from the mA channel through the magnetic interaction are given as

- ( ) A 1 € G ANm N
/ dQ[T (111\4 ) C.C.] 47 ( M ) H‘r

%/dﬂ (‘(T};))A‘z + ‘(T,f}))A‘2> - 47r§

Here, we give numerical results of @ and 3 for the sets
of the empirical and the Adkins parameters 7] in Tables
I and II, respectively. The net spectrum for G clearly
shows the A resonance behavior in contrast with that for
a.

Note that we have only taken into account the Born
terms without any unitarization so far, and then we ex-
pect that the effects of higher partial waves with reso-
nance behaviors and unitarization of the amplitudes may
alter the results. Also we have neglected the effect of the
form factors in the vertices, which describes the finite
size of the soliton. This effect may alter the contribu-
tions to the dispersion integrals, and gives smaller values
to the polarizabilities. The realization of the complete
calculation is out of the present scope, however.

eGAN,, 2 N\2 My 2 82 2 2
TM) 6 (337) 127

My a a? — b%v? a+ bv 7
—= — - ——d .
2M> {bv b2p2 In (a—bv)}{ 15 v} (5.32)

(5.33)

VI. CONCLUSIONS AND DISCUSSION

We have shown that the low-energy theorems for
the photo-induced reactions, pion photoproduction, and
Compton scattering can be reproduced within the
Skyrme-soliton model. We used in the proof the ampli-
tudes for the longitudinal photon obtained by the gauge
invariance imposed on the ones for the real transverse
photon; the former has the simplified seagull terms, and
the order of the Born terms are of lower in the 1/N,
expansion. We explicitly showed that the Compton am-
plitude is of O(V.) and the pion-photoproduction ampli-

tudes are of O(Ncl/z) owing to the cancellation among
the nucleon and A pole terms. Such a cancellation oc-



6072

curs naturally in the Skyrme-soliton model, where the
N and A states are treated as the same rotational lev-
els of the Skyrme-soliton in contrast with the chiral per-
turbation theory in which the A state is treated as of
higher-order effects at two-loop levels. The amplitudes
for Compton scattering of O(N,), pion photoproduction
of O(N2 / ?), and pion-nucleon scattering of O(1) satisfy
unitarity in the sense that the powers of 1/N, remain un-
changed through the channel coupling, where we consider
the electric charge e to be independent of N.. And the
ratio among the pion-coupling constants and the cancel-
lations of the pole terms at the degenerate baryon masses
are the same as in the pion scattering amplitudes under
the unitarity condition [40,41].

The electromagnetic polarizabilities are calculated us-
ing the Born terms in the pion-photoproduction process
both with the electric and magnetic interactions in the
model: The electric polarizability & and the magnetic
one [ are given as the dispersion integrals of the Born
terms. We have explicitly calculated the A state contri-
butions to the polarizabilities: The A state contributes
to & through the channel coupling to the y+ N — 7+ A
channel through the electric coupling, while it contributes
to B through the A pole both in the direct and crossed
magnetic Born terms as well as the channel coupling by
the electric and magnetic interactions. Our results are
numerically not so far from the experimental data, but
the calculation is restricted to the Born contributions
within the nonrelativistic Skyrme-soliton model. Studies
on contributions from higher partial waves and some uni-
tarization of the amplitudes in the pion-photoproduction
process are left for further work.

As a definition of the electromagnetic polarizabilities
the following expressions are usually given [42,5]:

2 2 2
=23 |<T;!7D1|N>| LN (r*)g

-3
o S E O™, (6.1)
n#N
~ n| M, |N)|?
ﬁ =2 Z |<—£T'-_—I1W‘ZL + ﬂseagulla (62)
n#EN n

where D, (M,) is the 2z component of the elec-
tric (magnetic) dipole-moment operator, and <r2> g is the
mean-square radius of the charge distribution of the nu-
cleon. Since the charge radius is of O(1) in the Skyrme-
soliton model, the additional term is of not leading order
but of O(N; ). On the other hand, M, = [(x x J),d%z
sandwiched between |A) and |N) behaves as O(N,.) and
Ea — M is of O(N; 1), so that the first sum could be of
O(N?2). However, this definition seems dangerous from
the viewpoint of the 1/N, expansion [39,26].

We note at first that the amplitude (n|D,|N) or
{n| M, |N) is off the energy-shell, that is, E, # M + wy,
though p, = k in the laboratory system, in contrast with
the dispersion integrals in which the amplitudes are on
the energy shell. The fact that the energy-momentum
transfer squared is (p¥ — ply )% = —k2? + O(N2) permits
the appearance of the form factor of the electromagnetic
current, F(—k?) + O(N;2) as the residues of the nucleon
pole terms, irrespective of the relativistic or nonrelativis-
tic kinematics. At the same time the off-energy shell
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amplitude should have extra singularities in addition to
the analytic structure of the on-shell amplitude, in order
to absorb the singularities coming from the form factor
to leave only the simple pole plus unitarity-cut struc-
ture of the whole amplitude. We may encounter many
complex problems in calculating contributions from con-
tinuous states in the off-energy shell amplitudes.

A simple example of such a situation is seen in back-
ground scattering of the sine-Gordon theory. The back-
ground scattering amplitude is written as

4mk
k—im’

Tk(k) = (6.3)
where m is the meson mass and k is the meson momen-
tum. This is rewritten as a dispersion integral:

gm3 1 [, |Tw()?

where w = Vvk? + m2, and we note that the amplitude
in the integral is on the energy shell, Tx/(k’). The same
Tr(k) can be written in terms of the off-energy shell am-
plitude as

Tu(k) = 4m — ) = [ aw TeEOE g )

w? 27 J_ oo w'? — w2

where we note that T (k') is the off-shell amplitude. The
residue F(w) is the form factor: It is 8m3 at w = 0, but
has infinite number of double poles which are not present
in the original amplitude. Indeed, the off-energy shell
amplitude in the integral also has the extra singularities
which just absorb the singularities of the form factor [43).

The paramagnetic term of O(N2) comes from the fact
that the polarizability is defined by making wi of O(1)
zero, leaving the mass difference AM of O(N1) finite,
as if it is the V. expansion instead of the 1/N, expansion
[28].

Thus, it might be dangerous to calculate the polariz-
abilities according to the definition Egs. (6.1) and (6.2).

Since we started with the local and translation invari-
ant field ®,’s, we expect that the resultant scattering
amplitudes are translation-invariant. Indeed, the electric

Born terms, To(?g, and the P-wave magnetic Born terms,

T1(\:11 ), in the laboratory system have the same forms as in
the center-of-mass system, where a = 4, 0. The ampli-
tudes T,(n+’0) of the magnetic Born terms seem to depend
on the frame of system, however. In the center-of-mass
system the crossed Born terms with A% contribute to
T,(,‘,’ ), but the direct terms do to T,(,.a) in the laboratory
system and the sign of T,(n+’0) of the nucleon pole terms
becomes negative at the threshold, though TS remains
the same form. If we include the A pole, the resultant
T,(n+) is invariant at leading order in the 1/N. expansion,
and the resultant one is of O(N¢ Y 2), which is the same

as T}(E_). The frame dependence of higher order terms
could not be avoided in the model. This is due to the
matrix element of (B| A§ |N), which is expressed as the
classical soliton configuration with the zero-mode wave
functions. This is left unsolved.
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APPENDIX A: FUNCTIONS IN LAGRANGIAN
AND HAMILTONIAN

We summarize functions appearing in the Lagrangian
and Hamiltonian in Sec. II, where we write them in terms
of the total pion fields.

(1) J*:

JH = gH + JES, + %éaJabéb, (A1)
where

7t = €30 PaKapd* P, (A2)
%= —ﬁe"f’*sam[@aai@bajécak@d], (A3)
Ji— —gﬁﬁaiiksbwa[@baj@ca@d}, (A4)
J? = a3bc<I>cha, (A5)
= 2f2 ——>263ca®Pc(XavXde — XaaXpe)0'®e,  (AS6)
J% =0 (A7)
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(2) Z#v:

. 1.
V= (M 2R, + ~ 8.2,

. (a8)

where

chy = ghv {«pi 2f2 (82 8;® 0 X 0p0:®5 — (& x 8; @)3]}
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