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A method for computing the stress-energy tensor of quantized scalar fields in static spherically
symmetric spacetimes is described. The fields can be massless or massive with an arbitrary coupling
¢ to the scalar curvature. They can be either in a zero temperature vacuum state or a nonzero
temperature thermal state. Analytical approximations which apply to all of these cases are obtained.
The method is used to numerically compute the components of the stress-energy tensor of massive

and massless scalar fields in Schwarzschild and Reissner-Nordstrom spacetimes.

The results are

compared to the analytical approximations and the accuracy of the analytical approximations is

discussed.

PACS number(s): 04.62.4+v, 04.70.Dy

I. INTRODUCTION

Despite decades of effort, a fully satisfactory theory
of quantum gravity does not yet exist. In the absence
of an adequate complete theory of quantum gravity, it
behooves us to attempt to construct and study model
theories which approximate the full theory. Such models
can provide guidance in the quest to construct the com-
plete theory, and can also provide insight into the sorts
of physical effects which may occur in quantum gravity.
Even when a successful theory of quantum gravity has
been developed, model theories and approximations will
still have an important role to play, as the full and correct
theory is likely to be computationally intractable when
applied to situations of physical interest.

One such model theory is quantum field theory in
curved spacetime and the associated theory of semiclassi-
cal gravity. While the study of quantized fields in curved
spaces has a long history [1], significant progress has been
achieved in the last two decades due to the stimulus of
Hawking’s discovery [2] that black holes emit thermal ra-
diation. During this period it has been realized that con-
cepts such as the number of particles present are observer
dependent, and that the description of the vacuum state
of a quantized field should be made in terms of tensorial
quantities such as the vacuum polarization (¢2) and the
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stress-energy tensor (T,,). The latter quantity is also
of particular interest as a source term in the Einstein
equations. The semiclassical theory of gravity sets the
classical Einstein tensor equal to the expectation value of
the stress-energy tensor operator of the quantized matter
fields present:?!

G =8n(Ty) . (1.1)

A primary computational difficulty in the theory of
semiclassical gravity is that (7,,) depends strongly on
the metric tensor g,,. While it is possible, with greater
or lessor effort depending on the amount of symmetry
present, to calculate (T,,) in a specific fixed background
spacetime, it is exceedingly difficult to calculate it within
a general class of spacetimes, which is necessary in order
to find self-consistent solutions to Eq. (1.1).

A secondary difficulty, and common criticism, of semi-
classical gravity is that the effects of the quantized gravi-
tational field are ignored. This is held to be unacceptable
as the gravitons will in general perturb the classical met-
ric by an amount of the same order as any other quan-
tized field present. Various solutions to this objection
have been proposed. A popular one is to justify ignor-
ing the graviton contribution by working in the “large
N” limit, in which the number of matter fields present
is so large that the graviton contribution is negligible.
An alternative approach is to study the separate effects
of different sorts of quantized fields in classical space-

1Throughout we use units such that A = ¢ = G = kp =
1. Our sign conventions are those of Misner, Thorne, and
Wheeler [3].
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times. In this way one develops knowledge of the type
and range of physical effects created by quantized fields.
If a wide enough assortment of other kinds of quantized
fields has been examined, we feel it is justifiable to as-
sume that the graviton contributions will not be wildly
different.? For example in homogeneous and isotropic
spacetimes, gravitons can be modeled by considering the
-effects of minimally coupled massless scalar fields [4]. To
date most computations have centered on conformally in-
variant quantum fields. However, the gravitational field
is emphatically not conformally invariant, so it is impor-
tant to investigate the effects of conformally noninvariant
fields.

In this paper we describe a method of calculating (T}, )
for quantized scalar fields which allows both of these dif-
ficulties to be addressed. The second difficulty is ad-
dressed because the method works for scalar fields with
arbitrary masses and curvature couplings. This allows
quantum effects to be investigated for a large range of
conformally noninvariant quantum fields. The first dif-
ficulty is addressed because the method works for arbi-
trary static spherically symmetric spacetimes, thus allow-
ing the semiclassical backreaction equations to be solved
in these spacetimes. Interesting examples of static spher-
ically symmetric spacetimes include hot flat space (in a
cavity), a nonrotating black hole in equilibrium with ra-
diation in a cavity, and an extreme nonrotating black
hole in empty space. Solutions to the semiclassical back-
reaction equations in cases such as these will provide sub-
stantial insight into the questions of how quantum effects
distort the spacetime geometry near a black hole and how
they affect the thermodynamic properties of black holes.
An overview of our method was given in Ref. [5].

The inspiration for our method and the source of many
of our ideas are the calculations by Howard and Candelas
[6,7) of (T,...) and (¢?) for the conformally invariant scalar
field in Schwarzschild spacetime. A previous version was
developed to compute the vacuum polarization, (¢?), in
static spherically symmetric spacetimes. It is discussed
in Ref. [8], hereafter referred to as paper I. The present
version is an extension of and an improvement on that of
paper L. It can be applied to computations of both (¢?)
and (T,,). Throughout this paper we will limit most of
the discussion to the computation of (T,,), but impor-
tant results relating to the computation of (¢?) will be
presented.

To illustrate our numerical method, we have com-
puted the stress-energy tensor of massless and massive
quantized scalar fields with arbitrary curvature couplings
in the Schwarzschild and Reissner-Nordstrom black hole
spacetimes. These are spacetimes containing uncharged
and charged black holes, respectively. The fields are in
the Hartle-Hawking state. These sample computations

2This assumes, of course, that one is working at scales suffi-
ciently removed from the Planck scale so that the very notion
of a classical spacetime still has some meaning.
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are of interest in themselves since the only numerical
computations of (T,,) previously completed for black
hole spacetimes have been for the massless conformally
coupled scale field [9,6] and for the electromagnetic field
[10], both in Schwarzschild spacetime.

Numerical computations of (T),, ) are usually extremely
computer intensive. Thus it is useful, when possible, to
have analytical approximations to (T,,). We present in
this paper an analytical approximation which works for
massless scalar fields in arbitrary static spherically sym-
metric spacetimes. For the special case of a conformally
coupled massless field our analytical approximation is
equivalent to the approximation of Frolov and Zel’nikov
[11], given particular values for the arbitrary parame-
ters in their expression. As a result, it is equivalent to
Page’s approximation [12] for the stress-energy tensor of
a conformally coupled scalar field in any static spheri-
cally symmetric Einstein spacetime (such spacetimes sat-
isfy R,, = Ag,,). Our new approximation thus extends
the previous approximation schemes of Page and Frolov
and Zel’nikov to nonconformally coupled scalar fields.
In addition, our derivation provides the first justifica-
tion for the local approximation of Frolov and Zel’nikov
from quantum field theory. The original derivation of the
Frolov-Zel’nikov approximation was motivated primarily
by geometric concerns rather than field theory.

For the conformally invariant field, Frolov and
Zel’'nikov [11] pointed out that their approximation pre-
dicts a logarithmic divergence for one component of the
stress-energy tensor on the event horizon of a charged
black hole. Our analytical approximation predicts the
existence of such a divergence for all massless scalar fields
in charged black hole spacetimes. If such a logarithmic
divergence exists, then quantum effects would be impor-
tant near the event horizon of any charged black hole, no
matter how large the black hole or how small the charge.
This would be a very surprising result. In fact our nu-
merical computations indicate that no such divergences
exist. Thus we find that the apparent logarithmic di-
vergences are only an artifact of the approximation, and
are not physical. The analytical approximation for this
component is then valid near the event horizon only for
Schwarzschild spacetime.

Comparisons of our analytical approximation with our
numerical calculations in Reissner-Nordstréom spacetimes
indicate that, for other components both on and away
from the event horizon, the accuracy of the approxima-
tion depends on the charge to mass ratio of the black
hole. The larger the charge to mass ratio, the worse the
approximation.

For scalar fields with large enough masses, the DeWitt-
Schwinger expansion can be used to provide approxima-
tions for both (¢2) and (T,,). This has been done in
Schwarzschild and Kerr spacetimes by Frolov [13] and
Frolov and Zel’'nikov [14], respectively. For the Feyn-
man Green’s function, and hence (¢?), the first three
coefficients® in the DeWitt-Schwinger expansion in an ar-

3These are commonly denoted as ao, a1, and az.
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bitrary spacetime have been computed by DeWitt [15].
The fourth coefficient has been computed by Gilkey [16].
The fifth coefficient has been computed by Avramidi [17]
and Amsterdamski, Berkin, and O’Connor [18].

We have developed a method of deriving the De Witt-
Schwinger approximation for (¢?) and (T,,) in a static
spherically symmetric spacetime using the WKB approx-
imation for the modes of the scalar field. We have used
this method to compute (¢?) and (T,,) to order m~—*
and m ™2, respectively, where m is the mass of the scalar
field. These orders correspond to using the first four co-
efficients in the DeWitt-Schwinger expansion. To our
knowledge, the DeWitt-Schwinger expansion for (T}, )
has not previously been computed to this order for a
general static spherical spacetime. When applied to the
Reissner-Nordstrom spacetime, we find that the DeWitt-
Schwinger approximation provides values extremely close
to the exact numerical results for values of the field mass
m > 2M ™!, where M is the black hole mass.

In Sec. II we develop an unrenormalized expression for
(T,.,) for a scalar field with arbitrary mass and curva-
ture coupling in a general static spherically symmetric
spacetime in terms of the Euclidean Green’s function.
In Sec. III the resulting expression is renormalized us-
ing the method of covariant point splitting. Section IV
describes our method of calculating the renormalized val-
ues of (T,,,) using the WKB approximation. In Sec. V we
derive and discuss the analytic approximations to (T}, )
for massless and massive fields. In Sec. VI the stress-
energy tensors of massless and massive scalar fields are
numerically computed for Reissner-Nordstréom black hole

spacetimes; the predictions of the analytic approxima-
J
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tions are compared with the numerical results for these
spacetimes. The details of some of the more tedious al-
gebraic calculations are given in a series of Appendices.

II. AN UNRENORMALIZED EXPRESSION
FOR (T,,)

In this section an unrenormalized expression for (T},,)
is derived for a scalar field in an arbitrary static spheri-
cally symmetric spacetime. It is assumed that the field is
either in a thermal state at temperature T or a vacuum
state defined with respect to the timelike Killing vector
which always exists in a static spacetime. The calcula-
tion proceeds in a manner similar to that of the Howard-
Candelas calculation of (T),,) for the conformally invari-
ant scalar field in Schwarzschild spacetime. As in their
calculation, a Euclidean space approach is used. The
metric for a general static spherically symmetric space-
time when continued analytically into Euclidean space
is

ds? = f(r)d7? + h(r)dr? + r2d6? + rsin20 d¢? . (2.1)
Here 7 = it is the Euclidean time, and f and h are arbi-
trary functions of r which, if the space is asymptotically
flat, become constant in the limit 7 — oo.

(T, is computed using the method of point splitting
[19,20]. One begins by noting that (T, ) can be obtained
by taking derivatives of the quantity (¢(z)¢(z')) and then
letting ' — z. The calculation is simplified by noting
that in the limit ' — z, the following relations hold:

e( lim GE.z-a:)>

) = Re Yim
Re ( lim
(i

(2.2)
(V,p(2)V,é(z)) = Re hm 2 GE(w z'). e +gu°‘ Gp(z,z') o ,,]) ,
(¢(z)V,V,é(z)) = Re (zlliglw :GE(z,2'),u; + gu"’g,,ﬂ'GE(m,m');a:;gl]) .
Here Gg is the Euclidean space Green’s function. It obeys the equation
[0, — m? — ER(2)]Gg(z,2) = —g~/*()6*(z, 2') , (2:3)

where m is the mass of the scalar field and £ is its coupling to the scalar curvature R. The quantity g# is called
the bivector of parallel transport It parallel transports a vector at =’ to one at z. It appears in Eq. (2.2) because
Gg(z,2'),o is a vector at o’ and must be parallel transported to z before the limit 2’ — z is taken. Similarly
GE(z,2'),q,p is a second rank tensor at 2’ and must be parallel transported to = before the limit 2’ — z is taken.

With this notation we find that the unrenormalized expectation value of the stress-energy tensor with the points
split is given by the expression

1 1 ! 1 1 1
<Tul/>unren = (5 - 6) (gg GE;a’u + gf,' GE;pa’) + (26 - %)guugaa GE;UQ’ — f(GE;,“, =+ gz‘ gf GE;a’ﬁ’)

+2£guu(m2 +¢&R)GE + E(Ruv - %guuR)GE - m gquE (2.4)

Since we are interested in the values of the components
of the stress-energy tensor in Lorentzian space we com-
pute these components directly. The most straightfor-
ward way to do this is to have all of the components of

all of the tensors in Eq. (2.4) be the Lorentzian space
components. This implies that all of the time derivatives
will be with respect to t rather than 7. An alternative
approach (which we do not take in this paper) would
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be to perform all computations in Euclidean space and
to transform the components of the renormalized stress-
energy tensor back to Lorentzian space at the end of the
calculation.

In paper I the form of Gg(z,z’) was derived for scalar
fields in static spherically symmetric spacetimes when the
fields are either in the Euclidean vacuum state* or in a
thermal state at temperature T'. The result is

Gg(z,z') = /dﬁcos[w(T —7")]

x> (2 + 1) Py(cos7) Cutput (r<)qut(r>)
=0

(2.5)
where, for an arbitrary function F,
- _ 1 i
/duF(w) = m/o dwF(w), T=0
T «— T
= — F —F(0), T>0.
IS ks Lro, 7>
Here P, is a Legendre polynomial, cosy = cosf cosf’

+sinf sinf’cos(¢p — ¢’), Cu is a normalization constant
and w = 2onT if T # 0. The modes p,,; and g,,; obey the
equation

14’ (2 1df 1 dn)ds
hdr2 ' |rh ' 2fhdr 2R2dr| dr

2@
_[“’7+ (;1)+m2+§R:|S=O. (2.6)
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They also satisfy the Wronskian condition

o[ odaa  dpa] _ 1 (R\Y?
wl |Pwl dr Qul dr -2 f .

(2.7)

There is a WKB approximation for the modes which
is very useful in both analytical and numerical calcula-
tions of (T,,). The WKB approximation for the modes
is obtained by the change of variables®

= e [ (5)
(2.8)

Tt = Wvl’v’ﬁ/‘zexp{‘ [/ w (?)md"}} -

Substitution of Eq. (2.8) into Eq. (2.7) shows that the
Wronskian condition is obeyed if C,; = 1. Substitution
into the mode equation, (2.6), gives the following equa-
tion for W:

W? = Q%+ Vi(r) + Va(r)

1| f &@W  (ldf fdh) 1 dW
2 | AW dr? hdr h2dr ) 2W dr
3F(1dW\°

T3k (W?) ] 29)

with

1\? f
200 2 2 2y L
Q(r) = w +mf+(l+2) 2
1 df f dh I
Vi) = 2rhdr  2rh2dr  4r2’
1 d*f 1 [df\° dfdh 2 df 2 dh 2 2
= - ff|l =L - (¥y - J°r, 24 2t 22 2.10
Va(r) = RS £f[fh dr? ~ 2f%h <dr> 2fh2dr dr ' rfhdr rhZdr ' r?h rz] (2.10)
Equation (2.9) can be solved iteratively. The zeroth-order solution is W = §2. The second-order solution is
B 1., 1| F d2Q 1df  fdh\ 1 dQ2 3f 1 (dQ)?
W=a+3% (V1+V2)+Z[hmﬁ}7+ hdr hidr) 202 dr 2h® \dr) |- (2.11)

4The Euclidean vacuum is the vacuum state that, in the Lorentzian sector, is defined with respect to the timelike Killing
vector.

5The boundary conditions used here are, strictly speaking, correct only for an asymptotically flat spacetime with an event
horizon. However, the ultraviolet divergences in (T, )unren are independent of the boundary conditions and the WKB ap-
proximation to (T, ) will be both added and subtracted from (T, )unren When computing a renormalized expression for (T, ).
Thus there is no problem in using this version of the WKB approximation for the modes for any static spherically symmetric
spacetime.
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To compute an unrenormalized expression for (T,,) one simply substitutes Eq. (2.5) into (2.4) and takes the
derivatives. After the derivatives are taken the particular way in which the points are to be split can be decided. For
numerical computations it is easiest to choose a separation in time so that e, = (v —7'), 7' =r, 6/ = 0, ¢' = ¢.
With this point separation, the terms containing angular derivatives can be simplified substantially as shown in
Appendix A. However, as was first pointed out by Candelas and Howard [7,6] for the case of Schwarzschild spacetime,
the Euclidean Green’s function and its derivatives have superficial divergences with this separation of points.® As
discussed in paper I, these divergences can be removed by adding multiplies of §(7 —7’) and its derivatives to Gg(z, z')
and its derivatives. This is permissible because, so long as the points are split, §(7 — 7') = 0.

The superficial divergences are all divergences which occur in the sums over [ when w is held fixed. The multiples
of the delta function and its derivatives that must be subtracted from the modes to remove these divergences can be
most easily obtained using the WKB approximation. One first substitutes the WKB approximation for the modes
into the expressions for Gg(z,z’) and its derivatives. The resulting expressions are then expanded in the large [ limit.
Terms which are divergent when the sum over [ is computed with fixed w must be subtracted from the modes.

The resulting unrenormalized expressions for (¢?) and (7T}, ) are

(#*)unren = Gg(z,752,7') = /dﬂ,cos[w(T —7)]A; . (2.12a)

2 Ty
e el (2= ) ] s - e e S ey (B4 ) 4

+[e i (< s+ me €r) = (26 - ) g + (26— 3) mP +em) +eR ]

’ ! 1 ’ ]_ ! ! ’
+i/dﬁwsin[W(T -] [—59“ 9" flAL+ <2§ - 5) 9" As+ (_59" + 269" g f) As] ;

(T, anren = / dficosw(r — r')]{ (—1g“’ + & eret) + c*h(g"’)z) WA + (25 _ 1) o As

(2.12b)
2
(T7" ) unren = /dﬁcos[w(’r -7 { [( ¢ — ) gtt + f(grt )2h + 5(!]M ) ’:Lf + %] w?A; + %grr,Az
! , , h 13
+(,r,£2[1 ( rr )2h2 zi) A3+ ( éff)A4+ [g(grt )2fl+€(gr1- )2 (2r +—5§.—)]A
+ el 0 +1) (5 - -r) - (%-3) 3 (26-3) o+ emy+er] )
4r2 2/ 4r2 2 4

+i / diiwsin[w(r — 7')] {gg"’ g"’hTf'A1 + %g”'fu - [(25 - %) gt +26g™ g”’h] As} ,

(2.12¢)

) 1\ N\ e, 2%, €, &
<T09>unren = /dl‘ cos[w(r — 7')] |:‘ (25 - ') gt WA + (2§ - 5) g™ Az + ﬁAs - EAa; - EAS

+ (_ 252 ( € — _) (m? +€R) + €Ry ) Al] +i/d;1wsin[w(7 —7")] (25 — %) (g7 Ay — ¢g*" As)
(2.12d)

where

8These cannot be real divergences because the Green’s function and its derivatives must be finite when the points are separated.
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- 1
A = ; [(2l + 1)puiqut — W] ,
_ - dp.1 dqu 2 1 h w?h 1 B 5f2
Az = ’Z; [(Zl +1)Cu dr dr +{E+1+ 8) F1/2r3 T 2f3/2p  8f1/203  gf1/2hr2  32f5/2p
f" f'n hm? h
- R
T 8Fr T T6f2he T 2f 2 T Sl
oo 1 2 l(l + 1) qu’I' 3 1 f’ B
Az = ;[(21 + 1) (l + 5) CoutPuwiquwl — f1/27‘ + 2f3/2 - 8f1/2,,. 8f1/2h’r' + 4f3/2h — 8f1/2h2
3f’27' f”T f’hl’l‘ m27‘ r R
__32f5/2h 8f3/2h - 16 f3/2h2 2f1/2 2f1/2 s
- dpo e g .
Ay = ; [(21 + l)C’wt————dr qui — 217272 + i3y + 5fi/5E |
oo dqwl h1/2 f’ 1
As = IZ; [(2[ + I)szpwz dr + 2f1/27-2 + 4f3/27‘ 2f1/272 (2,13)

Note that second derivatives of the mode functions with
respect to r have been eliminated from the above expres-
sions through use of the mode equation (2.6) and time
derivatives have been computed using 8/t = i0/07.

III. A RENORMALIZED EXPRESSION FOR (T,.)

In this section a renormalized expression for (T),,) is
derived. The method of point splitting is used. In
point splitting one subtracts renormalization countert-
erms from (T, )unren and takes the limit € — 0. Chris-
tensen [19,20] has used the DeWitt-Schwinger expansion
for the Feynman Green’s function to obtain renormaliza-
tion counterterms for (¢2) and (T,,) for a scalar field
with arbitrary mass and curvature coupling in a general
spacetime. The renormalization counterterms for (¢?)
are given by

(¢*)ps = Gps(z,z’)

1 1 [, 1
=_—— 4 — -—-)R
8o + 8m2 [m + (£ 6) ]

or a2

2 1 oc%oP
R,
t Q6r2 s

m
1672

(3.1)

Here o is equal to one half the square of the distance
between the points z and z’ along the shortest geodesic
connecting them, C is Euler’s constant, R,g is the Ricci
tensor and o = ¢i*. The renormalization counterterms
for the stress-energy tensor will be denoted by (T,.)ps;
expressions for (T, )ps are displayed in Ref. [19].

The constant p is equal to the mass m of the field for a
massive scalar field. However, for a massless scalar field

0_7- L/ 2 1 (_ fIZhI

it is an arbitrary parameter. This constant appears in
(T, )ps as well [19,20]. For a massless field it represents
an ambiguity in the way in which the limit m — 0 is com-
puted for the renormalization counterterms. Its existence
is not a problem because its coefficient is proportional to
the variation of the combination of a Weyl tensor squared
term and a scalar curvature squared term in the gravita-
tional Lagrangian. Thus a particular choice of the value
of u corresponds to a finite renormalization of the coef-
ficients of these terms in the gravitational Lagrangian.
This means that the value of y must ultimately be fixed
by experiment or observation.

In Appendix B, Christensen’s method [20] of expand-
ing o and its derivatives in powers of € =t — ¢/ for static
spherically symmetric spacetimes is outlined. The results

are
2 1 14 13317 12 £11
RSN IS U G A B ¥ i AW
24fh 120 \ 8f2h2 16 fh3 8 fh?
+O(e7)

(3:2)
o+ o ) €+ 0,

Tan T 2

o =0%=0.

A renormalized expression for (T),,) can be obtained by
substituting these results into (T}, )ps, subtracting from
(T )unren and taking the real part of the limit e — 0.
Schematically one has

(T;w>ren = Re [l{%((Tyv}unren - <T;w>DS)] . (3-3)

For this to work, one must expand (T, ) unren in powers
of €. The unrenormalized expressions in Egs. (2.12a)-
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(2.12d) were derived for the Euclidean sector. After the
mode sums and integrals are computed, these expres-
sions can be converted to the Lorentzian sector using the
relationship 7 = it. The quantities gz" in Egs. (2.12b)-
(2.12d) must also be expanded in powers of . Howard [6]
has outlined a method of doing this. We use his method
to obtain the necessary expansion in Appendix C. The
results are

gtt' _ _l B f12 62 4 fl4 B fl2f/l

f  8f2h 384f3h2  96f2h2

flah/ 4
*To277R3 )€
gtr' — __grt'
_ __f:_e B fl3 + flfu 3 fl2hl 63

2fh 96f2h2 ' 48fh2  96fh3 ’
rr'____ 1 4 f;z 62 3 fl4 3 f12fu N fl3hl 64
9 TR 8fn2 384f2h3 ~ 96fh° ' 192fh4

(3.4)

If the mode equation could be solved analytically for
the modes and the sums and integrals over / and w could
be computed analytically then this would be all that was
required. However, for most spacetimes the mode equa-
tion must be solved numerically. In these cases addi-
tional techniques are required for practical computations
of (Tyy)ren. A method of computing (T, )ren When the
mode equations must be solved numerically is discussed
in the next section.

IV. USE OF THE WKB APPROXIMATION IN
EVALUATING (T,,)

In this section we describe a method of computing the
renormalized expression for (7, ) given in Eq. (3.3) when
the mode equation must be solved numerically. Our ap-
proach is similar to that used by Howard and Candelas [6]
to compute (T, ) for conformally invariant scalar fields
in Schwarzschild spacetime.

A primary difficulty in evaluating the expressions in
Eq. (3.3) when the mode functions are computed nu-
merically is that a way must be found to take the limit
€ = 0. One way to do this is to use the WKB ap-
proximation to compute an analytical approximation for
J

K,2 m2

<¢2>analytic =

1 [, 1 1 (pif i
4872f T 16n? 82 [m + (5 - E) R} T <4A2 96n2f2h  192n2fh?
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(T )unren Which contains all of the ultraviolet diver-
gences found in this quantity. We shall call this approx-
imation (T, )wkBdiv.- It is to be subtracted and added
to the right-hand side of Eq. (3.3) with the result that

(Tuu>ren = Re{ll_lf(l) |:(<Tuu>unren - <Tuu>WKBdiv)

+ ((Tww)WKBdiv — (Tp.v>DS):' }

= <Tuu>numeric + <Tuu>analytic . (41)
The mode sums and integrals in (T, )analytic can be com-
puted analytically. Those in (Ty, ) numeric must usually be
computed numerically.

The derivation of (T,.)wksdiv proceeds as follows:
First one substitutes the fourth-order WKB expansion
for the modes into (T;L,,)umen.7 The Plana sum formula
[21] is next used to compute the sums over [ in the large
w limit. The results are then expanded in inverse powers
of w and the expansion is truncated at order w™!. The
details of this procedure are given in Appendix D.

The sums or integrals over w include w = 0. Thus it
is necessary to impose an infrared cutoff on those sums
or integrals containing terms which are proportional to
w™!. Since (T,,)wkBdiv is both added and subtracted in
Eq. (4.1), it is clear that (T, )ren is independent of the
value of this cutoff. For the zero-temperature case the
infrared cutoff is made for the w™! terms by inserting
a lower limit cutoff A in the integral over w. For the
nonzero temperature case a cutoff is most easily made by
not including the n = 0 contributions from those terms
which are proportional to w™?!.

The quantity (T, )analytic is computed by first evaluat-
ing the mode sums and integrals in (T, )wkBdiv analyt-
ically with 7/ # 7. Then all factors 7 — 7’ are converted
to powers of € using the relationship 7 — 7/ = ie. Next
the bivectors of parallel transport, g"‘ﬁl , are expanded in
powers of € as are the terms in the point splitting coun-
terterm (T,,)ps. The difference is computed and then
the limit € — 0 is taken. The details of this procedure are
discussed in Appendix E. A similar method has been used
in Schwarzschild spacetime by Candelas and Howard [7]
to derive analytic contributions to (¢2) for massless fields,
and by Howard and Candelas [6] and Jensen and Ottewill
[10] to derive analytic contributions to (T, )ren for the
conformally invariant scalar field and the electromagnetic
field, respectively. Defining x = 2nT, we find®

f’hl fll fl
9672 fh + 4872rfh’
(4.2)

7A fourth-order expansion is necessary if (T.,)wksaiv is to contain all of the divergences of (T,.)unren. For (¢2)wxgd;v a

second-order WKB expansion is necessary.

8In paper I, a mistake was made in the evaluation of the Rago®0” /o term of Eq. (3.1). As a result the expressions in Egs.
(3.3), (3.5), and (3.8) in that paper are correct for h = 1/f, but incorrect for other values of k.
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1

(T, Yanalytic = (T")o + (6 - 5) (Tu")1 + (6 - %)2 (T.)2 + (Tu)10g » (4.3)

where

(Te*)o = [—32f*h% — 96k*r* f2h° + 480k2m2rt f3h° + 32F4h° + 360m*rt f4R® — 960m2r3 f3RAF'
+2472 f2R° f'2 + 360m?rt f2R1 f'2 — 24r3 FRP £ + TrihP 14 — 64r fAR2R + 8Or® F3R2 f'R/
+240m2r* f3R3f'h' — 40r3 f2R2F2h' — 2r FR2F3R — 5672 fARR/? — 4873 F3RFR/?
—19r* f2h 2R + 22473 f40'® — 560 £2 f'B'S — 480m et FIRAF" + ar fR3 f2 F" — 64r3 fAR2R' £
+367° f2R2f'R f" + T6r* FPRA/Z 7 — 120% 2R3 £% + 3202 fARER" + 160° 2R3 f'R"
+8r% 2R f'2R" — 208r° fARA'R" + 52r fPhf'R'R" — 327 fPR2FUR + 643 fAR3 7 — 160t 2R3 ' f

1
—48 4 3h2hr " 32 3 4h2hm — 8t f3p2eip 16 433 print
TR 3] AR A R R A T 2y

(4.4a)
(T:*)1 = [32f*h® — 16K2r2 f3h* — 32F%h* — 48m2r? f4h* 4+ 16k2r2 f3R5 + 48m2r2 f2R5
—64k2r3 f2RA f1 — 192m2r3 3R F — 1202 F2R3 £'2 4 40k2rAFRAF2 + 1202 FRRA P2 4 T2m2rt fRRAf12
+88r° fh3f'° — 63r2h° f" + 48r f*R?h' + 16k%r° F2R3R — 167 f*h3R' + 48m*r® fAR3R
—24r® f2R2 f'h’ + 16x%r* 2h° f'h' + 8r2 fPh% 'R + 48m>r* f2R3 f'h' + 108r° f2h% f2h' — 66r* fh2F/3 R
+32r2 fAhh'? + 152r3 F3hf'R'? — 5Tri f2Rf2R'2 — 11203 FAR'S — 560t f2 /R + 1602 f2R3 F
—326%r2 f2RAF — 1672 FRRA S — 96m2rt FARA " — 144r3 FER3 1 4+ 13274 FR3F2 1 — 14473 FER2R! !
+108r% f2h2f'R ' + T6r* f2RA/ f — 36r* F2R3 £ — 1607 fAR2R — 64r° F3R2 f'h" + 24r% f2R2 f12R"
+1047° fARA'R" + 52r* fARFIR R — 320 PR FURY + 64r° AR f — 487t FERPF £ — 48 fAR2R F

1
3472111 432 1111 4 £3313 g1t

(Ttt)z — [16f4h2 _ 32f4h3 + 16f4h4 _ 87'2f2h2f’2 + 24r2f2h3f12 _ 647‘3fh2fl3
+21r*h2 f'* — 327 f4hh' 4 32r f*h2R' — 80r2 f3hf'A' + 16r2 F3R2 'R — 32r3 F2Rf?R + 24r* FRFPR/
+161‘2f4hl2 + 807‘3f3f’h12 + 19,’,4f2fI2hl2 + 32T2f3h2fl/ _ 327‘2f3h3f" + 807’3f2h2f/f”
__481_4fh2f/2fll _ 327‘3f3hh/f” _ 367'4f2hf,hlfll + 127'4f2h2f”2 _ 32,,_3f3hflhll

"'87‘4f2hfl2h” + 167’4f2h2f’f”l] 1

12872r4 f4ps ’ (44c)

(T.")o = (326*r3 f2h* — 480k2m?r3 f3h* — 1080m*r3 f4h* + 64f3h% f' — 120m2r3 F2R3f'2 — 16r2 fR2 '8
+,,,3h2f/4 + 16,,,f3hflh/ _ 8T2f2hf12hl + 27'3fhf’3h' _ 56,’,,2f3flh12 + 7T3f2f/2h12
__641,,f3h2f/l + 64T2f2h2f’f” _ 47'3fh2f12f" + 327‘2f3hhlf” _ 87,3f2hflhlfll _ 47'3f2h2f’/2

+327‘2f3hflh" _ 4T'3f2hfl2h" _ 327‘2f3h2fm 4 87'3f2h2f'f"') 1

460807273 f4pt (4.4d)

(T2")1 = (16627 f3h® + 48m2r f4h3 — 16621 f3h* — 48m2r fAh* — 4832 f' — 16K2r2 f2R3 f'
F1653R3f' — 48m2r2 fR3F — 4dr f2R2 ' — 8Kk2r3FR3F2 — 4rfRR3 2 — 24m2rd f2R3 £
+24r2 Fh2F 4 0r3R2 £ — 160 f3hf R + 6r° Fhf'®h! + 2872 f2f' R 4 Trd f2 f12 /2
+327‘f3h2f" _ 407"2f2h2flf" _ 127'3fh2f,2f” _ 16r2f3hh'f" _ 87'3f2hf'h'f" _ 47‘3f2h2f"2

"167‘2f3hf'h” _ 47‘3f2hf'2h” + 167‘2f3h2fm + Srsfzhzf/f///) 1

768723 fiRpt (4.4¢)

(T.7)2 = (16 fhf" — 16 f>h> f' + 20r f2hf'? — 4r f2R* 2 — r3hf'* — 167 f3f'R

_8T2f2f12hl _ T'afflshl + 87'2f2hflf” + 2,,,3fhfl2fll) 5 1

4m2r3 fip3 (4.40)
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(To%)o = (326*r®f2h® — 480k>m?r® f2h® — 1080m*r® 2R — 32f°h% f' + 120m?r® f2h% 2 — 16r° fH3 f'°
+17r3R3 "% — 48r f3R2 'R — 2472 f2R2 2R + 26r3 FR2F13R — 2472 f3RF'R'? + 3173 2R f12R2
+561'3f3f/h/3 + 327'f3h3f" + 321"2f2h3flf" _ 521‘3fh3f’2f" + 887‘2f3h2h’f" _ 647‘3f2h2flhlf"
——761‘3f3hh12f" + 287‘3f2h3f”2 + 87‘2f3h2f/h" _ 12r3f2h2f12h// _ 527‘3f3hflh'h” + 321"3f3h2f"h”

1
_48,’.2f3h3flll + 241'3f2h3flf”l 4 487‘3f3h2hlfl” 4 87‘3f3h2f,h”’ _ 167‘3f3h3f””) m , (4.4g)

(T98)1 — (16f3h3f’ _ 8n2r2f2h4f' _ 24m2r2f3h4f' + 12rf2h3f'2 + 20n2r3fh4f’2 _ 4rf2h4f’2
+12m2r3 f2RA 12 + 48r® FRO '3 — 43r°h3 f'* — 8k2r2 f2R3R — 24mr? FARPR' + 36r fPR2 'R
+4K27'3f2h3f'h/ _ 47'f3h3f’h’ + 12m27'3f3h3f’h' + 541'2f2h2f’2h/ _ 457‘3fh2f’3h'
+30r2f3hf'h'2 _ 38r3f2hf'2h'2 _ 28r3f3f'h'3 _ 247'f3h3f” _ 8n2r3f2h4f”
+8rf3h4f” _ 24m21'3f3h4f” _ 76r2f2h3f'f” + 90r3fh3f'2f” _ 48r2f3h2h'f"
+72r3f2h2f’h'f” + 387‘3f3hh'2f" _ 24r3f2h3f”2 _ 12r2f3h2f'h” + 16r3f2h2f'2h"
+267‘3f3hf'hlh" _ 16T3f3h2f”h” + 247'2f3h3f/” _ 32,,,3f2h3flfm

1
_ 3£312p7 e 4.3 £31p2 1IN 3 £33 plint
24r° PR £ — rS PREFR 4 S R s s (4.4h)
(T90)2 — (_24f3h2fl 4 24f3h3fl _ 12,,,f2h2f12 4 47’f2h3f’2 _ 22,’,2fh2fl3 + 9T3h2f/4
—127‘f3hflh/ + 4,’,f3h2flhl _ 18,’,2f2hf12hl + 107‘3fhfl3h, + 36,’,2f3flh12 + 9T3f2f12hl2
+8,rf3h2fll _ 8,,,f3h3fll + 287‘2f2h2f’f" _ 20,’_3fh2f12fll _ 8T2f3hhlfll _ 16T3f2hflhlf"
+4'l‘3f2h2f”2 _ 16T2f3hflh” _ 47’3f2hf’2h" + 87‘3f2h2flf”’) (441)

64m2r3 f4pt’

v 1 1 v 1 T 1 v 1 v
(0 s = =g g (Row B R v ) = 35 (B2 - 180
1 1 1 1 1 1
—_ ____R.V__R.pu__ 4 v - _ = 2 RV——RV
+120( wie” = 3gg T’ ~ Tag R 9k~ g™k T 5 <g e)m ( > g“)

1 1 2 v 1 v v v 1 "zf :

The zero-temperature case is obtained by setting x = 0 in the above expressions. For the nonzero temperature case
A = kexp(—C) if the w = 0 terms are the only ones omitted from the mode sum in (T}, )wkgaiv. C is Euler’s constant.

The quantity (Tpup)numeric in Eq. (4.1) is explicitly finite in the limit € — 0. Thus this limit can be taken before the
mode sums are computed. We find that

(¢2)numeric = Ss
(Ttt>numeric = (25 + %) '}Sl + (25 - %) %52 + (2{ — —;—) %253 25;]154

+ [(26——;—) ( 412 + m? +£R) +£Rtt] Ss

. 1 1 il 1 1 1 .
(Tr >numeric=“ﬁ51+ﬁ52 '5'3““E ( +‘2'?) S4+ (8 2 ‘§m2—§£R+£Rr )SS,
(T6®) numeric = (25 - %) %sl + (25 - %) hs,, + 2553 - %54 + [ 25« + (25 - %) (m? 4+ €R) +§R99] S5, (4.5)

where
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S = /dﬂ{szl + %ws—{—% [mz + (£- %) R] w

B [ _49fl4 N 29f12fll fllz flflll f//ll 29f13h/ 3f/f”h/ flllhl

576073h% T 1440f2h2  160fh? _ 120fhZ | 360h2 _ 288072h% ' 160 fh®  120A3

19]”2 hlz 19f//h12 7flh13 f/z hll f//hll 13flhlhll flhlll fl2m2
T 1920fh% ' 1440h*  T720h5 ' 240fh® 180h® ' 1440h*  T720h3 ' 48fh

f//m2 + flh/mz N fm4 N f _ f B fh’ N f/2 N f/hl 7fh12
24h 48h2 8 360r¢  360h2r%  180h3r3 = 288fh2r2 ~ 144h37r2  1440h%r2
N fh/l 11fl3 13f/fll f/ll N fl2hl 13f/lhl 13flhl2 7fhl3

360h372 ' 1440f2h2r  720fh2r ' 90h2r ' 120fh3r  720h3r ' 1440h%r ' 360h5r
Ihll 13 hlhll h/ll 12 2 1 IZR IIR Ith 2R IR
f fRR _fm+(£_g)(f _I"R_[WR [m’R _ |

 240h3r  T20h*r ' 360R3r  12hr 48fh  24h ' 48h2 4 12hr

f'R fh/R,_ fR' _le/ 1 ___1_ 2 ) l
6h T ashz " 1ohr 2an ) Ts\¢78) B o (4.6a)

_ B h _5f/2 fll flhl hmz f/ h/ 1 1 h
Sz’/d"{Az_ﬁ‘“s_ [W*W‘ 1272 * 27 +6f2r+6fhr+5(§_5) ?R]‘”
3 [ 7f/4 B fl2fl/ fll2 fl flll fISh/ f/f/lh/ 7f/2 hlz

576074k  480f3h  1440f2h ' 720 f2h * 960 f3h2  T20f2h2 * 5760 f2h3
/2h// 2,2 ", .2 /hl 2 h 4 1 h / 12
L N A L P R
1440 f2h2 48 f2 24f 48fh 8 360hrt ~ 360r%*  180fhr3  1440f2hr2
fII flhl 7h12 hll fl3 flfll fll/
T180fhr2 T T20fR2r2 T 1240h572  360h%:2 288 f3hr + 120f2hr  360fhr
frzh/ N ff/h/ 7flh/2 flh/l + h/mz + 6 1 flzR fIIR N flth hmzR
360f2h2r = 360fh2r 1440fh3r = 360fh2r = 12hr 6 48f2 24f 48fh 4
WR f'R KR R R'\ 1 1\?, ,]1
- - - — - — =) hR*|— >}, 4.6b
+12hr 48f + 16h 12r 8 ) + 8 (E 6) w ( )
. 2,,,2 3 1 1 _fl”' h/'l‘ f12r2 f//rz flhl,,,2 ,,,2 2 1
Sa"/d“(A:‘_ﬁw - (ﬁ-w—h+2f2h+6fh2—4f3h+6f2h_ 2R T ™ T (E_E)R )“’
3 __f/2 N f/l 3 f’h’ N m2 3 m_z 3 1 N 1 3 f/ + 1% 3 f’37‘ + 7f/f”7'
360f2h2  180fh2 120fh3 24 6h  180r2 = 180h2r2  180fh2r = 180h3r 240f3h2 = T20f2h2
f”’?" B flzh/,,, llf”h”l‘ flhIZT' 7h,37‘ flhll,,, 13hlhli,,, h”IT flm27’

T120fh% _ 18072h° | 7207h3  240fh% 360K | 720fh3 | 720h 360K _ 12fh
h'm2r 7fl4,,.2 13f,2f”7'2 fnzrz f’f’”Tz f/m,,,2 13f'3h/7'2 5flf”h'1'2
12h2 T 960fh2 _ 720f3h% | 144f2h? T 144 f2h2  360fh% ' 1440f3h®  288f2h3
fll/hl,,.2 5f/2h12,,.2 19fl/h127,2 7flhl3,,.2 fIZhIl,r.Z fllhll,,,Z 13flhlhll,,,2 f/h’”’l'z m4r2
1207k ' B76f2h%  1440fh% | 720fh5  288f2h% T 180fh® 14407k T 7207m3 T 4
+ (f 1) (R R frR RhrR m??%R rR f'v?R' h'r?R’ 'I'ZR")

6

+

24 6h 12fh ' 12Ah2 2 3k 24fh 24h2 12k

1 2 1
ey e, (160
S4.—./dﬁ [A4+A5—%w+%(£—%> R’%] , (4.6d)

55:/dﬁ{A1+%w+%[m2+(é—%)R]%} ) (4.6e)
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To actually compute (T, ) numeric as it stands would re-
quire numerical solutions of the mode equations for a very
large number of modes. The number of modes one needs
to numerically solve for can be reduced substantially by
once again adding and subtracting the WKB approxima-
tion for the modes. This time the large w limit is not
taken and the mode sums are not explicitly computed
ahead of time. Schematically the result is

(Tuu)numeric = li_lg(l)[((Tuu>unren - <Tuu)WKB)

+({Tpr)wkB — (Tuv)WKBdiv)]

= (T;J.V)modes + <Tuu)WKBﬁn . (47)

The mode sums and integrals in (T, ) modes Can be ap-
proximately computed by truncating them for large val-
ues of | or w. This is equivalent to using the WKB ap-
proximation for the modes at large values of [ and w. To
some extent, the cutoffs in ! and w which must be used
to obtain a given accuracy for the sums get smaller if
larger orders in the WKB expansion are retained.® We
have found it useful to use a sixth-order WKB expression
for (Tpv)modes in the case of a massive scalar field. For
a massless scalar field we have found a sixth-order ex-
pression works but the mode sums converge significantly
faster for an eighth-order expression.

To compute the sums over ! and/or w more accurately
in (Tyy)modes, one can fit the terms by using a general
linear least squares fit [22]. For the sum over [, the fit is
an expansion in inverse powers of . The fit is summed
analytically from the upper limit cutoff in ! to infinity.
Once the sum over [ has been computed, a fit for the sum
or integral over w in inverse powers of w can be obtained.
This fit is summed or integrated analytically from the
upper limit cutoff in w to infinity.

The quantity (T,,)wkpsn is too complicated to be
computed analytically. However, for a massless field at
zero temperature, the only numerical computations re-
quired are for a few integrals which do not depend on
the spacetime geometry and can thus be computed once
and for all. For the nonzero temperature case and/or
the massive field, the numerical computations must be
repeated for each value of r at which (T,,)wksfin is to
be computed. Efficient ways to do these computations
are discussed in Appendix F.

V. ANALYTICAL APPROXIMATIONS FOR (T,.)

In this section we discuss two different analytical ap-
proximations for (T),,) for scalar fields in static spher-
ically symmetric spacetimes.!® One is obtained from

9This is not true to arbitrarily high order because the WKB
approximation is an asymptotic expansion and thus breaks
down for given values of [ and w when the order gets too
high.

1%The types of approximations discussed in this section can
also be used for the quantity (¢2).
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(T v )analytic and the other is the DeWitt-Schwinger ap-
proximation for a massive scalar field.

The quantity (T, )analytic can be used directly as an
approximation for (T, )ren because (T, )analytic is con-
served and, for the conformally invariant field, has a
trace equal to the trace anomaly. The expression for
(Tyuv)analytic does not, however, yield a unique analytic
approximation due to the existence of the arbitrary pa-
rameter in the log term [see Eqgs. (4.3) and (4.4j)] which is
due to the infrared cutoff in (T}, }wkBdiv. For a massless
field this parameter can be absorbed into the definition
of the arbitrary constant p discussed in Sec. III. For a
massive field u = m so this is not possible. Instead some
arbitrary value must be assigned to the parameter.

For the case of a massless conformally coupled field
(Tuv)analytic is equivalent to the approximation of Frolov
and Zel'nikov [11] if the arbitrary constants ¢2(°) and
¢1® in their expression for (T,,) are set equal to zero.
Their arbitrary constant g;,(®) is related to the arbitrary
constant p discussed in Sec. III. The original deriva-
tion of Frolov and Zel’nikov was not based on quantum
field theory. Their expression for (T,,) was derived by
constructing the most general expression from the time-
like Killing vector field, the curvature tensor, and their
derivatives which was conserved and possessed a trace
given by the conformal anomaly. Our demonstration that
the Frolov-Zel'nikov approximation is the conformally in-
variant limit of our more general analytic approximation
is the first justification of their approximation in terms
of quantum field theory.

Since our approximation reduces to that of Frolov and
Zel’'nikov in the conformally invariant limit, it follows
that our approximate expression for (T,,) in this case
duplicates Huang’s results [23] for the Frolov-Zel’nikov
approximation in Reissner-Nordstrom spacetimes. If we
restrict ourselves further to the case of a conformally in-
variant scalar field in a static spherically symmetric Ein-
stein (R, = Ag,,) spacetime, then our approximation
for (¢?) and (T, ) is also equivalent to Page’s approxi-
mation [12] for these quantities.

Unfortunately, the use of our approximation (and
therefore the Frolov-Zel'nikov approximation) in black
hole spacetimes is severely limited. This is due in part to
logarithmic divergences which occur on the event hori-
zon in this approximation. Examination of Eq. (4.4j)
shows that for a massive field a logarithmic divergence
occurs on the event horizon of any static spherically sym-
metric black hole for all nonzero components of (7,,).
Numerical computations of (T,,) for massive fields in
Schwarzschild and Reissner-Nordstréom spacetimes give
no indication that such a divergence exists, as will be
shown in Sec. VI. For massless fields examination of Eq.
(4.4j) shows that the analytical approximation predicts
the possible existence of a logarithmic divergence on the
event horizon of a black hole unless R,, = 0.!'! In

From Eq. (4.2) it can be seen that the analytical approxi-
mation for (¢?) diverges on the event horizon of a black hole
unless m = 0 and either { =1/6 or R = 0.
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Reissner-Nordstrém spacetimes one component of (7),,)
is predicted to have such a divergence.!? As in the
massive field case, numerical computations of (T},,) in
Reissner-Nordstrom spacetimes give no indication that
this divergence exists. Thus in black hole spacetimes the
approximation appears to be trustworthy near the event
horizon only if R,, = 0 and the fields are massless.!3

Away from the event horizon our numerical compu-
tations in Schwarzschild and Reissner-Nordstrom space-
times show that the approximation is not valid for inter-
mediate or large mass fields. It is likely to be valid for
very small mass fields, but we have not tested that case.
For massless fields, as discussed in Sec. VI, we find that
the approximation gets progressively worse as the charge
to mass ratio of the black hole increases.

In contrast, the DeWitt-Schwinger approximation for
a massive scalar field is valid in virtually any spacetime
if the field has a large enough mass. This is because it
is really an asymptotic expansion in inverse powers of
the mass of the quantum field. It is also an expansion
in terms of derivatives of the spacetime metric. The ex-
pansion is general in that it allows one to compute an
approximate Green’s function and stress-energy tensor
for a massive field in an arbitrary spacetime. It forms
the foundation of the renormalization method of point
splitting [15,19,20].

Here we discuss an alternative derivation of the
DeWitt-Schwinger approximation for (T),,) for massive
scalar fields in static spherically symmetric spacetimes.
The derivation makes use of the WKB approximation for
the modes of the quantum fields. As mentioned above the
DeWitt-Schwinger expansion is an expansion in inverse
powers of the mass of the quantum field and in deriva-
tives of the metric. Therefore it is not surprising that
we find a one-to-one correspondence between the order
of the WKB approximation used and the resulting order
of the DeWitt-Schwinger expansion in terms of powers
of 1/m. For example, a fourth-order WKB expansion re-
sults in an O(m°) DeWitt-Schwinger approximation for
(T,,) while a sixth-order expansion results in an O(m~2)
approximation.t*

Christensen’s point splitting counterterms [19,20] re-
sult from DeWitt-Schwinger expansions of (¢?) and (T},

'2In this case the component is proportional to ((T7) —
(T$))/ f. No such divergence occurs for Schwarzschild space-
time since R,, = 0.

'3Numerical computations for massless fields in Reissner-
Nordstrém spacetimes, which are discussed in Sec. VI, show
that, for black holes with charge to mass ratios that are not
too close to one, the analytic approximation is a reasonable
approximation near the event horizon for the components
(T¢), (T7), and (T3).

"“For (¢®) a second-order WKB expansion results in
an O(m°) DeWitt-Schwinger approximation, a fourth-order
WKB expansion gives an O(m™?) DeWitt-Schwinger approx-
imation, and so forth.
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truncated at O(m®). We have reproduced these countert-
erms using second- and fourth-order WKB expansions,
respectively. We have also derived analytical approxi-
mations for (¢?)ren and (T, )ren by carrying out the ex-
pansions to O(m™*) and O(m™2), respectively. Our re-
sults for (¢?) agree with those of Ref. [16]. For (T),,) in
Schwarzschild spacetime our results agree with those of
Ref. [13,14].
Our derivation is based on the following approximation
(Tuu>ren ~ (Tpu)WKBﬁn + (Tp.v)analytic . (51)
The DeWitt-Schwinger approximation is obtained to a
given order by substituting the corresponding order of the
WKB expansion into (T, )wkBfin, €valuating the mode
sums and integrals in the large mass limit and substi-
tuting into Eq. (5.1). The computation of (T}, )wkBfin
in the large mass limit is described in Appendix G. The
resulting expressions for the DeWitt-Schwinger approxi-
mation for (T),,) in a general static spherical spacetime
are too long to be displayed here. However, explicit ex-
pressions for the Reissner-Nordstrom spacetime are given
in the following section. Comparisons with numerical
computations show that for a field with a large enough
mass, the DeWitt-Schwinger expansion always provides
a good approximation for (T,,) in both Schwarzschild
and Reissner-Nordstrom spacetimes.

VI. (T,,) IN REISSNER-NORDSTROM
SPACETIMES

In this section we apply the method outlined in Secs.
II-1IV to the computation of (T},,) for massless and mas-
sive scalar fields with arbitrary curvature couplings in
Schwarzschild and Reissner-Nordstrom spacetimes. We
assume the fields are in the Hartle-Hawking state which
is a thermal state at the black hole temperature x/2m,
where « is the surface gravity of the black hole. We com-
pare our numerical results with the predictions of the
analytic approximations discussed in Sec. V.

For a Reissner-Nordstrom spacetime the metric func-
tions f and h are

’ 2
f:h_1=1_¥+Q_

o (6.1)

where M is the mass of the black hole and Q is its charge.
The inner and outer horizons are at

re =M+ (M? - Q%2 (6.2)

We compute (T,,) in the region exterior to the outer
event horizon where the spacetime is static. Examina-
tion of the mode equation (2.6) shows that whenever the
scalar curvature R is identically zero, the mode equation
is independent of the value of the curvature coupling &.
This is the case for Reissner-Nordstrom spacetimes. If
R = 0, then (T,.)2 in Eq. (4.3) vanishes and it can be
seen from Eqgs. (4.3)—(4.6) that (T,,)ren can be written
in the form
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(Tuw)ren = Cuw + (é‘ — %) D,, (6.3) In Sec. V, we discussed an analytic approximation
which is useful for the massless field and is based on
where C, and D, are tensors that are independent of {Tuv)analytic- The nonzero components of this analytic
£. This greatly simplifies the study of the effects of the approximation for a massless scalar field in a Reissner-
curvature coupling constant €. Nordstrom spacetime are!®
J

(Ct)® = (288072r8 A2) 1 [—6k%r12 4 48Q%r® + 60M2r® — 472M Q?r® — 216 M3r®
+275Q%* + 1348 M2Q%r* + 198 M*r* — 1372MQ*r3 — 1192M3Q%r3 + 370Q°%r2

QA 1. {Ap?
+1656 M2Q*r% — 852MQ5r + 149Q%) + 1055 C+ 51n = , (6.4a)

(D4)* = (167278 A%) "1 (—k2Q%r8 + 262 M %1 — 262 MQ%r® + K2Q*r* 4 4Q%r* — AM?r* — 12MQ*r?
+12M373 + 3Q*r? + TM2Q%r? — 10M*r? — 6MQ*r + 6M3Q%*r + Q° — M2Q*) , (6.4b)

(Cr")a = (2880m2r8 AZ) 1264712 4+ 16Q%r® + 4AM?r® — 112MQ?r® — 24M3r®
+59Q%* + 292M2Q%r* 4+ 30M*r* — 300MQ*r3 — 264M3Q%r3 + 82Q5r2

2 2
24,.2 6 8 Q°A 1 Ap
- —t = 6.4
+384M“Q*r® — 204MQ°r + 37Q°] + 120725 [C+ 2ln ( o , (6.4c)
(Dr")a = (48n°r8 A?) "1 (—4k?Mr" + 3k2Q%r® + 6x2M?r® — 6x°MQ*r® + £2Q*r* — 8Q%r* + 8M*r*
+24M Q%3 — 24M3r% — 9Q*r? — IM2Q%r? + 18M*r? + 14MQ*r — 14M3*Q%*r — 3Q°% + 3M2Q*), (6.4d)

(Co?%)o = (28807278 A2%) " [2k%r12 — 32Q%r — 8M2r® + 244MQ?r® + 24M3r®
—141Q%* — 580M2Q%*r* — 18M*r* + 636 M Q*r® + 440M3Q%r® — 174Q5r?

Q%A 1. [(Ap?
—700M2Q*r? + 376 M Q%r — 67Q%] — G0rEE C + —2«1n 23 , (6.4e)

(Dg%)a = (487%r8A%) "1 (262 M7 — 362Q%*r% + k2Q*r* + 16Q%*r* — 16 M*r* — 54M Q*r®
+54M3r3 + 21Q*r? + 2TM2Q?%*r? — 48M*r? — 40MQ*r + 40M3Q%r + 9Q° — 9IM2Q*Y) (6.4f)
where A = r2f and C is Euler’s constant.

In Sec. V our derivation of the DeWitt-Schwinger approximation for (T, ) for a massive scalar field was discussed.
In a Reissner-Nordstrém spacetime, to leading order in m~?!, the DeWitt-Schwinger approximation for (T}, ) is

Ci' = (302407%m?r'?) 1 (1878 M3r3 — 855 M 2r* + 810Q%r* — 1152M Q*r®
—202Q*r? — 2307M?Q?r? + 3084 M Q*r — 1248Q°%) , (6.5a)

D' = (720m*m?*r'?) "1 (360M%r* — 792M 373 — 1008 M Q*r3
+728Q%*? + 2604M2Q%*r? — 2712M Q*r + 819Q°) , (6.5b)

C," = (302407%m?r'?) "1 (315 M2r* — 462M3r> + 162Q%*r* — 1488M Q%13
+842Q%*r? 4 2127TM2Q?%*r? — 1932MQ*r + 444Q°) , (6.5¢)

D," = (720m*m?*r'?) "1 (—144M?r* 4 216 M3r3 + 336 M Q?r® — 208Q*r?
—588M2Q%*r? + 504MQ*r — 117Q°) , (6.5d)

5Here we have absorbed the factor of k2 in the log term into the definition of .
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Co® = (30240m>m2r1%) ™1 (—945M2r* + 2202M3r® — 486Q%*r* + 4884M Q*r®

—3044Q*r? — 9909M2Q%r? + 10356 M Q*r — 3066Q°) ,

(6.5¢)

Do® = (720m*m?r'?)~1(432M%r* — 1008 M3r3 — 1176 M Q*r> + 832Q*r?

+3276 M2 Q%*r? — 3408 M Q*r + 1053Q°) .

(6.5f)

For numerical computations of (T, )ren in Reissner-Nordstrém spacetimes it is useful to scale the mass M of the
black hole out of the mode equation. This can be accomplished by defining the scaled variables

r—r Ql . -
ss(—]wJ’), si.=_1j:(1—q2)1/2,qEI—A),wEwM,mEmM. (6.6)
The surface gravity of the black hole is then given by
S+ — 1
= (6.7)
Ms?
In terms of these new variables the mode equation becomes
d?Sz dSzi
s(s+sy —s_)2 72 T (2s+ sy —s_)(s+ s+ —s_) 7s
-2
— [%(s +5 )  HIl+ 1) (s + sy —s_) +mP(s+54)%(s+ 54 — s_)] Se1=0. (6.8)

As discussed in paper I, the p,; modes are regular on
the event horizon, s = 0, and the q,,; modes are regular at
s = oo. Errors in the numerical integrations of the mode
equations are minimized by integrating p,; from small to
large values of s and integrating gq,,; from large to small
values of s. This is because numerical errors result in
effectively adding a small amount of the g.,; mode to the
pwi mode and vice versa. As you integrate to larger values
of s, the p,; modes grow while the g,,; modes are damped.
The opposite happens as you integrate to smaller values
of s.

After the numerical integrations the modes are nor-
malized using Eq. (2.7). Power series solutions for p,
which can be used as starting values for the numerical
integrations were given in paper I. An asymptotic series
for g, valid at large s was also given in paper I. An al-
ternative way to obtain starting values for the g,,; modes
at large s is to use the WKB approximation to estimate
the ratio ¢/,;/gui- So long as the starting values have the
correct ratio, any starting value can be used for gq,,; since
the normalization of the modes is done after the integra-
tion of the mode equation. Typically fairly large values
of s are necessary to obtain accurate starting values for
the g.; modes.

Also shown in paper I was the fact that for massless
fields in Reissner-Nordstrom spacetimes the modes po;(s)
and goi(s) are equal to the Legendre functions P;(z) and
Q:(z), respectively, where z = 2s(s;—s_)"1+1.1® These

16 There is an error in the equation defining z in paper I. The
correct definition is given here.

modes occur in the n = 0 terms of (T, )numeric- Using
the identities derived by Howard [6] for the sums over [
of various combinations of P;(z), Q;(z) and their deriva-
tives, one can easily show that the n = 0 contributions
t0 (T ) numeric are identically zero.

We have computed (T),,) for both massless and mas-
sive scalar fields in spacetimes with various values of
q = |Q|/M. Some of our results for massless fields are
shown in Figs. 1-6. At large values of s the analytic ap-
proximation predicts that the magnitude of a component

100 — T T T

90 (8M)' '’ C,

0.0 0.5 1.0 1.5 2.0

(r-r )/M

FIG. 1. The curves in this figure display the values of C;*
for massless scalar fields around Reissner-Nordstrom black
holes with |Q|/M = 0, 0.8, 0.99, 0.95 from top to bottom
at the event horizon, r = r4.
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FIG. 2. The curves in this figure display the values of D,*
for massless scalar fields around Reissner-Nordstrom black
holes with |Q|/M = 0, 0.8, 0.99, 0.95 from top to bottom
at the event horizon, » = r4.
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FIG. 3. The curves in this figure display the values of C,."
for massless scalar fields around Reissner-Nordstrom black
holes with |Q|/M = 0, 0.8, 0.99, 0.95 from top to bottom
at the event horizon, r = r4.

0 T T T v

-200

r

-400

4 2 _.r
n D

-600

-800

90 (8M)

-1000

-1200 L L L
0.0 0.5 1.0 1.5 2.0

(r-r+)/M

FIG. 4. The curves in this figure display the values of D,"
for massless scalar fields around Reissner-Nordstrom black
holes with |Q|/M = 0, 0.8, 0.99, 0.95 from top to bottom
at the event horizon, » = r4.
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FIG. 5. The curves in this figure display the values of Cp?
for massless scalar fields around Reissner-Nordstrom black
holes with |Q|/M = 0, 0.8, 0.95, 0.99 from top to bottom
at r =74 4+ 2M.
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FIG. 6. The curves in this figure display the values of Dg®
for massless scalar fields around Reissner-Nordstrom black
holes with |Q|/M = 0.99, 0.95, 0, 0.8 from top to bottom
at the event horizon, r = r4.
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FIG. 7. The curves in this figure illustrate the dependence
of C® on the arbitrary parameter p for massless scalar fields
around a Reissner-Nordstréom black hole with |Q|/M = 0.8.

From top to bottom the curves are for pM = 0.01, 0.1, 0, 10,
100.
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FIG. 8. The curves in this figure display the values of the
quantity (C." — C:')/f for massless scalar fields around a
Reissner-Nordstrom black hole with |Q|/M = 0.99. This
combination of components is related to the energy density
observed by a freely falling observer. The solid curve corre-
sponds to the numerically computed values and the dashed
curve to those from the analytical approximation. The ana-
lytical approximation diverges logarithmically as r — r4, but
the numerical computation shows no sign of such a divergence.

of the stress-energy tensor decreases with increasing gq.
At intermediate values of s the opposite tendency holds
as can be seen in the plots. Near the event horizon many
of the components are rather complicated functions of
g. In this region the magnitude of a component may
first increase, then decrease and sometimes increase yet
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FIG. 9. The analytical approximation is compared with
the numerical computation of the quantity D;® for mass-
less scalar fields around Reissner-Nordstrom black holes with
|Q|/M = 0, 0.8, 0.95 from top to bottom at the event hori-
zon 7 = r4. The solid lines correspond to the numerical
computations and the dashed lines to the analytical approxi-
mation. Note that the analytical approximation gets progres-
sively worse as |Q|/M increases.

FIG. 10. The curves in this figure display the values of
Co? for massive scalar fields with m = 2/M around Reiss-
ner-Nordstrém black holes with |Q|/M = 0, 0.95 from top to
bottom at the event horizon, » = r4. The solid lines corre-
spond to the numerical computations and the dashed lines to
the DeWitt-Schwinger approximation.

again as q increases. Or, the magnitude may first de-
crease and later increase with increasing values of q, and
so forth. The plots illustrate this behavior to some ex-
tent. However, we would need to provide two or three
times as many plots to illustrate the detailed behavior of
the components as functions of gq.

From Eqgs. (4.3) and (4.4j) it is seen that C}, is a func-
tion of the arbitrary constant p which is discussed in

10 T v T

90 (8M)' ' D,

-40 . 1 . 1 . 1 A 1

0.0 0.2 0.4 0.6 0.8 1.0

(r-r )/M

FIG. 11. The curves in this figure display the values of
Do? for massive scalar fields with m = 2/M around Reiss-
ner-Nordstrom black holes with |Q|/M = 0.95, 0 from top to
bottom at the event horizon, » = r4. The solid lines corre-
spond to the numerical computations and the dashed lines to
the DeWitt-Schwinger approximation.
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Sec. III. The value of this constant has a significant ef-
fect on the components of C}/ for intermediate values of

s. This is illustrated in Fig. 7 which shows C§ for various
values of p. In all other figures, the value p = 1/M has
been used to generate the data illustrated.

From Egs. (6.4a) and (6.4c) it can be seen that the
analytical approximation predicts that a logarithmic di-
vergence exists at the event horizon for the combination
of components (CT — Ct)/(—gst), which is related to the
energy density measured by a freely falling observer. This
divergence exists for any nonzero value of q. If such a di-
vergence actually existed in the physical stress-energy (as
opposed to the approximation) then this would be very
important because it would imply that quantum effects
are large near the event horizon of any charged black
hole, no matter how small its charge is. In fact when we
compute this quantity numerically we find no such loga-
rithmic divergence. An illustration is given in Fig. 8 for
the case ¢ = 0.99. In this plot both the analytical ap-
proximation and the numerically computed component
are shown. The divergence in the analytical approxima-
tion can be clearly seen. However, no such divergence is
apparent for the numerically computed component in this
or any other case we have examined for ¢ < 1. From this
result we clearly see that the analytical approximation
is not valid for this component near the event horizon if
q>0.

For the other nonzero components of both C,, and
D,, the analytic approximation is fairly accurate both
near and away from the event horizon for small values of
q. It becomes progressively worse as q increases. These
properties are illustrated in Fig. 9 where plots of the nu-
merically computed values and analytic approximations
for D,t for the cases ¢ = 0, 0.8, 0.95 are shown.!”

Some of our results for massive fields are shown in
Figs. 10 and 11. For all components we find that for
m 2 2/M, the DeWitt-Schwinger approximation is a
good approximation for small and intermediate values
of s. Because, as discussed in Appendix G, the DeWitt-
Schwinger approximation is independent of the state of
the field, it is not a good approximation at large val-
ues of s where temperature-dependent terms dominate
all nonzero components of (T,,). Since the DeWitt-
Schwinger approximation is constructed from local geo-
metrical quantities, it will always be regular on the event
horizon. Our numerical computations also indicate that
all components of (T,,) are regular on the event hori-
zon for the case of massive fields in Reissner-Nordstréom
spacetimes.

17Similar plots can be made for the nonzero components of
C,... However in this case the value of u in Eqgs. (6.4a), (6.4c),
and (6.4e) need not be the same as the value of u used for
the numerical computations. See, for example, the discussion
near the beginning of Sec. V. Thus one should use the value
of p in the analytical approximation which gives the best fit
to the numerically computed curves.
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APPENDIX A: ANGULAR DERIVATIVES
OF Gg(z,z')

In this appendix we compute the first and second an-
gular derivatives of Gg which occur in Eq. (2.4). From
the exact expression for Gg in Eq. (2.5) one sees that the
only dependence on the angular variables occurs in the
factor P;(cosy). Thus it suffices to consider derivatives
of Py(cosy).

The derivatives of Gg in Eq. (2.4) must be taken as-
suming a general point separation. After this is done the
point separation of interest may be chosen. We are using
the separatione =t —t',r =7r',0 = 0', and ¢ = ¢’. With
this separation cosy = 1. From Eq. (2.4) it is seen that
all possible combinations of partial derivatives with re-
spect to @ and €', ¢ and ¢’ occur to second order. In the
limit 8’ — 6 and ¢’ — ¢ all of the first partial derivatives
of Pi(cosvy) vanish. Thus we will only need the quantity
P/(1). It is easily obtained from the following integral
representation for Py(z) [24]:

Pi(z) = % ‘/01r doz + (22 — 1)V 2cose)" .

Taking the derivative with respect to z, expanding the
integrand about the point z = 1, computing the integral
and taking the limit 2 — 1 yields

(A1)

Pl(1) = %z(z +1). (A2)

The second partial derivatives of P;(cosy) in the limit
0’ — 6 and ¢’ — ¢ are then found to be

8?Py(cosy) _ 8%2Py(cosy) _ _32pl(c05fy) _ —ll(l +1)
00? 802 8009’ 2 ’
(A3)
0?Py(cosy) _ 82Py(cosy)  8*Py(cosy)
8?2 - 8¢'2 T 8¢0¢’

I

—%l(l + 1)sin?4.

APPENDIX B: EXPANSION OF o
AND ITS DERIVATIVES IN POWERS OF €

In this appendix we outline Christensen’s method [20]
of expanding the quantity of o(z,z’) and its derivatives
in powers of € = z# — z#'. The procedure is to first
expand o®(z,z') in powers of € and then to compute o
using the relationship 0 = 0%0,/2. This works for an
arbitrary separation of points. For the separation we are
interested in e* = €§;*, with € = t — t’. To renormalize
(T,..) it is necessary to compute o to fifth order in e.

o%(z,z’) is a vector at z and a scalar at z’. This means
that it can be expanded in a Taylor series about the point

‘z! = z. If we use the notation
(B1)

[c°] = a:l'lE)lm o%(z,z') ,
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then we can write
1
ot (z,z') = [o#] — [o* or]e™ + ﬂ[a“,a,ﬁ,]e"‘eﬁ 4.
(B2)

The first step is to convert the partial derivatives to co-
variant derivatives by using the definition of the covariant
derivative. For example, for a scalar function A(z):

A,a = A;oz )
(B3)
Aap = Aiap = Ajap + TPapi;, .

As pointed out by Christensen, the conversion of higher-
order partial derivatives to covariant derivatives is greatly
simplified for the case at hand by the fact that partial
derivatives with respect to time of the connection I'*,,
vanish. This is because the metric is independent of time.
The only derivatives of the connection that occur for our
choice of point splitting are with respect to time.

After changing the partial derivatives in (B2) to covari-
ant derivatives, one is left with a power series in € which
contains terms with coincidence limits of o*(z,z') and
its covariant derivatives at z’. The next step is to use
Synge’s theorem [25,19,20] to convert covariant deriva-
tives at =’ to covariant derivatives at z. The theorem
states that

Tos-cny 8w ] = —[Tay-anpl-phul
T -anpypr, i - (B4)
The coincidence limits of o%(z,z’') and its covariant

derivatives at £ must now be evaluated. These limits
have been computed by Christensen [19,20]. He finds

[c¥]=0,
[U#;V] =g",,
[0*we] =0, (B5)

1
[0’";,,,.,-] =85 6r = “E(R#aur + Ru‘rua) s

3
[U“;ua‘rp] = Z(S”ua‘r;p + S”urp;o' + Suvpa;r) .

In general a coincidence term with five covariant deriva-
tives of o* occurs in the expansion at order €. However
for the point separation we use this term is equal to zero.

After a substantial amount of algebra one finds that in
a static spherically symmetric spacetime with the point
separation we have chosen,

1 1
0’“(13,11,) = gé‘E — EI‘“ttez + gF”ttI‘“pte3

1
——T?u(R"¢pt + FTptFuTt)e‘l

24
1
"‘m[“zrurtrrtthtrt + (Frtt)zR#rtr
—(T74¢) 20 TH )€ . (B6)
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APPENDIX C: EXPANSION OF g*,,
IN POWERS OF e

In this appendix we use Howard’s method [6] to expand
the bivectors of parallel transport g#,: in powers of € =
t —t'. This method exploits the fact that g#,. parallel
transports vectors from z’ to z, so that

A¥ =gt AV . (C1)

Another way to parallel transport a vector from z’ to
z is to find its components in terms of an orthonormal
tetrad at z’, defined by a set of orthonormal basis vectors
{ea} and a dual basis of orthonormal one-forms {w®}.
The orthonormal tetrad components at z may then be
obtained by parallel transporting the tetrad from z’ to
z. Thus the components of the vector in terms of a tetrad
with the same orientation at z are also known. From this
knowledge the components of the vector in a coordinate
basis at the point  can be determined. In mathematical
notation the components of a vector in the orthonormal
frame at z’ are
A® = (W), A, (C2)
where (w?),r are the components of the basis one-form
w® in the coordinate system at z’. The components in
the coordinate frame at z are then
AP = (eg)* A = n™(eq)" (e)ur A, (C3)
where (e®), are the components of the orthonormal basis
vector e, in the coordinate system at z. Thus we have

9" =1 (ea)"(es)”" -

In our case o* is in the (r,t) plane so, following Howard,
we choose two basis vectors of our tetrad along the two-
sphere coordinate directions, and the timelike basis vec-
tor to lie along the tangent to the connecting geodesic in
the r-t plane, i.e.,

(C4)

et = —————Uﬂ
O T (Coao)l/2
5-
62“ 76‘ N (CS)
u
63” = 6¢ .
7 sinf

The fourth leg of the tetrad is determined by orthonor-
mality; its nonzero components in the coordinate frame

are
ot — E 1/2 s
1= f (—0q0*)1/2

o (Nt
T\ (—oaox)1/2°

. . . ! .
We define a similar tetrad at z’ using o# . In Appendix B
an expression for o#(z, z') was derived as an expansion in

(C6)

(C7)
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powers of ¢ = t—t'. One can define an identical expansion
for o#’ (z,z') in powers of ¢ =t/ —t = —e. Note that since
r’ = r in our point separation scheme the coefficients of
these expansions are identical. Examination of Eq. (3.2)
shows that the following relationships hold:

ot (r,€) = —at(r,€) ,

Il

o (r,€)

[—oa(r, €)o™ (r,€)]}? =

o"(r,€) ,

(C8)

—[—0oa(r,e)o*(r, e)]l/2 .

Spherical symmetry and the uniqueness of the geodesic
in the r-t plane connecting  and =’ guarantee that the
tetrad at z’ is simply the tetrad at z parallel transported
to z'.

Using the relationships in (C7) we find that

gtt' - _ [(Ut)z + ;(ar)zjl (_o,aa_a)-——l
gtr’ — _grt’ — 20"07'(—0' a_a)—-l , (Cg)

'

v = [ ]

Il

L02] (=oa0m) .

Using Eq. (3.2) we can expand these expressions in pow-
ers of €. The results are given in Eq. (3.4).

APPENDIX D: DERIVATION OF (T,.)wkBdiv

In this appendix we describe the derivation of the
quantity (T,,)wkBdiv. To account for all of the diver-
gences in (T, ) unren @ fourth-order WKB expansion must
be used. A simple way to keep track of the order of the
WKB expansion is to multiply various terms of Eq. (2.9)
by a dimensionless parameter o so that the Q2 term is
O(a?), the V; term is O(a) and the other terms on the
right-hand side are O(a?). Then Eq. (2.9) is solved by
iteration to a given order in « and the results are sub-
stituted into the quantities A; through As in Eq. (2.13).
Terms up to the given order in « are retained. At the
end of the calculation « is set equal to one.

To compute (T,,)wkBdiv one first substitutes the
WKB expansion for the modes into Eq. (2.13) and re-
tains terms up to fourth order. When this has been done,
the sums over [ in A; though Ag are all of the general
form

=0

2 (l+ %)1-0-2.7'
f:lk/z

[“’2+mzf+ (t+3)°%

—subtraction terms) , (D1)

where j is a nonnegative integer and k is an odd integer.
There is a simple way to determine which subtraction
terms go with which sum. Simply expand the function
to be summed in inverse powers of | and truncate the
expansion at O(I°). These are the terms which must be
subtracted to make the sum finite.

The sums are next computed in the large w limit. One
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way to do this is to use the Plana sum formula [21] which
says that for a function g(k)

3 '——1- = T)dT
j_z_:kg(J) = 2g(k)+/k g(7)d

[ dt . .

For sums of the form (D1) it is possible to compute the
first two terms on the right-hand side in (D2) exactly.
After doing so one expands them in inverse powers of w.
It is not, in general, possible to compute the last term in
Eq. (D2) exactly. However, it can be computed approx-
imately in the large w limit by expanding the integrand
in inverse powers of w. The integrals for each term in the
expansion can then be computed analytically [24].
For example, consider the sum

(D2)

> 2(1+3) 2r
Ly = Z 2 2 f172 L
=0 ‘:w2 + me + (l + %) ;_5]

(D3)

Substituting (D3) into (D2), computing the first two
terms on the right in (D2) analytically and expanding
the third in inverse powers of w gives

1

1/2
(e )

1/2
_E (w +m2f + f)

- / thZ‘rrt

1
In this way each of the mode sums in the WKB expan-
sions for A; through Ag can be expressed as a series in in-
verse powers of w. These approximations for A; through
As are then substituted into Egs. (2.12a)-(2.12d), and
only terms of order w™! or lower are retained. Terms of

order w~3 and higher are not ultraviolet divergent.'®

Lo =

(D4)

18 An approximation to (Tyv )numerical can be obtained by car-
rying the series out to higher inverse powers of w and substi-
tuting the result into (T..)unren in Eq. (4.1). The same is
true for (¢?). This has been done by Howard and Candelas
[6,7] for the conformally invariant scalar field in Schwarzschild
spacetime. For that case the approximation worked well at
large values of r but rather poorly near the event horizon.
One problem with this procedure is that the approximation
depends on an arbitrary lower limit cutoff that must be placed
on the sum over n or the integral over w. It is important to
note that for the approximation to be consistent, higher or-
ders in the WKB expansion must be used. For example to
go to O(w™?) a fourth-order WKB expansion for (¢?) and a
sixth-order WKB expansion for (T}, ) are necessary.
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APPENDIX E: COMPUTATION OF THE MODE

SUMS IN (T,.)wkBadiv

To calculate (T, )analytic it is necessary to compute
the various sums or integrals over w in (T, )wkBdiv and
then to expand them in inverse powers of €. The re-
sults depend on whether the scalar field is in a zero- or a
nonzero-temperature state. For the nonzero-temperature
state Howard [6] has computed all of the relevant sums
except the first one displayed below. It can be found in
Ref. [24]. Here k = 27T and €, = 7 —7'. Note that'® the
final answer in each expression is in terms of e =t — t':

>, cos nfee,. . _1 1
; 2" 2[1 — cos(ke,)]
_ —%ln(—n &) +0(e)
> K Kér
z:: sin(nke,) = zicot (3~)
1

:'E“+O(€),

oo d oo
K Z nkcos(nke;) = —~K Z sin(nke,)
n=1 de- 1

1 K2
==-—+0
2 127 (<)
oo d oo
m,; n?k?sin(nke,) = _iEn; nk cos(nke,)
2
= Eg + O(E) 5
nZn3n3cos(nneT) = d nZn k?sin(nke,)
der
n=1 n=1
6 K
= — + — +0() .
At (e®) (E1)

As mentioned in Sec. IV, we need to impose an infrared
cutoff on the terms of order 1/w. This has been implicitly
done in Eq. (E1) by dropping the n = 0 term. In the
other sums in Eq. (E1) the n = 0 term vanishes so it
makes no difference whether or not we include it.

For the zero-temperature case we impose an arbitrary
lower limit cutoff A on the integral whose integrand is
proportional to 1/w. The other integrals do not require
such a cutoff as their integrands vanish at w = 0. For the
1/w integral we find

®There is an imaginary contribution from the log terms in
the following expressions. This is a reflection of the fact that
when the Euclidean Green’s function is analytically contin-
ued back to the Lorentzian sector it is proportional to the
Feynman Green’s function which has both real and imagi-
nary parts. Recall that in Eq. (2.2) we took the real part of
the Euclidean Green’s function and its derivatives. Thus, for
the purposes of point splitting, one can simply replace the
log(—€®) terms by log(€?) in the following equations.
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< d
/ —wcos(we,.) = —ci(Aer)
A w

1
= —51n(—)\262) —C+0(?), (E2)
where C is Euler’s constant.
The rest of the integrals do not appear to be well de-
fined. However they can be evaluated by taking deriva-

tives of Eq. (E2) with respect to €,. For example,

Y e . d [ dw
z/o dw sin(we,) = h_r)no(—zg/ Ucos(we,.))

(E3)
= lim (i—*m“’s(e”\)) -1
A-0 €r €
The results for the other integrals are
/wdwwcos(we )= !
o T - 62 b
Y e 2 . 2
i dwwsin(we,) = — , (E4)
0 €

3
6
4

/ dw wcos(we,) = —
0 €
APPENDIX F: COMPUTATION OF (T,.)wksBfin

In this appendix efficient methods to compute
(T )wkBfin are described. This quantity is obtained by
substituting the WKB expansion into the expressions S;
through S5 in Egs. (4.6a)—(4.6e) and substituting the re-
sulting expressions into Eq. (4.5). A WKB expansion of
fourth order or higher is necessary for (T,,)wkgsn to be
finite.

The mode sums and integrals in (7)., ) wkBfin are of the
form

=0 [ f

2(1+ L)1

W m2f +(1+3)°

—subtraction terms) — subtraction terms
(F1)

Here ¢ = 0 or 1, j is a non-negative integer and k is an
odd integer.

The subtraction terms for the sum over [ come from the
quantities A; through As and those for the integral over
w or sum over n come from (T, )wkBaiv- For a given
sum S;;; the subtraction terms for the sum over ! can
be obtained by expanding the function being summed in
inverse powers of [ and truncating at O(I°). The sub-
traction terms for the integral over w or sum over n can
be obtained by using the Plana sum formula to compute
the sum over ! in the large w limit in exactly the way
described in Appendix D. For many values of i, j, and k
there are no subtraction terms.
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The computation of the quantities S;;x proceeds differ-
ently depending on whether the field is at zero or nonzero
temperature. For the zero-temperature case when no
subtraction terms are present, the integral over w is com-
puted first with the result that

71727 (k — 21 — 1)

4m22iT (%)
- 1
«3 (+3
[mzf +(1+3)

1=0
For a massless field this sum can be computed exactly
using the relation

Sijk =

1425
) (F2)

] (k—2i—1)/2 °

oo 1 -n
5 (l N 5) = (2" — 1)¢(n) - (F3)
=0

The result is

oo T (b=%=1) ( . )Hi“l
ijk =
: k 1/2
smzir () S

X(2k_2i_2j—2 —1)¢(k—2i—2j—2). (F4)

For a massive field one can compute the sums in (F2)
numerically up to a large value I = L such that L > mr.
For I > L the terms to be summed can be expanded in
inverse powers of (I + 7). The relation (F3) is then used
to compute these terms.

If subtraction terms are present in the zero-
temperature case, then the first step is to use the Plana
sum formula to compute the sum over . The first two
terms on the right-hand side of (D2) are computed an-
alytically while the third term is left as an integral over
t. Next the integrals over w are computed for each of
these terms using an upper limit cutoff A. A lower limit
cutoff X is used for all subtraction terms proportional to
w~!l. Each term is then expanded in inverse powers of A
truncating at order A°.

The series for the third term in (D2) will contain some
terms for which the integral over ¢ can be computed an-

1 *° 1 2r
Soo1 = —5 dw 172 f
C e )

472
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alytically. There will also be other terms which must
be computed numerically. For a massive field the latter
must be computed at all the radial points of interest since
the r dependence does not factor out of the integral. For
a massless field the r dependence does factor out and the
integrals can be computed numerically once and for all.

For the nonzero temperature case the evaluation of
sums of the form (F1) must be done numerically. It is
easiest in this case to break the problem up into the cases
n < N and n > N with N2 > [m2f + f/(4r%)]/x%. Re-
call that w = nk, with kK = 2nT if the temperature is
greater than zero. For n < N the sum over ! in (F1) is
computed numerically up to some large value [ = L such
that L2 > n2k2r2/f + m?2r2. For | > L the terms to be
summed can be expanded in inverse powers of (I + 1/2).
The relation (F3) is then used to compute these terms.

For n > N the sum over ! can be computed in the
large w limit using the method described in Appendix D.
However, in this case, higher-order terms of the expan-
sion in inverse powers of w are kept. The resulting sums
over n can then be computed analytically for these terms
between N + 1 and infinity.

APPENDIX G: COMPUTATION OF (T,.)wkBfn
IN THE LARGE MASS LIMIT

In this appendix the computation of (T, )wkBfin in
the large mass limit is discussed. The computation in-
volves evaluating sums of the form (F1) in the large mass
limit. This is most easily done by first using the Plana
sum formula (D2) to compute the sum over ! and then
expanding the results in inverse powers of the quantity
[w? + m2?f + f/(4r?)]Y/2. The first two terms on the
right-hand side of (D2) can be computed exactly. The
third term must first be expanded in inverse powers of
[w? + m2f + f/(4r?)]*/2, then the integral over t can be
computed analytically for each term.

For the zero-temperature case, the resulting integrals
over w can easily be computed and then expanded in
inverse powers of m. As an example consider Sgo;. Com-
puting the sum over ! using the Plana sum formula as
described above yields

1/2
2 ) f
(u) +m*f + 4r2>

[ dt (2it+1) (—2it + 1)
* o et —1 2 - 2 1/2
o emes e (ar )R] e (e 1) 4]
0o 2 1/2
—171?/ dw —L< +m*f 4f?) + : F\! + ! F\3/?
0 2 2 2 2 I
3(w mf—{—4 ) 307‘( mf+4r2)
2 2r? 1 22\ 1
e —_— —_ _ —_— Gl
+ +eeet 7 oo™ o (G1)
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Computing the integrals over w and taking the large mass limit yields the following asymptotic expression

1 m2f 1 m2f 7 31
Soo1 & —m2r?|—1+1 - 1 =6y |
001 ™ g™’ [ + n( arz )] 9672 n( 0z | ¥ 3820m7mzrz T 6a512memirs T O(M) (G2)

For the nonzero-temperature case, the sum over ! is computed as in the zero-temperature case. The resulting n =0
term is expanded in inverse powers of m. The sum over n, beginning with n = 1, is evaluated using the Plana sum
formula. As usual, the first two terms in (D2) can be evaluated exactly and then expanded in inverse powers of m.
The third term must first be expanded in inverse powers of m and then the integral over ¢ can be computed for each
term. Note that for large ¢t the third term in (D2) is exponentially damped. This means that the procedure we are
following introduces errors which are exponentially damped functions of m. The result for S;;i is somewhat different
from that of the zero-temperature case because w is summed over rather than integrated over. However, when the
calculation of the DeWitt-Schwinger approximation for (T,.) is completed, the answer turns out to be exactly the
same as that found for the zero-temperature case. This is not surprising since the DeWitt-Schwinger approximation

is a local approximation and should not depend on the state of the quantum field.
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