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Isgur-Wise function and V,;, from Bethe-Salpeter equations
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We calculate the Isgur-Wise function from the solutions of the Bethe-Salpeter equations. The
shape of the Isgur-Wise function thus calculated is a prediction of the Bethe-Salpeter equations and
does not depend on undetermined parameters. We develop a best fit to the numencally computed
Isgur-Wise function in the form {(w) = n[1 — E—(w — 1) + a(w — 1)3/2], where p? = 1.279, a = 0.91,
1 = 0.9942, and w is the recoil velocity. The Isgur-Wlse function is then used to obtain V¢ from the
recent experimental data of B — D*£5 decay. Our best estimate of V5 is (34.7 £ 2.5) x 1073, which
is comparable to some of the latest estimates in the literature.

PACS number(s): 12.15.Hh, 11.10.St, 12.39.Hg, 13.20.He

I. INTRODUCTION

Heavy quark effective theory (HQET) [1-4] has opened
a new window for the determination of the Cabibbo-
Kobayashi-Maskawa (CKM) matrix elements [4-6].
particular, determination of V,; using theoretical predic-
tions of HQET and experimental measurement of the dif-
ferential decay rate of the exclusive semileptonic decay
B — D*{v has received a great deal of attention. With
the recent high-precision data available from several ex-
perimental groups [7-9], it is now possible to determine
the value of V;, with reasonable accuracy.

In order to extract V, from the experimental data,
one needs to calculate hadronic form factors which in-
clude nonperturbative effects. HQET has vastly simpli-
fied these calculations and only one universal function,
called the Isgur-Wise (IW) function [1, 4, 10], has been
shown to play a central role in many calculations involv-
ing decay of heavy mesons. The calculation of the IW
function, however, is model dependent and several differ-
ent parametrizations for it have been used in the litera-
ture [4, 6]. After a particular parametrization is chosen,
one typically fits the experimental data to extract the
unknown parameter(s) in the IW function as well as V¢,
from the experimental data.

In this paper we use a covariant reduction of the Bethe-
Salpeter equation (BSE) [11] to calculate the IW function
[12]. The BSE was solved numerically and the parame-
ters appearing in it (namely, the quark masses, string
tension, and the running coupling strength for one-gluon
exchange) were determined by fitting the calculated spec-
trum to the observed masses of more than 40 mesons [13,
14]. The resulting meson mass spectrum agrees very well
with the experimental data. Once the parameters are
thus fixed, the meson wave functions from the BSE can
be used to predict physical observables. In particular,
the IW function may then be evaluated from the wave
functions of the BSE and would represent a prediction
independent of any undetermined parameters. Knowing
the shape of the IW function we can then extract Vg
from the experimental data.

This paper is organized as follows: In Sec. II we re-
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call the main ingredients for the calculation coming from
HQET. Section III describes the salient features of the
BSE and describes the meson wave functions of interest.
In Sec. IV we calculate the IW function and extract Vg
from the experimental data. We conclude the paper in
Sec. V with a brief outline of future work.

II. HEAVY MESON DECAY FORM FACTORS

The hadronic matrix elements for the decay
B — D* £ take a simple form when described in the con-
text of HQET. Such decays are mediated by heavy quark
currents V,, = éy,band A, = &y,sb and the correspond-
ing matrix elements are in general described in terms of
four form factors [1,10] denoted by &, 7 =1,2,3,4:

(D*(v', €)[V¥|B(v)) = iv/mpmp- €1 (w)e e} v, vg
(D*(v',€)|A*|B(v)) = /mpmp-£a(w) (w + 1) €
—[€3(w) v* + €4 (w)v'*]e”
(2.1)

where w = v - v/, v and v’ being the velocities of B and
D* mesons, respectively.

In the limit where masses of the heavy quarks tend to
infinity, the form factors &; satisfy the conditions

=& =8 =€ ), &=0,

where £(v - v') is a single universal function, called the
IW function [1,4]. In the limit of infinitely heavy quark
masses the IW function is normalized to unity at zero
recoil; i.e., {(1) = 1.

The IW function can be related to the overlap inte-
gral of normalized meson wave functions in the infinite
momentum frame. If ¥;5 and ¥;p+ denote the wave func-
tions of the light degrees of freedom in B and D* mesons,
respectively, then the IW function can be written as

§(w) = (w T 1) /1/’ID°(U )¢IB('U)d3

In the heavy quark limit close to w = 1, the IW func-

(2.2)

(2.3)
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tion has the form

fw) =1-p*(w—1)+O((w - 1)%),

where p? is the slope of the Isgur-Wise function at w = 1.
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The differential decay rate for the process discussed above is given by [5]

dT(B — D*{v) _ G%
dw T 4873

(mg —mp-)?m%. n}

mp=»
m
to a finite renormalization of the axial vector current.

It is clear from the above expression that knowledge of
the differential decay rate and of the Isgur-Wise function
would allow us to calculate V. However, as is evident
from Eq. (2.3), we need to know the meson wave func-
tions to calculate the Isgur-Wise function. In the next
section we show how to do this using a covariant reduc-
tion of the BSE.

where r =

and 7,4 is a constant which is present due

III. MESON WAVE FUNCTIONS
FROM THE BSE

In a previous set of works, reductions of the BSE have
been solved for ¢d systems [13, 14]. In this section we
shall briefly describe our treatment and the wave func-
tions resulting from our calculation. The actual equa-
tions solved to obtain these wave functions are given in
the Appendix and the reader is referred to the previous
works cited above for a full treatment.

The BSE is a covariant four-dimensional wave equa-
tion for relativistic bound states and is very challenging
to solve exactly for realistic kernels. One typically uses
several approximations to reduce it to a solvable form.
We have used a quasipotential equation framework to re-
duce the BSE to the three-dimensional integral equation
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FIG. 1. Radial wave function for the B meson. The solid
line represents the numerical solution of the BSE. This is ob-
tained from the Fourier transform of 4°(q) appearing in Eq.
(A1). The entire Fourier transform of 4°(q) in position space
is normalized to unity. An analytical approximation to %°(q)
is given in Eq. (3.4) (with A = 0.59 GeV and n = 1.16) and
is represented by the dashed line.

w2—1(w+1)2[1+

4w 1—2wr+7r?
w+1 1-—7r)2

| Veo|*€*(w),  (2.5)

[
introduced in [13] and have retained only the ladder dia-
gram component of the full BSE kernel. Under this ap-
proximation the interaction kernel contains a one-gluon
exchange term Vogg, to which we add a phenomenologi-
cal, long-range confining potential V,,,. The interaction
kernel that we use is thus derived from the potential

4 v,
Ve + Veon = _asu
OGE 3 (q — q,)2
o? 1®1
lim — ———— . 3.1
R —(g—¢q")2+p? (3-1)

Here, a, is the strong coupling, which is weighted by the
meson color factor of 5, and the string tension o is the
strength of the confining part of the interaction.

We also take into account the running of the strong
coupling constant. Specifically, we use the form

2y _ o, (4)
(@) = 4m + (11 — 2n5/3) e, (u?)In(Q?/p2)’ (3:2)
where
Q2 = ’YzMIE'IeSOﬂ + ﬂz’ (3'3)

and where v and (3 are parameters determined by a fit
to the meson spectrum. ny in Eq. (3.2) corresponds to
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FIG. 2. Radial wave function for the D* meson. The solid
line represents the numerical solution of the I = 0 component.
This is obtained from the Fourier transform of +¢(q) appear-
ing in Eq. (A5). The entire Fourier transform of 13(q) in
position space is normalized to unity. An analytical approxi-
mation to ¥3(q) is given in Eq. (3.4) (with A = 0.42 GeV and
n = 1.52) and is represented by the dashed line.
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the number of flavors which was taken to be 4 [13, 14].
In the above equation p is taken to be the mass of the Z
boson and a,(p?) is correspondingly chosen to be equal
to 0.12 based on experimental measurements.

In our formulation of the BSE there are seven parame-
ters: four masses m,=mg, m., my, mp; the string tension
o; and the parameters v and 3 used to govern the run-
ning of the coupling constant. These parameters were
determined by fitting the meson masses calculated from
the BSE to the observed spectrum. We utilize this BSE
model for the mesons to evaluate the meson wave func-
tions. The wave functions for B and D* mesons are
shown in Figs. 1 and 2, respectively. For the purpose of
further calculations we have also obtained analytic rep-
resentations of these wave functions:

1/2
1/ny)\3
1/)(;1;’ y,z) — (M) e—,\"(zz+y2+z2)n/2, (34)

I(3)

J

w—+1

1/2
£w) = (L) / Vi (@, v, w2) i (2, 3, 2)e BV 1d%,

where E is the mass of the light component of the D*
meson in the rest frame of the B meson.

We use the wave functions derived from the BSE to
evaluate the IW function and we emphasize again that
our IW function involves no additional parameter fitting.
The plot of our IW function is shown in Fig. 3. It is
interesting to note that since the wave functions used
are coming from the BSE which is solved independent
of the heavy quark approximation, the IW function does
not go to unity at zero recoil. The deviation of the IW
function from unity at zero recoil can be attributed to
the finite mass effects which are incorporated in our BSE

KM LA T L T T
o \\ M
- \"““\
6 —
3 | ]
W = -
4 F Numerical Isgur-Wise Function —]
. _
21— -Analytical Representation —
L J
0 Ll 11 ‘ 1 1 L1 ! L1 I - I L L L1 I L 1 1 1 l L 1 1 L
1 1.1 1.2 1.3 1.4 15 16
w
FIG. 3. The Isgur-Wise function. The solid line repre-

sents the IW function calculated from Eq. (4.1). An analyt-
ical approximation to the IW function is given in Eq. (4.2)
and is represented by the dashed line. The deviation of the
IW function from unity at zero recoil is due to the finite heavy
quark mass effects incorporated in our BSE model.
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where A = 0.59 GeV, n = 1.16 for the B meson and
A = 042 GeV, n = 1.52 for the D* meson. We have
plotted the numerical wave functions and their analytic
representations together to display the accuracy of the
latter. For convenience, we shall use these analytical ex-
pressions for subsequent calculations in this paper.

IV. ISGUR-WISE FUNCTION AND V,

In this section we shall describe our results using the
ingredients that have been presented above. Using Eq.
(2.3) and taking into account the relativistic boost (as-
sumed along the z direction), the IW function can be
written as [10]

(4.1)

I
model (implicitly to all orders in 1/mass). We have also

obtained an analytical representation as a best fit to the
IW function that is plotted in Fig. 3. This is given by

Ew)=mn 1—%2(w—1)+a(w—1)3/2 , (4.2)

where p? = 1.279, a = 0.91, and 7 = 0.9942.

We can now use the IW function as calculated above
to extract V., from the experimental data for B — D* ¢
decay. We have used the data from ARGUS 93 [7], CLEO
93 [8], and CLEO 94 [9] and the corresponding fits to
these data using our IW function are shown in the Figs.
4, 5, and 6, respectively.
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FIG.4. Plot of V. £(w) vs w from ARGUS 93 data of B —
D*¢p decay [7]. The data points for V., £(w) are extracted
from the experimental result by using Eq. (2.5). The solid
line represents our best fit to the data.
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FIG. 5. Plot of Vp £(w) vs w from CLEO 93 data of B —
D*£v decay [7]. The data points for V., £(w) are extracted

from the experimental result by using Eq. (2.5). The solid
line represents our best fit to the data.

In Table I we present the different values of V. (in
units of 10~3) obtained from these experimental data [for
each set of experimental data we have shown two values
of V., one obtained from the numerical calculation of
the IW function and the other from its analytic repre-
sentation as given in Eq. (4.2)]. The uncertainties in the
values of V., tabulated above are determined by fitting
to the two extreme values appearing on the experimental
error bars. The different values thus obtained are consis-
tent with each other and are comparable to some of the
latest estimates of V3 [4-6].

V. CONCLUSION

We have used the solutions of the BSE to predict the
shape of the IW function. Such a prediction is indepen-
dent of any undetermined parameter. The solution of
the BSE does not depend on the heavy quark approx-
imation and the corresponding IW function calculated
from its solutions incorporates some of the finite mass
corrections. This is evident from the fact that in our
calculation the IW function deviates from unity at zero
recoil. We have also found a simple analytical represen-
tation that best fits the numerically computed IW func-
tion. Using the IW function we have calculated V, from
the latest set of experimental data. Our best estimate
of Vo = (34.7 £ 2.5) x 1073 is comparable to the latest
estimates of Vg, available in the literature [4-6].

From knowledge of the solutions of the BSE it should
be possible to calculate the four form factors in Eq. (2.1)

TABLE 1.
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FIG. 6. Plot of V, £(w) vs w from CLEO 94 data of B —

D*¢p decay [7]. The data points for V., £(w) are extracted
from the experimental result by using Eq. (2.5). The solid
line represents our best fit to the data.

directly without using the heavy quark limit. Such a cal-
culation would provide an interesting test of the accuracy
and consistency of the heavy quark approximation and
is currently being pursued.
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APPENDIX: BETHE-SALPETER EQUATIONS

In this appendix we present the BSE’s that have been
solved. This is done for the sake of completeness and the
reader should refer to [13, 14] for further details.

The BSE for the 0~ channel is given by

(By + B2)? — B2g0(q) = =

= E{I&“W(q') + I9Ey°(q)],

(A1)

and those for the 1~ channel are given by

Values of V., in the units of 1072 from different sets of experimental data. The

first row indicates the values of V., obtained by using the IW function that was calculated numer-
ically. The second row indicates the corresponding values of V., obtained by using an analytical
approximation to the IW function as given in Eq. (4.2).

ARGUS 93 | CLEO 93 | CLEO 94
From numerical IW function (35.8 +8.3) (34.8 +£6.1) (34.7 £ 2.5)
From analytical IW function (35.9 £+ 8.3) (34.8 +6.1) (34.7 £ 2.5)
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(Bi + E3)? — E?|4'2(q) = %[(If“ + IPCBY Y12 (g + (I + IDCE) 924 (¢)]
and

E con ! con !
(B1 + E2)? — E°|y**(p) = ﬂ__q[(Is + IR 2 (q) + (I + I99F)4% (¢)].
The symbols appearing in the above equations are defined as
con : 82 * " ! con 1/ con
g = olim s [ dad1Qol)T5™ + Qb(HTE,

con 62 < rt ! con 17! con
et =olim —; dq q [Qo(2 )TT°" + Qo(2 )T5°"],
0

n—0 8 2
oo
con __ s ' 3¢, con
" = 0'&11)1})5—2‘/ dq q [Q1(2)T5°"],

I5°" = olim — / dq q )Tc"“]

uqoa 2

g = th,%m / dq'q'[Q(2)TE™ + Q3 (=) Ts™,
as 1 1

9% = 22 f dq 4 [Qo(2) TS + Q§(2)TL "),

peE =14 (2)TLSE + Q3(2)TLCE),

qo,s i v
IPCF = —3~/ dq q [Q3(2)TYCF],

1995 - 92 [ 0103 9%,

as r o
1998 = 22 [7 a4 ¢ 1Qu(a)T9%" + Qi) 70",

Tson — m(EIEZE;E; +q%¢),
Teom = mf]q, (EIE; + EzE;)y
T = L (B\E,E\F, - ¢%"),

2(ELE2E E,)
TOGE _ m(ElEzE;E; + qquz + 3q2E11E'2 + 3q12E1E2)»
TOGE Z(&—EEE@(EIEZE;E; Y%+ ¢®E E, + q'2E1E2),
TOCE — mqq’ (E\E, + E3E, + E,E; + E\E,),
TOGE _ m4qq’ (ELE, + B> Ey),
TOGE _ m(EIEZE’lE; + qqu2 - qu;E; - q12E1E2),
TOGE _ m(ElEzE;E; —d" + PE.E, - {"E\Ey),
TOGE I(ElEi—EiE_é)qql(El - Ez)(E; - E;),
TOGE _ *L(ElEzE;E; — % - Q*E\Ey + ¢ E\Ey),

4(ELE,E, Ey)
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where

E1=(m3+q2)%, E2=(m§+q2)%,

' 12 1 ' 121
E,=(mi+q ) E,=(mj+q )3,

12
_d'+gq

12
ST+ +p?
1 b - .
2qq

z !
2qq

In the above equations, Q; are the Legendre polynomials
of the second kind and

Qj(2) = 2Q;(2) — 0,

1

&) = 47

[72Q;(2) + Q;-1(2)],

Qi(z) = (JJ?) [2Q;(2) + Qj—1(2)].

Finally, we also have

j _U=i4Y) e
Yimj—1(a) = 22+ D) [524% 7 (q)
+ (G + 1) (g)],
V(@)= TN iy

(2(25 + 1)]=
+539°4 9 (g)]-
%12 3(q) and 3% (q) are obtained by numerically solv-
ing Egs. (A2) and (A3). ¥{_;_,(¢) and 9¥]_;,,(q) are
then obtained numerically from Eq. (A5). These are the
wave functions for the D* meson. The | = 2 component
of the D* meson wave function is negligible in compari-
son to the I = 0 component and is neglected. Similarly,
1¥°(q) (representing the wave function of the B meson)
is obtained by numerically solving Eq. (A1l). Analyti-
cal approximations of %°(g) and ¥](q) are given in Eq.
(3.4). They are used in Eq. (4.1) to calculate the IW
function. Figures 1 and 2 show the numerical wave func-
tions and their analytical representations for B and D*
mesons, respectively.
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