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Small neutrino masses can arise in some grand unified models or superstring theories. We consider
a model with an enhanced fermion sector containing Dirac neutral heavy leptons. The dependence
on the mass and mixing parameters of these new fermions is investigated for several measurable
quantities. We study the Havor-conserving leptonic decays of the Z boson and universality breaking
in these decays. We also consider the W boson mass dependence on neutral heavy lepton parameters.
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I. INTRODUCTION

Experimental evidence suggests that neutrino masses
are very small, if not zero. However, the way the stan-
dard model (SM) of electroweak interactions accommo-
dates massless neutrinos, by the absence of right-handed
neutrino fields, is considered unnatural. Interesting solu-
tions to this problem have been suggested in the low en-
ergy limit of superstring theories [1],and in grand unified
theories (GUT's) [2]. Naturally small neutrino masses
may even be accommodated within the framework of the
SU(2)1, x U(l)y. symmetry. Either the fermion content
of the SM or the Higgs sector may be extended. In this
work, we concentrate on the former option.

We consider an SU(2)l. x U(1)y based, superstring-
inspired model with an extended fermion sector includ-
ing neutral heavy leptons (NHL's) [3,4]. The NHL's are
Dirac particles and B—L (baryon minus lepton number)
conservation is imposed as an unbroken symmetry. This
is in contrast to seesaw models [2,5] wherein both light
neutrinos and NHL's are Majorana particles and B —L
is broken.

The model considered allows for the possibilities of
lepton-flavor violation, universality violation, and CP vi-
olation. Our primary interest here is in obtaining poten-
tial constraints on the model from current experimental
data on Z leptonic decay widths. We focus on the di-
rect contribution of NHL's to flavor-conserving leptonic
Z decays via one-loop diagrams. In addition to the Z
partial widths for individual lepton flavors, we also cal-
culate a measure of the leptonic universality violation, as
defined in Ref. [6]. Further, we find that we must take
into account the impact of NHI 's on the mass of the TV

boson since M~ is an input parameter within the renor-
malization scheme adopted here. Hence, we display also
the dependence of M~ on the parameters of our model.

This paper is organized as follows. In Sec. II we
describe the model. Existing experimental constraints
on the parameters of the model, namely, the masses
and mixings of the neutral leptons, are reviewed in Sec.
III. Our one-loop calculation of the Z leptonic decay,
Z —+ l+l, is presented in Sec. IV. This section also

contains a discussion of our renormalization scheme, in-
cluding the consideration of M~. Many of the detailed
results are relegated to the Appendix. In Sec. V, we
present our results on the Z leptonic widths, the univer-
sality violating measure, and the W mass. We summarize
and draw our conclusions in the final section.

II. DESCRIPTION OF THE MODEL

Originally, only broken B —L symmetry and Majo-
rana neutrinos were thought of as providing an under-
standing of the smallness of neutrino masses. However,
as discussed in Ref. [4], superstring-inspired models can
have small neutrino masses (in fact, zero) even if B —L
symmetry is unbroken and NHL's are Dirac particles. In
these models, the SM particle content is extended by two
new neutrino fields NIt (0, 0) and Sl.(0, 0) per family; the
zeros indicate SU(2)1.xU(1)y quantum numbers. Impos-
ing total lepton number conservation leads to the mass
matrix

(0 Do„=——(vL, XL,SL,) D~ 0 M~ Xg
(0 MO ) (S)

where vL, = (vt, vt, vL) and vR = ~CPT)vt, . D and
M are 3 x 3 mass matrices. The diagonalization of the
mass matrix yields three massless neutrinos (v, ) along
with three Dirac NHL's (K ) of mass M~ M. Note
that this implies there are no time-dependent neutrino
oscillations and no neutrinoless double P decays. The
weak eigenstates vL, are mostly massless neutrinos with
a small mixing ( D/M) of NHL s. The NHL mixing in
this model is not restricted by small neutrino masses (as
is often the case with seesaw models where both the mix-
ing and the masses of light neutrinos are sensitive to the
D/M ratio), and hence rates for all interesting phenom-
ena can be large [4,7,8]. This model is thus attractive
not only conceptually, but also practically.
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The weak interaction eigenstates vt. are related to
six mass eigenstates n via a 3 x 6 mixing matrix
K with components K~ l = e, p, w, and n
vg, v2, v3, N4, N5, N6 ..

( Kev, Kev,
K&n = Kpv, Kpv,

(K.„, K.„,
—:(KL„Kz).

Kv,
K„,
KTv3

KeN4
Kp N4

K7.N4

KeN5 KeNg
Kp, N5 Kgb
K7.Ns Kr Ng

(2)

After rotating away redundant degrees of &eedom from
K, we are left with 3 angles and (3 —1) phases. This
allows for possible lepton-flavor violation, universality vi-
olation, and CP violation.

The mixing factor which typically governs flavor-
conserving processes, is given by

llmix—
n =N4, N5, Ng

l =e)I (3)

and the favor-violating mixing factor l lb;„ is defined
as:

lalb mix
n =N4, N5, N6

Kl n Klan

l s = e, p, , &, l P lt, . (4)

Further, an important inequality holds:

~l ls;„~ ( I l;„lyly

This implies that one might observe nonstandard eKects
in flavor-conserving processes even if they are absent in
flavor-violating processes.

For reference, the charged current Lagrangian is given
by

gW" ) ) lp(1 —ps) K(„n
2 2 l=e, p, 7- n

n = vg, v2, v3, N4, N5, N6,

and the neutral current Lagrangian as (the ZNN part is
obtained by analogy)

Z"
4e~ i=1,2,3;a=4,5,6

v;(K~~K~), p„(1 —p5)N,

where c~ ——coso~, 0~ being the Weinberg angle.

III. REVIEW OF EXISTING CONSTRAINTS ON
NEUTRAL HEAVY LEPTONS

Constraints on neutral heavy lepton masses and mix-
ings come from three diferent sources. First, there is the
possibility of direct production of NHL s. For instance,
if an NHL is light enough, it could be produced in some
decays, e.g. , Z ~ N + v, and subsequently decay itself.
The rate for Z decays into an NHL and a light neutrino
has been given previously [7] as

a;„= ) ~K)g.
~

.
l=e, p, ,v

(9)

The subsequent NHL decay rate (for M~ ( M~) is then
given by

(M~ lr~ = a;„~
~

e&r„,
( mp )

(10)

where I'„ is the muon decay rate and 4~ is the effective
number of decay channels available to the NHL [9]. Given
the absence of experimental evidence for such direct pro-
duction, we will consider only NHL's with mass greater
than the Z mass.

Second, there are constraints on NHL mixing parame-
ters from a variety of low energy experiments and from
experiments at the CERN Large Electron Positron Col-
lider I (LEP I). Because of unitarity properties of the
mixing matrix K, a nonzero NHL mixing slightly re-
duces the couplings of light neutrinos &om their standard
model values, thus affecting rates for nuclear P decays,
w and vr decays, and for Z decays. The following upper
limits are consistent with experiment [10]

ee;„&0.0071,

pp; & 0.0014,
& 0.033, or & 0.024 including LEPI.

These limits are model independent and also indepen-
dent of the NHL mass. They arise from a global anal-
ysis of results including lepton universality experiments,
Cabibbo-Kobayashi-Maskawa (CKM) unitarity tests, W
mass measurements, and results &om LEP I experiments.
Note that the LEP constraints presented above do not
include NHL loop eKects but, rather, only coupling con-
stant modifications due to mixing. We consider NHL
loop eBects in this work.

Finally, the NHL masses and mixings can be con-
strained via their contribution in loops to various pro-
cesses. Such constraints are NHL mass dependent.
Flavor-violating processes have previously been studied
at low energies; these include p —+ ep, p -+ 3e [4,8,11],
and flavor-violating decays of the 7 [8,12]. For instance,
in the context of the model considered here, with mass
degenerate NHL's, the p ~ ep branching ratio is [4,8]

&(V ~ e~) =
32

le~--I'IF (x)l' (12)

Mwhere x = Mf, and F~( )isxan NHL mass- dependent
form factor. For NHL masses M~ ) 500 GeV, which
we will ultimately consider, F~(x) m —2. Given the
current experimental limit on the p ~ ep branching ratio
(& 4.9 x 10 ) [13], this yields an upper limit on the
mixing of

r(Z ~ N. + v) = a--
I

1 —
I I

1+M~. 'l (
Mz ) ( 2Mz)

xl (Z m v+ v), (8)

where
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Iev--I ~ 0.ooo24.

By combining the constraints obtained &om the global
analysis [Eq. (11)] with the inequality relations of Eq.
(5) one obtains the following upper limits on the mixing
factors

a) c)

Ie~;„I & o.oo32,

Ip~;„I & 0.0068, (i4)

For the mixings pw; and er;„, these are the strongest
available constraints. In addition, flavor-violating lep-
tonic Z decays, Z + ep, ew, pw, have also been studied
[4,14]. In this work, we consider the flavor-conserving
decays Z ~ ee, pp, ww.

IV. CALCULATION OF THE ONE-LOOP LEVEL
CONTRIBUTION OF NEUTRAL HEAVY

LEPTONS TO LEPTONIC
FLAVOR-CONSERVING Z DECAYS

I.+ SrzI z = (1+bqED),i+ IIz(M') (i5)

where the tree level leptonic width of the Z boson is given
by

2 2Fo = —Mz(v& + af),3

vf and af being, respectively, the vector and axial vector
couplings of charged leptons to Z. The one-loop elec-
troweak corrections include bI'z, which represent vertex

As noted previously, the limits on mixing parameters
extracted from LEP I observables [10] do not include
NHL's in the one-loop diagrams; only mixing factor mod-
ifications are made to the tree level results. We consider
here the direct contribution to flavor-conserving leptonic
Z decay of NHL's via one-loop diagrams. The impor-
tance of studying these processes is enhanced by the im-
plication of Eq. (5); one may observe flavor-conserving
(but universality-breaking) Z decays even in the absence
of flavor-violating processes.

For Z leptonic decay, NHL's contribute directly to Z
oblique corrections, as shown in Fig. 1, to lepton wave
function renormalizations and to vertex corrections, as
in Fig. 2. These one-loop contributions of NHL's can
be incorporated into the framework of the full standard
model one-loop electroweak corrections. The one-loop
corrected leptonic width can be parametrized as [15]

g)

FIG. 2. Diagrams for one-loop vertex correction to Ba-
vor-conserving leptonic Z decays due to neutral heavy leptons
N.

loops, and IIz and bQED which represent the Z-oblique
corrections and QED corrections, respectively.

Our calculation is done within the &amework of an on-
shell renormalization scheme as detailed in Ref. [15]. All
the SM one-loop diagrams were calculated using standard
routines from the CERN electroweak library [15] modi-
fied by appropriate mixing factors. The vertex parameter
bI'z actually includes also fermion wave function renor-
malization and counterterm contributions in the scheme
we adopt. This on-shell renormalization scheme takes
o;, Mz, and M~ as input parameters. However, the di-
rect measurement of M~ is not yet precise enough for its
use as an input parameter; hence, it is replaced by G„
via the one-loop relation

em ( 1 1
rv~w —~G( &)I —

2
'

2&&
'

I ( )

where Ar is an equivalent of the SM quantity Lr, and
8~ ——sino~. As a result, we also have to consider muon
decay loops with NHL's. The types of corrections in-
volved in muon decay are pictured schematically in Fig.
3. They include boxes and vertices with NHI 's as well as
the lepton wave function renormalizations and W oblique
corrections. The NHL diagrams contributing to the W
oblique corrections are shown in Fig. 1 along with the Z
oblique corrections. These corrections all feed into the Z
leptonic decay calculation indirectly via the dependence
of M~ on the parameter Ar and the overall factor mod-
i6ed by mixings.

Referring to Eq. (15) now, the QED corrections,
6QED are not modi6ed from the SM. The factor

—1
[1+IIz(Mz)] represents the wave-function renormal-
ization of the Z boson. It depends on all the unrenor-
malized propagator corrections (Zz, Zg, Z~z, E~) [15].
Of these, Z~z and Z~ are not modified within our model

p ~ v

W

FIG. 1. Diagrams for oblique corrections due to neutral
heavy leptons N.

FIG. 3. Schematic representation of the one-loop muon de-
cay diagrams with neutral heavy leptons.
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while Zz, Zw both contain nonstandard terms. Those
nonstandard terms, denoted as Z& (s) and Ziv (s), are
given by Eqs. (A2) and (A4), respectively, in the Ap-
pendix. They consist of M~ dependent terms represent-
ing the direct, contribution from NHL's in loops in Fig. 1
and of SM terms modified by mixing factors (the indirect
effect of NHL's reducing the mixings of light neutrinos
through the unitary matrix K).

The vertex parameter bl z includes p —Z mixing, exter-
nal fermion wave function renormalization, and counter-
term contributions in addition to the vertex loops involv-
ing NHL's. Those fermion self energy and Zf f vertex
loops which contain NHL s are shown in Figs. 2(a)—(j).
The individual contributions of Figs. 2(a)—(j) are given
in Eq. (A6) in the Appendix.

It is characteristic that NHL's in loops generally do
not decouple (violation of the Appelquist-Carazzone the-
orem) [16]; rather they often show a quadratic mass de-

Mpendence ~~ . This is a common feature for theo-Mw'
ries based on the spontaneous symmetry-breaking mech-
anism. We are already familiar with a similar result for
the top quark mass in SM loops [17]. Indirect bounds
on the top quark mass arise &om the Z and W polariza-

I

tion diagrams and Zbb vertex loop since these corrections
come in with the amplitude

Iv I
(18)

While the top quark mixes with the full strength (Its I
1), the NHL inixings are limited by Eqs. (11) and (14).
As a result, we find sensitivity only for M~ 10 m&.
Thus we will only present numerical results for NHL
masses greater than about 500 GeV.

Given the nondecoupling feature, the vertex correction
bl z is dominated for large NHL masses by the diagrams
(in decreasing order of importance) 2(j), 2(f), and 2(e),
while 2(a) and (b), 2 (c) and (d), 2(g), 2(h), and 2(i) are
negligible [the largest unrenormalized contribution comes
from 2(g) and 2 (c) and (d); however, diagrams 2 (c) and
(d) enter the renormalized vertex correction bl'z as a part
of a counterterm that cancels out the large amplitude of
the graph 2 (g)].

To illustrate how IIz and Ar depend on M~ (for M~
large), we separate Miv dependent terms as IIM

2

and find in the limit E = M~ -+ 0 (large NHL mass)
N

0!
IIM~ = —IHH

jr

cw 1 M~Z+ (lr, r, —1)—) ln
16 24 - m'

l=e, p, r l

c2 —s2 1 M2

16s4w 24s4w m,'l=e, p, 7

where V. R.ESULTS

). (I«--I'+ ItI --I'+ It~--I')
l =e, IJ., 7-

lL,I, = 1 —2 (ee;„+pp, ;„+vw, „)+ l~II.
(20)

With the NHL mass of the order of several TeV, one
has to worry about the perturbative unitarity bound. A
good way to demonstrate this is to bring about the Higgs
analogy. The width of the Higgs boson of mass mH is
given by

30.'
mH)

32Mwsw
(21)

which can be compared with the width of the NHL. For
NHL mass MN. )) M~, Mz, MIr, the width is [18]

3~N =
g 2 M&+mix.

4Mw sw
(22)

Demanding that I'H & 2 MH we get the well-known
bound on the Higgs boson mass MH & 1 TeV. Sim-
ilarly, demanding I'~ & 2M~ for the NHL, with the
current constraints on mixings, [Eq. (11)], one obtains
M~ & 3.5 TeV.

In this section, we present our numerical results. As
input parameters, we used Mz = 91.173 GeV, MH = 200
GeV, o. = 137.036, and A = ~ ——37.281 GeV. We

have assumed degenerate masses for the three NHI 's and
present results for the NHL mass range 0.5TeV & M~ &
5 TeV, as motivated by the nondecoupling and pertur-
bative unitarity arguments given in the last section. We
have also imposed restrictions on the mixing parameters.
We assume that ee; and pp;„are very small relative
to ww;„. The model and NHL mass independent limits
quoted in Eq. (11) are more stringent for e and IJ, than for
7. In addition, our assumption is also partially supported
by the smallness of ep;„, as determined &om p —+ ep, in
combination with the inequality Eq. (5). This neglect of
ee; and p,p; proves useful practically in that many
of the muon decay loops (boxes and vertex corrections,
but not W oblique correction) are eliminated as a result.

The Z leptonic width is given as a function of NHL
mass in Figs. 4(a), and (b). In Fig. 4(a), we have fixed
the mixing w7;„= 0.033. The width for Z decay to e+e
is shown for a top quark mass of 174 GeV. The Z decay
rate into w+w is shown for three values of the top quark
mass, 150, 174, and 200 GeV. The dashed lines represent
the lo variation about the current experimental result
for the average Z-leptonic width of I'l ——83.96 + 0.18



SOME CONSTRAINTS ON NEUTRAL HEAVY LEPTONS FROM. . . 3S73

[-(Mev)

84.4

84.2

84

83.8

83.6

83.4

83.2
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83.8
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82, 6

FIG. 4. Z leptonic width as
a function of M~ for (a) fixed
mixing parameter and differ-
ent values of mq (b) fixed m~
and different values of the mix-
ing parameter. The dashed
lines represent lo band about
the current experimental value
I') ——83.96 + 0.18 MeV.

82.4

82.8
2.5

82.2
5

M„(TeV)
2, 5 5

M, (TeV)

MeV [19]. In Fig. 4(b), we fix the top quark mass at 174
GeV and show the Z width to 7+~ for three values of
the mixing parameter, wv; = 0.02, 0.033, 0.07. We also
present results for the universality-breaking ratio defined
as [6]

Finally, we present the NHL mass dependence of the
W mass in Figs. 6(a) and (b). The top quark mass is
varied in Fig. 6(a), while the mixing is held constant at
ww;„= 0.033. In Fig. 6(b), the mixing is varied about

;„=0.033 for a fixed top quark mass mq ——174 GeV.

I'(Z m ~+~ ) —I'(Z m e+e )
I'(Z m 7.+7.—) + I"(Z m e+e

—
)

(23)
VI. DISCU SSION AND CONCLUSIONS

This is shown in Fig. 5 as a function of M~, again with
mq ——174 GeV, and the mixing parameter varied about

= 0.033. The 10. experimental limit on Ub, is in-
dicated as the dashed line. Note that the most recently
reported values of Z widths into individual lepton fla-
vors [19] have I'(Z -+ 7+7 ) ) I'(Z ~ e+e ), I'(Z -+
p+p, ), as opposed to the last round of results [13].

0.035

0.03

0.025

0.02

0.01 5

0.01

0.005

5
M, (TeV)

FIG. 5. Universality-breaking parameter Ub, as a function
of M~ for 6xed m~ and different values of the mixing pa-
rameter. The dashed line represents 1' experimental limit
(& o.oo5).

Our primary consideration here has been the inclusion
of neutral heavy leptons in the calculation of the flavor-
conserving Z decays to charged leptons at one-loop level.
The dependence of the Z leptonic widths on the NHL
mass, M~, and on the mixing parameter 7w;„which we
retain, was given in Figs. 4(a) and (b). We see for the
experimentally allowed upper limit of 77; = 0.033, and
assuming a top quark mass mq ——174 GeV, the Z decay
width to w leptons is sensitive at the present 20 level to
NHL masses larger than about 2.5 TeV. The top mass
dependence is also shown in that figure. The sensitivity
to MN and mz arises since these heavy fermions generally
do not decouple from the one-loop diagrams. Figure 4(b)
indicates how the Z width dependence on M~ varies with
the mixing parameter. Apart from this comparison of
each leptonic width prediction with experiment we can
also exploit the flavor universality violation which takes
place in the model. The universality- breaking ratio Ub„
defined in Sec. IV, is sensitive to NHL masses above
approximately 3.5 TeV at the lo level, assuming 7&
0.033.

The W boson mass also exhibits some sensitivity to
NHL parameters arising &om the mixing factor modifi-
cations and the presence of one-loop diagrams contain-
ing neutral heavy leptons, as described in Sec. III. Prom
Figs. 5(a) and (b) we see that the W mass, currently
measured as M~ = 80.23+ 0.18 GeV [20], is sensitive at
the lo level to NHL masses greater than about 3.5 TeV,
again assuming 7&;„=0.033 and mq ——174 GeV. The
experimental error on M~ might be expected to come
down to about 0.05 GeV once LEP II measures W pair
production [21].
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M„(GeV)

80.8

80.7

80.6

80,5

80.4
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80. 1
2.5

v7„.,„=0.033

5
M, (TeV)

Mw(GeV)

81.2 —
( b )

81.1

81

80.9

80,8

80.7

80.6

80.5

80.4

80,3
I

2.5

-, 7.~„= 0.02

5
M, (TeV)

FIG. 6. W mass as a func-
tion of M~ for (a) fixed mix-
ing parameter and different val-
ues of mi (b) fixed mi and
different values of the mix-
ing parameter. The dashed
lines represents 10 band about
the current experimental value
M~ ——80.23 + 0.18 GeV.

We have considered a model containing isosinglet neu-
tral heavy leptons which can accommodate various phe-
nomena beyond the standard model, such as lepton
Aavor-violation, CP violation, and lepton universality vi-
olation. We have presented the dependence on the mass
and mixing parameters of this model for Z decays to
charged leptons and for the TV boson mass. Because the
NHL mass and mixing dependence is di8'erent for the Z
decay width and the TV boson mass, they provide some-
what complementary information on these parameters.

Current data Rom LEP I on Z leptonic widths and
the present Collider Detector at Fermilab (CDF) and Do
Collaboration measurements of M~ are sensitive to NHL
masses greater than about 2.5—3.5 TeV. With the accu-
mulation of about 60 (pb) at LEP I in 1994 and the
prospect of the very precise W mass measurement at LEP
II, these sensitivities will certainly be improved consid-
erably. Thus the Z partial width to leptons and W mass
measurements can provide, along with the other observ-
ables discussed in Sec. III, a consistency check on the
possible existence of isosinglet neutral heavy leptons.
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APPENDIX

In this Appendix, we present the parts of our calcula-
tion which are necessary to obtain the NHL dependent

I

First we deal with the direct contributions of NHL's
to the Z boson wave function renormalization, as
parametrized by IIz(M&). IIz(M&) depends on two
quantities which are modified &om the SM by the in-
clusion of NHL's. The neutral lepton part of the un-
renormalized self-energy of the Z boson, which consists
of the SM massless v loop, the mixed vN loop and the
NN loop, is given by

vNZz (s) =
2 2

—IL,I, ) 6 '+2 —ln —
2

—i,e8's~ t"~ 3 mi ) 3

.&s M21 2 M„' (s+-.— "+S(s 0 M~)
(3 2 ) 9 6 ' (3 6 6s )s'

+ 4csr 4M"
I

——M~ I

——+ P(s, Mar, M~)(8 —M~2) ), —
i3 ) 9 3 (A2)
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where the function I" (s, mi, m2) is given by

mi+ m2
l

mi
d l

sz —z(s+ mi —m2) + mi —iEFjs, m1, m2j = —1+ 2 ln — dxln2'
m]m2

The leptonic part of the unrenormalized self-energy of the W boson is given by

~w"(s) =,2„,. ). (i
l=e, p, ,~

gM~
+ )~

l=e, p, ,7

x F (s, MN, mi) + (A4)

( 3 2, ( mi ml i 2 mi2—l ) s —-m,' W '+ s — ' — ' E(somi)+ —s
2 ) ( 2 2 ) 3 2

( 5 2 m12) g & ( 5 2 MN2i ( MN2+ m2 (MN2 —mi2)2i
I + s ——mi — +

2 2 ) 2 i 2

2 ) ( MN —m) mi ) 3

Next, we consider the contributions of NIL's to the parameter bl z. The direct contribution of NHL's in the
triangle diagrams of Figs. 2(e)—(j) is given by the sum of amplitudes:

0!~ =+ice&p"(1 —ps) —ii~zcw+ l2MZNNe, + liMzee+ (1 —li)MZWW~4'
+~1~ZWWN + I3~ZNvw + ~3~ZvNW + i4~ZvvW + 12~ZNNW ) (A5)

2

with ( ™,' terms neglected)
W

~zew = + ZC0(Mw, M» Mw),
Mw

»WcW

~zNN4 = + s + CO(MN~ Mw) MN)~
Mw

8swcw

1 1 —2sw fi„ 1
Mz@@ = —

s A C24 (Mw MN Mw) + —A
2s3w 2c ) 4

3cw 2
Mzww s Mz[ Cll(Mw M Mw) C23(Mw, M~i Mw) —Co(Mw, M, Mw)]

4s3W 3

+4&,"4 (Mw, M, ~w ) ——+ &),3

~z~wv = —
s (2Mz[(C»(M~, Mw, Ms) +Cii(M~, Mw, Ms)] + 2 —4C24 (M~, Mw, Ms) —A j88WCW

where a, 6 run over N, v; Mv = 0. (A6)

Here Mz@w is the sum of equal contributions from diagrams 2(h) and 2(i). Diagram 2(f) comes in both with massless
v's and NHL's. Diagram 2(e) comes in with four combinations of neutral lepton types. Thus Mzww„and Mz „w
are standard model results but come into the sum [Eq. (A5)] with NHL mixing factor coeKcients. Our results in Eq.
(A5) are written in terms of the t Hooft —Veltman integrals [22). Our conventions are given below, with finite parts
indicated by the superscript.

The function Co is defined as

Co(mi, m2, ms) = Co(pi, p2, mi, m2, ms)

= Co "(mi, m2, ms)

i+2 D'
where D = (p —mi + ie) [(p —pi) —m2 + ie][(p —pi —p2)' —ms + i~]. (A7)
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The functions C24, C23, Cqj are defined by

d qq„ = —J ipC» —
@21 Ci2)

d q qpq~
i7r2 D

pl~plvC21 + p2~p2vC22 + (plpp2v + p1vp2y)C23 g~vC24. (A8)

The functions C24~ C23g C11 are reduced [in the limit p1 ——p2
——m& (( (p1 + p2): Mz] to

C24(m1, m2, m3) = — —p —ln ~ + C24 (m1, m2, m3),4(4 —n )
( 1) 1

C24 (ml m2 m3) [m1CO(ml m2 m3) + f1C11(ml 2 3) + B] (pl +p2™1 3)] +
2) 4

with f1 = m1 m2

C11(m1, m2, m3) = C11"(m1, m2, m3) = —
2 [f2Co(ml, m2, m3) —Bo (pl + p2, ml, m3) + Bo (pl& ml& m2)],Mz

with f2 ——M& + m2 —m3,

C23(ml &
m2 I m3) C23 (ml I m2 I m3) 2 [B1 (pl + p2 ™1& m3) + Bo (p2 j m21 m3)

z

+f1C11(m1, m2, m3)] + C24 (m1, m2, m3) (A9)

The functions Bo, B~ are defined as

Bo(p m1 m'2) = q ].
i~2 (q2 —m2+ ie)[(q —p)2 —m22+ ie]

—p —ln vr
~
+ Bo"(p; m1, m2),E4-

1
Bo"(p; m1, m2) =— dx ln[p x + m, —(p + m, —m2)x],

& ( 2
B1(p;m1, m2) = ——

~

—p —inn
~
+ B1"(p; m1, m2),

2 q4 —n
1

B,""(p;m1, m2) = dx ln[p x + m1 —(p + m1 —m2)x]x. (AIO)

The remaining diagrams of Fig. 2 contribute NHL dependent terms to the charged lepton wave function renormal-
ization. The contributions to the lepton self-energy of Figs. 2(a) and (b) and Figs. 2(c) and (d) are given as E~ andE, respectively.

~ yW ZO! 2 4
t1[2 —21n47r —21np + 2p ——+ 4f(Z)]p p (I —ps),32~8~w

l0.' 2 2l1Z —+ ln47r+ in@ —p —2f(Z) p p (& —ps),327l 8~

where

A'+ 1

4(I —&)
(All)

All these contributions, Eq. (A5) and (All), along with their corresponding counterterms modify the Zl l vertex.
In addition, the vertex is modified via p —Z mixing. However, the relevant term II~+(M&2) depends on NHL's only
through the Z and W self-energies so we need no other results to determine bI'z.

The results presented in this Appendix are also suKcient to derive the TV oblique corrections of Ar, which we have
considered.
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