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Monte Carlo computer simulations of Compton scattering and e~ e’ pair production processes,
in the ergosphere of a supermassive (~ 10° M) rotating black hole, are presented. Particles from
an accretion disk surrounding the black hole fall into the ergosphere and scatter off particles that
are in bound orbits. In this paper, the equations that govern the orbital trajectory of a particle
about a Kerr black hole (KBH) are used to derive analytical expressions for the conserved energy and
angular momentum of material and massless particles that have orbits not confined to the equatorial
plane. The escape conditions to determine whether or not a particle escapes from the potential well
of the KBH are applied to the scattered particles. The PPenrose mechanism, in general, allows
rotational energy of a KBH to be extracted by scattered particles escaping from the ergosphere to
large distances from the black hole. The results of these model calculations, presented in this paper,
show that the Penrose mechanism is capable of producing the astronomically observed high energy
particles (~ GeV) emitted by quasars and other active galactic nuclei (AGN). This mechanism can
extract hard x-ray and ~-ray photons, from Penrose Compton scatterings of initially low energy
UV and soft x-ray photons by target orbiting electrons in the ergosphere; such low energy infalling
photons, and high energy scattered escaping photons, are consistent with observations and popular
theoretical accretion disk, black hole models. The Penrose pair production processes (yy — e"e™),
presented here, allow relativistic e” e pairs to escape with energies up to ~ 2 GeV; these pairs are
produced when infalling low energy photons collide with bound target, highly blueshifted photons
at the photon orbit. This process may very well be the origin of the relativistic electrons inferred,
from observations, to emerge from the cores of AGN. Overall, these Penrose processes can apply to
any mass size black hole, more or less, and suggest a complete theory for the extraction of energy
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from a black hole.

PACS number(s): 97.60.Lf, 95.30.5f, 98.70.Qy, 98.70.Rz

I. INTRODUCTION

The presence of black holes in nature is a widely ac-
cepted concept by the astrophysical community. In par-
ticular, they are believed to be the power source of
quasars and other active galactic nuclei (AGN), where,
in these cases, the black holes are assumed to be super-
massive (M ~ 108Mg). Black holes have been termed
by relativists as having “no hair” [1,2]. This means the-
oretically that black holes can be described at most by
three parameters: mass, angular momentum, and elec-
tric charge. The term no hair is another way of saying
that the black hole has left no evidence as to what the
progenitor was prior to its formation—we do not know,
for example, in the case of a supermassive black hole, if
it were initially a cluster of stars or a single supermas-
sive star. Smaller black holes, say ~ 15Mg, are believed
to exist also; however, their observational detections are
difficult.

A main reason for this difficulty, other than the black
hole being isolated, is that hitherto we do not have a de-
veloped theory for the extraction of energy from a black
hole, a theory that should predict what features are to
be detected observationally, features that are intrinsic
to the identification of the black hole. In this paper,
I present such a theory, with emphasis on the mecha-
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nism by which energy is extracted from a rotating black
hole, i.e., the Penrose mechanism, and on comparing the
resulting energy-momentum spectra, predicted by this
model, with observations of celestial objects we believe
to be powered by black holes, in particular AGN.

I begin with a discussion of some fundamental charac-
teristics of stellar black holes. The plasma around black
holes will be in some dynamical state. Close to the black
hole, much of the plasma will presumably be accreting
into it. Spherical accretion results if the plasma has no
angular momentum; however, if the plasma initially has
angular momentum, an accretion disk forms, straddling
the equatorial plane of the event horizon. If the black
hole has angular momentum, i.e., rotation, referred to
as a Kerr black hole (KBH), particles from the accretion
disk fall into a region called the ergosphere (meaning en-
ergy sphere), before reaching the event horizon.

A mechanism, suggested by Penrose [3], permits rota-
tional energy to be extracted from a KBH. The classical
Penrose process utilizes the existence of retrograde parti-
cle orbits (with respect to the rotation of the KBH) in the
ergosphere, for which the energy, as would be measured
by an observer at infinity (far away from the KBH), is
negative [3,4]. Such orbits do not come out to infinity,
because if they did, an observer there would measure a
negative energy, which is physically impossible. There-
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fore, these negative energy particles never leave the er-
gosphere. However, it is possible for a particle, say pi,
that has fallen inwardly from infinity into the ergosphere
to scatter off another particle, say p,, initially in a di-
rect orbit in the ergosphere. If the orbit of the scattering
particle py changes into a retrograde orbit (of negative en-
ergy), then the scattered particle p; can escape to infinity
with more mass-energy than the sum of the initial ener-
gies of p; and p2. Since the orbit of the initially bound
particle ps is dependent on the angular momentum of
the KBH and the curvature of spacetime defined by the
mass M of the black hole, then, consequently, when p;
gives up energy to the escaping particle p; and falls into
the event horizon, the KBH loses energy in the form of
rotational energy. This can be seen in the equation for
the mass-energy of a black hole of angular momentum j,
which in geometrical units (G =c¢=1) is

2 2 J°
M* = M; + Mz (1.1)
[5], where M;, is the irreducible mass. Since M can
never decrease, but can only increase or remain the same,
a decrease in the mass-energy of a KBH can only result
from a decrease in its rotational energy.

Another possible class of Penrose processes occurs
when particles already inside the ergosphere (say par-
ticles belonging to an accretion disk) undergo local rel-
ativistic scatterings [6]. Such types are investigated in
this paper. If one of the scattering particles is initially in
a bound orbit, then it is possible for the other initially
unbound scattered particle to escape to infinity with a
portion of the rotational energy of the KBH. This pro-
cess allows scattered ergospheric particles to (1) escape to
infinity with more mass-energy than they would have had
if the scattering occurred outside the ergosphere and (2)
escape to infinity with mass-energy initially trapped by
the KBH, mass-energy that possibly had no other way
of escaping, save only by processes occurring near the
horizon; otherwise, this mass-energy would eventually be
accreted onto the black hole.

In this paper, I present model calculations using the
Monte Carlo method to treat Penrose processes in the
ergosphere of a KBH: for inverse Compton scattering,
~-ray—proton pair production (yp — e~ e'p), and vy-ray-
~-ray pair production (yy — e~e*). These processes are
assumed to occur in material falling into the ergospheric
region of a rotating black hole from a surrounding accre-
tion disk. (The Monte Carlo method is a technique for
obtaining an approximate solution to certain mathemat-
ical and physical problems, characteristically involving
the replacement of a probability distribution by sample
values.) The model calculations presented in this paper
require multidimensional integrations for large distribu-
tions of particles; such integrations are best done using
a computer code based on the Monte Carlo method. For
definiteness, a canonical KBH is used, with its limiting
value a/M = 0.998, as defined in Ref. [7], in the in-
vestigation of an accretion disk around a KBH, where
a is the angular momentum per unit mass parameter of
the KBH. It is found that, if a/M is initially very close
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to 1 (0.999 < a/M < 1), a small amount of accretion
(AM/M < 0.05) through a disk quickly spins the hole
down to a limiting state a/M ~ 0.998. Conversely, if
a/M is initially below this limiting value, accretion spins
the hole up toward it. Note that, in general, these present
calculations show that, using a larger a/M closer to 1 has
little effect (if any) on improving the amount of energy
that can be extracted.

A Monte Carlo simulation near a KBH, similar to the
one presented in this paper, for inverse Compton scatter-
ing in the ergosphere [sometimes referred to as Penrose
Compton scattering (PCS)] was previously computed by
Piran and Shaham [4,8-10]. They used equatorial target
electrons to calculate emission spectra. Here, I present
energy and momentum spectra from using equatorial and
nonequatorial targets to show how emitted PCS photons
can contribute to the emission spectrum, and how they
may acquire the necessary momenta to serve as cata-
lysts for other Penrose processes, which can extract even
higher energies (Sec. IV C2).

A. Inverse Compton scattering

In the PCS process of these present model calculations,
photons are emitted from material that has fallen inward
from infinity and scatter off tangentially (equatorial or
nonequatorial) orbiting electron rings, of completely ion-
ized plasma, revolving near the event horizon. The ef-
fects of local thermal random motions superimposed on
the orbiting velocity of the electrons are also investigated,
to simulate a finite electron temperature. Now, some of
the photons, after being scattered by the electrons, even-
tually escape to infinity. An observer at infinity sees a
low-energy (in most cases < fie, where i is the electron
rest mass-energy) photon being scattered by a direct or-
biting electron, after which the photon comes out with
a higher energy (inverse Compton scattering). Subse-
quently, the target electron may recoil to another direct
orbit of lesser energy, or the electron may be put on a
retrograde orbit of negative energy; in both cases, the
target electron gives up energy as measured by an ob-
server at infinity. However, to a particular local frame
observer this is just a normal Compton scattering pro-
cess in which the photon loses energy to the electron,
since the photon arrives at the local frame with initial
energy higher than ~ p.. The infall of the final electron
results in an observer at infinity measuring a decrease in
the rotational energy of the KBH. This inverse Comp-
ton scattering process is different from its flat spacetime
counterpart. In the flat spacetime process, cold photons
are heated by hot electrons to the temperature of the
electrons. In the Penrose process, which occurs in the er-
gosphere, generally, photons are heated by the rotational
energy of the black hole and the curvature of spacetime

[4].
B. v-ray—proton pair production

The model calculations of the yp — e~ e™p process in
the ergosphere proceed along a similar path to that of the



Compton scattering discussed above. The initial condi-
tions of the y-ray photon are basically the same as for the
PCS. Here, however, the photon collides with a proton
instead of an electron, and the « ray must have an ini-
tial energy in the local frame greater than 2m.c? = 1.022
MeV, which is the threshold energy of the yp — e~e™p
reaction. This is the energy needed to form an electron-
positron (e~e™) pair when a v ray passes through the
Coulomb field of a nucleus of charge eZ. Note that the
negatively charged electron will be sometimes referred to
as the negatron.

The accretion disk assumed in these calculations is of
the form found to occur in Lightman’s [11] investigation
of a thin, time-dependent disk around a black hole. His
calculations showed that as time progress, density and
thermal instabilities develop in the thin disk, causing a
corona region to form. Astrophysicists call such accretion
disks thin disk/ion corona models. The ions (p) in the
region of instability will have temperatures T, ~ 102 K,
which allow for the existence of v rays with sufficiently
high energies, that are needed for these Penrose pair pro-
duction (PPP) processes to occur. These high energy ~y
rays will exist because of the following: At T, ~ 102
K, the most energetic ions will collide with one another
resulting in nuclear reactions, which create neutral pions
70, by the process p1ps — piph7° [12,13]. (The threshold
energy for this nuclear reaction is 290 MeV; therefore, at
T, ~ 10'2 K, equivalent to ~ 100 MeV, only particles be-
longing to the high energy tail of the Maxwellian velocity
distribution will undergo such a reaction.) A 7° subse-
quently decays into two energetic y-ray photons, with
energies ~ 50 MeV, by the process 7% — vy [13].

Now, near the event horizon, at the marginally bound
orbit (Sec. III A 1) these v rays are blueshifted by a factor
~ 30, to energies of the order of the proton rest mass-
energy ~ 938 MeV [14]. It has been suggested that ener-
gies up to ~ GeV can be extracted from a KBH by this
PPP (yp — e~ e*p) [12,15], involving these blueshifted
~ rays. In this paper, I investigate what happens to the
4 rays (~ 50 MeV) resulting from w° decays that scatter
off initially bound, direct orbiting protons in the ergo-
sphere, thus testing the validity of this suggested process,
i.e., to see if this PPP process is a possible source of the
relativistic electron fluxes, inferred from the presence of
synchrotron radiation in the observations of AGN.

C. y-ray—y-ray pair production

This PPP process (yy — e~ et) consists of collisions
inside the ergosphere between radially infalling photons
and circularly orbiting photons bound at the radius of
the photon orbit [see Egs. (2.22) and (2.23)]. If we define
the energy of the infalling photon and orbiting photon
as €41 and &,2, respectively, as measured by a local ob-
server, then an e”e™ pair may be created in the collision,
provided that

€41 + €~2 > 2/1'6 )

Ey1E+42 > Ng (1‘2)
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[16,17]. The initial energies used in these calculations,
as measured by an observer at infinity, for the infalling
photon and the orbiting photon, E,; and E,2, are in
the following ranges: 3.5 keV< E,; < 1 MeV and
3.4 MeV< E,3 < 2.146 GeV. These ranges are consis-
tent with those produced by thin disk/ion corona mod-
els, as described above. The high energy range for E,,
is chosen based on the expected blueshift in photon en-
ergy at the photon orbit. The blueshift factor e™ of Eq.
(2.8d) at the photon orbit is ~ 52. The -y rays produced
in Eilek’s hot accretion disk model [12,13], with energies
~ 50 MeV, referred to in Sec. IB, can very well be seed
photons, bound at the photon orbit, for these vy — e~ e™
reactions [18]. In addition, the PCS processes of this pa-
per show that some of the scattered photons could also be
seed particles for these reactions. Moreover, these photon
collisions can occur at other radii in addition to the pho-
ton orbit, say at a turning point, thereby increasing the
probability of collision with another particle; however,
such scatterings are not considered here.

Overall, in this paper, I calculate the energy-
momentum spectra of the resulting scattered parti-
cles produced by the above-described Penrose processes.
These energy-momentum spectra are then examined and
compared with the observations of AGN. The results of
these model calculations show that the Penrose mech-
anism, occurring in the ergosphere of a supermassive
KBH, is capable of producing the necessary high energy
spectra observed from AGN. The remaining structure of
this paper is as follows. In Sec. II, I present the general
formalism, which contains properties of the Kerr metric
spacetime, the escape conditions, and the efficiency of the
Penrose mechanism. Next, the methods of these Monte
Carlo model calculations are presented in Sec. III, and
the results are presented in Sec. IV [in this Section, the
energy-momentum four-vector (or the four-momentum)
components of the scattered escaping particles are pre-
sented]. Finally, Sec. V contains a summary, a discussion
of how well these results agree with astronomical obser-
vations, in particular, of AGN, and Sec. VI contains the
conclusions with suggestions for further investigations.

II. GENERAL FORMALISM

A. The Kerr metric

The Kerr metric [19], a stationary, axially symmet-
ric, asymptotically flat spacetime solution to the vacuum
Einstein field equations, describes the geometry outside
of a rotating massive body. This metric can be used to
define the spacetime separation between events near a
rotating (Kerr) black hole. The Kerr metric written in
Boyer-Lindquist coordinates [20] and in geometrical units
(G=c=1)is
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.2
ds? — (1 B 2]\;7') gt 4MarEsm 6dtd<1>

+§dr2 + 2de?
2Ma?r sin? @

+ (7‘2 rat 4 2T ) sin? 0407 ,

(2.1a)
or, in component notation,

ds? = g dt® + g1adt d® + g,.dr® + goed©? + gssd®? |
(2.1b)

where a is the angular momentum per unit mass param-
eter and M is the mass of the black hole. ¥ and A are
defined by

A=r?—2Mr+ad® (2.2)

and

L =7r%+a%cos’ 0, (2.3)
respectively. In general, the parameter a can have values
0 < (a/M) < 1, values which allow for the existence
of an event horizon. For a KBH, the event horizon is
located at r = ry = M + (M? — a?)'/2, the larger root
of the equation A = 0. When a = 0, Eq. (2.1) reduces
to the form of the Schwarzschild metric for a nonrotating
massive body. Then A = 0 gives the event horizon known
as the Schwarzschild or gravitational radius.

Upon approaching a KBH from infinity, a limit or a
region is reached where the angular momentum of the
KBH causes inertial frames to be dragged around in the
direction that the black hole rotates. That is, it is impos-
sible for an observer inside this so-called stationary limit
to remain at rest relative to distant observers. This limit
is characterized by the vanishing of the g¢;; component in
Eq. (2.1):

E = —P; = total energy ,

L = P3 = component of the angular momentum parallel to the symmetry axis

and

L2
sin? ©

Q= P2 +cos’0 [az(pg - E*) + ] , (2.6)
where pg is the rest mass-energy of the particle, which is
a trivial fourth constant of motion. The value of Q is zero
for particles whose motions are confined to the equatorial
plane. The nonzero values of Q belong to particles which
are moving in the © direction and/or are not confined to
the equatorial plane.

The transformation laws, for the covariant components
of a four-momentum, between the BLF and the LNRF
{pn = [pr,pPe,Ps,p:(= —e)]; with p# = npp,;nH* =
Minkowski metric components} read
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g = — (1 - 21\;’”) =0. (2.4)

More precisely, the stationary limit is the larger root of
git, given analytically by

r=ro =M+ (M?—a®cos?©)'/2 . (2.5)

The region between this stationary limit and the event
horizon is called the ergosphere.

Inside the ergosphere, the Kerr metric in the Boyer-
Lindquist coordinate frame (BLF) does not allow an ob-
server to be stationary (in the sense of the observer being
at rest with r, ©, ® = const) because of the dragging
of inertial frames. Moreover, physical processes are dif-
ficult to describe in the BLF, because (1) for physical
observers inside the ergosphere, the dragging of inertial
frames becomes so severe that the time coordinate ba-
sis vector changes from timelike to spacelike and (2) the
nondiagonal Kerr metric characteristically introduces al-
gebraic complexity when raising and lowering tensor in-
dices. In order to examine physical processes inside the
ergosphere, Bardeen, Press, and Teukolsky [21] devised
a frame of reference called the local nonrotating frame
(LNRF). Observers in this frame rotate with the KBH
in such a way that the frame dragging effect of the ro-
tating black hole is canceled as much as possible. In the
LNRF, special relativity applies since locally spacetime
has Lorentz or flat spacetime geometry. That is, one can
use the LNRF as a convenient inertial frame to describe
physical processes inside the ergosphere.

On the other hand, it is better to use the BLF when
describing the general orbits of particles (including pho-
tons) near the KBH. The BLF admits three constants
of motion as measured by an observer at infinity [22].
In terms of the covariant components of the particles
four-momentum [P, = (P,,Pe,Ps,P;); (1 = r,0,9,1)]
at some instant of time, the conserved quantities are

b

P, =ep,, (2.72)
Po = e*?pg (2.7b)
L =e%ps , (2.7¢)
E = e’e + we¥ps (2.7d)
pr=e P, (2.8a)
pe =€ **Po , (2.8b)
pe =e VL, (2.8¢)
e=e Y(F —-wlL), (2.8d)

[4], where the coefficients are found from the standard
metric valid for any stationary, axisymmetric, asymptot-
ically flat spacetime geometry (vacuum or nonvacuum):
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ds? = —e?dt? + e?¥ (d® — wdt)? + e?*1dr? + *2d0? .
(2.9)

The standard metric becomes Kerr if the coefficients are
expressed by

e = %A— , (2.10a)

24 204
e’y =sin* 0= , (2.10b)

Y
e = % , (2.11a)
e =%, (2.11b)

2Mar
= 2.12
w A ’ ( )

where

A= (r*+a®? - a?Asin’ 0 (2.13)

and w gives the frame dragging velocity.

B. The escape conditions

After the scattering events, not all of the particles es-
cape to infinity. There are certain conditions that a par-
ticle must satisfy in order for it to be on an outgoing
orbit, which leads to its escape. We now take a look at
these conditions.

It is known that outside the horizon, the orbit of a
photon (or an unbound material particle with E/ug > 1),
may have one or no radial turning points for which P, = 0
[4]. If E/L for that particle lies in the range

E
L

<A, (2.14)

for a prograde or direct orbit, there will be one turning
point; otherwise, there will be none. As explained in the
next paragraph, A is defined as the E/L of the isoen-
ergy orbit at constant radii. For photons, as we shall
see later, A is directly related to the impact parameter,
which describes the trajectory of the particle as seen by
an observer at a large distance from the KBH. Particles
scattered by a local source near the KBH must have a
turning point to escape to infinity if they are scattered
inward with P; < 0 (the primes indicate final conditions);
however, if the particles have P! > 0, a turning point
means they will be trapped.

The following explains how A must be defined in order
to determine whether or not a particle escapes to infinity.
Let Eo, and Lo, (the conserved orbital energy and an-
gular momentum as measured by an observer at infinity)
be defined such that

Eorb

A= Lorb

(2.15)
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for a circular orbit at constant radius, r = 7., where
Eqr, and Lo, are obtained from the equations governing
the orbital trajectory of a particle about a KBH. These
conserved parameters are given by

Eorb 7'3/2 — 2M1‘1/2 + aM1/2
po  r3/4(r3/2 Z3Mr1/? + 2aM1/2)1/2 (2.16)
and
Loy MY/2(p2 — 2 1/2p1/2 2
> = (r" = 2aM T 4 a) (2.17)

Lo r3/4(r3/2 — 3M71/2 4 2aM1/?)1/2

[21] for circular orbits confined to the equatorial plane
[Q = 0; see Eq. (2.6)], and they are given by Eqgs. (A20)
and (A21) of Appendix A for nonequatorial (Q > 0)
“spherical-like” orbits [23]. The relevant algebra to de-
termine the conserved energy and angular momentum of
Egs. (2.16) and (2.17) for these nonequatorial spherical-
like orbits can be found in Appendix A. One of these
spherical-like orbits consists of a particle repeatedly pass-
ing through the equatorial plane while tracing out a he-
lical belt lying on a sphere at constant radius. The belt
width or the maximum and minimum latitudes that the
particle achieves increase with increasing Q, where Q is
given by Eq. (2.6). When a scattered material particle
has its energy E’, as measured by an observer at infinity,
equal to E,,p (the isoenergy orbit = the circular orbit of
equal energy at constant radius), the radius correspond-
ing to Eop, namely, 7o, represents a possible turning
point for that particle [9]. For photons, 7., is equal to
Tph, the radius of the photon orbit [the circular orbit of
infinite energy per unit rest mass-energy; see Eq. (2.23)].

Looking generally at the escape conditions, there are
two. The first is this: If the particle is moving outwardly
with P! > 0 at the point of emission and if it is to escape
to infinity, its angular momentum L’ must be less than
Loyp, or Eq, must not exist. This guarantees that the
particle has no radial turning point outside the horizon
and, thus, can escape to infinity. This set of inequalities,

P >0, (2.18a)

E'/L' > A or Euy, does not exist , (2.18b)

is referred to as the “radial momentum condition” for es-
cape [4]. Note that the particle trajectories that do not
have turning points, i.e., satisfying Eq. (2.18b), are inde-
pendent of the radius of emission: ingoing particles are
trapped, outgoing particles escape. On the other hand,
particle trajectories that do have turning points are de-
pendent on the radius of emission: both ingoing and out-
going particles will escape if » > r,.,; conversely, both
ingoing and outgoing particles will be trapped if r < 7o,
Now the second condition is this: If at the point of emis-
sion (r > 7orp) the particle is moving with P/ < 0 or
P/ > 0, and if it has an angular momentum L’ > L.
(guaranteeing a turning point outside the horizon), the
particle will escape to infinity. This set of inequalities,

P/ <0or P.>0, (2.192)
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E'/JL' < Aatr >rom, (2.19b)

is called the “angular momentum condition” for escape
[see Eq. (2.14)]. If either of the two sets of conditions
Eq. (2.18) or (2.19) is satisfied, the particle will escape to
infinity if it is (1) a photon escaping along the equatorial
plane (photons not confined to escape along the equato-
rial plane require an additional condition, as we shall see
later) or (2) a material particle with E’/po > 1; if, how-
ever, E' /o < 1, the material particle will be trapped by
the KBH.

In the following, we investigate specifically the escape
conditions for particles, material and massless, not con-
fined to escape along the equatorial plane: the nonequa-
torial escape conditions. It is found that the nonequa-
torial escape conditions for material particles depend on
the angular momentum parameter a, the scattered parti-
cle energy E’', its azimuthal angular momentum L', and
its @ value, Q' [related to the polar angular momentum
as in Eq. (2.6)]; and these conditions depend on the pa-
rameter a and the ratio Q'/E'? for scattered massless
particles. In these calculations, the nonequatorial escape
conditions for massless and material particles are em-
ployed.

1. The photon (or any massless particle)

The escape conditions for photons escaping along the
equatorial plane, with Q;h = 0, and those for photons es-
caping not confined to the equatorial plane, with Q;h >0
are presented here separately for clarity (and for practical
purposes) only.

First, A = Ay, is described for photons escaping along
the equatorial plane. In the gravitational potential well
of a KBH, A depends only on the angular momentum
per unit mass parameter a and is independent of the
scattered photon energy E}')h. This independence occurs
because the path of a photon in a gravitational field is
governed by its direction (i.e., its momentum) and not by
its energy. For this reason, photons that are bound to the
KBH exist only in unstable circular orbits at the radius
of the so-called photon orbit, regardless of the differences
in their energy values. Now, ordinarily, the A’s are found
from Eqgs. (2.15) through (2.17). But in the limit go — 0,
the quantities

E/I‘LO ]
L//-‘Oa

individually go to infinity; however, their ratio goes to a
finite value [2]:

. L/po 1
1 =bpp=— , 2.20
Py il i v (2.20)

where bpy, is the impact parameter of the photon orbit.
In general, this impact parameter is given by

b= (angular momentum) _ L (2.21)

linear momentum - (E2 - Mg)l/z ’

where ¢ = 1. (Note that, unless for clarity, the velocity
of light is set ¢ = 1 throughout this paper.) In the above
equation, b is the impact parameter for hyperbolic orbits.
It is the distance at which a particle would pass the origin
if it were moving in ordinary Minkowski space with no
gravitational field. The radius of the photon orbit 7,
is given by the root of the denominator of Eq. (2.16) or
(2.17):

732 — 3MrY/?% 4 2aM/? > 0 (2.22)
[21]. It follows that
roh = 2M {1 + cos[(2/3) arccos(—a/M)|} , (2.23)

where, again, rp, represents an unstable circular orbit.
This orbit is the innermost boundary of circular orbits
for particles. We sometimes refer to r,, as the orbit
that has infinite energy and angular momentum per unit
rest mass [see Egs. (2.16) and (2.17) with pgo = 0]. For
a KBH with a = 0.998M, r,, ~ 1.074M. When 7y
is substituted into the ratio of Eq. (2.16) to (2.17), an
analytical expression for Apy, of the photon orbit confined
to the equatorial plane can be found:

o (2.24)

-1
Apn = 2(Mrgy) /2 (34 722) 7 = bi
ph
[9]. This value of Ay is then substituted into the escape
conditions of Egs. (2.18) and (2.19) to determine which
of the scattered photons escape moving in the equatorial
plane.

Now we will determine the value of A = A}, = l/b;h,
corresponding to when the photon orbit is not confined to
the equatorial plane. The asterisks indicate nonequato-
rial confinement. In this case, the radius of the photon or-
bit [Eq. (2.23)] is substituted into the ratio of Eqs. (A20)
and (A21), and thus, the value of A}, is determined in
a manner analogous to that used for Ay, of the equa-
torial photon orbit [Eq. (2.24)]. Note, the radius of the
photon orbit for nonequatorial confinement [Eq. (2.23)]
is the same as for equatorial confinement [23]. This value
of A}, is then used in the escape conditions of Eqgs. (2.18)
and (2.19) for the scattered photons. However, there now
arises another independent condition for the nonexistence
of a turning point outside the event horizon that must
also be satisfied by the photon, in addition to Eq. (2.18).
This additional escape condition is sufficient to account
for those photons escaping above and below the equato-
rial plane.

This second condition depends on the @ value of the
scattered photon, ;h, which is directly proportional to
the square of the polar coordinate angular momentum
component (P;'m)@ for a particle moving through the
equatorial plane of the KBH [see Eq. (2.6)]. Define

! ! 2

17/ _ ph (Pph)®
ph = 2 — 2
Eph Eph

(2.25)

[using Eq. (2.6)], again with Q. and E; being the pa-
rameters of the scattered photon; then, the additional



51 EXTRACTING X RAYS, ¥y RAYS, AND RELATIVISTICe e* ... 5393

condition is that

0 < 1)y < Mpn (2.26a)
[24], where
1] P* )2
* ph ( ph/©
Ny = —og = e (2.26b)
ph T E2 Ez2

The inequalities in Eq. (2.26a) indicate that the scattered
photon must have Qp; > 0, and that @}, must also be
greater than zero (requiring the existence of nonequato-
rial photon orbits about the KBH), in order to apply this
escape condition; the right-hand-side inequality implies
that a scattered photon with n;h greater than 77, has a
turning point in the &g direction, at which (P,,)e = 0.
From Egs. (2.6) and (2.26b), we see that, Q3 = (Pp,)%
is the @ value for a photon orbiting at the radius of the
photon orbit 7y, passing through the equatorial plane, in
which its path traces out a helix that repeatedly crosses
the equatorial plane, as mentioned earlier [23]. The en-
ergy Ey of Eq. (2.26b) is the conserved total energy of
the bound photon in a nonequatorial unstable orbit at
Tph, as measured by an observer at infinity.

Displayed in Fig. 1(a) is (Py,)e = ,/Q}, versus the
conserved energy of the nonequatorially orbiting photon,
E;,, at the photon orbit. Note that this energy E* [see
Eq. (A20)] for nonequatorial confined circular orbits at
constant radii is the counterpart of Eq. (2.16), which
is for the equatorial confined circular orbits. It can be
shown from the algebraic equations of Appendix A that,
in general, E* has the form

E* = [fi(a,r, M)uZ + fy(a,r, M)Q*]*/?, (2.27)
with of course pg = 0 for photons, where in principle the
functions f; and f; can be found from the algebraic rela-
tions of (A14) to (A24). Note that when Q* of Eq. (2.27)
is set equal to zero, E* = F of Eq. (2.16); see Fig. 1. An
equation similar to Eq. (2.27) exists for L*, the conserved
angular momentum, which reduces to L of Eq. (2.17)
when Q* = 0.

Now, to find 73, of (2.26a), the radius of the photon or-
bit rpp, is substituted into the general expressions for the
conserved orbital energy and angular momentum, (A20)
and (A21); from these, the ratio of Eq. (2.26b) can be
evaluated. Like App = App(a) in the equatorial plane for
null geodesic orbits, it is found that A}, = A}, (a) and
Mpn = NMpn(a, M) for nonequatorial null geodesic orbits.
Moreover, for a given mass M, 7Ny, behaves in the follow-
ing manner: (1) ng, is constant for all photons orbiting
at rph, independent of the nonequatorial orbiting photon
energy as well as its Q value Qs for KBH’s of mass
M 2 10" Mg; (2) n}, varies slowly with E}, and Q3 for
mass M < 10°M. Note that when 7py is not constant,
the @ value of the scattered particle determines which
Npn to use.

The additional condition of Eq. (2.26a) should be in-
cluded with Egs. (2.18) and (2.19) for null geodesics when
Qpn > 0. Also, like Ay, of the equatorial plane, A},

and 7y, are associated with the critical impact parame-
ters which separate capture from scattering orbits [24].
These impact parameters describe the trajectory of the
photon as seen by an observer at a large distance from
the KBH. The parameter App, or A7, relates to a possible
turning point due to the conserved azimuthal component
of the angular momentum L, , i.e., where (P};), — 0;
Ny relates to a possible turning point due to the po-
lar component of the angular momentum (P, )e, i.e.,
where (P,)e — 0. A photon scattered with (P},), > 0
and (Py,)e # 0 must satisfy both the conditions of
Egs. (2.18) and (2.26a), for the nonexistence of a turn-
ing point outside the horizon, in order for it to escape
to infinity. On the other hand, in addition to the escape
conditions of Eq. (2.19), a photon with (P} ), < 0 and
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FIG. 1. Orbital parameters of massless and material par-
ticles. Magnitude of polar coordinate angular momentum as
the bound orbit crosses the equatorial plane (= /Q*) vs the
conserved nonequatorial orbital energy: (a) (Ppn)e vs Epy
at the photon orbit, rpn ~ 1.074M. (b) (PJ)e vs E; of
an orbiting electron at rmMp ~ 1.089M (lower curve), and at
rms =~ 1.2M (upper curve). Notice that as these momenta go
to zero, each of the orbital energies goes to its equatorial con-
finement value—i.e., as /Q%, — 0, E5, — 0; as /QZ — 0,
E? — 0.539 MeV at ruB, and E; — 0.349 MeV at ryus.
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(P;’nh)@ # 0 at r > 7o, will escape also if Eq. (2.26a) is
not satisfied—implying the existence of a turning point.
Moreover, the expressions found for the above parameters
(evaluated by methods as described above) are the follow-
ing: bph = 1/Apn = 1/A}, = 2.1109M; %y ~ 0.6518 s°
for M = 10"Mg and 7}, = 53.402 s? for M = 10° Mo,
where byh (= b},,) is the impact parameter of Eqgs. (2.20),
(2.21), and (2.24). Although App and Aj, turned out to
be equal, they were, however, evaluated independently,
from the ratios Eq. (2.16) to (2.17) and (A20) to (A21),
respectively.

In summary, the escape conditions depend only on
Aph = A}y, for equatorially confined photons (Q},;,, = 0),
and on both Af, and Moh for nonequatorially confined
photons (Q},;,, > 0). So in general, the values found for
Ay and 7y, (by methods described above) are used in
Egs. (2.18), (2.19), and (2.26a), for application of the
escape conditions to the scattered photons.

2. The electron (or any material particle)

The escape conditions for the electrons (negatrons and
positrons) are determined from Egs. (A20) and (A21);
these equations reduce to Egs. (2.16) and (2.17), respec-
tively, when the @Q value of the orbiting electron, QZ, is
set equal to zero. This reduction for the conserved en-
ergy EZ of an orbiting electron (see Appendix A) to its
equatorial value can be seen in Fig. 1(b). Figure 1(b) dis-
plays (P})e = 1/Q? versus the energy E? for nonequa-
torially orbiting electrons at the radii of ryp ~ 1.089M
(marginally bound orbit) and rms ~ 1.2M (marginally
stable orbit).

The value of A = A} of Eq. (2.15) for an orbiting elec-
tron, in the case of material particles, does depend on
the scattered particle energy, with A} being determined
in the following manner. When the energy E! of the scat-
tered electron and @/, are substituted into Eq. (A20), the
radius r? of the isoenergy orbit can be solved for numer-
ically. Once this radius r} is known, substitution into
Eq. (A21) gives L*. At this point, the ratio of Eq. (2.15)
can be evaluated, obtaining A} for a particular scattered
electron.

This determined value of A} for a specific scat-
tered electron is then used in the escape conditions of
Eqgs. (2.18) and (2.19), along with the condition for un-
bound orbits (E. > p.), to determine whether or not the
electron escapes to infinity.

C. The efficiency of the Penrose mechanism

Three types of efficiencies are established: Williams’s
efficiencies (W efficiencies), Piran-Shaham (PS) efficiency
[4], and absolute efficiency. We next define and derive
expressions of these efficiencies for general Penrose scat-
tering processes.

First, let the subscripts 1, 2, and 3 indicate the infalling
particle, the orbiting target particle, and the scattered
escaping particle, respectively, and define the following
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fractions. In the BLF,

ET
Fp= —>+—k |, 2.28
"= BT+ ET (2:282)
ET
Foup = ——3 = ¢2Ps | 2.28b
‘TEI+ET S (2.28)

where Fj, and F,,; are the fractional parts of the total
input energy made up by the incoming particles and the
outgoing escaping particles, respectively, as measured by
a BLF observer; the absolute efficiency €2P® is defined as
shown in Eq. (2.28b). The superscript T indicates the
total energy of a distribution of particles. Each of the in-
dividual energy terms in Eq. (2.28) is the combined ener-
gies of those particular particles indicated by subscripts.
Similarly, in the laboratory frame (LF),

fin = T, T (2.29&)

f out

il

S E— (2.29b)

where fi, and fous are the fractional parts of the total
input energy made up by the incoming particles and the
outgoing particles, respectively, as measured by a LNRF
observer (indicated by the energy notation ¢).

Now, using the above fractions, the W efficiencies are
defined as

T
w fout 53
€L = ==, (2.30a)
LE fin 5’{
F, ET
w — out 3
€ = = —7F > 230b
BLF Fin E]C.I‘ ( )
W
V= BVI‘;F , (2.30¢)
€LF
and the PS efficiency is defined by
GPS = E; — (El + EZ) (231)

E, + E, ’

as measured in the BLF. The efficiencies ¢} and el
express the total energy of the final escaping particle dis-
tribution relative to the initial infalling particle distribu-
tion, as measured by a LF observer and a BLF observer,
respectively; i.e., e/ and el p give us the factor by which
the total initial energy of the infalling particle distribu-
tion is increased or decreased, by the Penrose scattering
process, in the respective frame. The efficiency ¢ in-
directly measures the blueshift effect due to the frame
dragging on the ratios of (2.30a) and (2.30b), by relat-
ing the ratio in the LF to its corresponding value in the
BLF. On the other hand, €S tells whether or not rota-
tional energy was extracted from the KBH by the clas-
sical Penrose process (as discussed in Sec. I). For exam-
ple, for €FS > 0, rotational energy was extracted in the
scattering event by the classical Penrose process, and for
€PS < 0, there was no energy extracted by this classical
process; however, for €¥5 < 0, and with E3 (the energy of
the escaping particle) greater than E; (the initial energy
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of infalling particle), and if E3 is greater than the value
it would had acquired had the scattering occurred out-
side the ergosphere or in flat spacetime, then rotational
energy was indirectly extracted from the KBH, although
the PS efficiency does not reflect this. This latter process
of extracting KBH rotational energy, I have classified as
a quasi-Penrose process (Sec. IV). Note that ¢7S must be
evaluated separately for each scattering event (it cannot
be used as I have defined the absolute and W efficiencies
above for a distribution of scattering events). Details of
the efficiencies in (2.30) and (2.31), as they are applied
in these scattering processes, will be discussed in Sec. IV.

III. MODEL CALCULATIONS
IN THE ERGOSPHERE

A. Inverse Compton scattering
1. Initial conditions in the BLF

The initial conditions for the photons are the follow-
ing: a photon of energy E; as measured by an observer
at infinity (i.e., in the BLF) is assumed to be emitted
inside the ergosphere, from the inner region of the disk
(or it may come from outside as in the case of the low
energy UV photons), and follows a null geodesic trajec-
tory before colliding with an orbiting electron at a specific
radius. Here, only incoming photons moving in the equa-
torial plane are considered. The motions of the incom-
ing photons discussed in these scattering processes are
those moving radially inward. For simplicity, the con-
ditions that the infalling photon encounters in its free
fall through the ergosphere before arriving at the des-
ignated scattering radius are ignored in these calcula-
tions. Otherwise, conditions such as the particle den-
sity in the ergosphere and radiative transfer effects would
have to be incorporated into the calculations along the
null geodesic of the photon. It is assumed that these
conditions cause little qualitative change in the results.
The photon arrives at the radius in which the scatter-
ing takes place with an initial covariant four-momentum
(Pon)tt = [(Pon)r, (Pph)e, Lph, —Fph], as measured by an
observer at infinity. For a photon falling radially inward
along the equatorial plane, (Ppn)e = Lpn = 0. The ini-
tial energy of the photon, Eyy, used in these calculations
is either monochromatic or chosen from a blackbody dis-
tribution of temperature T},. To select a photon from a
blackbody distribution, a Monte Carlo sampling method
is employed [25].

The spatial distribution of the electrons is specified as
circular orbiting rings, equatorial or nonequatorial. The
equatorial orbiting rings can have superposed thermal
random velocities on each individual electron, governed
by the electron temperature T.. These rings represent,
say, regions of high density in the ergosphere, analogous
to those found to form in the inner region of a time-
dependent accretion disk around a nonrotating black hole
[11].

Two radii are considered for the model electron rings:
rvs (>~ 1.2M), the radius of the marginally stable circular

orbit (where E/ug < 1) and rpmp(~ 1.089M), the radius
of the marginally bound circular orbit (where E/uq ~ 1),
for a canonical KBH (a/M = 0.998). Recall that an un-
bound circular orbit is one with E/uo > 1: given an
infinitesimal outward perturbation, a particle in such an
orbit will escape to infinity on an asymptotically hyper-
bolic trajectory [21]. The unbound circular orbits are
circular in geometry but hyperbolic in energetics, and
they are all unstable. Similarly, the orbits at ryp are
circular in geometry, but parabolic in energetics. Note
that the outer ergosphere boundary, the photon orbit,
and the event horizon of a canonical KBH are located at
ro = 2M, rpn 2 1.074M, and 7 ~ 1.063M, respectively,
in the equatorial plane. The region between the radii
rms and ryp represents the innermost possible perias-
trons (radial turning points) for bound unstable orbiting
particles (E/uo < 1). A particle in this region, if given
a sufficiently large inward perturbation, will eventually
fall through the event horizon. Moreover, rvp is the
minimum periastron of all circular orbits. Any parabolic
trajectory which penetrates to r < ryp must plunge di-
rectly into the black hole [21].

The electrons that constitute the equatorial circular
orbiting rings about the KBH are assumed in some cases
to be cold (T. = 0 K), and in others hot (7. # 0 K). In
the case of hot electrons, a random motion is superposed
on the orbital velocity of the target electron, chosen by
applying the Monte Carlo sampling method, simulating
a Maxwellian velocity distribution for the electrons at a
finite kinetic temperature T, [25]. The initial conserved
orbital energy and angular momentum of an electron be-
longing to a particular ring (with T. = 0 K) are given
by

B = right-hand side of Eq. (2.16) (3.1)
Pe
and
L. . .
—£ = right-hand side of Eq. (2.17) , (3.2)

He

respectively, as measured by an observer at infinity
[see Appendix A for the general expressions of the
above-conserved quantities which include orbits that
are nonequatorially confined, attributed to @ # 0 of
Eq. (2.6)].

2. Conditions in the LNRF (PCS)

a. Special parameters of the four-momenta. We first
define the general geometry used in the Kerr metric [25].
A space vector p in the LNRF relative to the BLF, at
an instant of time in the equatorial plane of the KBH
(© = 7/2), is given by

P = psinf; cos ¢1&, + psin b sin p1 € + pcos b, €5 ,

(3.3)

where &,, €éo, and &s are the space components of a
unit four-vector tangent to the coordinate lines at the
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event (r,®,®,¢). This unit four-vector is an orthonormal
tetrad, i.e., & -& = —1,&,-&,. =1, &, -& = 0, and so
on. In other words, this unit four-vector defines the basis
vectors of a local Minkowski metric, where the directions
of the space components &, &,, and &, of the unit four-
vector in the LNRF are in the same directions as &,,
e, and és of the BLF, respectively, using a right-hand
rule coordinate system. Note that the upper case Greek
letters (O, ®) refer to angles centered on the KBH and
the lower case letters (6, ¢) refer to angles centered on
the LNRF.

Next we define the geometry intrinsic to the scattering
process. This particular geometry defines a coordinate
system in the LNRF with the &, axis (which defines the
direction that the incident photon is traveling) in the
same direction as —é&, of the BLF. In this geometry, the
directions of the space unit vectors &, &,, and &, of the
LNRF are in the same directions as és, €o, and —&, of
the BLF, respectively. The vector p, as defined above,
can be expressed in this geometry by

P = —pcos 838, + psin s sin g€ + psinf; cos Pp2€5 .

(3.4)

Note that the magnitudes of the vector p given in
Egs. (3.3) and (3.4) are equal. The reason for using these
two geometries of the coordinate system in the LNRF rel-
ative to the BLF will become apparent later.

In the LNRF, we first define two frames of reference:
the LF (the lab frame of a general observer in the LNRF)
and the electron rest frame (ERF). The parameters in the
ERF are indicated by superscript R and those in the LF
have no superscript. The ERF is introduced because in
this frame, the determination of the four-momenta of the
scattered particles becomes simpler.

From Egq. (3.3), for general initial photon directions in
the LF, the initial and final photon space momenta are
defined to be

Pph = Pph Sin Oph cos Ppn€, + ppn sin Oy, sin pphée
+pph cos Op1€5 (3.5)

and

Pph = Ppp, Sin 0, cos ¢, &, + Ppn sind,, singp; &e
+ppp cos 0, €5 (3.6)
where 0, and 6, are the polar angles (the polar axis
is in the direction of &) of the incident and scattered
photons, respectively; ¢, and q%h are the corresponding
azimuthal angles.
In addition, from Eq. (3.3) we can write, for the target
electron,

pl = pf sin f cos ¢.&, + pL sin b, sin p.&e

+p7 cosb.és , (3.7)

where pI is the total space momentum vector of a cir-
cular orbiting electron, allowing for superposed random
motion; the magnitude of pI will be determined in the

following section. As usual, in the LF, the angles of (3.7)
are given by

[(02)2 + (p2)E]/?

tanf, = ®7)s (3.8a)
[26], and
T
tan ¢ = ((I;‘;,))(j . (3.8b)

From Eq. (3.4), we can again define local space mo-
mentum vectors of the target electron and the final pho-
ton in the LF [as in Egs. (3.7) and (3.6), respectively].
However, now, these space momenta are defined relative
to the direction that the initial photon is traveling—i.e.,
the polar direction of the coordinate system is in the di-
rection of the momentum vector of the primary photon.
Thus, for a radially infalling primary photon, the initial
space momentum vector of the electron is expressed in
this geometry by

pl = —pT cos 08, + pT sinfsina;&e + p’ sinf cos a;és

(3.9)

[cf. Eq. (3.7)], where @ is the initial polar angle of the
electron with the pole in the direction of the initial pho-
ton (the ppn direction) in the LF; oy is the initial az-
imuthal angle of the electron between the (€ésppn) plane
and the (pZppn) plane. Similarly, the local vector of the
final photon is

P;,h = —p;h cosdé, + p;)h sind sin az€g

—{-p;,h sin d cos aix €3 (3.10)
[cf. Eq. (3.6)], where 6 is the final polar angle of the
photon with the pole in the py;, direction; s is the final
azimuthal angle of the photon between the (ésppn) plane
and the (p},,,Ppn) Plane.

The specific angles defined in the Compton process are
4, the scattering polar angle between the initial photon
vector ppn and the final photon vector p;h, and «, the

scattering azimuthal angle between the (pYppn) plane
and the (p},,,Ppn) plane, where

a=|az — o] (3.11)
[see Egs. (3.9) and (3.10)].

From the transformation equation (2.8d), the photon
will arrive at the scattering radius with initial energy

Eph = eAU(Eph — wLph) s (3.12)
as measured by an observer in the LF, where Ly, = 0 for
radial infall.

First, we consider the orbiting electrons to be cold
(Te = 0 K). The electrons in the LF will have flat space-
time energy-momentum four-vectors (principle of relativ-
ity). However, since the electrons are initially moving in
circular orbits, before local thermal motions are included,
the only nonzero components are (p.): (the time compo-
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nent) and (pe)s (the azimuthal component). Thus the
initial energy and momentum in the &g direction for an
electron as measured by an observer in the LF are

Ee = Y@M, (313)

and

(pe)<} = 'Y§me(ve)‘l> ) (314)
respectively, where v is the electron Lorentz factor due
to circular orbital motion only, and (ve)s is the azimuthal
velocity of the electron relative to the LF. By substitu-
tion of Egs. (3.13) and (3.14) into the transformations,
Egs. (2.7c) and (2.8d), the expressions for (ve)s and
v3 can be derived in terms of the conserved energy E,
[Eq. (3.1)], and the angular momentum L. [Eq. (3.2)], as
measured by an observer at infinity [27]. It is found that

Lee %
(ve)e = B —wl.’ (3.15a)
E, —wL.)e™™
o = Le—wle)e™ _ (3.15b)
Me

where the definition arises because <. is the general
Lorentz factor and does not have to be in the &4 di-
rection only. Equation (3.15) is in agreement with the
results of Ref. [21].

Second, still we consider the target electrons to be
cold (T. = 0 K); however, now they are allowed to have
nonequatorial orbits. In this case, the angular velocity of
the target electron in the ég direction must be included
in the calculations. This velocity is given by the follow-
ing. From Egs. (2.6) and (2.7b) as the electron passes
through the equatorial plane, it is found that

VQ. .

The Lorentz factor ~., for the nonequatorial orbiting elec-
trons, may be obtained from Egs. (3.15a) and (3.16), or
Eq. (3.15b), when E. and L. are used from Appendix A
[Egs. (A20) and (A21)]. We next consider what happens
when the target electrons have a finite temperature.

b. The comoving frame. The scatterings between the
electrons and the photons are evaluated in the ERF. The
ERF and the LF are inertial frames related by a Lorentz
transformation for frame motion in the direction that the
electron moves in the LF. Whenever the electron local
kinetic temperature T is not zero, the comoving frame
(co-LNRF) must be included in the scattering process
[25]. The co-LNRF is the proper frame of the matter,
say of a group of neighboring electrons; and any inertial
observer comoving with the matter is at rest with respect
to this frame, i.e., in this frame, dr = dt, where 7 is
the proper time and, of course, t is the time measured
by an arbitrary inertial observer. Quantities measured
in the co-LNRF are denoted with superscript “co.” For
example, the random velocity of a particle in this frame
is indicated by v¢2, .

If an electron has a random motion relative to the or-
bital velocity v. = [0,0, (ve)s) in the LF, the ERF will

move with velocity v, relative to the co-LNRF. If, how-

e H2

(ve)o = (3.16)

YeTlle
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ever, the electron has no random motion as measured by
a co-LNRF observer (with v&2 = 0), then, the ERF will
move with the same velocity as the co-LNRF (i.e., the
orbital velocity v.). It follows that, for an electron mov-
ing with orbital velocity (ve)s and a superposed random
velocity v ., as measured by a LF observer, its total ve-

locity u, in the LF is

U, = (ve).;pécp + Vrian (3.17)

these must be added relativistically. The random veloc-
ities v;an of the electrons, due to thermal motions, will
be given by a Maxwellian velocity distribution.

Now, the electron temperature T, of the Maxwellian
distribution, as measured by a LF observer, is a thermo-
dynamic quantity that must be initially defined in the
co-LNRF. In the proper frame comoving with the mat-
ter, the thermodynamic state is governed by the laws of
thermodynamics in their usual form [28]. The co-LNRF
is related to the LF by a Lorentz transformation. It fol-
lows that, the electron temperature in the co-LNRF, T5°,
transforms to the electron temperature in the LF, T, ac-
cording to

Te = voT¢° (3.18)

[28,29], where

ve = [L— (ve)a] /% (3.19)
this is the same g given by Eq. (3.15).

Once the random motion vector v.,, is chosen from
a Maxwellian velocity distribution (using a Monte Carlo
sampling method), the Lorentz factor of the thermal or-
biting electron is then given by

Yo = (1 —u?)~V/?%, (3.20)
where the velocity u. is the total initial velocity vector
of a thermal orbiting electron [see Eq. (3.17)] relative to
the LF.

Now that we have examined ways to obtain the
Lorentz factors of the target electrons: equatorial orbits,
nonequatorial orbits, and orbits with thermal motions
(T. # 0 K), [Egs. (3.15), (3.16), and (3.20)], the general
Lorentz transformations (Appendix B) for the initial pho-
ton four-momentum components from the LF to ERF are
given by

e = Yeleph — Br(Ppn)r — Bo(pph)e — Ba(Ppn)a] ,
(3.21a)

2

(pf)r = 7—}-5:?6? [Ba(ppn)e + Beo(Pph)e)

2
+ (1 + B2 %“Y:L 1) (Pob)r — YeBrepn »  (3.21b)
2
(PS;)@ = 737:- 1ﬁ®[ﬂ<l>(Pph)q> + Br(Pph)r)
2
+ (1 + 53 ’76’7_7_ 1) (Ppn)e — YeBoEpn , (3.21c)
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(Ph)e = 1P2[Be(Ppn)e + Br(ppn)-]
(1 + ,84> ) (Pph)e — YePaepn ,
(3.21d)
where
Yo = (1—p3%)"YV2, (3.21¢)
and
Be = (Br,Bo,Ps) (3.21f)

= [0,0, (ve)s] for equatorial targets ,
= [0, (ve)o, (ve)®] for nonequatorial targets ,
= [(¢e)r, (Ue)o, (Ue)a] for thermal targets ;

the four-momentum components for the initial photon in
the LF are given by the transformations of Eqs. (2.8a) to
(2.8d).

3. Scattering process in the LNRF (PCS)

In this section, the four-momentum of the Penrose
Compton scattered (PCS) photon in the ERF, (pffh)u =

(pgi;, ieﬁi/c), will be determined, and subsequently used
in the Lorentz transformations of Appendix B to find
the corresponding four-momentum as measured by an
observer in the LF. (Note that, in the LNRF, I will
sometimes not make the distinction between covariant
and contravariant four-momentum, but will instead write
the time component to be imaginary, as was done in the
above four-vector.)

The final energy of the photon after a scattering event
is given by conservation of the four-momentum equation,
for this particular scattering process:

(3.22)

(Ppn)p + (Pe)p = (p::h)u + (p:z)u s

where the primes indicate final conditions. The Compton
scattering process in this pseudo flat spacetime (i.e., the
LNRF) is evaluated in the same way as for a Compton
scattering process in flat spacetime. Thus, it is found
that the final energy of the photon as measured by an
observer in the ERF is

R — £

PR T (ef/pe)(1 — cos 68) °

(3.23)

where §F is the scattering (polar) angle between the ini-
tial and final space momentum vectors of the photon in
the ERF. In general, these vectors are given by Egs. (3.5)
and (3.6), of course, however, with the superscript R ap-
pearing in these vectors, indicating parameters measured
in the ERF.

We need now to find the scattered photon space mo-
mentum vector in the ERF:

R _ R . oR' R' 4 R . pR' . R4
Pph = Pph SinOpy, cos ¢, &, + ppy, sin 0, sin ¢y €e
R' R' A
+Ppp COS Gphe@ s (3.24)
where

pgh = 65}1 ) (325)
f}: and qﬁf}: are the final polar and azimuthal
angles of the photon as measured by a ERF observer [cf.
Eq. (3.6)]. In the magnitude of Eq. (3.25), & h is given
by Eq. (3.23).

We must determine how the above angles of Eq. (3.24)
are related to the scattering polar and azimuthal angles,
5% of Eq. (3.23) and of, respectively, which are the polar
and azimuthal angles defined by the Klein-Nishina cross
section for Compton scattering processes [Eq. (3.41)]. To
determine how these angles are related, we take the scalar
vector products of the following: from Egs. (3.5) and

(3.6), Pph - Py, gives

the angles 6

’ . . ’ /
cos § = cos Opy, cos 0, + sinbpp sin b, cos(Pph — Ppn)

(3.26)
similarly, from Egs. (3.6) and (3.7), py,, - pL gives
cos 0’ = cos B, cos Oy, + sin O, sin Oy, cos(de — Ppp) ;
(3.27)

from Egs. (3.5) and (3.7), ppn - PZ gives
cos 8 = cos B cosph + sin O, sin 1, cos(pe — dpn) ; (3.28)

and from Egs. (3.9) and (3.10), p},;, - pZ gives

cos@’ = cosfcosd +sindsinfcosa (3.29)
where Eq. (3.11) has been used; again ¢ is the scatter-
ing angle between the initial and final photons; # and 6’
are the angles between the target electron and the initial
and final photons, respectively. Equations (3.26) through
(3.29) are invariant under a Lorentz transformation, i.e.,
they retain their same forms. The use of the two geome-
tries, giving rise to the vectors of Eq. (3.3) and (3.4),
should be apparent by now: it allows us to relate an-
gles of the inertial frame to the scattering angles by way
of Lorentz invariant equations that can, in practice, be
solved analytically. Moreover, in the ERF, Eqgs. (3.26) to
(3.29) reduce to

R _ R R | o gR s R R R’
cos 87 = cos O, cos Oy + sin Oy sin 6}, cos(dpn — dpn) >

(3.30)
cos % = cos 9ph , (3.31)
cos 6% = cos 68 cos 6% + sin 6% sin 0% cos a® | (3.32)
cos 0 = cos 05}, , (3.33)

since the angles 6% = ¢F
invariant equation (3.8), with pZR =0.
In the above equations, the unknown angles are

= 0, as can be seen in the



o8, of, 0%, o7 (3.34)

where 05}: and ¢§}; are defined in Eq. (3.24); 6F and 6F
are angles of the initial and final photons, respectively,
as defined in Eq. (3.29), now however, in the ERF. We
now solve for these four unknown angles in terms of the
known angles

52, af, th, and quh . (3.35)
The known angles are defined as the initial angles of the
incoming photon (th,qﬁffh) and the scattering angles of
the final photon (6%, a®), as given by the cross section

[Eq. (3.41)] for a particular scattering event.
Solving Egs. (3.30) through (3.33) for the unknown

angles of Eq. (3.34), we obtain the following. From
Eq. (3.33), it is found that

0% =65, , (3.36)
and Eq. (3.32) gives

0% = arccos(cos 0 cos 6% + sin 6% sin 6% cos a®t) .
(3.37)

From (3.31), we see that

oR =% . (3.38)

Then finally, we solve Eq. (3.30) for f}i yielding that

1
R R cos6F — cos 05}1 cos th
®ph = Ppn — arccos T OF sin O . (3.39)
sin 6, sin 0%

s a
o(b,a) = 0/0 %sin&déda

1. 1 f) 1 L1
= -ria|= - —
27| 2™ 1+ 71(1 — cosé)?] v
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{ln[l +71(1 — cosé)] +
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Equations (3.36) through (3.39) give the unknown angles
of Eq. (3.34). In particular, Egs. (3.38) and (3.39) define
the desired azimuthal and polar angles of Eq. (3.24).

We now proceed to specify the known angles of (3.35).
First, the angles 95}] and qbffh of the initial photon in the
ERF are given by Eq. (3.8), with the replacements

0, — 95;,, be — quh, %), = (pfh)r, etc. (3.40)
[cf. Eq. (3.8)], where the space momentum vector com-
ponents of the initial photon [(pfh)n@@] in the ERF
are given by the Lorentz transformations of Egs. (3.21b)
through (3.21d). Next, the scattering angles 6% and a®
are obtained by applying the Monte Carlo method to the
Klein-Nishina cross section, used for Compton scattering;
this is done in the following section.

a. The Klein-Nishina cross section. The scattering
angles § and a (dropping the R superscripts briefly for
simplicity of the notations) in the ERF are obtained by
applying the Monte Carlo method to the Klein-Nishina
cross section for scattering interactions between free elec-
trons and photons. An expression for the probability that
a photon will be emitted at particular angles of « and ¢
follows from the differential form of the Klein-Nishina
cross section [30]:

N\ 2 '

do (s 1 eR R R

do(da) _ —r? %h LRh + %l,] —sin®d | , (3.41)
ds) 2 €ph €ph  Eph

where d2 = sindddda; r, = 2.818x 10713 cm is the classi-
cal electron radius; sfh and sfh are given by Egs. (3.21a)
and (3.23), respectively. Substitution of Eq. (3.23) into
the above differential cross section and integration over
angles § and « yield that

1
.
14 ~v1(1 — cosé) }

(1+7)?2

1 2
— — - — _— 3.42
+op {1 —cosd) =209 a1+ (1 cos)] = U A (1) }} L (3a)
where
R
€
Y1 = —ph .
He

The above o (4, @) is the integral form of the cross section, or the effective area, of an electron producing a scattering
event in which a photon is emitted at particular angles of § and «. When § = m and a = 27 are substituted into
Eq. (3.42), we obtain the total cross section of the target electron for scattering of a photon in any direction of &
(between 0 and 7) and a (between 0 and 2m):

(3.43)

3(1 1491 [271(1+ )
=opo{d —1In(1+2
Otot orT {2’71 n( + ’)’1)+ ,y% [ 1+ 27

1+ 3
1 —In(1+ 271)] — N } ,

(1+2m)?

where or = 87r2/3 is the cross section for Thompson scattering. The probability that a photon will be emitted at
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particular angles of § and « is
g(d,a)  o(6,a) o(9)1 o(a)z
Ot o(m2m) ol =m)0(a=2m)y (prob); (prob), ,

where the last equality arises because the occurrences of
the angles § and « are independent. That is, Eq. (3.42)
is separable, in the sense of

o(b,a) =o(d)10()2 ,
with

o(8), = a(6,2) ,

ola)2 =« .

It follows that the probabilities that a photon will be
emitted at angles § and o are

o) o(d,a)/a
(prob), = O =)y sl G, (3.44)
and
(prob), = o(a)z =2 =@, , (3.45)

ola=2m) 27

respectively, where the G’s are random numbers. The
values of § and a are found from random choices of G;
and Gz.

After values of 4 and « are obtained, the final com-
ponents of the photon four-momentum can be evaluated
from Egs. (3.23), (3.24), and (3.36) through (3.39). The
final four-momentum of the photon in the ERF is trans-
formed to the LF by the inverse of the Lorentz transforms
given in Eq. (3.21a) through (3.21d), see Appendix B:

!

€ph = ’Ye[ffh + ﬁr(Pfh)r + ﬂe(Pfh)e + Ba (Pfh)é] )

(3.46a)
(Pon)r = + 5r[ﬁ<1>(:0ph)<1> + Bo (PE)o)]
( 402750 ) () + el
(3.46b)
(Ppn)e = + 1Pelle (If’ph)vl> + B (PR)+]
( 55251 ) e +boch
(3.46¢)
(P;m)é + ﬁé[/B@ (Pph)e +131‘(pph) ]
( B3 Py 1) (PE) e + veBsel,
(3.46d)

again J. is given by Eq. (3.21f).

4. Final conditions in the BLF (PCS)

Recalling that the final conditions an observer at in-
finity measures are the same as those measured by a
BLF observer, the transformations of Eq. (2.7) allow us
to obtain final measurements in the BLF, in terms of
the final conditions of the photon in the LF as given by
Eq. (3.46). For the scattered photon, the following en-
ergy and space momentum components are measured by
a BLF observer:

(3.47a)
(3.47b)
(3.47¢)
(3.474d)

E,, =eey, + we? (Pon)
(Pan)r = " (Ppp)r »
(P;/)h)e =eh (P;;h)@) ’
(P;Ch)@ = L;)h = e¢(P;h)q> .

After these local scattering events, some of the photons
will escape to infinity, while others will not. Whether or
not a particular photon escapes to infinity is governed by
the escape conditions given earlier in Sec. IIB1. It fol-
lows that the four-momentum components of Eq. (3.47)
are used in the escape conditions Egs. (2.18), (2.19), and
(2.26) to determine whether or not a photon escapes to
infinity after a scattering event.

B. y-ray—proton pair production
1. Inatial conditions in the BLF

The initial conditions of the « rays are similar to
those for the initial photons of the Compton scatter-
ing process. However, the photons are now assumed
to have high enough energy-momentum parameters that
they can be classified as v rays, with energies ~ 50
MeV. The incident -ray covariant four-momentum is
(Py)y = [(Py)r,0,0,—E,], as measured by an observer
at infinity for radial infall. The energy distribution of
the infalling « rays is assumed to be monochromatic in
the scatterings.

The spatial distribution of the protons are rings with
the same orbital characteristics as the electrons in the
Compton scattering process, and the protons are as-
sumed to be cold (T}, = 0 K). The conserved energy and
angular momentum of the orbiting protons, as measured
by a BLF observer, are given by equations of the form of
(2.16) and (2.17) for equatorial confinement orbits, and
by Egs. (A20) and (A21) for nonequatorial orbits. The
scattering between the v ray and proton takes place at
rmB (radius of marginally bound orbit).

2. Conditions in the LNRF (yp — e"e*p)

a. Special parameters of the four-momenta. In the
LNRF, we define, the LF and the proton rest frame



(PRF). The scattering process is done in the PRF, since
the kinematics are simplest in this frame, as in the ERF
for Compton scattering.

Using the geometry that led to the vector of Eq. (3.3),
the space momentum vectors are expressed by the fol-
lowing. The general initial LF vector for the proton is

Pp = Ppsin b, cos ¢,&, + p,sin b, sin p,ée + p, cos €4
(3.48)

where 6, and ¢, are the initial polar (the pole is in the
és direction) and azimuthal angles, respectively, of the
orbiting proton. Similarly, the general LF ~-ray vector is

Py = P sinf, cos ¢, &, + p,sinf., sin ¢, &g

+p cos b8 , (3.49)

where 6, and ¢, are the polar and azimuthal angles,
respectively, of the incident -y ray. The general LF vector
of the scattered positron is

P+ = Py sinf.+ cos ¢+ €, + py sin b+ sin P+ €e
+p4 cosB.+ €5 (3.50)

where 0.+ and ¢.+ are the polar and azimuthal angles,
respectively. Similarly, the general LF vector of the scat-
tered negatron is
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P- = p_sinf,.- cos¢.-&, + p_sinf,- sin @, - &g

+p_cosf.-&s , (8.51)

where 6.- and ¢.- are the polar and azimuthal angles,
respectively.

Using the geometry that led to the space momentum
vector of Eq. (3.4) [i.e., the geometry with the pole of the
coordinate system in the direction of the incident ~ ray
(—&;)], the space momentum vectors for the positron, the
negatron, and the primary proton can be defined. Thus,
for the positron

P+ = —p4cos, &, + p,sinb, sinp,ép
+p4+sinf cos P15 , (3.52)
for the negatron,
P- = —p_cosf0_&, + p_sinf_sin p2é¢
+p_sinf_ cos ¢2€4 , (3.53)
and similarly, for the primary proton,
Pp = —Pp €08 0,,&, + ppsin b, sin ¢, €0
+pp sin Oy, cos ppés . (3.54)

The polar and azimuthal angles of Egs. (3.52) through
(3.54) are defined below.
Specific angles defined in the yp — e~ e*p process are

0+, ¢1 = scattering polar, azimuthal angles between p, and p, ,

0—7¢2

scattering polar, azimuthal angles between p_ and p, ,

(3.55a)

0.yp, 4p = polar, azimuthal angles between p, and p, ,

as in the momentum vectors of Egs. (3.52) through
(3.54), and additional specific angles are

0y, = spherical polar angle between p, and p ,

0,_ = spherical polar angle between p, and p_ ,

0. = spherical polar angle between p, and p_ .
(3.55b)

We must determine how the above angles relate to the
angles of Egs. (3.50) and (3.51) in order to arrive at the
four-momenta of the e~e* pairs (this is done in the fol-
lowing section).

The v ray arrives at the scattering radius with initial
energy

ey =€ Y(Ey —wL,) (3.56)
[from Eq. (2.8d); cf. Eq. (3.12)], as measured by an ob-
server in the LF. The circular orbital velocity (vp)s and
Lorentz factor y,(= 4) of the cold protons (T, = 0 K)
relative to the LF are the same as for the cold electrons
[see Eq. (3.15)], at a particular radius.

The orbital velocity of the proton relative to the LF,
vp, and the corresponding Lorentz factor +, are used in
the Lorentz transformations to find momentum param-
eters in the PRF. The Lorentz transformations for the

[

four-momentum components of the incident v ray, from
the LF to the PRF, are given by Egs. (3.21a) through
(3.21f), upon changing the subscripts as follows (defined
in Appendix B):

Eph — €, (Pph)r — (pw)ra ete.

th — sf, (pfh)r — (p,}f),_, etc. , (3.57a)
Ye = Yp »

with
ﬁp = (ﬂraﬂ@aﬂ@) = [01 0, ('Up)@] y (357b)

where the y-ray momentum components (p, ), in the LF,
are given by the transformations of Egs. (2.8a) to (2.8c).

3. Scattering process in the LNRF (yp — e"e*p)

As discussed earlier, an observer in the LNRF will see
an e~et pair produced in the Coulomb field of a pro-
ton. In this section, the four-momenta of the e"e* pairs
are obtained. The energies of the pairs, e and ef, in
the PRF (as indicated by the superscript R) will be ob-
tained explicitly from the application of the Monte Carlo
method to the differential cross section for this PPP
(yp — e~ e*p) process, and then, approximate values
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of the scattering polar angles 8% and 6% [see Eq. (3.55a)]
can be found. Next, these energies and scattering angles
are used to determine the relative spherical angle between
a pair, OF, from which the scattering azimuthal angles ¢
and ¢f of the pairs are obtained. These scattering an-
gles and energies, along with the spacetime geometry in
which the scattering takes place, enable the acquisition
of the four-momenta of the pairs.

a. The differential cross section. The angular dis-

]
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tributions and energies of the scattered e~e™ pairs will
be governed by the differential cross section (defined in
PRF). This cross section gives the probability of the emis-
sion of a positron of energy ¢, and a negatron of energy
e_, in the directions 6, and 6_, respectively, relative
to the direction of the primary ~ ray, into the element
ded0,.df_d¢., with ¢ being the relative azimuthal an-
gle of the e™e™ pair (the superscript R has been dropped
briefly for simplicity of the notations):

Z? e* p_py dey
dg': —E—z;? q Sln0+ Sll’l9 d6+d9 d¢+
2 .2 2 12
p3 sin® 6 2 5 p% sin® 6_ 2 2
4e% — 4es —
x{(e+—p+cos9+>2(5— Tt e cosbyz T

2pp—sinf sinf_ cos ¢

(e~ —p_cosf_)(e4 — pycosby)

(4e,e_ +¢* — 253)

P sin? 04 + p? sin®6_

—2¢g2
67 l:(a_ —p_cosf_)(e4

[31]. The expression ¢ in Eq. (3.58) is the magnitude of
the recoil momentum or the momentum transferred to
the proton, defined by

2

Q" = (py (3.59)

-p+—p-)°.
Equation (3.58) is symmetrical in e and e_. An asym-
metry would arise only in higher Born approximations
and is small for higher energies. In the extreme relativis-
tic regime where all the energies are large compared to
e, Eq. (3.58) can be integrated over all angles [31] to ob-
tain the cross section for the creation of a positron and
a negatron with energies £, and e_, respectively:

47Z% r? 2
do(eq) = 137 63 (52_ +e2 + ge_s+)
_ 1
x (In 2eer _ —) dey | (3.60)
He€Exy 2

for no screening, in which

2 _ 2
€4€ < He .
e, (1/137)21/3

The Monte Carlo method will be applied to the cross
section of Eq. (3.60) to calculate energy spectra of the

J

et e o (2) <+ met oo}
e ifaln (S oee )}

— P4 cos 9+):| } (3.58)

f

pairs in the PRF. The energy of £, will vary from p,
to (e4 — pe). We integrate Eq. (3.60) between the limits
[te,€+] to obtain the integral form of the cross section:

= /:: do(ey)

But first, set Z = 1, assuming a pure hydrogen disk,
and assume that the recoil energy given to the proton
is small, therefore negligible, so that the conservation of
energy gives

o(ey) (3.61)

€y =€4 +eE_, (3.62a)

or

E_ =€y —E4 . (3.62b)

Substituting Eq. (3.62b) into (3.60) and performing the
integration of Eq. (3.61) yield that

r2 o
G'(E :—FTZ

(3.63a)

where

(3.63b)

(3.63c)
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2 2.\ 1 1
I=—3ey {ei [In( ” ) - 5] — u2 (an - 5)} , (3.63d)
I, = 6‘,27 {(5+ —&4)In (1 — E—+) —e4 — (e —&4)1In <1 - —e) + ue} , (3.63¢)
Eqy Exy
2 3
411 € 1 e+ 1 [fe4 1 (et
Iy == —(53——63)ln(1——+)——53 ~——+—<—) +-{—
° 3{3 o ex) 37 |e, 2 \e, 3 \ &y
1 © 1, pe 1 2 8
(-l He) p g3 |Bep 2 (Be) 42 (e : 3.63f
* 3(#5 6.,)111(1 'v)+3€7 57+2(5'r~) +3<57) }} ( )
2
LN SV er) _lafex, 1(es
Iﬁz_g 7{2(5+ 57)111(1 - 57 -, +t3 -
r 2
o2 2 He 1 o|pe 1 e
— (k- He) 4 g2 [He | - (Ke 3.63
X z(ue €3)In (1 67> + 27 c, + 2 e, ) (3.63g)
1
I7 = —56,27(€+ — ue) s (363h)
2 .
Is = _5(51 —ul), (3.63i)
1 .
Iy = ge.,(si — u?) (3.63))

If we substitute e, = e, — p. (defining the upper limit
of the integration) into Eq. (3.63), we get the total cross
section for the creation of an e“e™ pair, which depends
only on the «-ray energy:

4 o7 2e,
o(ey) = 137 [9 In ( e )

[31]. The probability that a positron is emitted with a
particular value of energy £¥ (resuming to use the super-
script R to indicate the PRF) is

a(ef)
o(ek)

(3.64)

109
54

=G, (3.65)

where the numerator and denominator are given by
Egs. (3.63) and (3.64), respectively, and G3 is a random
number varying between 0 and 1. The values of ef, and

4 2
%y = =k

Fln(® ../B8) + Gln[a® + (1 + &)0F, . /& + (1 + &)5?)

hence €® from Eq. (3.62), are found from the random
choice, or Monte Carlo selection, of G3 for each scatter-
ing event.

b. Approzimate values of the scattering angles. The
angular distribution of 6% and 6% is generally obtained
by integrating the differential cross section of Eq. (3.58);
however, the integration is complex. Yet, through suit-
able approximations, a usable formula for the mean
square angle (§%") (or (6%%)) is found in the relativis-
tic regime (Ef,af,s’f > pe). At such high energies, the
maximum emission of electrons in the angular distribu-
tion, in the forward direction (traveling direction of the «y
ray), becomes more pronounced, which makes use of the
root-mean-square angle valid. For smaller energies, the
concentration in the forward direction is less marked [16].
The mean square angle between the electron and the vy
ray is given below (it applies as well to the positron):

#

[32], where screening by atomic electrons has been ne-
glected, with

&= z—ﬁ ) (3.66b)

F=201+a%In(2eRe?/pel) +a(2—a)—1, (3.66c)

G=[2+a)(4+4a—-a?)/16(1 + &), (3.66d)
2

B=2 (:;ﬁ) . (3.66¢)

Once the energies of the produced pairs are obtained by

(1+@a2?) fi(r2) + 2af2(72)

} (3.66a)

[
the Monte Carlo method described in the previous sec-
tion [Egs. (3.58) through (3.65)], the root-mean-square
angle of Eq. (3.66) (9%°)1/2 (or (#%°)!/2) can be found,
since Eq. (3.66) is symmetrical in 4% and Qf. Note that
the restrictions on Eq. (3.66) are

eReB R
R
e €
”’R <t <1
4e’ £y

B<6R__ <60°. (3.67)

The two functions fi(v2) and f2(v2) in Eq. (3.66a) are

?
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functions of

1008 .
[31], the quantity which determines the effects of screen-
ing. For 5 < 1 screening is important, where as for
2 > 1 screening can be practically neglected. The func-
tions f; and f, are given in several papers [31-33]. Af-
ter the suitable high energy approximations are made in
the cross section of Eq. (3.58) [34], 6% .. is defined as
the upper limit of the integration, leading to the deriva-
tion of the root-mean-square angle given in Eq. (3.66).
The choice of 6% of Eqgs. (3.66) and (3.67) is, unfor-
tunately, ambiguous. However, the higher the energy of
the ~y ray, the smaller the value of 9% is allowed to be,
and thus, the more accurate is the determined scattering
angle 6% (the same applies for 6%).

c. Conservation of the four-momentum equation. The
four-momentum equation is solved for this PPP pro-
cess to obtain an expression for the angle 8F, which is
the spherical angle between an emitted e~e™ pair [see
Eq. (3.55b)], as measured by a PRF observer. The four-
momenta in the LF for the v ray, the proton, the positron,
and the negatron will be denoted by pyx, Ppr, P+, and
p_», respectively, where A is a summation index. From
the conservation of four-momentum

Pya 4 Ppxr = P4 +Pox + Dpy » (3.69)

where the prime indicates the scattered proton. Equation
(3.69) leads to

S Pyr+Ppr —pox —pia)? = D P -
X )\

(3.70)

The individual four-momenta in the above equations can
be expressed as the following. For the

incident photon : pyy = (Py,i€4) , (3.71a)
scattered positron : p1x = (P+,%€4) , (3.71b)
scattered negatron: p_ = (p_,ie_) , (3.71¢)
incident and scattered proton :

Ppr = (Pp,i€p) and p;»‘ = (p;,,is;) . (3.71d)

Squaring Eq. (3.70), and using the Lorentz invariance of
the scalar product of the four-momentum with itself (i.e.,
p%2 = —m2), we obtain the Lorentz invariant form of the
conservation of four-momentum equation:

D piap-x = Y (PyaP+a + PyaPox + PpaP-x
A A

—P4aPpr) + m? . (3.72)

We then use Eq. (3.71) to evaluate the individual terms
in Eq. (3.72), where, for example,

> piapa=pi P- —eqe, (3.73a)
A

ZP7AP+,\ = Py Pt — €464 ,etC., (3.73b)

A
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i.e., with similar relations existing for the other four-
momentum products in Eq. (3.72). Substitution of the
evaluated four-momentum products of Eq. (3.73) into
(3.72), with the space momentum vector of the proton
p;f = 0 in the PRF, and using the definition of the an-
gles in Eq. (3.55), the conservation of the four-momentum
equation expressed in the PRF is given by

pfplf cos OF — efsf = pprf cos Gf - efsf

+pvEpE cos 7 — 55‘51_2
—ppel — ppell — l‘p5§ +m?,
(3.74)

where p, is the rest-mass-energy of the proton. In the
extreme relativistic regime, where Eﬁ, e® > ., the mag-
nitudes of the momenta of the positron and negatron in
the PRF are given by

pf_ ~ 65 and p® ~ e® | (3.75)

respectively. And as usual, the magnitude of the ~y-ray
momentum is

pR=el. (3.76)

Substitutions of Egs. (3.75) and (3.76) into Eq. (3.74)
yield the desired angle

1 1
cosOF =1 —i—ef} [EE(COSOE —-1)+ E—R(cosHl_2 — 1):1
- +

1
— (B +ef —ef) — ], (3.77a)
€+67

or, using the assumption of Eq. (3.62),
OF =14 cF | 0% 1) 4 — oF —1
cosf," =1+e¢, ;—I_i(cos -1+ E(cos T —1)

u?
e, 3.77b
*oRer (3.77b)

d. The four-momenta of the pairs. We now want to
find the relationships between the scattering angles of
Eq. (3.55) and the angles (05,(#&) and (054,455,) in
order to calculate the four-momenta of the e~ e™ pairs,
Egs. (3.50) and (3.51). The scalar vector products give
us the following: from Egs. (3.49) and (3.50), py - P+
gives

cosfy = cos 0, cosf.+ +sinb, sinb.+ cos(py — Pe+) ;

(3.78a)
from Egs. (3.49) and (3.51), py - p— gives
cosf_ = cosf,cosl.- + sinf sinb.- cos(¢y — de-) ;
(3.78b)

from Egs. (3.48) and (3.50), pp - P+ gives

cos 8, = cosBpcos B+ + sinby, sin b+ cos(dpp — Pet ) ;

(3.78c)



from Egs. (3.48) and (3.51), pp - p— gives

cosf, = cosf,cosf.- + sinf,sinb.- cos(¢dp — de-) ;

(3.78d)
from Eqs. (3.48) and (3.49), p, - py gives

cos 6., = cos 8, cos O + sinf, sin b, cos(¢p — ¢-) ;

(3.78e)
from Egs. (3.52) and (3.53), p+ - p— gives

cos B, = cosB; cosf_ + sinfy sinf_ cos(pr — ¢2) ;

(3.78f)

from Eqs. (3.52) and (3.54), pp - p+ gives

cos b, = cosf,,cosd, + sinb,,sinf cos(dyp — h1) ;

(3.78g)
from Egs. (3.53) and (3.54), pp - p— gives
cosf,_ = cosf.,,cosf_ +sinf,,sin0_ cos(dp — ¢2) ,
(3.78h)

[cf. Eq. (3.55)]. The angular relations of Eq. (3.78) are
Lorentz invariant. Since in the PRF, equations similar to
(3.8) give for the proton, that, 0{} = q&f = 0, and since
by way of deduction, fp = 0, i.e., the azimuthal angle
(defined by a plane) between the proton at rest and the
v ray is zero the angular relations of Eq. (3.78) become,
in the PRF,

cos Gf = cos 0}} cos 05 + sin 95 sin 05 cos((,‘sz;2 — q&f;) ,

(3.79a)
cos 82 = cos Gf cos 05_ + sin 95 sin 05; cos((f)f;2 — qﬁg ),
(3.79b)
cos 0;,1 = cosfq+ , (3.79¢)
cos 0:1 = cosf,- , (3.79d)
cos Ofp = cos Of , (3.79¢)
cos OF = cos 0% cos 6 + sin 0% sin 6F cos(¢F — ¢F) ,
(3.79f)
cos 0:,1 = cos Gfp cos 0% + sin Gfp sin 0% cos of | (3.79g)
cos 0{1 = cos Ofp cos 0 4 sin Gfp sin0F cos ¢F . (3.79h)

The equations of (3.79) must be solved simultaneously
for the unknown angles:

R R R R
0e+7 e+’65v,¢e— ’

R 4R pR R
07?’¢7P’0p+’ P~

Fof, (3.80a)
in terms of the known angles:
0%, 07,08 07 o (3.80D)

[cf. Egs. (3.49) through (3.51), and Eq. (3.55) for defi-
nitions]. However, but first before solving Eq. (3.79) for
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the unknown angles [Eq. (3.80a)], we complete the deter-
mination of the known angles [Eq. (3.80b)]. Recall that
once the energies of the pairs, sl_f and £, are given by
Egs. (3.62b) and (3.65), the angles 2 and 6% are found
from Eq. (3.66), since this equation is symmetrical in 6%
and 6%. Also recall that 6F is given by Eq. (3.77). The
last of the known angles to be determined are the angles
05 and ¢5 of the infalling photon [cf. Eq. (3.49)]; they
are determined by Eq. (3.8), with the replacements

0, — 05‘,4)6 — ¢$, (pf)r — (pf),, etc. , (3.81)

where (pf)”, with y = r,0, ®, are the space momentum
components of the v ray in the PRF, given by the Lorentz
transformations of Eq. (3.57).

Now let us proceed to solve the equations of (3.79),
with the goal of obtaining the polar and azimuthal angles
of the e~e™ pairs in the PRF. These angles are found to
be (see Appendix C)

6F. = arccos(cos Of cos Bf + sin 05 sin Gf cos ¢F) ,
(3.82a)
cos 0§ — cos 05’ cos Og )
b

. R . R
sin 02 sin 67,

f+ = ¢>ff — arccos (
(3.82b)
and

6% = arccos(cos 05 cos 0% 4 sin Bf sin0F cos ¢F) ,
(3.83a)
cos 08 — cos 05 cos 05_ )

. R . R
sin 0.,/ sin§_"

qu_ = ¢f’ — arccos (
(3.83b)
for the positron and negatron, respectively, where

cos 05 — cos Gf cos 07

¢ = ¢F — arccos ( ) . (3.84)

sin Hf sin &

Except for the scattering angle ¢f [see Eq. (3.55)],
we now know of ways to determine all the angles of
Eq. (3.80). In the following paragraph, the determina-
tion of the angle ¢{{ is presented.

The Monte Carlo method is employed to determine
an appropriate value for the angle #®. Recall that the
scattering azimuthal angle ¢® of Eq. (3.58) is the angle
between the (pfpf) plane and the (pffplf) plane. From
the scattering geometry used to derive the momenta of
Egs. (3.52) and (3.53), with the pole of the coordinate
system in the direction of the «y ray,

b+ = |p2 — ¢1] (3.85)
[cf. Eq. (3.55a)]; therefore, by the invariance of the dis-
tance between two spatial points in Minkowski spacetime
under a Lorentz transformation, it follows that, in the
PRF,

of = |pft — #T . (3.86)
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In principle, we could solve for the angle ¢¥ from
Eq. (3.86), if the angle ¢% were known. However, since
the cross section of Eq. (3.58) is a function of ¢%,60%,
and OF in the sense that the probabilities of these angles
cannot be separated as was done in the Klein-Nishina
cross section for the Compton scattering processes [see
Eqgs. (3.41) through (3.45)], we cannot apply the Monte
Carlo method to ¢%# directly. For this reason, we must
apply the Monte Carlo method directly to ¢F, to be used
in Eq. (3.84); then, if desirable, the relative angle qﬁf can
be obtained from Eq. (3.86). Therefore, the probability
that the positron will be emitted with azimuthal angle

R existing somewhere between 0 and 27 is given by
¢
— =G 3.87
2m 4 ( )

where G4 is a random number ranging between 0 and 1.
Choices of G4 will give values of ¢{{, and thus, (i)é2 can
be found by Eq. (3.84).

In summary and to conclude this section, the energies
of the positron and the negatron in the PRF are given
by Egs. (3.65) and (3.62), respectively. Substitution of
the appropriate angles of Eqgs. (3.82) and (3.83) into the
vectors of Egs. (3.50) and (3.51) gives the space momenta
of the positron, pﬁ, and the negatron, p¥, as measured
by a PRF observer. We next use the Lorentz transfor-
mations (Appendix B) to find the four-momenta of the
e~ et pairs as measured by a LF observer:

e+ =l + B.(0F)r + Bo(PF)o + Ba(pF)s]
(3.88a)
2

,Ypry__}:_ lﬂ"'[ﬂ@(pﬁ)‘} + ﬂ@(pﬁ)@]

2

7,
+|1+82—2
( ﬂ’)’p"‘l

(P+)r =

) (F)r + wBrell ,  (3.88b)
2

g elfa @) + 0.(pD):]

+(1+ﬁé

(ry+)e =

T
Yp+1

) (P®)e + 1Boc? , (3.88¢c)
2

L galPeh)e + o pD):]

+ (1+ﬁ§>

(P+)e =

s
Yo+ 1

) (PH)e +wBeet , (3.88d)

where (3 is given by Eq. (3.57b), and +, is the correspond-
ing Lorentz factor of the orbiting proton. A Lorentz
transformation similar to the above exists for the nega-
tron also.

4. Final conditions in the BLF (yp — e~ e*p)

The transformations of Eq. (2.7) give us the final mea-
surements in the BLF, in terms of the final conditions of
the e"e™ pairs in the LF. From the measurements given
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in Eq. (3.88), an observer at infinity will obtain for the
positron the following energy and space momentum com-
ponents:

E, =e’ey +we¥(py)s (3.89a)
(Py)r =€ (p4)r (3.89b)
(Pi)e =e**(p+)e , (3.89¢)
(Py)e =Ly =e¥(p1)s , (3.89d)

where similar equations exist for the negatron.

Whether or not the scattered electrons can escape to
infinity is governed by the escape conditions given in
Sec. IIB 2, for an electron or any material particle. The
four-momentum components of Eq. (3.89) are used in the
escape conditions of Eqgs. (2.18) and (2.19) to determine if
the electron escapes from the potential well of the KBH.

C. v-ray—y-ray pair production
1. Initial conditions in the BLF

Initially, a photon of energy E.;, assumed to be emit-
ted inside the ergosphere (say from processes intrinsic to
an accretion disk or from prior Penrose processes), col-
lides with another photon of energy E., orbiting at the
photon orbit, rpp =~ 1.074M [see Egs. (2.22) and (2.23)].
This collisional process subsequently produces an e~ et
pair. The energies E,; and E,; are those measured by
an observer at infinity. Since the scattering takes place
in the equatorial plane of the KBH, an observer at infin-
ity will measure the following initial four-momenta. For
the incident radially infalling photon (only the radially
emitted incident photons are considered here), the BLF
observer measures

(P’Yl)# = [(P’Yl)r707 Oa_E—yl] 3 (390)
and for the orbiting photon he measures
(P"I2)ll« = [O’ (P’YZ)@y L’yZa '_E'yZ] 9 (391)

for the covariant four-momenta.

The initial energies of the two colliding photons can
cover a wide range of values, as long as the threshold
conditions of Eq. (1.2) are satisfied. The energies E,; of
the incident photons will have a blackbody distribution,
or they will be monochromatic. The energy E.; of the
orbiting photon is given by Eq. (A20) of Appendix A,
for a circular nonequatorially confined massless particle
orbiting at the photon orbit. This conserved energy E.,;
depends on the Q value [cf. Eq. (2.27)] of the photon and
increases with increasing Q. 2(= Q;h), as can be seen in
Fig. 1(a). Note, in general, and for all practical purposes,
for the orbiting photon, Q2 must be > 0, meaning that
the orbit cannot be confined to the equatorial plane [cf.
Eq. (2.6)].

2. Conditions in the LNRF (v~ — e~ e™)

a. Special parameters of the four-momenta. Using the
geometry defined by Eq. (3.3), i.e., with the pole of the
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coordinate system positioned in the &s direction, the
space momentum vectors for this pair production pro-
cess can be expressed by the following. The general LF
vector of the infalling photon is given by

P+1 = P415in6,1 cos ¢41&, + py1sinb,; singyi1ée
+py1 080,185 , (3.92)

where, 6,1 and ¢.; are the polar and azimuthal angles of
the infalling photon, respectively. Similarly, the general
LF vector of the orbiting photon is expressed by

Py2 = P42 5in 0.2 cos ¢42&, + py2sinb,; sin ¢ 2€e
+p~,2 Cos ngéq; ) (393)

where, 0,2 and ¢,2 are the polar and azimuthal angles
of the orbiting photon, respectively. The general LF
space momentum vectors of the positron and negatron
are given by Egs. (3.50) and (3.51), respectively.

From the geometry leading to Eq. (3.4), now with the
pole of the coordinate system positioned in the direc-

|
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tion of the incident infalling photon [the (—&,) direction],
space momentum vectors for the positron, the negatron,
and the orbiting photon can be defined as follows. For
the positron,

P+ = —Pp4+cos0 &, + pysinfy sing g
+pysinf; cos pi s , (3.94)
for the negatron,
P- = —p_cosf_&,.+ p_sinf_sing_é&g
+p_sinf_cosp_és . (3.95)
Similarly, for the orbiting photon,
Py2 = —Py2€086,,&, + py2sinf, ., singp,,ép
+Ppy28in .., cos P85 . (3.96)

The polar and azimuthal angles of Eqgs.
(3.96) are defined below.
Specific angles defined in the vy — e~ e™ process are

(3.94) through

04, ¢+ = scattering polar, azimuthal angles between p,; and p ,

0_,¢_ = polar, azimuthal angles between py; and p_ ,

(3.97)

0+, ¢4y = polar, azimuthal angles between py; and p,2 .

The angles of Eq. (3.97) comprise a coordinate system in
which p,; is the direction of the polar axis and azimuths
are measured relative to the azimuths of p,>. Additional
specific scattering angles are

0+ = spherical polar angle between p,2 and p; ,
0,— = spherical polar angle between p,; and p_ , (3.98)
0. = spherical polar angle between p; and p_ .

From the transformation Eq. (2.8d), the radially in-
falling (or emitted) photon will arrive at the photon orbit
with initial energy given by

Ex1 = e_"Eﬂ 5 (399)

as measured by a LF observer, where E, is the infalling
photon energy measured by a BLF observer. Similarly,
for the orbiting photon,

Ey2 = e"’(E,Yg - wL,Yz) N (3100)
as measured by a LF observer, where E,; and L., are
the conserved orbital energies and angular momentum,

respectively, of the orbiting photon measured by a BLF
observer [Eqs. (A20) and (A21) of Appendix A].

3. Scattering process in the LNRF (v~ — e~ e™")

As discussed earlier, a radially infalling photon pro-
duces an e"e* pair upon colliding with a target photon
orbiting along the photon orbit. In this section, the four-
momenta of the pairs are obtained. The scattering pro-

cess is done in the center-of-momentum (c.m.) frame,
which is related to the LF by a Lorentz transformation.
The sum of the space momentum vectors for a given event
is zero in the c.m. frame. In the c.m. frame, the kinemat-
ics of the vy — e~”e’ process become simpler; for this
reason, the scattering process is computed in this frame.
Note that parameters measured in the c.m. frame will
be indicated by the superscript c.

a. The center-of-momentum frame. Energy and mo-
mentum properties of the yy — e~ et process in the c.m.
frame are the following [30]. In the c.m. frame,

Pe=pi +p2 =p; +P5, =0, (3.101)
where P°¢ is the composite space momentum in this
frame. That is, for a given scattering the total space mo-
mentum vanishes in the c.m. frame, where pS,p<,p5;,
and pg, are the space momentum vectors of the positron,
the negatron, the infalling photon, and the orbiting pho-
ton, respectively. Other properties characterizing the
c.m. frame are

E¢=¢ef +ef =€ +e,, (3.102a)

E'Cyl = = 6?72 = e'i = g€ s (3102b)
e _PY _ g _ PE

g =F=p =1, (3.102¢)
+ —_

where E° is the composite energy in the c.m. frame;
€51, €525 €5, or €2 equals the c.m. frame energy; and
BS = B¢ defines the velocity of the positron or negatron
relative to the c.m. frame.

It follows that, from the relativistic energy-momentum
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equation for a particle of rest-mass-energy po in any in-
ertial frame,

e? =p?+pj, (3.103)
we have, for the positron in the c.m. frame,
2 1/2
v = (e5 —u2) (3.104)

Equation (3.104) allows us to determine the magnitude
of the space momentum, p§ = p°, of the ete™ pairs,
once the c.m. frame energy, say € of Eq. (3.102b), is
known.

The angles between the space momentum vectors be-
come, in the c.m. frame,

0; =05, =7, (3.105a)
6c + 605 =7, (3.105b)
¢S =902, (3.105¢)
0 + 05, =7, (3.105d)
¢Sy =S, (3.105¢)

[use Egs. (3.97), (3.98), (3.50), and (3.51), for identifica-
tion of these angles, however, in the c.m. frame].

The connections between the c.m. frame and the LF
are obtainable by Lorentz transformations. The relative
frame velocity or the velocity that the c.m. frame moves
with respect to a LF observer is given by

Vem, = 2Pz (3.106a)
2%} + Ev2
[35], or
Eq1 + Eq2
with
Ye.m. = (1 - Z.mv)il/z , (3106C)

where e,; and p,; are the energy and space momentum
vector of the radially infalling photon as measured by
a LF observer; similarly, €42 and p,2 are these mea-
sured quantities for the orbiting photon: These four-
momentum components of the incident photons in the
LF are given by the transformations of Eq. (2.8).

We now determine the c.m. frame energy of
Eq. (3.102b), to be used in Eq. (3.104). From the defi-
nitions of the composite space momentum and the com-
posite energy of Eqgs. (3.101) and (3.102a), respectively,
in the c.m. frame, conservation of four-momentum allows
us to write the composite four-momenta in the LF and
the c.m. frame as

Pi =P{,
[(Py1 + Py2),i(em1 +ex2)] = [(P+ + P-),i(e4 +-)]
(3.107)

and
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P =Pf,
(P51 + PJ2),i(e51 +€52)] = (PG + P2),é(eS +€2)]
(3.108)
[0,i(e5 +€52)] = [0,8(eS +€2)]
respectively. To find the c.m. frame energy, say €5 [see

Eq. (3.102b)], in terms of the LF energies £, and e, [see

Egs. (3.99) and (3.100)], use the invariance of the scalar
product of a four-vector with itself,

DBE=)(P),
A A

and solve for €. Now, substitution of Egs. (3.107) and
(3.108) into Eq. (3.109) yields

(3.109)

[(p'yl + P»yz), i(e'yl + 572)2] = [(pj— + pc—)a 7‘(51 + Ei—)]z )
(Py1 + p72)2 —(ey1 + €':‘72)2 =0— (5 + €2)?;

it follows that
Pyl Py2 — E41€42 = —2(63-)2 )

where Egs. (3.102b) and (3.103) have been used. Since
the angle between p.,1 and p.2 is 8, [see Eq. (3.97)], we
obtain for the c.m. frame energy that

£S = \/%671572(1 —cosbyy) , (3.110)
where according to Eq. (3.102b), €5 = €% = €5; = €5,.

Next we substitute Eq. (3.110) into (3.104) to deter-
mine the magnitude of the space momentum vectors of
the e~e* pairs (p§ = p°), where in the c.m. frame these
vectors are given by

pS = pS sinfg, cos ¢, &, + p sinfg, sindg, €e

+pS cos b, €z (3.111a)
pS = pS sinfS_ cos ¢pS_&, + pS sinf:_ sin ¢, €e
+pS cosbS_és , (3.111b)

Application of the Lorentz transformations to Eq.
(3.111), once these vectors are known in the c.m. frame,
gives the space momentum vectors in the LF. How-
ever, we will come to this later, but first, we must
determine the angles of Eq. (3.111). These angles
(0, ,¢5,,05_,¢S_) must be defined in terms of the scat-
tering angles (05,¢%,0°,¢°) in the c.m. frame [cf.
Eq. (3.97)]. The scattering angles are determined from
the cross section for the vy — e~ e™ process; and once the
scattering angles are known, relations can be found be-
tween them and the angles of Eq. (3.111), using the scalar
products of the space momentum vectors, as done in the
previous scattering processes (Secs. III A 3 and ITIIB 3d):
These derivations are completed in the following subsec-
tions.

b. The differential cross section. The scattering angle
05 in the c.m. frame is obtained by applying the Monte
Carlo method to the differential cross section for this pair
production process:
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c
€t

2 4 4 gc 3\V22 oin2 pc
. ™ e 1 — 8% cos® 05 + 2(pe/e3)B7 sin® 0
dO'(0+) = §T§ﬁ+ (—“ ) l: + + + + +

[30], where 84 = 35 of Eq. (3.102c). Although the cross
section of Eq. (3.112) is written in terms of the positron it
can, however, refer to either the positron or the negatron.
Also, this pair production cross section by unpolarized
photons is symmetrical with respect to 65 = 5. More-
over, at very high energies the e~e* pairs are produced
at very small angles with respect to the line of incidence.

The differential cross section Eq. (3.112) is integrated
over the angle 69, to get the integral form of the cross
section:

o (62) :/0 " do(63) . (3.113)

Upon performing the algebraic integration of Eq. (3.113),
it is simple to show that

ey T o201 L (1+8:+)1=x)
=gl ﬂi){z(?’ Sl e ress]
_ 32)2
B+ (8L —2) +x [1 + %—] } ,  (3.114a)

where

X = B4 cos 6 (3.114b)
[36]. The relation that

fe  _(1-p2) (3.115)

(e9)?

has been used; Eq. (3.115) can be derived from
Egs. (3.102c) and (3.104). The total cross section or
is obtained when the integrated cross section Eq. (3.114)
is evaluated at 6 = m; thus,

or = 2r2(1 - ) [(s -ahm (155F)

1-p84

-264(2 - ﬂi)] . (3.116)

Equation (3.116) is in agreement with the result of
Ref. [30]. Finally, the probability that the positron be
emitted at a particular angle 09 is

o (65
(prob)es = fr;)

=G5, (3.117)
where G5 is a random number between 0 and 1. The
random choices of G5 give values of 6 as desired, and
using Eq. (3.105b) gives 6°.

c. The four-momenta of the pairs. Now that we have
ways to determine 85 and 6¢, we then proceed to find
the angles in Eq. (3.111). By taking the scalar vector
product of the space momentum vectors, the following is
obtained: from Eqgs. (3.94) and (3.96), p+ - py2 gives

(1 — % cos?64)2

sin 65 d6S. (3.112)

[
cos Oy = cos B,y cos Oy + sinfyysin by cos(Ppyy — d4) ;

(3.118a)
from Egs. (3.95) and (3.96), p— - p42 gives
cosfy_ = cosf,,cosf_ +sinf.,,sinf_ cos(¢yy, — ) ;
(3.118b)

from Egs. (3.94) and (3.95), p - p— gives

cos@, = cosf; cosO_ +sinf sinf_cos(¢py — ¢p_) ;

(3.118¢)
from Egs. (3.50) and (3.94), p+ - p+ gives
1 = —sinf,+ cos ¢e+ cos Oy + sin O+ sin P+ sin b sin
+ cos .+ sin@ cos oy ; (3.118d)
from Egs. (3.51) and (3.95), p— - p_ gives
1= —sinf,- cos P+ cosf_ + sinf,- sin .- sinf_sin¢p_
+ cosf,- sinf_cos ¢_ ; (3.118e)
from Egs. (3.96) and (3.50), p,2 - p+ gives
cos Oy = —sinf.+ cos ¢+ cos b,
+sin 6, sin ¢ sin O+ sin e+
+ cos @+ sin O cos Py ; (3.118f)
from Egs. (3.96) and (3.51), p,2 - p— gives
cosf,_ = —sinf,.- cos p.- cos b,
+sin 0. sin ¢, sin @~ sin P -
+ cos f,- sin b, cos .y . (3.118g)

The angular relations of Eq. (3.118) are Lorentz invari-
ant. Therefore, by Eq. (3.105), they become, in the c.m.
frame,

costy, = —cosf , (3.119a)

c c
cos 07_ = —cosf° ,

(3.119b)

—1 = cos 65 cos 0 + sin 0 sin 0 cos(pG — @) ,

(3.119¢)

1= —sinf, cos ¢y cos 05 + sin b, sin ¢¢, sin 6 sin ¢
+ cos 0, sin 05 cos ¢S , (3.119d)

1= —sinfS_ cos ¢S cos S + sinfS_ sin pS_ sin S sin ¢
+ cos 0 sin0S cos ¢, (3.119¢)
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(3.119f)

c s c c
cos 0,Y+ =sinfZ, cosOg, ,

c . c c
cos 97_ =sinfS_ cosfo_ .

(3.119¢)

The equations of (3.119) must be solved simultaneously
for the unknown angles 0., ¢, 05_, ¢S_, 05, and 05 _
in terms of the scattering angles 69, 6, and ¢°. Recall
that the angles 6 and 6° are found from Egs. (3.117)
and (3.105b), respectively. The angle ¢% is the scattering
azimuthal angle of the cross section Eq. (3.112), and it
too is obtained by application of the Monte Carlo method
[Eq. (3.122)]. But first, the equations of Eq. (3.119) are
solved (see Appendix D) yielding the polar and azimuthal
angles in the space momentum vectors [Eq. (3.111)] of the
e~ et pairs. For the positron

. cos 6
¢, = — arcsin (COS 4)%) , (3.120)
—D, + (D3 — 4D, D5)*/?
¢S, = arctan 2+ (D3 1Ds) , (3.121a)
€ 2D,
where
Dy = cos® 05 sin? 0, (3.121b)
D, = 2cos 65 sin 65 sin ¢° (1 — cos®05) , (3.121c¢)
D3 =1 + cos® % (cos® 65 — 2)
+sin® 05 cos? ¢% (cos® 05 — 1) . (3.121d)
Since by Egs. (3.105d) and (3.105¢),
0 =7 —65, (3.105d")
G- =Sy, (3.105¢")

the above angles for the positron, Egs. (3.120) and
(3.121), are sufficient to give the polar and azimuthal
angles of the negatron.

The scattering azimuthal angle ¢ [cf. Eq. (3.97)] of
Egs. (3.121c) and (3.121d) is now found below. Note
that this azimuthal angle has been integrated over from
0 to 27 in the cross section of Eq. (3.112). Thus, the
probability that the positron be emitted at the angle ¢
in the c.m. frame is given by

¢

=G
o 6 »

(3.122)

where G¢ is a random number between 0 and 1 [cf.
Eq. (3.45)].

In summary, the energy of the positron in the c.m.
frame €5 (= €2 = e5; = €5,) is given by Eq. (3.110),
and the magnitudes and space momentum vectors of the
e~ em pair in the c.m. frame are given by Egs. (3.104)
and (3.111), respectively. The angles of the momenta in
Eq. (3.111) are given by Egs. (3.120), (3.121), (3.105d'),
and (3.105¢’). To conclude this section, perform a
Lorentz transformation on the above four-momentum
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components of the e”et pairs in the c.m. frame, to
get these parameters as measured by a LF observer; this
is achieved by making the following replacements in the
transformations of Eq. (3.88):

sf — €9, (pf)r —= (p%)r, etc.,
Yp = Yem.

where Ye.m. and Bem. = (B, Bo, Bs) are of Eq. (3.106);
similar equations can be written for the four-momentum
components of the negatron.

The final conditions in the BLF of the e~ e™ pairs are
computed in the same way as the final conditions in the
BLF for the previous PPP (yp — e“etp): I then refer the
reader to Sec. IIIB4, from which the four-momenta in
the BLF, and the distribution of the escaping pairs, can
be obtained, using the LF measurements of Eq. (3.123).

(3.123)

IV. RESULTS

As results accumulated during this investigation of the
Penrose mechanism, to see if it is capable of producing
the observed radiation spectra of celestial objects we be-
lieve to be powered by black holes, in particular AGN,
certain trends became evident. The Compton processes,
consisting of scattering low energy UV (~ 5 eV) incom-
ing photons, ranging to y-ray (~ 1 MeV) photons, by
target orbiting electrons, reveal the following. First, we
find that the factor by which the total incoming pho-
ton energy gets boosted (i.e., the relative energy gained
by the outgoing photons) is largest for the low energy
UV incoming photons; however, the efficiencies defined
in Egs. (2.28b), (2.30), and (2.31), as we shall see below,
suggest that this is not a favorable Penrose Compton
scattering (PCS). Nevertheless, these UV photons are
consistent with the characteristic “blue bump” seen in
the optical and UV spectra of AGN observations. This
blue bump is believed to be a feature intrinsic to the
photon emission from the accretion disk. In my model,
these UV photons that fall into the ergosphere, undergo
Compton scattering events, and escape with x-ray ener-
gies as high as ~ 218 keV. These UV photons probably
originate in the “outer” and “middle” regions of the clas-
sical thin accretion disk, as defined in Ref. [37]. Second,
for the distribution of moderate energy incoming photons
~ 30 keV (soft x rays) to ~ 150 keV (hard x rays), after
the scattering events, from about 75% up to 99% escape
with energies as high as ~ 12 MeV, always with a rela-
tive energy gain. These moderate energy photons, ener-
gies consistent with the theoretical temperatures of thin
disk/ion corona accretion models (see Sec. IB), seem to
be favorable in extracting energy by way of PCS. Third,
for a distribution of high energy incoming photons ~ 1
MeV (soft v rays) and equatorially orbiting target elec-
trons, about 70% of the scattered photons can escape
with energies as high as ~ 4 MeV; however, the total dis-
tribution of these incoming ~y-ray photons gives up energy
to the KBH (i.e., no relative energy is gained); PCS does
not favor such initial conditions. On the other hand, for
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the same distribution of incoming photons of energy ~ 1
MeV and nonequatorially orbiting target electrons, up to
~ 98% of the scattered photons can escape with energies
as high as ~ 22 MeV, where relative energy is gained
by the outgoing photons, making this a favorable PCS.
Now, in the vy — e~ e™ processes, the incoming photons
are allowed to have energies ranging from 3.5 keV to 10
MeV, and they undergo scatterings with orbiting pho-
tons that are allowed to have energies ranging from 3.4
MeV to 2.146 GeV. In these cases, up to ~ 50% of the
scattered pairs escape with energies as high as ~ 2 GeV.
Note that such high energy orbiting photons are consis-
tent with those produced by processes in the accretion
disk [12], and then are blueshifted, as they follow null
geodesics through the ergosphere, by a factor ~ 52 at
the photon orbit. Finally, in the yp — e~ e™p processes
the results were not very promising, as will be discussed
below: none of the pairs were allowed to escape. Never-
theless, in the PCS and PPP (yy — e~e%), the results
were very promising, and they are sufficient to explain
the mysterious energy source of quasars and other AGN.

Before presenting these results in details, it must be
mentioned here that, in the past, energy extracted due
to a Penrose process has been defined as the rotational
energy extracted from a KBH when the initially orbiting
target particle is put on a negative energy “captured”
plunge trajectory [3,21]. In these present scattering pro-
cesses, by comparing the sum of the energies of the in-
cident particles in the BLF, for a given event, with the
energy of the escaping particle, it is clear that the mea-
sured energy of the escaping particle above this sum is
classical Penrose rotational extracted energy. However,
what should one call the process when the target particle
recoils to give up some of its orbital energy to the escap-
ing particle, with the target particle (although not being
put on a negative energy captured plunge trajectory) be-
ing put on a positive energy captured plunge trajectory
[21]: as I have found in some of these Compton scattering
events? Or by what name should the process be called in
which the total energy of the target orbiting particle and
incident particle is given to the newly created, possibly,
escaping particles: as I have found in the vy — e"e™
processes? The answers to these questions are given in
the following. Due to the motion of a particle against
the flow of spacetime, which creates frictional-like forces
(that arise because inside the ergosphere the angular mo-
mentum of the KBH and the curvature of spacetime,
force particles to rotate in the direction that the hole ro-
tates), the recoil of a target particle still however extracts
rotational energy, even though the target particle may
not be put on a negative energy orbit. In these cases, for
example in the Compton scattering events, the escaping
photon energy will be less than the sum of the energies of
the target electron and infalling photon, appearing as if
no Penrose rotational energy was extracted—remember
that any energy above this sum is defined to be classical
Penrose extracted energy. But, in fact, due to the so-
called friction set up by the frame dragging and the recoil
of the target initially orbiting electron, rotational energy
was indeed extracted by (or transferred to) the escaping
photon. Thus, because an observer at infinity observes

in principle a low energy particle (say, infalling from an
accretion disk) participating in a scattering event with a
bound orbiting particle inside the ergosphere, and then
the scattered particle being allowed to escape to infinity
with considerably more mass-energy than the original in-
falling low energy particle, as in the PCS, I will classify
such scattering events as “quasi-Penrose” processes. Also
the PPP (yy — e~e™), I classify such events as quasi-
Penrose processes: my reason for this will be discussed
fully in Sec. IV C 2. In support of the above classification,
it is important to note that, the extracted (or excess) en-
ergy, the scattered particle escapes with, may have been
forever trapped by the KBH, had the scattering event
not occurred [21]. Moreover, in the case of PCS, at rup,
this excess energy is ~ 70 times more than the scattered
photon energy, had the scattering occurred outside the
ergosphere or at infinity (flat spacetime). So in summary,
the two classifications, resulting in particles escaping to
infinity with extracted energy from the KBH, are the fol-
lowing: scattering events in which the target particle is
put on a negative energy captured plunge are classified
as classical Penrose processes, and all others as quasi-
Penrose processes. Thus, with the above preliminaries in
mind, I now proceed to present the results.

A. Inverse Compton scattering
1. FEnergy and momentum spectira

The results presented here are for the scattering of 2000
radially infalling photons by orbiting electrons in the er-
gosphere. The mass of the KBH generally used in the
calculations is 108Mg. Note that the Penrose mecha-
nism can operate for any size KBH irrespective of the
mass of the black hole. The target electrons are located
at mvs or rmMB, having orbital energies of 0.349 MeV or
0.539 MeV, respectively, for Q. = 0, where Q. is the
Q@ value of the orbiting electron [Eq. (2.6)]; notice in
Fig. 1(b) that, as Q.(= Q}) goes to zero the energies
go to the above given values, as would be expected for
equatorial orbits at constant radii. For nonequatorial or-
bits, as can be seen in Fig. 1(b), the orbital energy of the
particle increases with increasing Q.. For example, when
VQe = 12.43Mm, (with G = ¢ = 1), the target electrons
located at rps and 7y have the increased orbital ener-
gies of 3.132 MeV and 5.927 MeV, respectively (cf. with
the above equatorial values). Now, the initial infalling
photon distributions are allowed to have monochromatic
energies ranging from 5 eV to 1 MeV. Moreover, when
not set equal to zero, the temperature of the blackbody
distribution of initial photons, Tpn, and the finite tem-
perature of the orbiting target electroms, 7., are given
the values 3.5 x 108 K or 5.8 x 10® K. These above initial
energies and temperatures are compatible with the thin
disk/ion corona models (see Sec. IB).

The final energies of escaping scattered photons as
measured by an observer at infinity Eq. (3.47a) are put
into energy bins, and the spectra [the number of photons
N(E) per average energy interval versus the average en-
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ergy| are plotted as illustrated in Fig. 2. The vertical
error bars of such plots are the standard statistical v N
errors, involved in a Monte Carlo calculation [4], and
the horizontal bars give the energy widths of the bins.
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FIG. 2. Compton scattering at rmB. (a) Epn = 0.03 MeV
and E. = 0.539 MeV; No. 3 of Tables I and II. (b) Us-
ing nonequatorial target electrons: Epn, = 0.03 MeV and
E. = 11.79 MeV; No. 10. (c) Using blackbody incoming
photons, thermal target electrons: Tpn = T. = 5.8 x 10® K;
No. 19.
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FIG. 3. Compton scattering: scatter plots showing space
momenta of scattered escaping photons (each point repre-
sents a scattering event). (a) Radial momentum components:
(Pin)r vs Egy. (b) Azimuthal angular momentum compo-
nents: Lpy, vs EL,;,. (c) Polar angular momentum components
(= 4/Qpn) ¢ (P)n)e vs Eyy,. Same as Fig. 2(a) and No. 3 of
Tables I and II.
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Specific cases (or computer runs) are given in Table I.
Table I gives a summary of the scattering events and the
resulting spectral distributions (I have indicated these by
numbers): Nos. 1-6 give the spectral distributions of the
photons, scattered by equatorial orbiting target electrons
at mvB; Nos. 7-12 give the distributions of escaping pho-
tons that have been scattered by nonequatorial orbiting
target electrons at rypg; Nos. 13-15 give the distributions
of escaping photons when the scattering occurs at rys;
Nos. 16 and 17 give the photon distribution after scatter-
ing by orbiting electrons of a finite kinetic temperature
T. (# 0 K); Nos. 18 and 19 give the escaping distribu-
tions resulting from scattering initial blackbody photons
of temperature Ty, by orbiting cold (7. = 0 K) electrons
in one case, and by hot electrons of a finite temperature in
the others, respectively; Epeak is the energy value where
most of the escaping photons are emitted, and F,,, is the
maximum energy carried by the escaping photons. The
final space momentum components of the escaping pho-
tons in the BLF, from scattering monochromatic photons
of initial energy E,n = 30 keV, off cold target electrons
orbiting at g, are presented in Fig. 3; Fig. 4 gives these
space momenta after the same monochromatic photons
are scattered off nonequatorial target electrons. Both
Figs. 3 and 4 are scatter plots resulting from the applica-
tion of the Monte Carlo method, which yields individual
four-momentum components for the scattered particles.

Several types of efficiencies are established in Sec. II C:
the absolute efficiency of Eq. (2.28b), the W efficiencies of
Eq. (2.30), and the PS efficiency of Eq. (2.31). As we shall
see below, each of these efficiencies reveals an important
aspect of the scattering process. These efficiencies for
specific cases are presented in Table II, where the case
numbers correspond to those on Table I. Note that, egesak
is evaluated at where most of the energy is emitted, and
€P’S . is evaluated at the maximum energy of the escaping
particles.

The results presented in Figs. 2-4, along with Tables I
and II, reveal the following:

a. Tys scattering compared to Ty p scattering. The
maximum energy attainable by the photons, the W effi-
ciencies, and the absolute efficiency increase as one scat-
ters closer to the horizon (cf. Nos. 3 [Fig. 2(a)], 9, and
10 to 13-15, respectively, on Tables I and II). More-
over, comparing the PS efficiencies for the cases men-
tioned above, one can see that classical Penrose energy
extraction is important at g, yet not at rys: here, only
quasi-Penrose energy extraction occurs, in which the tar-
get electrons, more than likely, recoil to captured plunge
orbits of, lesser, positive energies [21]. (The radii ryp
and rys are defined in Sec. IITA 1.)

b. Change in energy of the initial photon. Higher en-
ergies of the infalling photons produce higher maximum
energies for the escaping photons. However, the relation

TABLE I. The Compton scattering processes: resultant spectra.

N = 2000° a/M = 0.998 r/M = 1.089

Case no. Epn(MeV) E.(MeV) P.o(Mm.)® Nes®  Epeak(MeV) Enax(MeV)
1 5.11x10~* 0.539 0 1707 0.025 0.053
2 0.0035 0.539 0 1635 0.128 0.261
3 0.03 0.539 0 1521 0.665 0.759
4 0.05 0.539 0 1496 0.459 0.960
5 0.15 0.539 0 1442 0.459 1.563
6 1.0 0.539 0 1390 0.510 3.956
7 0.0035 5.927 12.43 1997 5.070 5.250
8 0.0035 11.79 24.79 2000 10.77 11.07
9 0.03 5.927 12.43 1988 5.948 6.253
10 0.03 11.79 24.79 1995 11.86 12.21
11 5eV 5.927 12.43 1971 0.016 0.016
12 5eV 11.79 24.79 1995 0.022 0.218
134 0.03 0.349 0 1527 0.155 0.325
144 0.03 3.132 12.43 1980 2.968 3.114
159 0.03 6.218 24.79 1991 5.950 6.195
16 0.03 0.539 3.5x10%® K* 1614 0.559 1.272
17 0.05 0.539 5.8x10%® K® 1589 0.307 2.494
18 5.8x10% Kf 0.539 0 1454 0.766 1.888
19 5.8x10% Kf 0.539 5.8x10% K° 1559 1.387 4.242

2Number of infalling photons used in the scatterings.
®Nonzero values indicate nonequatorial orbiting target electrons: Pce = v/Qe-

“Number of scattered photons escaping.
9Scattering at rms : /M = 1.2.

*Maxwellian temperature of thermal target electrons.

fPhoton temperature of blackbody distribution.
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FIG. 4. Compton scattering: scatter plots showing space
momenta of escaping photons scattered by nonequatorial or-
biting target electrons (each point represents a scattering
event). Refer to Fig. 3, for further explanations of momentum
components: (a) radial, (b) azimuthal, and (c) polar. Same
as Fig. 2(b) and No. 10 of Tables I and II.

between the initial energy and the final maximum en-
ergy is not linear (cf. the second and last columns of
Table I). Notice that the corresponding W efficiencies of
Table II decrease with increasing initial photon energy,
suggesting that the Penrose mechanism has a favorable
energy range. Also it is found that, to a BLF observer,
as the initial photon energy is increased, more scattered
photons of negative energies arise (of course, these nega-
tive energy photons do not escape from the ergosphere).
In Nos. 4-6 on Table I, there is a noticeable peak that
occurs around 0.5 MeV at ryp for the initial photon en-
ergies in the range of 50 keV< F,, < 1 MeV. This peak
is also evident in the scattering at ryg, occurring around
0.3 MeV for incoming photons with initial energies in
the range of 50 keV< E;, < 1 MeV. The energy values
of these peaks are nearly equal to the orbital energies
of the target electrons at the scattering radii: at rys,
E. =0.539 MeV and at rys, Fe = 0.349 MeV; just how
near a peak is to the energy value of the target orbiting
electrons depends on the initial energies of the incident
photon distribution. Again, as mentioned earlier in this
section, the excess energy of the scattered photon, above
the sum of the energy of the target electron and the ini-
tial photon, is the classical Penrose extracted rotational
energy.

c. Orbiting electrons and incoming photons with finite
temperatures. A finite temperature given to the electrons
that scatter monochromatic photons (1) increases the W

TABLE II. The Compton scattering processes: efficiencies.

Case no. X g® eV P egesakc ebs.c e2be d
1 45.7 23.8 —0.95 —0.90 0.04
2 30.7 22.1 —0.76 —0.52 0.20
3 10.2 17.0 0.17 0.33 0.54
4 7.34 15.3 —0.22 0.63 0.62
5 3.46 11.4 —0.33 1.27 0.75
6 0.98 5.51 —0.67 1.57 0.64
7 925 22.0 -0.15 —0.12 0.55
8 207x10'  22.2 —0.09 —0.06 0.61
9 157 21.4 —0.002 0.05 0.79
10 315 21.9 0.003 0.03 0.80
11 310x10*  22.1 —0.997 —0.997 0.003
12 211x10%  22.2 —0.998 —0.99 0.01
13 4.28 5.77 —-0.59 —0.14 0.34
14 69.3 5.31 —0.06 —0.02 0.66
15 146 5.38 —-0.05 —0.01 0.70
16 14.4 18.3 e cee 0.75
17 14.8 19.1 e e 1.21
18 3.53 11.3 0.72
19 6.59 15.3 .- .- 1.29

a ( total outgoing photon energy
(total incoming photon energy
b ( W efficiency in the BLF )
W efficiency in the LNRF /* i .
€“1” yalue indicates classical Penrose extraction of rotational

energy.

) as measured by a BLF observer.

d total outgoing photon energy
total input energy (electrons+photons) |*
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and absolute efficiencies of Table II, and (2) increases the
maximum energies of escaping photons (cf. Nos. 3 and
4 to 16 and 17, respectively on Table I; notice that the
PS efficiencies are not given for the thermal scattering
cases, Nos. 16-19, because, these efficiencies make sense
only for monochromatic initial energy distributions or
single scattering events [see Eq. (2.31)]). When the in-
coming photons, described by a blackbody distribution
of particles at a finite temperature, scatter off cold tar-
get electrons, the resulting spectrum acquires a thermal-
like (as related to a Planck curve) appearance; cf. No.
18 to 4 (here the initial photons have a monochromatic
energy equivalent to the blackbody photon temperature
Ton = 5.8 x 108 K). When both the target electrons
and the incoming photons are given finite temperatures,
Fig. 2(c), the maximum energy of the escaping photons
increases by a factor of ~ 4, from that of the equivalent
case with Ty, = T, = 0 (cf. No. 19 to 4).

d. Nonequatorial orbiting target electrons. When the
nonequatorial orbiting trajectories are used for the target
electrons (Appendix A), the scattered photons can escape
with higher energies. These escaping energies increase
with increasing @ values of the target electron orbits.
Again, as in the cases of equatorial target electrons, the
escaping photon distribution tends to peak around the
target electron orbital energy [see Fig. 2(b) and Nos. 9,
10, 14, and 15 of Table I].

e. The efficiencies compared. The efficiencies of Ta-
ble II, to be used along with Table I in the comparisons
for the different cases mentioned below, are defined as fol-
lows. The W efficiencies, e¥; r, of Eq. (2.30b), tells us the
energy gained/loss by the incoming distribution of scat-
tered photons in the BLF; and ¢, of Eq. (2.30c), relates
this energy gained/loss, to that which is measured by a
LNRF observer [Eq. (2.30a)]. The PS efficiencies, e£S

peak
and €25 | as given in Eq. (2.31), tell us whether or not
classical Penrose energy was extracted: a positive value
indicates classical Penrose energy extraction; a negative
value indicates quasi-Penrose extraction. These are eval-
uated at the peak and maximum energy values, Fpcai
and Ep,,x, respectively (of Table I). On the other hand,
the absolute efficiency, €2P® as given in Eq. (2.28b), tells
how effective the total input energy is converted into en-
ergy that can be radiated away.

For scattering at ryp, the radius of marginally bound
orbits, the W efficiencies convey the following. Notice
that for equatorial target electrons, €% [Eq. (2.30b)]
is largest for the low energy initial photons (cf. Nos.
1-6), and as the total energy of the initial photons is
increased, GEVLF decreases. This suggests that PCS works
more effective for infalling photons with energies < 150
keV; that is, initial photon distributions with energies
above this value give up energy in the scattering process,
as measured by a BLF observer (cf. No. 6).

On the other hand, still at ryg, the absolute efficiency
and the PS efficiencies convey the following. For the
equatorial target electrons of fixed orbital energies, as
the total energy of the initial photons is increased, €>P®
starts very low for the low initial energy (No. 1), reaches
a maximum for the moderate initial energy (No. 5), then
declines at higher initial energies (No. 6), as would be

expected, based on the above suggestion that the PCS
works best for moderate initial photon energy (Nos. 3-
5). Likewise, under the same initial conditions, both PS
efficiencies start negative in Nos. 1 and 2 (indicating
only quasi-Penrose energy extraction, in which the tar-
get electrons are put on plunging trajectories of positive
energy orbits); both become positive in No. 3 (indicat-
ing classical Penrose energy extraction becomes domi-
nant, in which the target electrons are put on negative
energy plunges); then in Nos. 4-6 only 6&?1,( is positive
(indicating that classical Penrose energy extraction may
no longer be dominant). For the nonequatorial target
electrons we find similar behaviors for the efficiencies (cf.
Nos. 7-12).

Now at the scattering radius rys, the PS efficiencies
suggest that no energy is extracted by classical Penrose
processes; nevertheless, since the energy boosts and the
absolute efficiencies can get to be fairly large, as indi-
cated by eg’LF and €2P5, respectively, such quasi-Penrose
processes are expected to contribute, some, to the overall
emitted photon spectrum (cf. Nos. 13-15).

Of the cases considered, for equatorial targets, the ef-
ficiencies of Table II seem to suggest that the PCS mech-
anism gives the most favorable results for the cases of
(Nos. 3-5): For favorable results we want both e} » and
€2Ps as large as possible, and, as far as classical Penrose
extraction is concerned, we desire egesak and €FS_ to have
large positive values. Now concerning the nonequatorial
target electrons, using a similar argument to that given
above, the most favorable results (out of the cases pre-
sented here) are given for the cases of Nos. 9 and 10.
Notice that in these favorable cases the incoming pho-
tons have moderate (soft x-ray) energies. In addition,
notice that the highest absolute efficiency is given for
the case of thermal initial photons and thermal target
electrons [see Fig. 2(c) and No. 19]. Unfortunately, in
the thermal cases, simple values for the PS efficiencies
cannot be found; however, for the thermal cases pre-
sented here (Nos. 16-19), I presume that these efficien-
cies will not be too much different from the cases of Nos.
3 and 4.

2. A typical scattering event (PCS)

In this section, we will follow the scattering process of
one Compton scattering event from the initial photon to
the final photon. This event is typical of the other scat-
tering events. The initial photon has energy E,, = 0.03
MeV, and the target equatorial orbiting electron at r =
rMmB has energy E. = 0.539 MeV (marginally bounded),
in the BLF. In the LF the photon energy increases to
eph = 0.959 MeV [Eq. (3.12)] and in the ERF it in-
creases to 5511 = 1.427 MeV [Eq. (3.21a)]. Application of
the Monte Carlo method to the cross section [Eq. (3.41)]
gives the scattering angles §% = 60.19° and af = 24.02°
from Egs. (3.44) and (3.45), respectively. The final en-
ergy of the photon is as follows: In the ERF, efﬁ; = 0.594
MeV [Eq. (3.23)]; this transforms to e, = 0.991 MeV
[Eq. (3.46a)] in the LF; and a BLF observer measures
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this final energy to be E|, = 0.762 MeV [Eq. (3.47a)].
Upon comparing the final energy E;h and the initial en-
ergy Epn given above, notice the energy gained by the
final photon in the BLF (E_; = 25.4E,,)—these energies
compared in the LF give that S;m = 1.033epn. Momen-
tum components resulting from the distribution of initial
monochromatic photons, in which the case just consid-
ered is represented by a point on the scatter plots, are
presented in Fig. 3; and these momenta belong to mem-
bers of the spectrum in Fig. 2(a). Notice in Figs. 3(a)
and 4(a) that a large number of particles with negative
radial momenta escapes (this may be important in as-
trophysical jet formation). Compare Fig. 3, scattering
by equatorial target electrons, with Fig. 4, scattering by
nonequatorial target electrons, and notice how the mag-
nitudes of the polar coordinate angular momenta (P;})e
of the escaping photons increase for the nonequatorial
cases, as would be expected; also notice the one-sided
distribution in the polar direction (this too may be of
astrophysical significance as related to the jets; this will
be discussed in Sec. V).

B. y-ray—proton pair production

1. Energy and momentum spectra

In these yp — e~ e™p processes, for a distribution of
2000 initial radially infalling photons of monochromatic
energy F, = 40 MeV in the BLF, none of the scattered
pairs are allowed to escape, and thus, there is no need
to present energy and momentum spectra here; never-
theless, detailed results are presented below, along with
suggestions to make this, if possible, a feasible PPP pro-
cess. Note that the energy value used for the infalling
v-ray photon is consistent with the theoretical suggested
value (Sec. IB). Because of the approximations that .,
€4, E— > e, used in the integration of the cross section
[Eq. (3.58)], it is found that the following condition must
be satisfied: e, €4, e_ > 200 MeV in the LF (>~ 6 MeV
in the BLF). On the other hand, if the energy of the
ray is too high (= 60 MeV in the BLF or > 1.918 GeV in
the LF), the assumption that the recoil energy given to
the proton is negligible [see Eq. (3.62)] cannot be main-
tained, since the energy of the photon in the LF will be
greater than the rest-mass-energy of the proton (~ 938
MeV). Thus, it is found that a feasible range of initial
energies for the v ray in the BLF is 10 MeV< E, < 60
MeV, using the cross section given by Eq. (3.60), and
if the scattering is done near the marginally bound ra-
dius rmB (~ 1.09M). However, for a radially infalling ~
ray, with such high energy in this range, the radial mo-
mentum component is too high at the scattering event
for the azimuthally directed proton to scatter any of the
e~ e™ pairs into the positive radial direction, that which
is needed to escape (in particular at r\g, since pairs pen-
etrating this radius must plunge directly into the black
hole). It remains to be seen what happens when the
v ray is initially infalling with positive or negative az-
imuthal direction, at the scattering event. It is possible
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that the electron pair may then be allowed to escape, but
with only the energy of the infalling v ray, i.e., without
any energy being extracted from the KBH. This limita-
tion on the escaping energies of the pair can be expected
because of the assumption made that the recoil energy
given to the proton is negligible [Eq. (3.62)], therefore,
making any energy exchange between the v ray and or-
biting proton impossible. If this be the case, then, this
assumption must be taken out of the cross section (more
on this later in Sec. VB 2).

2. A typical scattering event (yp — e~ e*p)

In order to shed some light on the above results, one
pair production event is followed and various parame-
ters are presented (as done for Compton scattering in
Sec. IV A 2), with this event being typical of the oth-
ers. The scattering occurs at the radius r = 1.09M
(~ rMB). The initial energy of the radially infalling v ray
is B, = 40 MeV, and the energy of the orbiting proton is
E, =966.9 MeV, as measured by a BLF observer. A LF
observer measures this initial y-ray energy as e, = 1.251
GeV [Eq. (3.56)], and in the PRF, this energy is mea-
sured as €2 = 1.837 GeV [Eq. (3.57a)]. Application of
the Monte Carlo method to the cross section [Eq. (3.60)],
and then using the root-mean-square angle of Eq. (3.66a)
to find the scattering angles that the pairs make with the
primary v ray in the PRF, one finds the following. The
scattering angles are §% = 0.045° and 6% = 0.158° for the
negatron and positron, respectively; the corresponding
maximum angles of Eq. (3.67) used in Eq. (3.66a) were
OF ax = 9.43° and 0% = 12.97° respectively. These
angles were obtained by setting 6% . (or 6% ) equal
to 8.594° plus Eq. (3.66¢) for the negatron (or positron):
it turns out that the results depend very little on the
choice of these maximum angles. The energies of the
pairs in the LF are measured to be e = 1.05 GeV and
€4+ = 201.0 MeV. To a BLF observer these energies are
measured as E_ = 33.76 MeV and E, = 6.828 MeV;,
thus, we see that the sum of the pair energies approxi-
mately equals E, (= 40 MeV), indicating negligible en-
ergy gain for the pair by way of the Penrose process. This
effect of getting back approximately only the energy of
the incident «y rays, for the e~e* pair, is found to occur
in all the yp — e~ eTp events. Again, the reason for this
is probably the assumption that negligible recoil energy
is given to the proton [Eq. (3.62) used in Egs. (3.63) and
(3.77b)]. It may be worthwhile mentioning here that in
order to get an effective Penrose process, some recoil into
a retrograde and/or negative energy orbit of the proton
must be allowed.

C. vy-ray—y-ray pair production
1. Energy and momentum spectra

As in the above scattering processes, 2000 initial ra-
dially infalling photons participate in pair production
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events. In most cases, monochromatic photons of initial
energy in the range of 3.5 keV< E,; < 10 MeV, scatter
off photons orbiting at the photon orbit with energies in
the range 3.4 MeVS E,; < 2.146 GeV, as measured by
a BLF observer; in the other cases, the infalling photons
are from a blackbody distribution of finite temperature
Tpn- However, the acceptable lower limits of E,; and
E,, are dependent on the threshold energy requirement
of Eq. (1.2). The orbiting photon energy is given by
(A20) and is plotted in Fig. 1(a). It is assumed here
that these v rays of the photon orbit have been initially
blueshifted by the KBH to energies (E,2) in the range
as given above, and that they have the corresponding Q
values (Q.2) of the photon orbit [cf. Eq. (2.6)]. Note
that the high energy v rays of E.,; are consistent with
existing accretion disk models (see Sec. IC).

The energy spectra of the escaping e~ e™ pairs are
shown in Fig. 5; see also Table III (again, each scat-
tering case is represented by a number). Corresponding
efficiencies similar to those of Egs. (2.28b) and (2.30) are
expressed in Table IV. Numbers 1-18 give the distribu-
tions of escaping pairs when the infalling photons have
monochromatic energies E,; in the range given above,
and the target photons have orbital energies E.,; in the
range also given above, with corresponding @ values in
the range of 0.099Mm, < /Q2 < 62.28 Mm.. Case No.
19 gives the distribution resulting from infalling photons
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of blackbody temperature Tp, = 5.8 X 10® K and target
photons having energy E.,; = 10.75 MeV. For comple-
tion, the space momentum components for case No. 8
of Tables III and IV, and Fig. 5(b), are presented in the
scatter plots of Fig. 6.

The efficiencies presented in Table IV are defined gen-
erally in Sec. IIC; however, here, briefly we will review
their meaning, as they relate to the present scattering
process. The W efficiencies efi;p and €' give the ra-
tios of the total energy of the escaping pairs to the total
energy of the incoming photons in the BLF and LF, re-
spectively; and €" reveals how these ratios are related
[see Eq. (2.30c)]. The absolute efficiency ¢2P* expresses
the ratio of the total energy of the escaping pairs to the
total input energy: of the incident photons (E% + Effz
used in the 2000 scattering events. The PS efficiencies,
which do not appear in Table IV, are all negative, in-
dicating that no classical Penrose energy is extracted in
this PPP; however, quasi-Penrose energy is extracted.

The results presented in Nos. 1-19 of Tables III and
IV, and Fig. 5 reveal the following:

a. Changing the energy of the infalling photon, E.;.
In most of the spectra a characteristic peak appears at an
energy approximately equal to % the orbital energy of the
photon (E,z). With a fixed orbital energy E,>(>> E,1),
and an increasing E.1, the shapes of the spectra depend
very little on E,; [cf. Fig. 5(c) to 5(d)]. However, when

TABLE III. The vy — e~ e™ processes: resultant spectra.

ron = 1.074M N = 2000 a/M = 0.998
Case no. E,1(MeV) E,2(MeV) P2o(Mm.)®  Ne© Epear(MeV) Emax(MeV)
1 0.0035 3.40 0.099 1326 1.782 2.209
2 0.03 3.40 0.099 1382 1.289 3.163
3 1.0 3.40 0.099 644 1.231 3.181
4 10 3.40 0.099 324 0.767 3.158
5 0.0035 10.75 0.312 1895 5.370 9.840
6 0.03 10.75 0.312 1812 4.653 10.44
7 10 10.75 0.312 845 1.303 10.34
8 0.0035 34.00 0.987 1964 17.35 32.87
9 1.0 34.00 0.987 1684 11.25 32.96
10 0.0035 206.7 6.0 1992 97.48 197.8
11 0.03 206.7 6.0 1984 106.0 199.9
12 0.0035 340.0 9.87 1995 170.8 318.5
13 0.03 340.0 9.87 1989 174.4 328.7
14 0.0035 854.1 24.79 1997 372.2 757.0
15 0.03 854.1 24.79 1992 432.6 818.3
16 1.0 854.1 24.79 1967 407.5 831.8
17 0.0035 2.146 GeV 62.28 2000 906.3 1.713 GeV
18 0.03 2.146 GeV 62.28 1997 1.068 GeV 2.026 GeV
19 3.5x10% K4 10.75 0.312 1743 4.60 10.44

“Number of infalling photons used in the scattering.
v/ Q~2, of the photon orbit.

°Number of escaping electrons (or positrons).
9Photon temperature of blackbody distribution.

b —
P»s,ze =
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the energies F,; and E,; are comparable, and E,; is
allowed to increase there is a noticeable change in the
spectra: The distribution around the characteristic peak
(always at ~ 1 E.;) is flatter for low E,y; and as E.; in-
creases, the peak becomes more pronounced and occurs
at a smaller energy than the characteristic peak (Nos.
1-4). In addition, the maximum energy of the escaping
pairs is always ~ E.,;, depending little on increasing E.;
(cf. E 2 and Enax on Table III). The number of escap-
ing particles decreases with increasing E.,1; this feature is
more profound for lower energies of E,2 (cf. Nos. 1-3 to
14-16 of Table III). Also, with increasing F1, the num-
ber of electrons (e~e% pairs) with negative energies as
measured by a BLF observer increases. Moreover, both
the W efficiencies and the absolute efficiencies presented
in Table IV decrease with increasing F.,1, for a fixed value
of small E,5: this is not true for €2Ps when E,; is large
(cf. corresponding case numbers on Tables III and IV).
b. Changing the energy of the orbiting photon, E.,.
First, the maximum energies of the escaping pairs, Epax,
increase with increasing E. 2, and is approximately equal
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to E,2, as can be seen on Table III and in Fig. 5. Sec-
ond, as E,, increases to values >> p., the spectra become
invariant and the distribution of the escaping electrons
has a more pronounced characteristic peak (~ % ~2), as
can be seen in Fig. 5. Finally, we notice in Table IV,
the behavior of the efficiencies [Eqgs. (2.28a), (2.30b),
and (2.30c)] with increasing E,, are the following: €},
which give the ratio of the total escaping energy (of the
e~ et pairs) to the total infalling photon energy in the
BLF, increase without bound; €V reaches a maximum
value of 49.5, nearing the blueshift factor at the photon
orbit [e™" =~ 52; see Egs. (2.8d) and (2.10a)], as would be
expected, since this efficiency is a measure of the relative
difference between the BLF and LF; and €25, which ex-
presses the ratio of the total escaping energy (EI +ET) to
the total input energy (ET; + ET,), reaches a maximum of
~ 0.5, as would also be expected, since in these PPP pro-
cesses, for radially infalling incident photons, one of the
pairs usually escapes, while the other becomes trapped
by the KBH.

c. Infalling blackbody photons. At high energies for
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FIG. 5. Penrose pair production (yy — e"et): (a) E41 = 0.0035 MeV (infalling) and E,2 = 10.75 MeV (target); No. 5 of
Tables III and IV. (b) E,; = 0.0035 MeV and E,2 = 34.0 MeV; No. 8. (c) E,; = 0.03 MeV and E,» = 854.1 MeV; No. 15.

(d) Ey1 = 0.03 MeV and E,2 = 2.146 GeV; No. 18.
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FIG. 6. Penrose pair production (yy — e”et): scatter
plots showing space momenta of scattered escaping pairs
(each point or mark represents a scattering event). For
the infalling photons, Ey; = 3.5 keV, and the target orbit-
ing photon, /Q,2 = 0.987Mm., with corresponding energy
E,2 = 34.0 MeV. (a) Radial momentum components. (b) Az-
imuthal angle momentum components. (c) Polar angle mo-
mentum components (= /Qz). Same as Fig. 5(b) and No. 8
of Tables III and IV.

TABLE IV. The vy — e” e processes: efficiencies.

Case no. Xt WP e2bs ©

1 311 47.2 0.32
2 37 41.0 0.33
3 0.41 29.1 0.09
4 0.02 28.8 0.02
5 145x10?! 48.8 0.47
6 154 45.3 0.43
7 0.11 20.4 0.05
8 478x10! 49.3 0.49
9 10.2 33.1 0.29
10 290x 102 49.5 0.49
11 42.2 40.3 0.39
12 472x102 49.5 0.49
13 562x10* 49.3 0.50
14 111x103 49.5 0.46
15 140x10? 49.5 0.49
16 404 475 0.47
17 253%x10% 49.5 0.41
18 348x102 49.5 0.49
19 50.7 41.8 0.39

a total outgoing e " et energy
total incoming photon energy(v1)

] as measured by a BLF ob-
server.
b( W efficiency in the BLF )
W efficiency in the LNRF /°
c | total outgoing e~ et energy
total input energy(y1++2) |°

E.,; (the orbiting photon), there is no noticeable change
in the emitted spectra from that of the monochromatic
infalling photons; and at lower energies for E,5, there
is very little change in the spectra (cf. No. 6 to 19 of
Table III).

2. A typical scattering event (yy — e"e?)

As it was done above for the other scattering processes,
we will follow one vy — e~ e’ scattering event. The
infalling photon has energy E,; = 3.5 keV; the target
photon of the photon orbit has energy F,; = 34.0 MeV
(A20), defined by the Q value of the orbit, \/Q.2 =
(Py2)e = 0.987Mm, [see Fig. 1(a)]. In the LF these ener-
gies become ¢,; = 182.9 keV [Eq. (3.99)] and e, = 35.87
MeV [Eq. (3.100)], respectively. The pair production
process is done in the center-of-momentum frame (c.m.
frame). The Monte Carlo method is applied to the cross
section [Eq. (3.112)] and the scattering angles of the pairs
are determined [see Egs. (3.105b), (3.105c), (3.117), and
(3.122)]. Upon transforming back to the LF, the ener-
gies of the positron and the negatron are measured to be
€4+ = 22.73 MeV and e_ = 13.2 MeV, respectively. The
BLF observer measures these energies as E, = 12.5 MeV
and E_ = 12.39 MeV, respectively. Notice that the sum
of the pair energies in the LF, equals (approximately) the
sum of the primary photon energies in the LF, as would
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be expected, due to conservation of energy in this pseudo
flat spacetime. In Fig. 6, momentum components of the
escaping pairs, for the case under discussion, are pre-
sented; this particular scattering event is represented by
a point on the scatter plots, and is a member of the pairs
in the spectrum of Fig. 5(b). The space momentum com-
ponents in Fig. 6 reveal the following features of this PPP.
(1) Only positive radial e~e™ pairs escape; this can be
expected, since the scattering takes place at the photon
orbit, beyond the last orbit (rmp) possible for any ma-
terial particle (Sec. III A 1); therefore, inward scattered
pairs would fall directly into the KBH [cf. Fig. 6(a)]. (2)
The azimuthal angular momenta and energies are linear,
and similar to the PCS [cf. Figs. 6(b), 3(b), and 4(b)].
(3) The polar angular momenta have a nearly symmetri-
cal distribution about the equatorial plane [cf. Fig. 6(c)];
note that this is found not to be the case in the scatter-
ings by the higher energy targets, as will be discussed
later.

In the above so-called quasi-Penrose process, one might
ask the question, was energy extracted from the KBH,
since the pairs can escape with only the energy of the
incident photons: the answer is yes, because of the fol-
lowing explanation, which includes my reason for classi-
fying this PPP as a quasi-Penrose process. Photons are
blueshifted to higher energies as they become bound in
unstable orbits at the photon orbit. This newly acquired
energy is given to a photon by way of the gravitational
potential well (or the curvature of spacetime), and by
way of the frame dragging due to the KBH. Now, be-
fore going on, I must deviate briefly to explain how these
photon orbits, illustrated in Fig. 1(a), may be populated:
I am assuming that the criteria for a photon to become
bounded, depends on its polar angular momentum (i.e.,
its @ value) and its blueshifted initial energy [and that
this blueshifted energy corresponds to the energy given
when this @ value is substituted into Eq. (A20)]; more-
over, since in the equatorial plane at the photon orbit
E,; =0 (or E,3/po = o0), I am led to believe that the
only photons that can possibly become bound to the pho-
ton orbit are the ones with @Q,2 > 0, and that no bound
orbits exist for Q.2 = 0 (orbits that would be confined
to the equatorial plane). Instead of depending on “nor-
mal” accretion processes, populating the photon orbit
will most likely depend on some prior Penrose scattering
processes to create the seed photons for these vy — e~ et
reactions, especially true for the bound photons that have
large orbital energies with corresponding large @ values.
Such a task can possibly be accomplished by the PCS
photons; these photons can, under the right initial con-
ditions, be made to have the appropriate energies and Q
values needed, i.e., to populate the photon orbit. In addi-
tion, as has been suggested [18], the 7 rays created in the
7° — 7y decays (Sec. I B) can, also, populate the photon
orbit, i.e., if the « rays are created with the appropriate Q
values; this is something worthwhile investigating. (Pos-
sible ways to populate the orbits of the target particles
will be looked at further in the following section.) Now
continuing, assuming prior processes have populated the
photon orbit, when the low energy infalling photons and
the blueshifted orbiting photons collide, producing e~ et

pairs, the electrons that are allowed to escape to infinity,
escape with the blueshifted energy imparted to the or-
biting photons by the KBH; thus, in part, the energies of
the escaping electrons come from the KBH, illustrating
that energy is extracted: for this reason, I have classified
such PPP events as quasi-Penrose processes.

D. Conclusions of the results

I conclude this section with the following comments.
Of all the scattering cases presented, it seems that the
incoming photon energies that give the most favorable
results are in the ranges of 30 keV to 150 keV for the
Compton scattering processes, and 3.5 keV to 30 keV for
the vy — e~ e processes, based on what has been said
above concerning the efficiencies [Egs. (2.28b), (2.30),
and (2.31)]: Recall that, indeed it is important to have a
large factor by which the total input energy is increased
(B, r = “Penrose boost”); however, it is equally impor-
tant to have a large as possible absolute efficiency €S,
which gives the amount of the total input energy (of the
test particles participating in the scattering events) that
can be effectively radiated away. To add to the impor-
tance of 2P, this efficiency is largest for the PCS cases

when classical Penrose energy is extracted (cf. egesak and

ePS . of Table II). The above incoming photon energy

ranges are consistent with the thin disk/ion corona ac-
cretion models (Sec. IB). Note that the most favorable
results are defined as the ones with absolute efficiencies
€5 > (.42, where this lowest limit expresses the value
of the gravitational binding energy of a unit mass of gas
when it reaches the inner edge of an accretion disk about
a maximum rotating (e = M) KBH: the gravitational
binding energy equals the total energy radiated by a unit
mass of gas during its passage inward through the disk
(neglecting radiation due to viscous stresses) [37].
Overall, for the scattering cases presented here for a
108 My KBH, the PCS photons can escape with ener-
gies in the range 15 keVS E|, < 12 MeV; and the PPP
pairs (yy — e"e™) can escape with energies in the range
2 MeVS Ex S 2 GeV. Details of how well these cases
correlate with existing accretion disk models will be dis-
cussed in the next section. Moreover, these Penrose pro-
cesses can operator for any size mass rotating black hole.
However, the emitted spectra will depend on how well
the orbits of the target particles are populated by prior
Penrose processes and normal accretion disk processes.

V. DISCUSSION
A. Summary

In this paper, I have presented Monte Carlo computer
simulations of Compton scattering and e~et pair pro-
duction processes (yp — e"e*p and vy — e~et) in the
ergosphere of a KBH. Particles, compatible with a thin
disk/ion corona accretion surrounding the black hole, fall
into the ergosphere and scatter off target particles that
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are in bound orbits. These orbits consist of equatorial
[Q = 0; see Eq. (2.6)] and nonequatorial (Q > 0) orbits.
In this paper, the equations that govern the orbital tra-
jectory of a particle about a KBH are solved to determine
the conserved energy and angular momentum of material
and massless particles that have orbits not confined to
the equatorial plane (i.e., nonequatorial orbits; see Ap-
pendix A). The escape conditions to determine whether
or not a particle escapes from the potential well of the
KBH are applied to the scattered particles. The Penrose
mechanism allows rotational energy of the KBH to be
extracted by scattered particles escaping from the ergo-
sphere to large distances from the black hole. The results
of these model calculations, as we shall see in this section
show that the Penrose mechanism is capable of producing
the astronomically observed high energy particles emit-
ted by quasars and other AGN. This mechanism, as ap-
plied in the models of this paper, can extract hard x-ray
and ~-ray photons, from the inverse Compton scatterings
of initially low energy UV and soft x-ray photons by tar-
get orbiting electrons inside the ergosphere. These model
calculations also allow relativistic e~et pairs to escape
after being produced by infalling low energy photons, in-
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teracting with target photons in bound orbits inside the
ergosphere, at the photon orbit. This process may be the
origin of the copious relativistic electrons inferred from
observations to emerge from the cores of AGN.

B. Observations and disk model correlations
1. Inverse Compton scattering

Putting these PCS results into an astrophysical con-
text, this process may play an important role in the up-
grading of UV photons ~ 5 eV, say from a classical thin
disk, to x-ray photons ~ 15-218 keV; and in upgrading
soft x-ray and hard x-ray photons ~ 0.511-150 keV, say
from the thin disk/ion corona accretion (Sec. IB), to hard
x-ray and y-ray photons ~ 53 keV-12 MeV: contributing
to the high energy observed spectra of AGN. In addition,
because most of the escaping « rays have negative radial
momenta and nonzero polar coordinate angular momenta
[see Figs. 3(a), 3(c), 4(a), and 4(c)], these v rays could
possibly aid (along with magnetic fields and relativistic
electrons) in the formation of the observed astrophysical
jets commonly seen in AGN. Depicted in Fig. 7 are polar
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FIG. 7. Polar coordinate momentum Peo(= /Q) scatter plots for escaping particles. (a) PCS: No. 2 of Tables I and II; (b)
PPP: No. 5 of Tables III and IV; (c) PCS: No. 19 of Tables I and II; (d) PPP: No. 17 of Tables III and IV.



5422 REVA KAY WILLIAMS 51

coordinate momentum components for various Penrose
scattering cases. Compare Figs. 3(c), 4(c), 7(a), and 7(c),
which are for PCS; notice the asymmetry in the polar di-
rections: the one-sided distribution favors the positive
€p direction. This feature could be extremely important
in jet formation. Moreover, concerning the observations
of these PCS photons, hard x-ray and y-ray AGN obser-
vations have detected energies consistent with the range
predicted by this model; details are addressed in another
paper [38].

2. vy-ray—proton pair production

Because of the high energy e~ e™ pairs predicted to be
produced in this PPP process, this process could possibly
be a somewhat fruitful way of extracting relativistic e"e™
pairs from the KBH, if one would, perhaps, relax the
assumption that no recoil energy is given to the proton.
This assumption is used in the integration of the cross
section [Eq. (3.60)]. Relaxing this assumption has yet to
be done, but would be one direction in which this research
could be extended. In addition, since high energy initial
photons are required by this yp — e~ et p process, they
would have to infall from an azimuthal direction [e.g.,
spiral: L # 0, in Egs. (2.8¢c) and (2.8d)], so as not to have
extremely large negative radial momentum components,
which prevented, in these scattering cases, the pairs from
escaping.

3. v-ray—y-ray pair production

In an astrophysical context, the results of this PPP
process clearly show that this is an important way, if
not the dominant way, to extract the relativistic e~e™
pairs—contributing to the observed synchrotron radia-
tion of AGN, and the formation of jets. In essence, a
possible picture of what an observer at infinity (the BLF)
observes is the following: low energy unbound infalling
photons, with energies as low as 3.5 keV (soft x rays),
pair producing relativistic electrons at the photon orbit,
of which about 50% of these relativistic electrons are al-
lowed to escape from the potential well of the KBH, with
energies as high as ~ 2 GeV. These copiously produced
relativistic escaping electrons can participate in astro-
physical processes inherent to observations of AGN, such
as, the production of the synchrotron radiation and the
formation of jets. It is important to note here that if
this vy — e~ e™ process had not occurred, photons in
the photon orbit would, most likely, not have had any
other way of escaping, and the energy released in this
PPP process would have been forever trapped by the
KBH. However, I cannot rule out the possibility of pair
production between the photons in the photon orbit, nor
the possibility that the photons in the unstable photon
orbit can be made, if perturbed slightly, to spiral inward
or escape outward.

4. Penrose processes and the classical thin disk

First note that, in these PCS and PPP (yy — e~e™)
processes, the low energies used for the infalling pho-
tons are consistent with the surface temperature (T, ~
5.3x10% K—4x107 K, at r =~ 1.43M, for M = 108 M) of
the classical thin disk accretion model about a KBH [39].
Now, the scenario for a 108 My KBH, surrounded by a
classical thin disk (i.e., before the Lightman instability
sets in, as discussed in Sec. IB), is the following. About
75% of the initially infalling soft x rays (~ 3.5 keV),
that have undergone PCS by equatorial orbiting target
electrons, can escape with boosted energies as high as
hard x rays (~ 0.26 MeV), while the others either fall
into the KBH, or become bound at the photon orbit—
acquiring blueshifted energies as high as ~ 13 MeV (cf.
No. 2 of Table I; recall that the blueshift parameter [of
Eq. (2.8d)] is ~ 50 at the photon orbit). The scatter
plot of Fig. 7(a) illustrates that indeed such PCS pho-
tons can acquire the necessary @ values to populate the
photon orbit by the criteria discussed in Sec. IVC2 [i.e.,
the energies and @ values must match those of the pho-
ton orbit; cf. Fig. 1(a)]. Subsequently, these blueshifted
photons, now assuming to have populated the photon
orbit, can undergo PPP (yy — e~e*) processes with in-
falling soft x rays, producing e~ e’ pairs with energies
as high as ~ 12 MeV [cf. Fig. 5(a) and No. 5 of Ta-
ble III]. About half of the produced pairs escape: these
pairs can subsequently radiate synchrotron radiation in
the presence of a magnetic field (as discussed in the fol-
lowing section). Thus, I conclude, that, due to PCS and
PPP (yy — e~ e™) processes, in a classical thin disk, the
highest particle energies attainable for the PCS photons
are ~ 260 keV; and for the relativistic PPP electrons, the
highest energies attainable are ~ 12 MeV. Yet, without
these Penrose processes, as can be seen above from the
surface temperature T, the highest energy radiated by
a classical thin disk surrounding a supermassive KBH is
~ 3.5 keV, and, of course, no pair production.

5. Penrose processes
and the thin disk/ion corona

Since the disk can exist between two phases (thin
disk/ion corona; see Sec. I B), the occurrence of the Light-
man instability can act to enhance the Penrose process,
being responsible for the observed variabilities, and par-
ticle energies up to ~ GeV, as we shall see in the follow-
ing scenario, for a 108 Mz KBH, surrounded by a thin
disk/ion corona. In this scenario, x rays ~ 0.03-0.15
MeV, after undergoing PCS by equatorial orbiting tar-
get electrons, can escape with boosted energies ranging
from ~ 0.7 MeV up to ~ 4 MeV (see Nos. 3-5 and 19
of Table I). Just as in the classical thin disk, about 75%
of the PCS photons escape, while the others either fall
into the KBH, or become bound at the photon orbit—
acquiring blueshifted energies, however, in these cases,
ranging from ~ 35 MeV to as high as ~ 200 MeV. The
scatter plots of Figs. 3(c) and 7(c) illustrate that indeed
these PCS photons can acquire the necessary Q values to



populate the photon orbit in the above blueshifted energy
range [cf. Fig. 1(a)]. Subsequently, the blueshifted pho-
tons, now assuming to have populated the photon orbit,
can undergo the PPP (yy — e~ e™) processes with in-
falling soft x rays, producing e~ e™ pairs that can escape
with energies as high as ~ 200 MeV (cf. Nos. 8 and 10
of Table III). Moreover, such escaping relativistic e~e™
pairs, in the presence a large strength magnetic field, as
we shall see below, can produce synchrotron radiation
spectra, with energies ranging up to ~ GeV, consistent
with the observed spectra of AGN.

Now we assume that the photon orbit can be populated
by « rays from the pion decays (7° — vv), occurring in
Eilek’s [12] thin disk/ion corona model in the Kerr met-
ric (see Secs. IB and IC). To test the validity of this
assumption, these pion decays, as well as the resulting
pairs produced by these newly created ~y rays, should be
treated also as Penrose processes, since the inner region
of the accretion disk extends well inside the ergosphere
(to ~ rms = 1.2M). There is a strong possibility that
some of the resultant scattered Penrose particles will ac-
quire the necessary @ values to populate the orbits, since
this was found to be the case in the PCS events. Such
an investigation is under way by the author; the results
will be reported elsewhere. Nevertheless, these v rays are
created with energies narrowly peaked around E, ~ 75
MeV. Such + rays, say, of initial energies £, ~ 50 MeV
can be blueshifted to energies ~ 2 GeV, as they become
bound at the photon orbit. Subsequently, infalling soft x
rays from the disk can undergo PPP (yy — e~e™) with
these bound « rays, producing e~ e’ pairs that can es-
cape with energies up to ~ 2 GeV [cf. Fig. 5(d) and Nos.
17, 18 of Table III]. Again, magnetic fields can harden
the observed energy spectra to energies > 2 GeV: we
next look at such secondary processes. But first, notice
in Figs. 6(c), 7(b), and 7(d) the increase in the asymme-
try of the pair distribution, as the orbital energy (or Q
value) of the target photon increases: such one-sidedness
could be, as in the PCS case, extremely important in jet
formation.

Moreover, if we assume that pairs produced in the
model of Ref. [12], mentioned above, with energies peaked
around Fy ~ 35 MeV, can populate the nonequatorial
target electron orbits, at least in the range of ~ 12 MeV:
provided that these electrons are created with appropri-
ate @ values [cf. Fig. 1(b)], then PCS, of infalling soft x
rays and UV photons from the disk, allows most of the
scattered photons to escape with boosted energies up to
~ 12 MeV [cf. Nos. 7-12, 14, 15 of Table I and Figs. 2(b)
and 4]. These PCS v rays up to ~ 12 MeV (or ~ 35
MeV) could contribute somewhat to observed spectra in
this energy range. The importance of these PCS « rays
is that they would acquire and escape with large polar
coordinate momenta [cf. Fig. 4(c)]: thus supporting the
jet formation process.

Yet, still before going on to discuss secondary pro-
cesses, these energies of the escaping Penrose scattered
particles are to be compared with maximum energies
attainable for the popular “two-temperature” accretion
disk models [40] (such as thin disk/ion corona): in these
disk models, without Penrose processes occurring, the
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maximum particle energies attainable are ~ 100 MeV
[12]. However, when the Penrose processes, PCS and
PPP (yy — e~e™l), are included, particles can escape
with energies as high as ~ 2 GeV.

Now proceeding with the discussion of secondary pro-
cesses, it was mentioned above that the relativistic e"e*
pairs can give rise to observed synchrotron radiation of
AGN. We can gain some insight into this claim and pos-
sibly find a way to test its validity by estimating the
range of synchrotron frequencies generated by these PPP
electrons, for various values of assumed magnetic field
strengths, using
4mmec

~

3er2 Vsyn (5.1a)

or

Veyn ~ 4 x 10°42B (5.1b)
[41], where 7. is the characteristic Lorentz factor of
electrons radiating at synchrotron frequency vgyn. For
B ~ 102 gauss and scattered e~e*t pairs with mean en-
ergy ~ 1 MeV, v, ~ 2, then vy, ~ 10° Hz (radio);
and with the mean energy ~ 200 MeV, «y. ~ 391, then
Veyn ~ 6 x 103 Hz (ir). On the other hand, for B ~ 102
gauss and scattered e~e’ pairs with mean energy ~ 1
MeV, then vgy, ~ 10'° Hz (hard x rays); and with mean
energy ~ 200 MeV, then vgyn, ~ 6 x 1023 Hz (hard «
rays), corresponding to energies ~ 3 GeV being radi-
ated. Now the above synchrotron photons were radiated
without including Eilek’s « rays to populate the pho-
ton orbits, serving as seeds particles, for these PPP pro-
cesses. If, however, Eilek’s particles are included, then
from the PPP scattered pairs (of energies ~ GeV), even
higher synchrotron frequencies can be achieved, in some
cases yielding synchrotron y-ray energies as high as ~ 270
GeV. Note that B ~ 10%27°% gauss gives a typical range
of values of the magnetic field strength assumed for the
accretion disk of AGN [42-44]. However, the possibility
of a higher field strength (say ~ 10'2 gauss), one associ-
ated with the black hole itself, should not be ruled out.
I propose that such a field, like that of a Kerr-Newman
black hole (with charge and rotation), could be impor-
tant in the jets of AGN [45]. Thus, so we see, that, for
appropriate ranges of an assumed magnetic field strength
and the Lorentz factors given by the PPP electrons, using
Eq. (5.1), synchrotron radiation can be radiated by the
e~ e pairs, from the radio region up to the hard y-ray
region of the electromagnetic spectrum. I mentioned this
because it is a possibility that the observed x rays and ~
rays of AGN may very well be synchrotron radiation, at
least in part (the other part being predominantly due to
PCS and secondary relativistic inverse Compton scatter-
ing by the escaping PPP relativistic e~ et pairs, yielding
~-ray energies of the order of the pairs).

VI. CONCLUSION AND FURTHER
INVESTIGATIONS

It has been shown through these Monte Carlo model
calculations, in the ergosphere of a KBH, that (1) higher
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energies are attainable than previously calculated [4,8,9]
when PCS processes are present; (2) relativistic e"e*
pairs, agreeing with the observed spectra of AGN, can
be produced at the photon orbit by PPP (yy — e~et),
and that about 50% of these pairs can escape from the
potential well (leading to synchrotron radiation); and (3)
the momenta of the Penrose scattered particles naturally
aid in the production of one-sided and two-sided polar
jets. The occurrences of these Penrose processes do not
depend on instabilities that may or may not be present in
the accretion disk, but can operate in the rims of the clas-
sical thin disk accretion model surrounding a KBH [37].
Perhaps the instabilities that do occur in the disk should
be attributed to the variabilities observed in AGN, the
extremely high energy spectra, and responsible for the
different species (or morphologies) of these celestial ob-
jects. In addition, I want to make it clear that the model
presented in this paper does not rule out the physical
processes existing in other prominent AGN models, par-
ticular relativistic beaming models [46], but only gives
the possible role that can be played by the black hole,
and thus, should be included as an important source of
energy when modeling AGN.

Further investigations could include the PCS and PPP
(vy = e~ e™") of nonradially infalling photons, i.e., pho-
tons that have azimuthal directions as well. The PPP
(yp — e~ etp) should be investigated further, since the
escaping pairs are predicted to emerge with energies ~
GeV. However, the assumption that no recoil energy is
given to the proton should probably not be used in in-
tegrating the cross section; and the infalling photons of
this PPP process should have also azimuthal directions,
instead of just radial directions (as were used in these
present model calculations), so that the pairs may be
allowed to escape. In addition, the interaction of the
e”et pairs, produced in the PPP (yy — e~e%) pro-
cess, with the surrounding electromagnetic field, associ-
ated with the black hole and the plasma in an accretion
disk, requires immediate investigation, as this may shed
considerable light on the formation of the astrophysical
jets of AGN [45].

Before closing, I want to mention that the observed
energy spectra of AGN are very similar to the universal
predicted photon spectrum, produced by these Penrose
processes. In particular, the Gamma Ray Observatory
(GRO), which observes in the range from 30 keV to 30
GeV, has measured energies up to ~ 4 GeV for quasar 3C
279 [47], consistent with the spectra predicted by these
Penrose processes. How well these Penrose spectra com-
pare with AGN observations are addressed in another
paper [38].
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APPENDIX A: EQUATORIAL AND
NONEQUATORIAL ORBITS

From the Kerr metric of Eq. (2.1), the Lagrangian (L)
for geodesics [48],

L, = %gaﬁa}%ﬁ , (A1)
can be found for a test particle in the field of a KBH,
where ¢ = dz®/dA = P* (the contravariant four-

momentum); A is related to the proper time of the par-
ticle, 7 (A = 7/myg); and it is the affine parameter for
massless particles, where mgo =rest mass=0. The scalar
product of the four-momentum with itself gives the rela-
tion

PP, = —m2 = g,s P*PP (A2)
(¢ = 1); then, from (A1),
2
L, = —% (A3)

Using Egs. (2.1)-(2.3), (2.6), (A1)—(A3), and the Euler-
Lagrange equations of motion, the P,’s (the covariant
four-momentum components) and the P*’s can be solved
for, obtaining equations governing the orbital trajectory
of a test particle in the field of a KBH:

Ydr/d\ = +(V,)Y/?,

(
£dO/d) = +(Ve)/?, (A5)
£d®/d\ = —(aE — L/sin® ©) + aT/A (A6)

Ydt/d\ = —a(aEsin?© — L) + (r? + a®)T/A , (A7)
where

T=E(r?*+ad®) —La, (A8)

V, =T? — A[m3r? 4+ (L - aE)? + Q] , (A9)

Vo = Q — cos? O[a®*(m? — E?) + L?/sin’@  (A10)

[21], in geometric units (G = ¢ = 1). V, and Vp are the
effective potentials governing particle motions in r and
O directions, respectively. For a circular orbit at some
radius r, dr/dA must vanish both instantaneously and at
all subsequent times (orbit at a perpetual turning point).
Equation (A4) then gives the conditions for circular or-
bits:

v, _
—T=0. (A11)

Ve(r)=0, Vi!(r)=

From Eq. (A9) and its derivative, I obtain the equations

V, =[(r? + a®)? — a®A]E? — 4MarLE — (A — a®)L?
-AQ ~r’Apz =0, (A12)

and



V! =2(2r* + ra® + Ma®)E? — 4MaLE + 2(M — r)L*
+2(M —r)Q + 2[udr(Mr —r? — A)] =0, (A13)

where mo has been replaced with g, the rest-mass-
energy of a particle. The above equations can be solved
simultaneously, yielding the conserved energy E and the
conserved angular momentum L (as measured by an ob-
server at infinity), for orbits of constant r not confined
to the equatorial plane (Q # 0). If we define

A =[(r? + a?)? - a?4a], (A14)
B =4Mar , (A15)
C=A-d?, (A16)
D= (37'4 —4aMr3 + a*r?)po , (A17)
F=(r’-d)Q, (A18)
G =3r* +a%r? (A19)

then

272 1/2
FE = (LE:M) = E* , (A20)
G
and
—J — (J? — 4IK)V/2] Y2

L= [ ( 5T ) ] =L, (A21)

where E* and L* are the conserved energy and az-
imuthal angular momentum of nonequatorial particle or-
bits (geodesics) in the curved spacetime of a KBH, and

— A%t 2 2 2
I=~5 - 5(24C+B*) +C?, (A22)
_ (D+F) |24%% 4.
J= G G 2AC — B
A2
+2A(r2ud + Q) [c — % : (A23)

A? 24A
K= a(D+F)2_ o (H+ QD+ F)

+A%(r2u + Q)% ; (A24)

see Egs. (A14)—(A19). Note that when Q = 0, Eqgs. (A20)
and (A21) reduce to the forms of (2.16) and (2.17), re-
spectively. The energy expressed by Eq. (A20) versus
VQ(= Po) is plotted in Fig. 1(a) for the photon orbit,
and it is plotted in Fig. 1(b) for the electron orbits at
T MB and ™ ™S-

APPENDIX B: THE GENERAL LORENTZ
TRANSFORMATIONS

The Lorentz transformation for any four-vector Ay =

(A, Aq) is

A;,, = ZL}LVAV ) (Bl)
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where the primes represent the inertial coordinate system
moving with uniform velocity ¢ relative to the unprimed
coordinate system. The inverse to this Lorentz transfor-
mation is

4 4
Au = Z(Lul’)wlA:f = Z(L;W)tAl
v=1 v=1

where the last equality arises from a property of an or-
thogonal matrix L, ; that is, the inverse (L,,)™! of L,
is equal to the transpose (L,,)* of L,,. Upon evaluation
of Eq. (B1), using the general form of the L,, matrix
[49], the following Lorentz transformations are obtained
for the vector A/, relative to the moving system in terms

"
of the vector A, measured in the rest system:

(B2)

Al = (1 + ,Bf—“"y ) A + ,31,32
+51ﬂ3 A3 —if1vAs, (B3a)
2 2
,3251 A1+(1+ﬁ§ +l)Az
+ﬂ2ﬁ3 Aa —iB2vAq , (B3b)
ﬁsﬂl Al + ﬂaﬂz 1 A,
+ (1 + ,33 + 1) A3 - 11337144 ] (B3C)
Ay =if1vA; +iB2vAz + 103y A3 + YA4 , (B3d)

where (3, B2, and B3 are the space velocity components.
Similarly, we evaluate Eq. (B2) to get the inverse Lorentz
transformation, that is, the vector in the coordinate sys-
tem at rest in terms of the vector moving with relative
velocity ¢. It is found that

A, = (1 +ﬁ2__7_2__ A _|_,31,32L2_A'
ly+1 ! v+1
42
+,31ﬂ3 A' +iB1vAY (B4a)
2

Az=ﬂ2ﬁ1—“‘—A'1+ <1+ﬂ§ l)A’2

+,32,33 A3 +iB27 A} , (B4b)

~2
Az = ,33,31 A' + 53,32 1 ——— A
2

+ (1 + ﬂ§7 T 1) A3 +if3vAYy , (B4c)

Ay = —if1yA] — iB2y Ay — ifavAs +vAy . (B4d)

Now we write these transformations in the coordinate
directions of the orthonormal tetrad used to derive the
vector of Eq. (3.3). The corresponding space unit vectors
at an instant of time are

&, =& =6, ,
ey.—.ézzé@ ) (B5)
éz=é35éq>
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Thus, the following substitutions are to be made in
Egs. (B3) and (B4) to derive the Lorentz transformation
used in the text:

Al——_:p‘r'a AQEP;"
AZEp@a Aizzpéa )

As=ps, Ay=7ps, (B6)
!
Ag=iS, A =i,
C C
Bi=06, B2=Pe, Bs3=0Ps -

APPENDIX C: UNKNOWN ANGLES
IN THE ~vp — e"eTp PROCESS

In this appendix, the equations of Eq. (3.79) are solved
simultaneously for the unknown angles of Eq. (3.80a), in

R _ R R | o gR_ oR R R
0+ = arccos|cos 0 cos 07" + sin 6.7 sin 67 cos(¢7, — ¢71)] ,

0% = arccos|cos 05’ cos OF + sin 95 sin 9% cos(d)fp - oM,

where @2, = 0 (see text). Now solve Eq. (3.79f) for ¢
of Eq. (C5), yielding

cos OF — cos 6F cos 67 ) (C6)

sin 9§ sin 8

oF = ¢F — arccos (

Finally, solve Eq. (3.79a) for ¢% and Eq. (3.79b) for ¢% |
thus Eq. (3.79a) gives

R . cos 05 — cos 05 cos Bﬁ
o+ = ¢, — arccos - — = (C7)
sin 02 sin 6%,

and Eq. (3.79b) gives

oF — 0F cos 6
¢5_ :¢5~arccos (cos = T 08Ty 08T ) , (C8)

sin 6% sin or
e

where ¢5 is given by Eq. (3.81). Equations (C1) to
(C8) completely solve Eq. (3.79) for the unknown angles
Eq. (3.80a); Egs. (C4), (C5), (CT7), and (C8) give the
polar and azimuthal angles of the scattered e~ e™ pairs.

APPENDIX D: UNKNOWN ANGLES
IN THE ~vv — e—et PROCESS

In this appendix, the unknown space momentum an-
gles of Eq. (3.119) for the e"e™ pairs are solved for
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terms of the known angles of Eq. (3.80b).
From Egs. (3.79¢) to (3.79¢) we find that

R
0% = 95 ) (C1)
0F =6% | (C2)
oF =068 | (C3)

where 0% is given by Eq. (3.81). Next substitute
Egs. (C1) and (C2) into (3.79g) to get 6% , and simi-
larly, substitute Egs. (C1) and (C3) into Eq. (3.79h) to
get 0% . Thus we find that

¢
in terms of the scattering angles 65, 6°, and ¢ [see
Eq. (3.105)]. Substitute Eq. (3.119a) into (3.119f) and
solve for 0, to get

‘ — cos 0¢
0+ = arcsin (W) . (D1)
Next, we solve for ¢¢,. Upon substituting Eq. (D1) into
(3.119d), applying some algebraic manipulation, and us-
ing the trigonometric identity sec? ¢Sy =1+ tan? by
I obtain a quadratic equation in tan ¢.+, which has the
solution

_ 2 _ 1/2
@S+ = arctan Dy & (D3 — 4D1Ds) } , (D2a)
2D,
where
D, = cos? 05 sin® 05, (D2b)
D5 = 2cos 6 sin 65 sin ¢ (1 — cos?05) , (D2c)
D3 =1+ cos® 65 (cos? 05 — 2)
+ sin?® 05 cos?® ¢S (cos? 05 — 1) . (D2d)

Equations (D1) and (D2) completely solve Eq. (3.119)
for the unknown angles.
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