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Using the general solution to the Einstein equations on intersecting null surfaces developed by
Hayward we investigate the nonlinear instability of the Cauchy horizon inside a realistic black hole.
Making a minimal assumption about the free gravitational data allows us to solve the field equations
along a null surface crossing the Cauchy horizon. As in the spherical case, the results indicate that
a diverging influx of gravitational energy, in concert with an outflux across the Cauchy horizon, is
responsible for the singularity. The spacetime is asymptotically Petrov type N, the same algebraic

type as a gravitational shock wave.
singularity are briefly discussed.

PACS number(s): 04.20.Dw, 04.70.—s, 97.60.Lf

I. INTRODUCTION

What are the generic features of gravitational collapse?
We do not, as yet, have a complete answer to this ques-
tion; however, most relativists are confident that gravi-
tational collapse leads to the formation of black holes (at
least within the astrophysical context). Furthermore it
is plausible that the external field of such a black hole
settles down to a member of the Kerr-Newman family,
since these are the unique stationary solutions of the
electrovac Einstein equations (see for example [1]). Ex-
ternally, deviations from these solutions are expected to
die away with an inverse power-law in advanced time
leaving only the mass, charge, and angular momentum
observable. A question which one might hope to answer
is whether such a property continues to hold inside the
black hole—that is, does the internal geometry also ap-
proach Kerr-Newman form? It seems not [6-8].

The known exact black-hole solutions possess Cauchy
horizons—null hypersurfaces which are the boundary of
the future domain of dependence for Cauchy data of
the collapse problem. These horizons exhibit highly
pathological behavior; small time-dependent perturba-
tions originating outside the black hole undergo an in-
finite gravitational blueshift as they evolve towards the
Cauchy horizon (CH). This blueshift of infalling radia-
tion gave the first indications that these solutions, which
so well describe the exterior geometry at late times, may
not describe the generic internal structure. Penrose [2]
pointed this out more than twenty-five years ago, and
since then linear perturbations have been analyzed in de-
tail [3]. These observations led to the conjecture that a
scalar curvature singularity would form either at or before
the CH once back reaction was accounted for.

Poisson and Israel [6], generalizing work of Hiscock [5],
have shown that a scalar curvature singularity forms
along the CH of a charged, spherical black hole in a
simplified model. This singularity is characterized by
the exponential divergence of the mass function with ad-
vanced time. The key ingredient producing this tremen-
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Implications for the continuation of spacetime through the

dous growth of curvature is the blueshifted radiation flux
along the CH, although it is also necessary that some
transverse energy flux be present. In [6] it was argued
that the physics underlying the analysis was sufficiently
general that similar results should hold for generic col-
lapse (i.e., upon relaxation of the assumption of spher-
ical symmetry). Further calculations support the con-
jecture that the singularity inside a generic black hole is
null [8,10].

The aim of this paper is to present a detailed analy-
sis of the CH inside a nonspherical black hole by taking
advantage of the recent result due to Hayward [11]. He
showed how to obtain the general solution of the Einstein
equations on a pair of intersecting null surfaces. We be-
gin by recasting the results of Poisson and Israel [6] in
a suggestive form which more closely resembles the ap-
proach taken to the general problem. Owur purpose in
Sec. II is to stress the main points which must be taken
as assumptions in the later calculations. We also feel
that the analysis highlights the nonlinear nature of the
effect and the merely precipitous role played by the out-
flux in this model [6]. With this preliminary review of the
mass-inflation phenomenon out of the way, Sec. III begins
the analysis of the CH singularity inside a realistic black
hole. The assumptions which we make about the na-
ture of the CH are discussed, and following Hayward [11]
we formally integrate the first order Einstein equations
of Appendix A. Using these results we can show that
the divergences which arise are integrable, and obtain
the leading behavior of all quantities of interest near to
the CH. The asymptotic expressions for the Weyl scalars
show that the spacetime is Petrov type N near the CH,
the same algebraic type as a gravitational shock wave.
These results (which are also suggested by the previous
work [10]) once again raise questions about the classical
continuation of spacetime through the singularity.

The equations and curvatures are relegated to the Ap-
pendixes in an effort to maintain the clarity of the pre-
sentation. Appendix A gives a summary of the notation
and lists the dual null Einstein field equations in their
first order form, as derived by Hayward [11]. Appendix B
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lists the components of the Riemann tensor necessary to
analyze the algebraic type of the spacetime.

II. SPHERICAL BLACK HOLE INTERIORS

In this section we review the mass-inflation phe-
nomenon in the context of charged, spherical black holes
as studied by Poisson and Israel [6]. The presentation dif-
fers slightly from that in the literature [6,7] and closely
parallels the method used later to discuss the nonspher-
ical problem. In this way the limitations of the later
analysis and of the approximations used should be more
apparent.

The physics behind mass inflation is relatively simple.
The CH inside a Reissner-Nordstrom black hole is a null
hypersurface corresponding to infinite external advanced
time. Time-dependent perturbations which originate in
the external universe are gravitationally blueshifted as
they propagate inwards near to the CH. Thus a charged
black hole which deviates only slightly from Reissner-
Nordstrém in the exterior is expected to have a barrier
of radiation, with an exponentially diverging energy den-
sity, streaming along parallel to the CH. Generically some
of this ingoing radiation scatters off the gravitational po-
tential inside the black hole, leading to a flux of energy
crossing the CH [12]. It is the nonlinear gravitational in-
teraction of these two fluxes of radiation which generates
a divergence of the local mass function. It is important to
realize that the gravitational blueshift of time-dependent
perturbations is the key ingredient producing this mass
inflation.

A. The Poisson-Israel model

It is convenient to use null coordinates on the “radial”
two spaces so that the spherical line element is
ds® = —2e " dudv + r2(dz? + sin? zdy?) , (2.1)
where A = A(u,v), 7 = r(u,v) and the coordinates are
such that u is a retarded time and v an advanced time.
The stress-energy tensor for a radial electromagnetic field
is
E," = (¢*/8nr?) diag(—1,~-1,1,1) , (2.2)
where ¢ is the electric charge on the black hole. Pois-
son and Israel used crossflowing null dust to model the
perturbations of the geometry, arguing that the large
blueshift near to the Cauchy horizon should make the
Isaacson [13] effective stress-energy desciption valid for
the ingoing radiation. They also pointed out that the
nature of the outflux is not important; its only purpose
is to initiate the contraction of the Cauchy horizon. The
stress-energy tensor is therefore
Tuu = pinlulu + PoutM My , (23)
where [, = —8,v and n, = —8,u are radial null vec-
tors pointing inwards and outwards, respectively, and,

pin and poy¢ represent the energy densities of the inward
and outward fluxes. Each term in Eq. (2.3) is indepen-
dently conserved so that

_ Lin(v) _ Lout(u)

in — Pout =
4mr2 4mr2

The functions Li,(v) and Loyt (u) are determined by the
boundary conditions; however, it is important to note
that they have no direct operational meaning since they
depend on the parametrization of the null coordinates.

The field equations can now be written in a first order
form by defining the extrinsic fields

(2.4)

6:=r"2(r?),, (2.5)
:=r2 () s (2.6)
vi=A,, (2.7)
vi=A,, (2.8)
where a comma denotes partial differentiation. Along S~
there are two evolution equations
209y e 2
(r°0)u = r_z(q —r°), (2.9)
e 2
(0 - 21/)’1,, = 7(7‘ - 3q ) s (210)

and a focusing equation which describes the behavior of
the null cones with vertices at » = 0:

(r20) o +72(F — 6/2) 8 = —2Loue(u) . (2.11)

The complete set of Einstein equations, including those
which hold on S*, may be obtained from the above equa-
tions (2.9), (2.10), and (2.11) via the symmetry operation

(u; 6,7,0, v) = (v;0,v, 6, v),
(2.12)
Lout = Lin.
It is convenient to imagine that the inflow (outflow) is
turned on at some advanced (retarded) time v = vy (u =

up). In the pure inflow regime the spacetime is described
by a charged Vaidya solution

ds® = dw(2dr — fdw) + r?(dz? + sin? zdy?), (2.13)
where f is given by
_q_2mw) ¢
f=1 =+, (2.14)

and w is the standard external advanced time coordinate.
In particular it is infinite both on future null infinity and
the CH. The only nonzero component of the stress-energy
tensor is
1 dm

4rr? dw
In the outflow region the solution is of the same form
with advanced replaced by retarded time. The structure
of the spacetime is shown in Fig. 1.

T = (2.15)

B. The solution

As mentioned above our treatment differs from that in
the literature [6,7]. We consider the solution to the Ein-
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FIG. 1. A spacetime diagram showing the spherical Pois-
son-Israel model. The influx (outflux) of lightlike dust is
turned on at advanced (retarded) time vo (uo). The surface
$~ coincides with the Cauchy horizon, CH. S* is parallel to
the event horizon, EH, and intersects the Cauchy horizon at
S, on which f =0 and r = r,.

stein equations only on the two intersecting null surfaces
S~ and S*. By choosing S~ to coincide with the CH
we can show that a scalar curvature singularity must be
present on the CH in the cross-flow region.

We first integrate the equations on the CH. This is
readily achieved by making an appropriate choice of the
retarded time coordinate u, in (2.1), such that v = 6/2
along S~. Then (2.8), (2.11), and (2.6) can be integrated,
in that order, to give

o (2.16)
5_ = <7'§ 50 “‘2/ d'll Lout(ﬁ)) /7'2_ ) (217)
0
2 =rieriiu-2 [ [ Lo, (@219
0 (1]

The (sub-) superscript (—) is used to indicate that these
equalities hold only on S~, while an (o) indicates the
value of the function on the two-sphere S = S~ N S+.
Of the remaining two equations we only need (2.9) which

gives
u 2 1
r30_=r30°+/dﬂ (?—3—:) .
o T T

Equation (2.10) could be integrated in the same way.

The same construction works on S+ (we will use this
as our primary tool in the nonspherical case); however, it
is more convenient to work with the exact solution (2.13)
to determine 6°, 8°, and 7o here.

(2.19)

C. Assumptions

The two essential features of this model will be adopted
in the nonspherical case with only slight modification.
We wish to emphasize them at this point.

The first assumption is that there should exist a sta-
tionary portion of the CH in the spacetime. This is
achieved by turning on the outflux at some retarded time
(uo) inside the event horizon of the black hole (see Fig.
1); thus set

Lout(u) = ,BH('IL - uo) , (220)
where 3 is a constant, and H (u) is a Heaviside step func-
tion. This is probably the most contentious issue in the
Poisson-Israel [6] and subsequent analyzes [8]. It presup-
poses that the CH begins at finite radius, and essentially
assumes that the singularity at the CH will be null. Some
arguments have been advanced to suggest that this issue
is important [14]; however, no convincing evidence has
emerged to refute its correctness. Indeed preliminary nu-
merical results [15] support this assumption, in contrast
to the claim in [16].

The second assumption pertains to the influx of radi-
ation; it is taken to decay with an inverse power law of
advanced time. This was initially based on an extrapola-
tion of results due to Price [9] to the event horizon of the
black hole. Recently it has been verified numerically [17].
This decay is correctly reproduced by the ansatz

ar,
° (-1

where K, is the surface gravity of the inner horizon, o
is a dimensionless constant which depends on the lumi-
nosity of the collapsed star, and p > 12 is an integer
(the numerical value derives from Price’s analysis which
shows that the radiative tail of the collapse decays as an
inverse power p > 4l + 4 of advanced time, where [ is the
multipole order of the perturbation). Both linear [3,4]
and nonlinear [8] perturbation analyses suggest that this
inverse power-law decay of perturbations is also correct
near the CH inside the black hole.

m(w) =m (kow)~®~1) | (2.21)

D. Mass inflation

Along ST the radius obeys the first order equation
2 2

dr _1() 2mw) )
dw 2 r r2

where m(w) is given by (2.21). We are interested in cal-
culating

(2.22)

9t = zr—ld_rtglﬁ

+ dw dv’ (2.23)

where v is the coordinate which appears in (2.1) chosen
so that A = Inr along S*. It is a straightforward matter
to calculate dw/dv provided one notes that Egs. (2.5)—
(2.11) are form invariant under functional rescalings of
the coordinates u and v. Therefore r also satisfies

d2

dw? (r®) + 3% (In [%]) %(rz) = -—23—:: (2.24)
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on ST in view of (2.12) and (2.11). Solving (2.22) for r,
(2.24) can be integrated to get

v —e (1) (2.25)
as w — oo. Thus
—In|v|)P*HL
et OE(‘(;—'T?—
x{1+(p—1)(~Infv|)™" +---} (2.26)
and
o+ ~ 2a=Info)7” {1+p(=Inp))~* +--} (2.27)

ToKoV

as v — 0. This result means that, while the radius of
the two-sphere S is finite, ° is actually infinite (in these
coordinates).

Using the invariant definition of the mass in a spherical
geometry

r2e* 080
2

o3 2
e L s,

: 2.28
T+ (2.28)

,alg = —

we know that 6+6F — 0 as v — 0, which means that
0° = 0. Substituting (2.20) into (2.17) and using 6° = 0

r2 6 = —2(u — uo)BH (u — uo) . (2.29)
The radius of the CH is then
r2 =712 — (u—uo)*BH(u — up) , (2.30)

and finally 6~ is given by (2.19). The square of the Weyl
curvature on the CH is

1 2~ \?
™ = aﬁ76caﬁ75|s_ =12 (7'_2 - q—4 + —6_0_> )

(2.31)

from which we can immediately see the reason for the
Cauchy horizon singularity. The product 676~ = 0 at
S (see Fig. 1) and hence C~ is finite; however, if 3 is
nonzero C~ jumps to infinity at u = up when the outflux
is turned on [see Eq. (2.29)]. Furthermore Eq. (2.30)
shows that the radius remains finite for some amount of
retarded time, so it must be the mass function which
becomes infinite at u = uyg.

This analysis emphasizes that the nature of the out-
flux is largely irrelevant; it simply serves to initiate the
contraction of the CH. It is this contraction which is at
the root of mass inflation [6].

III. NONSPHERICAL BLACK HOLES

Charged spherical black holes have served as a useful
model in which to investigate the nonlinear instability of
the CH inside a black hole; however, the question needs
to be addressed in the more realistic nonspherical con-
text. Here one expects that a black hole settles down

to a member of the Kerr-Newman family at late times.
(Our analysis focuses on such a situation when there is
no electromagnetic field.)

The Kerr solution can be written as

.2
ds*= ——%(dw—ad(b sin® 0)? + %ﬁ([r2 + a?|d¢p—adw)?

+2dr(dw —ad¢sin® ) + p2de?, (3.1)

where A = 72 — 2mr + a2, p?> = 7% 4 a%cos?6, and

w is standard advanced time. The CH, located at
r = m— vm?—a? and w = oo, is a stationary null
hypersurface—its lightlike generators have zero rate of
expansion. Moreover, these generators are shear free
since Raychaudhuri’s equation implies that shear pro-
duces contraction. This is not a generic situation; a linear
perturbation analysis shows that there is usually a flux
of backscattered radiation crossing the CH, along with
the blueshifted influx parallel to it [4]. Based on this ob-
servation and using the spherical case as a guide, we will
show that the CH is the locus of a scalar curvature sin-
gularity. The leading divergence may be associated with
propagating modes of the gravitational field, manifesting
itself in the form of a diverging Weyl curvature of Petrov
type N.

A. Formalism

We employ the dual null formalism of Hayward [11]
which is based on a 2+2 null decomposition of space-
time [18]. In terms of coordinates u and v which label
the intersecting null hypersurfaces that foliate the space-
time, the line element can be written as

ds? = —2e 2 dudv + (845%)du? + 2s,dz®du + hopdr®da®
(3.2)

where the lower-case latin indices range over {1,2}.
There remains freedom to rescale u and v, and to trans-
form the coordinates % so that s® vanishes on a chosen
v = constant surface, we take this to be the CH located at
v = 0 (see Fig. 2). hgp is the two-metric, s* a shift two-
vector, and X\ a scaling function on S(u,v), the spatial
two-surface which is the intersection of the null surfaces
labeled by u and v. The two-metric can be decomposed
into a conformal factor Q and a conformal two-metric k.
so that

Q=vh,

Thus k., has unit determinant. Each of the quantities
defined here depend on all four variables u,v, z®.

The vacuum Einstein equations (A7)-(A23) are writ-
ten in a first order form in terms of the fields

ko = Q Yhyy - (3.3)

9 =050, 8 =97'L,9, (3.4)
Oab = Q Likap, Gab = 2 Ly kas, (3.5)
vo=L, To=Lo, (3.6)

Wa = %e)‘ Qkap L15° (3.7)
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FIG. 2. A schematic representation of the generic black
hole interior. The null surface S~ coincides with the Cauchy
horizon, CH. The other null surface S* is at « = 0 and inter-
sects the Cauchy horizon at S before a caustic forms. Initial
values of the fields are specified on the intersection between
the hypersurface v = vo and S*. Also indicated is the ingoing
gravitational wave tail, and its scattered component.

where £ indicates the Lie derivative, and

8 8 L, 0

v’ "T6u ® bae

1= (3.8)

are null vectors. The notation and the equations are
given in Appendix A; more detail may be found in Hay-
ward [11].

Our aim is to calculate the Weyl curvature scalars on
the intersecting null hypersurfaces St and S~ by making
an ansatz for the free gravitational data (kqs) on these
surfaces. S~ is taken to coincide with the CH at v = 0,
while St is an outgoing null hypersurface, parallel to
the event horizon, crossing S~ near to P in Fig. 2. The
choice of the data is motivated by our understanding of
the spherical situation and by the nonlinear perturbation
analysis of Ori [8].

B. Assumptions
The focusing equation on S* is [Eq. (A7)]

9 1 1

—a—v = —‘592 — vl — Za’abd b . (39)
Hayward noticed that making use of coordinate freedom
on St (rescaling v), this equation may be linearized.
Thus choosing v such that

l/+ — ___1_0+

(3.10)

it is possible to obtain the solution to the Einstein equa-

tions on S*. Each of the equations (A7)-(A15) can be

integrated (in the order they appear) provided one knows

kqp on this hypersurface, since
+

050t = (KPOKE) (K0.EY,) (3.11)

We cannot evolve generic initial data from the event
horizon of a nonspherical, rotating black hole so we make
an ansatz for this conformal two-metric. It is inferred
from the work of Ori [8] that the conformal metric may
be written as

kay = kap(2®) + K Jy(In[v], 2) (3.12)
where det(k2,) = 1 and asymptotically
Kl ~ Fop(z®) (= Injv]) ™™ +--- (3.13)

as v — 0. The functions F,(z°) are well behaved for
all z%, and n is an integer. (The value implied by Ori’s
work is n > 6.) This form is based on the observation
that nonlinear metric perturbations decay according to
an inverse power-law of advanced time [8], and the expec-
tation that Hayward’s coordinate is related to external
advanced time by

v —e "W (1 4. (3.14)
as v = 0 (or w — o0). While this cannot be proven to
hold, it seems reasonable as long as the surface ST does
not encounter a caustic (2 = 0) at or before the CH—
this condition is satisfied a posteriori implying, at least,
a self-consistent treatment.

As in the spherical analysis, we give no detail of the
gravitational data on S~ save to point out that the grav-
itational energy flux crossing the CH should not diverge.
In fact, on physical grounds, it is expected that any radi-
ation from the star will be exponentially redshifted near
P in Fig. 2. Furthemore once the incoming radiation gets
scattered by the gravitational potential inside the black
hole, it should only produce a slow contraction of the
CH [12].

To summarize, we assume that a portion of the CH ex-
ists which is caustic free near to P in Fig. 2. Furthermore,
the gravitational perturbations propagating into the hole
decay according to an inverse power law of advanced time
which is related to v by (3.14).

C. Solution on St

With this aspect in hand we can proceed to the solu-
tions of Eqs. (A7)-(A15). Integrating (3.9)

1 v
0t = 0°(@%) / di o700, (3.15)

o

A (sub-) superscript o indicates the initial value of the
function at v in S (see Fig. 2). On this two-surface we
expect all the fields to be well behaved, bounded (and in
some cases nonzero) functions of z®.

Based on the assumption (3.12) and (3.13) about k},
we can estimate the behavior of this integral near to the
CH. First note that the inverse of the conformal metric
can be written

k3P = k2% + e*°e™ K 1, (3.16)
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where €% is the two-dimensional, antisymmetric matrix

with €'2 = 1. The functional form of K, implies that

1 0K 4
to=— b 3.17
O Ky v Oln |v| (3.17)
will diverge since
0K, Y
-~ nFap(—1 " 3.18
S = nFas(~Inlo) (3.18)

as v — 0. Since 04,0 is v~2 times a slowly varying

function (near the CH), 6% is asymptotically

n2 k2P ke Foc Faa

+ ~ po a
67 =0+ o 2D

4 (3.19)

which diverges at the CH for the same reason that BUK;;,
does.

It is now straightforward to formally integrate the re-
maining equations; however, our main objective is to
show which quantities diverge and which remain bounded
at the CH. Observing that the integral

v
1
I= / 573 (= Infd])"dd = — (~Infe]) ™ (3.:20)
n—
is finite as v — 0 (provided n > 1), it is clear that
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/df; (37'K}) — —1—I For(—Infv])~"tt  (3.21)
N —

as v — 0, and remains bounded at the CH. Each of the
equations must be treated in turn, examining the diver-
gent part of the source and its integral near the CH. We
quickly see that Q is bounded at the CH, and so all the
intrinsic quantities on the two-dimensional surfaces of fo-
liation remain finite all the way to the CH. To see this,
first integrate (A8) to get

Ap = A, — % / & 0+ (3.22)

then substituting in the asymptotic form for % we find

/d170+ ~
nZ aby.cd —(2n+1)
~ —————~4(2n " l)k" kS FocFaa(—In|v|)

2 v
%kﬁbkﬁdﬂc}}a/dﬁ 571 (= In|5]) "2+

(3.23)

and hence A4 — const as v — 0. The gauge choice (3.10)
implies that

QF = Qe 2+ 72) (3.24)

and so 2 and kg, are both bounded at the CH. Now
continuing the integration

v
wy = wfe?P+ A 4 12+ / di e” M (A% f, — 2001 — 01 Ap0,) (3.25)

vo
sh =52+ 2/ di e M wh (3.26)

vo
and
6 = 0,620+ Re) 4 2A+ / di e 3+ (—%(Z)R +wiwl — FA A,

FIA XL DA + WG AAy — Do), (3.27)

from which it is clear that only finite terms appear in the equation for 5, which therefore cannot diverge on CH.

v
o1, =~ (finite) — %e"*hjc/ di e+ 0h %oy , (3.28)
the shear of the ingoing null rays orthogonal to S(u = 0,v), is also bounded at the CH. Finally
vy =7, +/ do {%a:b'ﬁib — 100" + e M (1R 4 30Fw? — 1AM A%, — wiAa,\+)} : (3.29)

which is finite despite the presence of divergent terms
in the integrand [which look like v~1x inverse powers
of (—In|v|), see Eq. (3.20)]. This analysis implies that
6% and ¢, diverge inside the black hole, and the diver-
gence is of the same nature as in the spherical model once
0450 is interpreted as the gravitational energy crossing

S+t.
IV. THE CAUCHY HORIZON SINGULARITY

The solution obtained in the previous section can be
used to show that a scalar curvature singularity is present

on the CH due to the blueshifted influx of radiation. On
S~ the shift vector s° is set to zero by a coordinate trans-
formation £* = &°(u, 2®) without altering the form of the
metric (3.2). [These coordinates exist provided s® is reg-
ular on S~ in the original coordinate system. Equation
(3.26) suggests that this is true.] It is assumed that this
transformation was made in Sec. III; this in no way alters
the previous analysis.

Hayward’s scheme to integrate the equations on S~
can now be completed. Making the gauge choice

pT=-14", (4.1)
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Eq. (A16) implies that

=0t -1 /O dis (k%0aky ) (k0aky,) . (4.2)

»=0

As mentioned in the introduction 6~ (and all other quan-
tities) are formally known once k_;(u,z°) is specified.
Our analysis assumes that k, is a slowly varying function
of u which tends to a nondegenerate value as u — —o0;
that is, near to P (in Fig. 2) k. should approach the
value obtained on the CH in Kerr spacetime. Further-

more 6~ — 0 and the spacetime should be asymptotically
Kerr in the limit u — —oo. It is not a generic situation
to have 6~ = 0 and/or o,, = 0 on the CH, since some
radiation (both from the star, and from backscattering
of the gravitational wave tail inside the black hole [8,12])
will usually be present. This discussion implies that there
should exist a caustic free portion of the CH near to P
on which our analysis is valid.

The integration now proceeds as it did for ST, and in
particular we arrive at expressions for 6~ and o,

07 = P [em R0t e / dii e (1P R 4 waw® — LACAN + LAMNAN — AN+ Agw®)  (4.3)
0

and

u
oy = e)‘—h}'a [e_>‘+ hida;b] oo %h;ae’\‘ / di (e_)‘ﬁhdfgdb — 48_2’\hdf{w(d wp)
= 0

—38@hpA + A@AAHA —w@byA + Dawy })

—h e~ / di e”? (Wwe — FAAN + LANAN — wCAN + Aw®) .
0

We saw in the previous section how

+

X Tab
lim — 00 ; (4.5)

v—0 o+

thus 6~ and o, are generically unbounded on the CH. Of
the remaining fields, only v contains divergent quantities.
From Eq. (A23) we see that

u 1 1, ~
v_ :Adﬂ (Za;b&ib— 59*9_) + o,

which is actually infinite on CH. Imposing the field equa-
tions on the Weyl scalars one finds that all but ¥, contain
divergent quantities, and hence the CH is singular.

It is possible to say a little more about the nature
of the singularity by examining the rate of growth of
the curvature along S*. Once again, imposing the field
equations in Eq. (B11) gives

(4.6)

v = %e”‘mamb {2L100b + 2v04p — Tamh™"onp}|, -

(4.7)

Using a:b, etc., the asymptotic expression is

U ~ (finite) x {v?(=1In|v])**1} 7} (4.8)

as v — 0. This is the contribution from [,lai'b, which is
damped by the smallest number of powers of (—In |v]). In
a similar manner the leading behavior can be extracted
from ¥; and ¥, giving

\IJIr ~ (finite) X {v (—1H|U|)n+l}~l’
\Ilj ~ (finite) x {v (— 111|“|)n+1}_1 ’

(4.9)
(4.10)

(4.4)

[
where these leading contributions arise due to the pres-
ence of terms involving the shear (0},) of the surface S+.
A little more work shows that ‘~Il§L is finite on the CH; no-
tice that Eq. (3.26) combined with the choice s* — 0 on
S, and knowledge that A* and w are finite on STNS ™,
implies that s} ~ v as v — 0, hence s7'X}, s7 — 0 on
S~. Finally ¥, is independent of 8 and o}, and there-
fore is finite. These results imply that the square of the
Weyl tensor is dominated by ¥y,

Caﬁvécaﬁ'ﬂs ~ 8 (Vo Wy+ WoWy) + -
~ (finite) X {vz(—lnlv[)"“q}_l 4.
(4.11)

as v — 0.

V. DISCUSSION

The treatment of the nonspherical gravitational col-
lapse is generally very difficult; however, it seems likely
that the external field settles down to that of a Kerr
black hole. Inside the black hole some progress may also
be made by advancing two assumptions: (1) There exists
a caustic free portion of the CH, which is a null hyper-
surface. (2) There is an ingoing gravitational wave tail
which gets blueshifted by an infinite amount at the CH
(this is achieved here by our ansatz for k:b). Indeed us-
ing Hayward’s formalism the nature of the CH can be
investigated in some detail.

Following from the analysis in Secs. III and IV we con-
clude that the CH is the locus of a scalar curvature sin-
gularity, and the curvature is an integrable function of
the advanced time. Ori [7,8] has argued that the latter
property of the curvature suggests an extension of the
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spacetime through the singularity may be possible. It is
worth commenting a little further on this point. We have
demonstrated the asymptotic values of each of the Weyl
scalars; in particular, it has been shown that ¥ contains
the leading divergences. The algebraic classification of
the Weyl curvature is obtained by solving the quartic
Voa* + U103 + Upa? 4+ Uza + ¥y =0 (5.1)
for a and examining the degeneracy of its roots [19].
Based on Eqgs. (4.8)—(4.10) there is a fourfold degeneracy
as v — 0 implying that the gravitational field is asymp-
totically type N, with repeated principal null direction
k = n+am + a*m 4 aa*l (where a — 0 as v — 0).
It is worth noting that gravitational shock waves are of
this algebraic type (and are the only curvatures which
may be confined to a thin skin without a surface layer
of matter being present [20]); therefore, the intuitive pic-
ture of the singularity which emerges is that of a gravi-
tational shock propagating along the CH. These results
might be taken to support arguments for the existence of
a classical continuation of the geometry beyond the CH
singularity. However, this is a highly speculative point
and it should be noticed that the Weyl curvature con-
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tains contributions which are not present in an exactly
type N spacetime. Indeed these contributions diverge at
the CH and are manifest in the square of the Weyl ten-
sor (4.11) (which vanishes for a pure gravitational shock).
Thus a classical continuation is unlikely, as pointed out
in [21], since nonclassical matter is needed to confine the
divergent curvature to a thin layer along the CH.

To conclude, the hairy singularity inside a generic black
hole is dominated by the propagating gravitational wave
tail of the collapse (which decays in the exterior of the
black hole).
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APPENDIX A: NOTATION

In this appendix we summarize the dual null formalism of Hayward [11]. The reader is referred to his articles for
more technical details. This approach, based on a 2+2 decomposition, assumes that the spacetime can be foliated
locally by compact orientable two-surfaces S. Therefore given a Lorentzian manifold M (with signature — + ++)
we assume that there exists a smooth embedding ¢ : § x [0,U) x [0,V) — M with the induced metric, hqp, on S
being spatial. Latin indices range over {1,2}. In terms of a basis which is Lie-propagated along 8/0u and 8/8v the
spacetime line element may be written as in Eq. (3.2). The Lie derivative along a vector ¢ is denoted L¢. The natural
covariant derivative of the metric hgp is A,, and the Ricci scalar is denoted by ®DR. Tensor valued quantities on
the two-surface S are denoted X% [sometimes we will include a superscript (2) to emphasize the two-dimensional
covariant nature]. Introducing the null vectors

" =(1,0,0,0), n*=(0,1,-5%) (A1)
we define

Eab = ‘Clhab ) iab = thab . (Az)

To write the Einstein field equations in a first order form Hayward introduces the extrinsic fields:
0 = 1h95,,, = 1h¥%,,, (A3)
Oab = Eab - 0hab7 3ab = i30.17 - ghaln (A4)
v =L, v=L,]A, (A5)
We = %exhabﬁlsb . (A6)

These quantities are readily interpreted geometrically; (6, 5) are the expansions in the null directions normal to the
foliation S. The tensors (04, 545) are the shears, which are traceless by definition; the vector w, is the twist. The
two functions (v, 7) are called the inaffinities and measure the nonaffine quality of the coordinates u and v. Then the
Einstein equations and contracted Bianchi identities are the I equations,

L£10 = —307—vb— to,0%, (A7)
l:lA =V, (AS)
L =69, (A9)
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Likay = Q_ldab,
Liwe = —0wa+ 1AP0, + 1A, (v — 0) — 204,

L15® = 2e  w?,

L0 =—-00+e (1P R 4 w,w® — LA AN+ LAN AN +w? Agh — Dgw?),

LiGab = Oc(adp)ah®® + 10Fap — 1004,
+ 2e M wawp — 1D WA+ 3D LAAYA + WAy A — Awy)),
—e Mhgy (wew® — —ACA A+ lA AL+ WA — Aw€),
L7 = 10445 — 100 4+ e A (—1 DR 4 3waw® — JAAAN — w?AgN),

and the n equations,

L0 =-10%—00— 15,5,
LA =7,
L. =09,

L'nkab = s-z—la--'a.b,
Lowa = —0w, — LA Gy, — LAL(F — 0) 4+ 104,

L0 =—00+e M—2OR 4 w0 — LAAN + LANAX — w® A + Agw?®),
2 2 4

LnGab = Fe(onyah® + 30 0ap — 305ap
+ 2 M (wawp — A @ARA + 2AGAAYA — W A A + Aawy))
— e M hap (Wew® — LASAN + TANAN — wCAN + Aw®),
L,y = %aabﬁab — %0§+ e"’\(——%(z)R + 3waw® — %Aa)\ A%X + wrAGA).

APPENDIX B: RIEMANN TENSOR AND WEYL SCALARS

1. Riemann tensor

Here we list all the components of the Riemann tensor for the metric (3.2):

R’U

vuUv

R’U

vua

v
aub

v
vab

c
abd
v
acd

v
avb

R‘U

vva

u

avbh —

==LV —35"Nav + 3 1eX523 8% + 252 L we — e Pwa AN + Se_kw“wa + 52 pw?
+ 1e*s? (L1 Bap) 8P + 15°Tap APX — 2eTXACA AN — e} s h* 8 g5,

——A v+ 3 1eAys™S 0 + Ew"‘zma + Liwg + e AsmL Y e’\Eamhm"Enqsq

120180y + 1 vTap — 1erTamh ™ s,

1A 5™ S, b Ag A + €8 A Spm — €5 Sinjowy) + 200wy + 110 Symh™™,

——e’\scA[bZd]a — %eAscza[dAb]A + %e’\hcm(Ea[d ib]m - Zm[d ib]a) - e’\scza[dwb] + (2

%e*A[C)\Ed]a + e’\A[ch}a + e"Ea[dwc],
1L, Tap + 1™ (AmTas — DoTam) + 300X — 28X ApA — Dpw,
+ 1 Tpuwss. + e sCAADap — 1A Tnph™ o + Jwa Lo + FwpAad — wawy

— %e’\wbs Sam — + )‘Ab/\ Ymas™

+ LA™AS, .,

)Rcabda

—e 2$™ Ly Bma + Lo wa + 1e’\sm( "Ap) Xma — %e)‘Emahmninqsq + %Aaﬁ—i— % (s™AR) DA

— 28M N\ qWin — % VAND WL Y . %e’\sm (AaZmn) s™ — %smAmA DN + %e’\smEma s"ARA

+ %smAm}\wa - %iamAm/\ - %e’\ (8™ Emns™) we + %e"stmnh"qiaq + % (8Mwm) Do

+ le’\ (s"wn) 8" Ema — (8" Wm) wa + lwmima + s A ppwa,

%e Eabu+ LeAgmA /\Zab-f- 5€ ALn Eab—i- leAs™A,L Eab —e’\Ab/\smiam-— -;—e)‘s’" Abiam

— %eA (smw™ )Zab - Ze’\Ebmhm"ZGn + %e smEamwb,

(A16)
(A17)
(A18)
(A19)
(A20)
(A21)

(A22)
(A23)

(B7)

(B8)

(B9)
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1 ~
8™ Y am sCwp — Ze*s”EanhcmEmb —

avb = %hcm(Aaimb - Amiab) - hcnsm(z)Rmban - %e)‘scﬁn Eab - %eASCSmAmEab - %ScAbAa)\

1eAC QPN 5™ S + 1€} 5°5™ Ay Sam + 5°Apwa + 15CAN ApA — 15w A + LANRE
1

2

1

$wa Ap A + swawp — %hcmEmbwa

— 56’\wmsm s%ap + ;}e*hemsnzmnzab + %eAEab (%hcms"Emn +e rwt — %e_’\AC/\)

— 1AM ALA T + 2 T h M g — 25 R h S,

(B10)

2. The Weyl scalars

We choose a complex-null tetrad {e*l,n, m,7} such that 2m#m*) = h*” and l and n are given by (3.8). In this
tetrad the five Newman-Penrose Weyl scalars are in a Ricci flat spacetime

Wy = 2622 (2L1 Sap + 208 ab — Samh™" Spn)mm®, (B11)
U, = %e)‘(—?.AaV 4 2w S o + 4Ly we + AT AE e )M, (B12)
Uy = —1(26* L0 Sap + 202 86) — Do ADpA — 4Dpwa — T imph ™ San + 2wa ApA

+ 2w A — dwawp + €2 DpAs™ Tam + 2e* s Lgmws) ML, (B13)
Uy = %(—4£n wg — 20U + e ™S Do + Am/\ima +2e* s n S Wa — 2wm§]ma)n—1a, (B14)
Uy = —1(=25067 — 2Ln Bap + Samh™" Spn)mom®. (B15)
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