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Exact solution of two-dimensional Poincaré gravity coupled to fermion matter
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The two-dimensional model of gravity with zweibeins e® and the Lorentz connection one-form
w?% as independent gravitational variables coupled to 2D massless Dirac matter is considered. It is
shown that the classical equations of motion are exactly integrated and the general solution is found

in the case of chiral fermions.
PACS number(s): 04.60.Kz, 04.20.Jb

The numerous recent attempts to formulate the the-
ory of gravity in the framework of a consistent gauge ap-
proach resulted in constructing the gauge gravity mod-
els for the de Sitter and Poincaré groups (for a review
see, e.g., [1]). The independent variables are now viel-
beins e* = ejdz" and the Lorentz connection one-form
wh = wh drh These methods being applied in two
dimensions (2D), give us a dynamical description of 2D
gravity. It was argued that the investigation of simple
two-dimensional model leads to a better understanding of
four-dimensional gravity and its quantization [2]. It was
shown in [2] that the Lagrangian L = yRZ+3T%+ ) is the
most general one quadratic in curvature R and torsion
T, and containing a cosmological constant A. The classi-
cal equations of motion for this type of two-dimensional
gravity were analyzed in the conformal gauge [3] and
the light cone gauge [4] and their exact integrability was
demonstrated. The various aspects of the quantization
of the model were recently considered in [5]. In Ref. [6]
it was shown that the formulation of the model on the
language of differential forms is very useful. This allows
one to find exactly the solution of vacuum gravitational
equations using appropriate (and rather natural) coordi-
nates on the 2D space-time. The resulting metric can be
written in the Schwarzschild-like form and describes an
asymptotically de Sitter black hole configuration [6]. Us-
ing this method in [7] one proves the integrability of the
general 2D Poincaré gauge gravity with the Lagrangian
being an arbitrary (not necessarily quadratic) function of
curvature and torsion and demonstrates that the solution
of the field equations is again of the black hole type.

One of the motivations for the study of two-
dimensional gravity is that it can be considered as a “toy
model” for the investigation of old problems of black hole
formation and evaporation [8]. Therefore, the interac-
tion of 2D Poincaré gravity with matter is worth study-
ing. However, the coupling with matter in the general
case breaks the above exact integrability. One excep-
tional case noted in [6,7] is the 2D Yang-Mills field. In
this note we consider the coupling of 2D Poincaré gauge
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gravity with 2D massless Dirac fermions. The particular
solutions of this system were earlier studied in [7,9]. Here
we find exactly the general solution of the field equations
using the method of Ref. [6].

We begin with a brief description of the Poincaré gauge
gravity and Dirac spinors in two dimensions.! In this
paper we follow the notation of paper [6]. The 2D gauge
gravity is described in terms of zweibeins e® = ej,dz#,a =
0,1 [the 2D metric on the surface M? has the form g, =
e2e8nap, Nap = diag(+1,—1)] and the Lorentz connection

one-form w% = we%, w = w,dz* (€qp = —€pa, €01 = 1).
The curvature and torsion two-forms are
R=dw, T®=de*+e%wAeb. (1)

With respect to the Lorentz connection w one can de-
fine the covariant derivative V which acts on the Lorentz
vector A® as

VA® :=dA® + e%w A A®.

The Dirac matrices v%, a = 0,1 in two dimensions
satisfy the relations

')’a’)'b — nab _ Eab"ls, (2)

where v5 = 79!, (vs5)2 = 1. The following identities are
also useful:

Y5 + 57 =0 (3)
and
Y5 = €%y (4)

In further consideration we use an explicit realization of
~ matrices:

S B U W T

The Dirac spinors in two dimensions have two complex
components,

'The exhausted introduction to 2D Dirac spinors one can
find in [7].
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¥= (g) 0)

and under local Lorentz rotation (on angle Q) transform
as

T ¥ =80 ¥ ¥=U5" (7

where the Dirac conjugated spinor is defined as ¥ =

\I'f'yo. The matrix S realizing the spinor representation
of 2D Lorentz group is given by

S:cosh(%) — s sinh(—g). (8)

One can see that the components ; and %, transform
independently:

Vi=eigy, Py=e Ty O)
This means that left- (right-) chiral spinors defined as

give us the irreducible representations of the Lorentz
group.

It is useful to define the covariant spinor derivative V
as a differential operator acting on the field ¥ consid-
ered as a zero-form with values in the two-dimensional
complex spinor space:

VU = dU + %w’)’s‘p, VT :=d¥ - %‘”‘i’%' (11)

This definition means that operator V acts on spinor bi-
linear combinations, such as ¥¥, U~*¥, Tyl bl as
the usual covariant derivative on the Lorentz scalar, vec-
tor, and bivector, correspondingly. One can see from
(11) that the spinor covariant derivative V acts on the
components of the spinor field (6) as follows:

1 1
Vipy = dyps — -z-w"/)1 3 Vipg =dipa + Em/)z-
The dynamics of the 2D gravitational (e*,w) and
fermion (¥) variables is determined by the action
S = Sgr + Sfers (12)

where
a a o, 1 A a b
Ser = —*xT*ANT*+ - *RAR— —ee® Ae® (13)
Az 2 2 4

is the standard action of 2D Poincaré gauge gravity
quadratic in curvature and torsion; * is the Hodge du-
alization, and a, A are arbitrary constants.

The action for 2D Dirac fermions in terms of differen-
tial forms can be written as

Ster = / 2ease® A (B7°VE — VID), (14)

Notice that here we consider only the massless fermions.
One can see that due to the identity (3) the Lorentz con-

nection w is dropped out from expression (14) and really
one can use the usual external derivative d instead of V
in (14).

Instead the curvature R and torsion T'* two-forms let
us consider the dual zero-forms p = xR, ¢* = xT°.

The variation of (12) with respect to the Lorentz con-
nection w and zweibeins e® gives the equations

dp = —aq®eqpe’, (15)
1
an = _2—a'¢(pa q2)eabeb + Jav (16)

where g2 = ¢%¢®qp. In (16) the following notation was
introduced: ®(q?, p) = p?+ag?—A. The matter one-form
J¢ takes the form

Je = —%ea,,(\iwbvq: — VI4b). (17)
It should be noted that J* = Jidz" is related with
matter energy-momentum tensor: T, = %(E,f‘.]&eﬁ +
e >Jgeq)-

Variation of action (12) with respect to the fermion
field ¥ gives

(“earr®) A (V) = ST W, (18)
From (1) we obtain
w=w— g.e?, (19)
where @ is the torsionless part of the Lorentz connection:
de® +e%w A eb = 0. (20)
Using (19) and identity (4), Eq. (18) can be rewritten as
(e®eas7®) A (d¥ + LaysT) = 0; (21)

i.e., the torsion is dropped in the Dirac equation. Taking
the Hodge dualization of (21) one can transform (21) to
a more standard form of the Dirac equation:

’Y”(an + %‘:’#’75)'1’ =0,

where v* = ek~°.
Using the Dirac equation (21) one can show that one-
forms J* (17) satisfy the identities

JaNe® =0, eaJAe®=0. (22)
Really the identities (22) are consequences of invariance
action (14) under the local Lorentz and conformal trans-
formations correspondingly [10].

The components of the spinor field (6) can be written
as ¢P; = eXi, i = 1,2, where x1 = B+ w, x2 =7+ 1w
are complex fields. Then the one-forms J¢ (17) take the
form

J° = [e¥du — e®dv], J' = [e¥du +e®Pdv], (23)

while the Dirac equation (18) reads
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e® —el) A (sdu + dy + Ltw)e? = L1(T° — TY)e",
2 2
(e + ') A (sdu + dy — Jw)ePf = L(T° + T)eP. (24)

Assume that the orthonormal basis {e®} takes the
conformal-Lorentz form
e® = e (n%dr — e%nbdzx), (25)
where n®,a = 0,1 is a unit Lorentz vector, n? = n®n, =
+1. By means of diffeomorphism transformations in two
dimensions, the arbitrary basis {e*} always can be trans-
formed to the form (25).
The corresponding metric ds? = nabe:eﬁdz“dw” takes
the conformally flat form

ds? = n?e?? (dr? — dz?).
By means of the identity

ANe® =e%eb A (xA), (26)
where A is arbitrary one-form, we get, for the differential
of (25),

de® = e%[— * (do) + n®eqgdn®] A €b. (27)
Inserting (27) into (20) we obtain, for @,

@ = *(do) — n®eqpdn®. (28)

Assuming for definiteness that n? = 1, components n®
can be written as n° = coshf, n! = sinh#, so we have
n%eqapdn® = df. Under local Lorentz rotation on the an-
gle Q, the variable 6 transforms as § — 6 — Q. So the
last term in (28) is a pure gauge part of the Lorentz con-
nection.

Substituting the expression (28) into the Dirac equa-
tion (21) and using identities (4) and (26) we get

(e*€apy®) A (d + 2do — 1dbvs) T (29)
or, in the spinor components (6),

(e® +e') A (d+ Ldoyy + 3dO)yy =0,

(e® —e') A (d+ Ldotpy — 1dO)ps = 0. (30)
For basis (25) we have

(€ F e') = e®F9 (dr + dx).

Taking this into account, Eqs. (30) are easily solved
and we obtain, for the spinor field,

U —e% (e_%e"’(”_)P(:c_)> , (31)

eg ezu(z+)f(w+)

where v,p and u, f are arbitrary functions of the light-
cone coordinates £~ = 7 —z and z+ = 7+, correspond-
ingly.

Thus the Dirac equation (18),(21), taken separately,
is exactly solved in the conformal-Lorentz gauge (25)
and the general solution takes the form (31). However,
now one must insert (31) in the gravitational equations

(15),(16) and find the consistent solutions of the coupled
gravity-Dirac system.

As in the vacuum case [6], there are two types of so-
lutions of Eqgs. (15)—(18). The first one is characterized
by the torsion squared is zero, g2 = 0. One can see from
Egs. (15)-(18) that it is possible only in the case when
torsion is identically zero: ¢* = 0, a = 0,1, the space-
time has constant curvature? : p? = ), and the one-forms
(17) vanish: J* =0, a =0,1.

If zweibeins are taken in the form (25) the constant cur-
vature condition *(dw) = p = const gives us the equation
for conformal factor o: *d * (do) = p = const, which is
equivalent to the Liouville equation

20_0,0 = ge“, (32)

where p = +vA. The general solution of the Liouville
equation is well known. By means of the coordinate
changing, it can be transformed to the form

2
20 = —ln(l— 2:1: :1:") .

Correspondingly, we have, for the metric,

dztdz—
ds? = ———
ST bt

and, for the Lorentz connection (28),

14
=4 (ztde —z—dzxt) —
W=7 Bota (x¥de™ —z~dz™) — db.

The one possible solution for the Dirac field is trivial:
¥ =0 (e” = e® = 0). The nontrivial ¥ with vanishing
forms J* (23) is given by (31) where u and v are constant

functions:
p : e‘%e"’p(a:‘)

=(1-Zztz™ 0 . 33

v < Pl ) (eie"‘f(w“‘)) (3%)

Let us now assume that g2 # 0 identically on 2D
space-time. We begin the analysis with the case when
J* =0, a =0,1. Then the gravitational field equations
(15),(16) completely decouple from the Dirac equation
(18). One sees from (23) that J® vanish if e”, e? are zero
and/or the imaginary parts of x;, u, and v are constant
functions. The gravitational equations reduce to the vac-
uum case. The general vacuum solution was obtained in
[6] (for more accurate definitions see [11]). It is essen-
tial that one uses the variable p as one of the space-time
coordinates. Introducing ¢ as additional, orthogonal to
p, coordinate, we can write the vacuum solution for the
zweibeins,

2Note that only if A > 0 there exists the constant curvature
solution.
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@ = g% adp — a——;;e“bqbdp (34)
and, for the Lorentz connection,
w= ql g earda® — 5 (a)pe 5 do, (35)
where g2 is a known function of p:
@) =~ (p+a) + A+eek, (36)

where A = A\/a — a, € is the integrating constant.
The corresponding metric

ds® = ¢*e =" d¢? — 2’ (37)
was shown to describe the asymptotically de Sitter black
hole configuration with Arnowitt-Deser-Misner (ADM)
mass proportional to e. The zeros of ¢2 are points of the
horizons [6].

It is worth observing that (34) takes the form (25) if we

identify n® = f aq,(p)dp
For definiteness we assume that g2 > 0, then ¢ = 1/q2.

Indeed, in coordinates (¢, z) the metric (37) is confor-
mally flat:

ds? = g*(p)e™?= (d¢®

where p can be, in principle, expressed as function of
z. Note again that the first term in (35) is pure gauge:
q—lfqaeabdqb =d6.

Since the solution of the Dirac equations (18), (21) for
zweibeins taken in the form (25) is already known (31),
we obtain the following expression for the fermion field:

_ 12, £ (e 2ep(zT)
Vot (G LT0): o

— o _ —-£
_Qq_’e = ge” "‘17-"¢a

— dz?), (38)

where u and v are constants, and zF = ¢Fz. We see that
W (39) diverges at points where g2 has zeros. Remember
that these points are regular horizons of the vacuum met-
ric (37), (38). Nevertheless, nothing singular happens at
these points since the energy-momentum tensor for the
spinor configuration (39) is identically zero. The fermion
field ¥ also diverges at the point e~« = 0, where the
black hole smgula.rlty is located (see [6]), while it tends
to zero, ¥ — 0, if e~ & —)oo

Let us assume that g2 # 0 identically on 2D space-
time. The fermion action (14) is invariant under (global)
chiral (vs) transformations: ¥ — ¥’ = exp[uys]¥.
Therefore, for simplicity we may restrict ourselves by con-
sidering only the fermions of fixed chirality:

’)’5‘1’ =WV,

In this case the fermion field has only one nonzero com-
ponent: 1; = 0, ¥ = X, where x = v + 2u is a complex
field.

Then only the first of Egs. (24) is nontrivial. It gives
us, in particular, that du ~ (e® — e!). In the Lorentz
invariant form it can be written as

da€® — q%cape® = Bdu, (40)

where B is still an unknown scalar function. As seen
from (9), only the real pa.rt of x transforms under the
Lorentz group: v — v — — . So the imaginary part u is
the Lorentz scalar.

One can see from (15) and (40) that variables p and
u can be naturally chosen as coordinates on 2D space-
time. Then basis of one-forms e® is expressed in terms of
(dp, du):

_ g dp 1 b
e* = Z (_Z + Bdu) - a_q2€abq dp. (41)
The metric ds? = 'r]abe“e,,da:“da: correspondingly takes
the form
dp 1
ds® = Bdu - 2.
s = ( o ) Ry dp (42)

In terms of the field x = 7 + wu the one-form J* (23)
has the components

JO = J! = edu.

It is convenient to introduce the one-form

2y
e“7du.
qO + ql
Assuming for definiteness that g2 > 0, let us introduce
variable 8: ¢° = gcoshf, ¢' = ¢sinh8, ¢ = \/q2. Then
we have, for J,

J = —2—627_9du.

Under local Lorentz rotation on angle Q variable 6
transforms as § — 6§ — Q. So the combination (2y — 0) is
really Lorentz invariant.

Multiplying Eq. (16) on ¢* and g%, separately, we
obtain

®

dq® = —dr+ ?J (43)
o W 1

w+df = ————2an ga€® + EJ’ (44)

where we used q %capdq® = df. The Lorentz connec-

tion w with respect to Lorentz rotations transforms as
w — w+dQ. So that (w + df) is again the Lorentz in-
variant. Equation (43) gives us ¢ as a function of p and
u, while (44) is the equation on the Lorentz connection
w. Equation (43) is equivalent to

P -
850" = —(p,0%), Oug® = 2¢e™°. (45)
It follows from the first equation (45) that g2 as a function
of p has the same form as in the vacuum case [6] [see
Eq. (36)]. However, € now is a function of u, € = €(u),

which is found from the second equation (45). Taking
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into account that 8,92 = 8,ee?/* we get
Bye = 2ge P 2?10, (46)

Since the left-hand side of Eq. (46) is a function of only
variable u we obtain that (2 — ) must have the form

2»y-—e=—lnq+§+2lnf(u), (47)

where f(u) is a function of variable u related with e(u)
by means of the equation

Oye = 2f2(u). (48)
Acting now by external differential d on both sides of
Eq. (40) we obtain
/ — ?_ 2 a __ a b
B,dp Adu = p. g |V+JdaAe eanJ* ANe’.  (49)

From (41) we have dp A du = $¢?V. Then using (22)
and (45), the Eq. (49) gives us the equation on function
B:

B, 1 1

e _ 9.2 2.

B qz Pq a (50)
From this we finally find

B = Bo(u)g’e™ %, (51)

where By is an arbitrary function of u. Now inserting (51)
into Eq. (44) we obtain the expression for the Lorentz
connection:

w+df= —% ,q%e” = Bo(u)du

1 1
+-—08,q%dp + q—zeffz(u)du.

2¢°

Taking into account Eq. (48) we finally obtain
w+df = —% ,q%e™a Bo(u)du + %d(lnqz). (52)

It should be noted that modulo exact forms this expres-
sion for w takes the same form as in the vacuum case [6]
[see (35)].

Now it is easy to check the self-consistency condition:
*(dw) = p. Really this procedure is the same as in the
vacuum case.

Let us again consider the Dirac equation (24). It is
easy to see from (41) that

—£2 _
e® — e! = Boge " =e " ?du.

Inserting this and Eq. (52) into the first equation (24)
we obtain

1
Boe~ & du A (dy - %dG + -leapqdp) =—3V. (53

Using the obtained expressions for v (47) and Eq. (48)
we obtain that (53) holds identically.
This completes the proof of exact integrability of equa-

tions (15)—(18). The complete solution is given by the
expression

d 1
er=L (_Ep + qze_ﬁBodu) - —‘zlie“bqbdp

for zweibeins, expression (52) for the Lorentz connection
w, and

¥ = g V2edeh (ei“?(u)) (54)

for the chiral fermion field. ¢2 is a known function of p
and wu:

1
P(p) = = (p+)* + A+ e(u)e?,

where

e(u) = 2 / * f2 ).

Note that up to this moment everything was Lorentz
invariant. As a result, the general solution depends on
an arbitrary field @ that is a reflection of the underlying
Lorentz symmetry. Now one can fix the gauge, say § = 0
(see [11]).

The solution also depends on arbitrary function f(u)
which is not determined from the field equations and is
found from initial conditions for fermion field.

In the case when fermions of both chiralities present
Eqgs. (15)-(18) can be integrated in the same manner
taking the imaginary parts, © and v, of the spinor com-
ponents [see (31)] as light-cone coordinates. However,
the solution takes a more complicated form.

The sense of a found solution becomes more transpar-
ent if we consider the §-like impulse of fermion matter:

F2(u) = g&(u — ), E > 0. (55)
Then Eq. (48) is easily solved:
e(u) = €0 + EO(u — uo), (56)

where 0(z) is a step function. In regions v < uo and
u > ug taken separately, the function e(u) is constant
and one can consider here a new variable v:

P o2e%
v=u— ———dp'. 57
[ amirye (57)
Then in coordinates (u,v) the metric (42) takes the vac-
uum conformally flat form (38):

ds? = qze__:e dudv. (58)

For u < ug we have the vacuum black hole solution (34)-
(38) with a mass € = €o. The fermion impulse with energy
E falls into this space-time at u = uo along the v direc-
tion. As a result, for © > uo we again obtain the vacuum
black hole solution but with a mass € = ¢ + E.
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It was shown in [6] that the space-time structure of
the vacuum solution (34)—(38) essentially depends on the
value of the constant €. The falling of the fermion matter
leads to the re-construction of the initial vacuum accord-
ing to the new value of €. It should be noted that in
this aspect the found solution is similar to that of the 2D
dilaton gravity coupled with scalar (conformal) matter
[8]. However, there are some essential differences. The
flat space-time is one of solutions in 2D dilaton gravity.
The falling of the scalar matter into the flat space-time
leads to the formation of the black hole. In the case un-
der consideration there is no such solution describing the
black hole formation from regular space-time (in our case
it is the de Sitter one) due to fermion matter. The “bare”
vacuum black hole configuration is necessary. The rea-
son is that the vacuum constant curvature solution is not
obtained from the black hole one (34)—(38) for a value of
integrating constant e, i.e., these solutions are not para-
metrically connected.> Instead, in 2D dilaton gravity

3Really this situation is typical for 2D gravity described by
action polynomial in curvature [12].

[13] the flat space-time is obtained as zero mass black
hole solution.

In conclusion, we studied the 2D Poincaré gauge grav-
ity coupled to 2D massless Dirac fermions and showed
that the classical equations are exactly integrated. As in
the vacuum case, there are two types of solutions. The
solution of the first type is a space-time of constant cur-
vature (p? = )) and zero torsion, ¢° = 0, a = 0,1.
The corresponding fermion field can take trivial (¥ = 0)
and nontrivial configurations. The solution of the second
type is characterized by a torsion that is not identically
zero. The space-time is of the black hole type with a
mass dependent on the incoming fermion matter energy.
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