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Recently we presented limits on the deviation of the Universe from a Friedmann-Robertson-
Walker form, which are implied directly by anisotropies in the cosmic background radiation, without
assuming inflationary or other models of evolution. Here we weaken some of our previous assump-
tions, ensuring that all assumptions are in principle observational, and obtain improved limits.
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I. INTR.ODUCTION

In [1] we developed a covariant and gauge-invariant for-
malism for analyzing the direct relationship between tern-
perature anisotropies of the cosmic background radiation
(CBR), and deviations of the Universe from a Friedmann-
Robertson-Walker (FRW) form. We presented a set of
limits on the kinematic, dynamic, and geometric indica-
tors of anisotropy and inhomogeneity. Since completing
[1], we have been able to weaken some of the assump-
tions, ensuring that all assumptions are in principle ob-
servational, and then to derive a more complete and a
sharper set of limits.

This paper is supplementary to [1], and we assume the
discussion, basic equations, and notation of [1]. Refer-
ences to equations from [1] will be in the form (I:number).

II. AN IMPB.OVED SET OF OBSERVATIONAL
ASSUMPTIONS

In [1], we introduced, in addition to observational as-
sumptions (i.e. , assumptions on the CBR anisotropies, in
principle subject to observational testing), the following
nonobservational assumption.

(I:CB): There exist constants n, P, p of the order of 1
such that
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I
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This assumption was introduced to bound certain deriva-
tives, and then led to limits on the density inhomogeneity,
vorticity, and electric Weyl tensor. No limits were found
in [1] for the expansion inhomogeneity or the magnetic
Weyl tensor.

We can avoid the disadvantage of the nonobservational
assumption (I:CB), and at the same time complete the
set of limits, as follows. We retain assumption (I:Bl),
which simply formalizes the observed bounds on the co-
variant temperature multipoles 7, . . . : i.e., there exist
O[1] constants eL, such that

The assumptions (I:B2), (I:B3)of [1], which express in
general form that the erst derivatives of the tempera-
ture multipoles are bounded, are simply extended up to
third order derivatives (and thus remain observational in
nature). Thus we replace (I:B2), (I:B3)by

(B2'): There exist O[1] constants el, el', el'* such that
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(BS'): There exist O[1] constants e&, e&, e& such that ~q~~ & ~q p,8 [(20 + 40~ + 20M)eg + 24E~ + 9eg ], (9)
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and O[1] constants e&*, e&**,e&
* such that

(V.r... . ...) I
«',*O', l(V.~.. ., ) I

«',**O',

l(&~&-r-. -.) 1

«i'*8' (4)

~(V' qb)
~

& —,p8'(3ct*+ 4et, ),

~(V' V'bq, ) ~

( —,p8'(Sett + 4~tt),

We have normalized the derivatives relative to the ex-
pansion of the Universe, and we will not need the higher
derivative limits. Note that r& was denoted e'I in [1],and

was denoted e& in [1]. On the basis of (B2'), (BS'),
we can find limits on all important quantities, including
the expansion inhomogeneity and magnetic Weyl tensor
(see Sec. III). Assumption (I:CS) may be discarded.

In practice ~1, eL* and especially el, el, . . . are not
known from observations. In order to produce more use-
ful versions of the limits, we need a reasonable estimate of
these quantities. We make a simple extension of assump-
tions (I:Cl), (I:C2) to cover second and third deriva-
tives:

(Cl'): The spatial gradients of the temperature mul-
tipoles are not greater than their time derivatives:

l~-bI &» p8(-:e2+ e2)

~V' 7rb.
~

& —„p,8~t, (i4)

~(V' 7rb, ) & —p8 (4et2+ Set2*), (i6)
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(C2'): The bounds on the time derivatives of the
temperature harmonics are estimated by 8eL eL, /tR,
0 el* el. /@, 0 el*' = el, /t~, so that

+20~)e, + 24m, *+9e,**]
) (17)
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In [1] we employed the Copernican assumption as for-
mulated in (I:A1). George Smoot (private cornmuni-
cation) recently pointed out to us that the Copernican
principle is ultimately partially testable. The Sunyaev-
Zeldovich efI'ect allows us to confirm to some degree that
distant galaxies do see isotropic CBR, for otherwise the
scattered radiation would have a significantly distorted
blackbody spectrum. Thus, it may eventually be possi-
ble to determine some of the limits given in Eqs. (2) to
(4) observationally.
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III. IMPROVED AND EXTENDED LIMITS ON
ANISTROPY AND INHOMOGENEITY

To begin with, we assume only (1)—(4), and not (5),(6).
(1) leads immediately to the limits (I:46) on the radiation
anisotropy tensors q, m b, ( b . Limits on the derivatives
of the radiation tensors arise from differentiating (I:41),
using (1)—(4) and the evolution and constraint equations
(I:11)—( I:24). A lengthy but straightforward calculation
leads to the results

The density parameters are AR = p/3H, A~ = p/3H .
Limits on other derivatives are not needed.

Now (7)—(22) are used in the evolution and constraint
equations (I:11)—(I:24) and their derivatives in order to
find limits on the quantities that characterize the devi-
ation of the Universe from FRW form. We emphasize
that the following limits are gauge invariant, covariant
and imposed directly by observational quantities, i.e. ,
the temperature dipole, quadrupole, octopole, and their
derivatives.

From ( I:13) and (I:14) we get immediately

Iq-I & —:p8(s~~+ei)

I&-qbl & —;p8"~
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I~bi s * t 9t( 362+62+561+ s»( 961+ 361 + (25)

The remaining limits require more complicated manipu-
lation of the evolution and constraint equations. From
(I:27), using Vb (I:13) to get lV'~V'bpl, we find

From (I:23), using V', (I:16), V', (I:14), and [V', (I:14)].
to get limits on I+,@ bl, I+,o' bl, and I(+ o b) I, we find

I& pl ~v t (gR
z He2 + I

i H[12ei +. 12ei + 61e2
(fIM )

(3&
+ H[165ei + 45ei + 110' + 6ge * + ge

**+ 18' ] (26)

From V' (I: 12), using (I: 13)' and (I:26) to get l(V' p) l, we find

& H[50ei + 51&i + gei* + 3ei + s e2 + 18&2 + 5 e2*] + 4(20R + BM)Hei .0
From (I: 16), using (I: 14)' to get lo bl and (I: 12), (I: 15), (I:26), we find

& H[50ei + 15&i + s e2 + 14e2 + 3e2* + q es + ques ] + 4s (110R + 150M)He2 . (28)

From (I:22), using V', (I: 27) (with vP = p) and V', V'b(I: 13) to get lV'~w~bl, and V', (I: 14) to get lV', o'~bl, we find

( H[45 t$ + g
t't* + get + 3 t* + isettt + 9ettt] (29)

If the dipole is assumed negligible, then all the ei s may be set to zero in (23)—(29). Equations (23)—(29) complete
the limits (I:49), (I:50). They show explicitly the role of the dipole, quadrupole, and octopole in determining limits
on all indicators of anisotropy and inhomogeneity; they are direct (i.e. , model independent); and they are based on
minimal observational assumptions (1)—(4).

We can now use the stronger observational assumptions (5),(6) to recast (23)—(29) in terms of the observationally
realistic eL, .

=4 &H(12k + "E)—
p T (30)
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2os& H( s e, + 8e2) + 4(20R+ AM)Hei,

& H( s Ei+ & t2+ ~ es) + 4s(110R+ 150M)HE2 (35)

IH~bl is b2& H( s ei + ise2 + 2ies) . (36)
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If the dipole is neglected, then we can set ej ——0 in (30)—(36). The bounds (30)—(36) improve and extend the results
(I:56), (I:57), (I:62)—(I:64). They are the main results of the quest for a direct link from feasible observational limits
on the CBR to limits on the deviations of the universe from I"RW since the last scattering (within our past light cone)

Prom these limits we can obtain conservative estimates of present-time bounds on the anisotropy and inhomogeneity
of the universe, improving and extending the limit (I:65)—(I:67). I et

1' = max

denote the upper limit of currently observed anisotropy in the CBR temperature variation, and take (OR)p « 1.
Then (30)—(36) imply

&l~.s I&
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If the dipole is neglected, then we can set e~ ——0 in
(30)—(36) to obtain "dipole-free" estimates improving on
(I:65a)—(I:67a):

where C(O) = 5 + 200/(OM)p. The latter is stronger
than the limit (I:67), but is still relatively weak, consis-
tent with inhomogeneities in the large-scale matter dis-
tribution. The improved limit (39) leads to a table of
values improving on that in [1):

& [-(OM)o+ 38]Hoe,
& o).

( 4Hpe,8 )o

o
& 4[(OM)o + 2]Hoe,

)o
t'lj. zl l 140( +5 Hpe

p )o ™'

(41)

(42)

& 5Hp~,
)o

(4e,). ACKNOWLEDGMENTS

(40)
RM. was supported by research grants from

Portsmouth University and the PRD. G.E. and W.S.
thank the PRD for financial support.

[1] R. Maartens, G. F. R. Ellis, and W. R. Stoeger, Phys. Rev. D 51, 1525 (1995).


