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Soft pion emission in semileptonic H-meson decays
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An analysis of semileptonic decays of B Inesons with the emission of a single soft pion is presented
in the framework of the heavy-quark limit, using an effective Lagrangian which implements chiral
and heavy-quark symmetries. The analysis is performed at leading order of the chiral and inverse
heavy mass expansions. In addition to the ground-state heavy mesons, some of their resonances are
included. The estimates of the various effective coupling constants and form factors needed in the
analysis are obtained using a chiral quark model. An analysis of the decay spectrum in the squared
invariant mass of the xD ' is carried out, showing the main effects of including the resonances. As
the main result, a clear indication is found that the 0+ and 1+ resonances substantially affect the
rate of the decay mode with a D' in the final state, while a less dramatic effect is also noticed in
the D mode. A peak related to the 0 and 1 radially excited D mesons is clear. The obtained
rates show promising prospects for studies of soft pion emission in semileptonic B-meson decays in
a B-meson factory where, modulo experimental cuts, about 10 such decays in the D meson mode
and 10 in the D' mode could be observed per year.

PACS number(s): 13.20.He, 12.39.Fe, 12.39.Hg, 14.40.Nd

I. INTRODUCTION

Semileptonic B ~ D~*~ decays with emission of a sin-
gle pion may soon be established at CLEO or ARGUS,
as well as at the planned B-meson factory. These de-
cays, denoted Bg4 in the rest of this article, complete
the list of this category of decays which includes Kg4
and Dg4. There are fundamental differences among these
three decays, which make their study very interesting. In
particular, Kg4 decays can be studied within chiral per-
turbation theory (yPT) over the whole final-state phase
space as the resulting pions are soft [1]. Dt4 decays [2]
are much harder to study because, with the exception of
a small fraction of phase space, the final state involves
light mesons with relatively large energies. This makes
the use of an effective theory not viable.

Bg4 decays offer new theoretical possibilities. As a
whole, they are diKcult to predict because the kinematic
domain of the daughter pion ranges from the soft limit,
to be properly defined later, to a high energy limit. How-
ever, it is possible to restrict the study to the soft-pion
limit, where one can make use of the powerful constraints
resulting from heavy-quark spin-flavor symmetry and chi-
ral symmetry.

In this work we study the soft-pion domain in Bg4
decays, for which the effective chiral Lagrangian ap-
proach combined with the inverse heavy mass expan-
sion [3] provides a consistent theoretical framework. In a
strict sense, it turns out that the soft-pion domain rep-
resents about 80'%%uo of the Bt4 rate in the D mode and
about 10'%%uo in the D' mode. Here the large fraction in

the D mode is mostly due to the inclusion of the cas-
cade decay B ~ EvD' + EvDm. Since, according to
a rough estimate, and excluding the contribution from
B —+ EvD' ~ SvDvr, the total branching ratio for the
Bt4 decay is about 1'%%uo (0.2%%uo) in the D (D') mode, it
seems that experimental access to the soft-pion domain
in the foreseeable future, such as at a B-meson factory,
is clearly possible.

Perhaps the most compelling motivation for studying
Bg4 decays is the overall current status of the semilep-
tonic decays of B mesons. The measured inclusive
semileptonic branching ratio for B is 9.5+ 1.6%%uo, while
the sum of measured exclusive semileptonic branching
&actions is significantly less than this. In particular, the
elastic modes B + Dev and B ~ D'ev account for
only about 67'%%uo of the total semileptonic branching frac-
tion [4 (b ~ u modes are expected to be suppressed by
~Vb„~ / Vb,

~

= 0.01). Understanding the so-called in-
elastic modes, such as those we discuss here, is therefore
crucial to resolving the apparent discrepancies among the
measurements.

Another interesting aspect of Bg4 decays is that they
may give an indication of resonance effects (especially D
meson resonances). At present, the only well-established
resonances are the two P-wave objects Dz and D2, with
J = 1+, 2+, respectively. States that may contribute
significantly to Bg4 decays, and hence which may be ob-
served in such decays, include the remaining lowest-lying
P wave states (w-ith J = 0+, 1+), two of the lowest-
lying D wave states (J = 1-, 2 ), and the first radially
excited S-wave states (J = 0, 1 ). It turns out that

P556-2821/95/51(7)/3459{19)/$P6. PP 51 3459 1995 The American Physical Society



J. L. GOITY AND W. ROBERTS

the well-established Di and D2 states [5] do not play a
role in the present analysis, while only the 5-wave ra-
dially excited D mesons offer any opportunity for direct
discovery using the Bg4 decays, as they are the only ones
with a small enough width to show up as a resonance
feature in the decay spectrum.

Prom the theoretical standpoint, the soft-pion limit
is particularly interesting, as chiral symmetry and spin-
flavor symmetry determine to a large extent the different
decay amplitudes, in terms of a few low-energy constants
and universal form factors. These form factors are as-
sociated with the matrix elements of the charged 6 ~ e
electroweak current between the relevant heavy meson
states, and the low-energy constants determine the am-
plitudes of the strong interaction transitions mediated by
the soft pion.

Another area of interest in Bg4 decays is their contri-
bution to p, the slope of the Isgur-Wise function which,
in turn, impacts on the extraction of ~V,i,

~

from data.
Bjorken, Dunietz, and Taron [6] have obtained a sum
rule that relates the slope of the Isgur-Wise function for
the elastic decays B ~ DEv to the form factors that
describe the inelastic semileptonic decays. The decays
that we consider here provide the leading resonant and
nonresonant contribution to this quantity.

These decays have been analyzed in the framework we
explore by a number of authors. B + Daev has been
treated by Lee, Lu, and Wise [7], Cheng et al. [8], and
Kramer and Palmer [9], while Lee [10] and Cheng et al.

[8] have examined B —+ D*7rev In these. analyses, only
the ground state mesons, the D, D*, B, and B* were
included, which amounts to keeping only those contribu-
tions which are leading at the zero recoil point e v = 1,
v and v' being the four velocities of the B and D mesons,
respectively. In addition, we note that only Cheng et al.
went on to estimate branching fractions and evaluate the
differential decay spectra.

In this work we include resonances which contribute at
leading order in the chiral expansion, and neglect those
which correspond to radially excited states (except the
two resonances 0 and 1 which we have to keep as
shown later). Since resonance contributions vanish at
zero recoil in the infinite heavy quark mass limit, their
effects can only be observed away from that point, and
as we will demonstrate, they alter the decay rates sub-
stantially.

The predictions that arise in our analysis rely heavily
on our ability to obtain good estimates of the aforemen-
tioned low-energy constants and universal form factors.
In this work we use the chiral quark model [ll] convo-
luted with wave functions obtained in a simple model of
heavy mesons to give such estimates. It is our hope that
this procedure leads to reasonable results.

The experimental status of B'g4 decays is hazy. ARGUS
has analyzed the process B + D**E v as background
to the semileptonic decays B —+ Dfv and B m D*Zv.
The resonances included in their analysis were the four
P-wave states alluded to above, as well as the two ra-
dially excited S-wave states. They report 63 + 15 + 6
possible candidates [12]. This result is based on study-
ing the invariant mass distribution of the D*vr combina-

tions that result from the decay of the D'*. The cor-
responding branching ratios are 8(Bo m D**g g )
(2.7 + 0.5 + 0.5)%, when their results are fitted to the
model of Isgur, Scora, Grinstein, and Wise (ISGW) [13],
and 8(B —+ D**E v) = (2.3 + 0.6 + 0.4)% when fltted
to the model of Ball, Hussain, Korner, and Thompson
(BHKT) [14]. This result implies that the resonant con-
tribution to Bg4 decays is significant. In the case of the
decay B ~ Dm/v, the D* provides the dominant contri-
bution, largely because of its proximity to the Dvr thresh-
old. As far as we know, no other experimental group
has published numbers for semileptonic decay rates of B
mesons to excited D mesons.

This article is organized as follows. In Sec. II we re-
view the effective theory resulting from spin-flavor and
chiral symmetries. Section III presents the calculation of
the effective coupling constants and form factors appear-
ing in the effective theory, while we present the analysis
of the decay amplitudes and differential widths in Sec.
IV. Section V is devoted to the results and discussions.
A number of calculational details are relegated to three
appendices.

II. EFFECTIVE THEORY

In this section we briefly review the effective theory
which incorporates simultaneously spin-flavor and chiral
symmetry [3] and describes the interactions between soft
pions and heavy mesons. Within the framework of the
heavy quark efFective theory (HABET) [15], a hadron of
total spin J consists of a light component (the brown
muck) with spin j, and the spin-1/2 heavy quark, with
J = j + 1/2. For a given j, there are therefore two
mesons, and these are degenerate members of a spin-
flavor multiplet, at leading order in HABET. In the rest
of this article, we denote the multiplets by the J of the
two states. For example, for j = 1/2, we have the
multiplet (0, 1 ).

For reasons that we will outline later, the only rnul-

tiplets of interest in this work are (0, 1 ), (0+, 1+),
(1,2 ), and (0, 1 )'. Here, (0, 1 )' denotes the first
radially excited version of the ground state (0, 1 ) mul-
tiplet. In order to formulate the effective theory, it is very
convenient to introduce superfields associated with each
multiplet [16]. These superflelds provide a natural way
of realizing the spin-flavor symmetry. At leading order
in the inverse heavy mass expansion one associates one
such superfield with each possible four velocity e~. This
is because in the large-mass limit of the heavy quark, a
velocity superselection rule sets in [17].

The superfield assigned to the ground-state heavy me-
son multiplet (0, 1 ) with velocity v„ is

(2.1)

where P and V* (vi'V„' = 0) are the fields associated
with the pseudoscalar and vector partners, respectively.
These fields contain annihilation operators only, and are
obtained from the relativistic fields as
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~(~) = v'M. -™*o~+~(*),

v„*(*)= 4M.-™*e„+ (x), (2.2)

where the label (+) refers to the positive frequency modes
of the relativistic field, and M is the meson mass.

The spin-symmetry transformation law is

The transformation (2.5) is like a gauge transformation,
the x dependence entering via the Goldstone boson 6.eld.
In order to build an effective Lagrangian which is chirally
invariant, a covariant derivative is thus required, and is

I ~ —I = —(ug~u + u O~u) = II, 0~II +

[g y]( +&) (2.3)

(2.8)

Another fundamental element in the construction of
the effective Lagrangian is the pseudovector

l1+g r'R+- p+ + ppp5IIy+ p
2 r

1+ g
2

H,' [g„" —sP (P" + v")]

pv+ P5PVH2 )

2 )
—~,H,' + &„II,'" (2.4)

respectively. All the tensors are transverse to the four-
velocity, traceless, and symmetric. The transformations
of these super6elds under spin-symmetry operations are
implemented in exactly the same manner as in the case
of +

The chiral transformation law of the super6elds is eas-
ily determined by following the well-known Coleman-
Wess-Zumino procedure to implement nonlinear real-
izations of non-Abelian symmetries. All multiplets are
isodoublets (we do not include the s quark in our anal-
ysis), so that the transformation law under an arbitrary
chiral rotation belonging to SU(2) I, SU(2) R is

'8 -+ h(L, R, u)'R, (2.5)

where 'R is any spin-symmetry multiplet, and h(L, R, u)
is an SU(2) matrix which results from solving the system
of equations

Lu = u'h(L, R, u),
Rut = u'th(L, R, u). (2.6)

Here, L [R] is an SUL, (2) [SU~(2)] transformation and u
is given in terms of the Goldstone modes [pions] as

Z

u(x) = exp — II(x)
2FO )
Ep = 93 MeVII(z) = tr. v, (2.7)

where e&, k = 1, 2, 3, are space-like vectors orthogonal to
the four-velocity. 'R = gpss pp transforms contravari-t

antly to 'R

In a similar manner, it is straightforward to define the
superfields associated with the excited states [18]. In our
case, the states of interest are the (0+, 1+), (1,2 ), and
(0, 1 )' multiplets, which are described by the super-
fields

t t 1
(dp = —(uBpu —u B~u) = Bpll +.. . ,P 2 P P 2~ P (2.9)

which transforms homogeneously under chiral transfor-
mations.

Since the rest mass of the different heavy mesons is
removed according to equations analogous to Eq. (2.2),
V'„acting on the respective super6elds is proportional to
the residual momentum carried by the super6eld, which
in the present analysis is of the order of the pion momen-
tum. This implies that V'„counts as a quantity of O(p)
in the chiral expansion. Obviously, w~ is of the same
order.

Throughout this work we consider only the leading
terms in the inverse heavy mass expansion and. in the chi-
ral expansion, and neglect the effects of chiral-symmetry
breaking due to the light quark masses (they enter only
via the pion masses when the Anal-state phase space is
considered). As we point out later, we have to include the
effects of hyperfine splitting in the ground-state mesons,
even though this splitting represents a departure from
the spin-flavor symmetry. These modifications are only
kinematic.

To leading order in yPT the amplitudes for the Bg4
decays are proportional to a single power of the pion mo-
mentum. This places a restriction on the angular momen-
tum quantum numbers of the excited states that can be
considered in this analysis. The excited states that con-
tribute to the Bg4 decay amplitudes at this order can be
identified by examining their decays, via soft-pion emis-
sion, to the ground-state heavy mesons. Consider an ex-
cited state with spin J = j + 1/2, where j is the spin of
the light component of the meson (the brown muck). I et
us define the integer k—:j —1/2. The soft-pion decay
amplitude of such a state to the ground state supermul-
tiplet is of O(p") if the parity of the excited meson is
(—1)",or of O(p"+ ) if the parity is (—1)"+i. In the case
where k = 0 and the parity of the resonance is positive,
as is the case of the (0+, 1+) multiplet, the amplitude is
proportional to p. v and is of order p as well. Using these
"rules, " one finds that only the states with the quantum
numbers mentioned above contribute at leading order in
XPT-

The effective theory is given by an effective Lagrangian
which explicitly displays spin-fIavor and chiral symmetry.
The strong interaction effective Lagrangian to lowest chi-
ral order, i.e. , to O(p) in the heavy meson sector and to
O(p ) in the pion sector, is
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gGB + g'R + gA+ + g~ —+ g~ —+ pint

1' T. a„Ua~Ut
~

—-aF2 T [w(U+ U')]

+O(p ), +a.3 Tr~
~ (2.11)

+gTr~ R QJ R Qp» + O(p )1

vp Trz) R Q A +x 2 P (2.10)

U(x) = u (x) and Tr~ is the trace over Dirac indices.
The interaction terms involving u~ have not been dis-
played in the Lagrangians of the resonant states, as they
are not needed in this work. The only interaction terms
in 8'" we need are those which give transitions between
the resonances and the ground-state mesons via a sin-
gle soft-pion emission. These are characterized by three
low-energy constants o.q, o.2, and. n3, and are

The vertices resulting from Z~ needed in this work are
displayed in Appendix A.

The range of validity of the soft-pion limit is estimated
from the invariant product of the pion momentum and
the four-velocity. As long as this product is smaller than
some scale A~, which is of the order of 0.5 GeV, the ap-
plication of the soft-pion limit should be appropriate. In
this limit, this product has to remain smaller than the
mass splittings between the neglected resonances and the
ground-state mesons, thus giving an estimate of the value
of A~. Since two velocities appear, namely the veloci-
ties of the parent B meson and the daughter D meson,
the soft-pion limit requires that the invariant products of
the pion momentum with both velocities must be smaller
than A~. For reasons of simplicity, in our calculations we
will instead impose a cut in the AD invariant mass; this
entails some minor violations of the latter more rigorous
cuts.

Another set of essential ingredients are the matrix el-
ements of the electroweak charged current cp„(1 —»)b
Since this current is an isosinglet, it does not have di-
rect couplings to pions at leading chiral order, and its
matrix elements are easy to parametrize in the effective
theory. Denoting the superfields corresponding to D and
B mesons and their resonances respectively by 'V and 8,
the matrix elements of the charged current are obtained
from the efFective current operators

(a)

(b)

(c)

(d)

J„((0,1 ) m

J„((O+,1+) -+

J„((1,2 ) m

J„((0,1 )' -+

(o-, 1-))
&(~) T ~(&-(~')~.(1 —»)a-(~))
(o 1 ))
~~(~) [T ~(&+(~')~~(1 —»)a-(~)) + T ~(&-(~')~~(1 —»)a+(~))l,
(o-, 1-))
&2(") ['Up Tr~(D+(" )&p (1 —»)&—(')) + U Tr&(+ (" )&p(1 —»)~—+(~)) l ~

(o-, 1-))
&"(-) T (&' (.')~.(1 —»)&-(.)+ &-( ')~.(1 —»)&' (.)) (2.12)

Here, v (v') is the four-velocity of the a (D) meson, and
v—:v.v'. ((v) is the Isgur-Wise form factor, which is nor-
mahzed to be unity at zero recoil (v = 1) if one ignores
QCD corrections and higher orders in the inverse heavy
mass expansion. The other form factors, namely, (l l (v),
pq(v), and p2(v), which determine the transition between
the resonances and ground-state mesons via the charged
current, are not constrained by symmetry at zero recoil.
The currents, however, do vanish at zero recoil due to
kinematic factors. In fact, if a resonance is characterized
by a given value of the previously de6ned parameter A:,

]

the current of interest is suppressed by a kinematic fac-
tor of the form (v —v') ~, (v —v') „, . (v —v') „„.Note
that no suppression of this form appears for the current
of Eq. [2.12(d)]. However, heavy-quark symmetry and
orthogonality together imply that (l l(v) has to vanish
at zero recoil, at least as (v —1). The expressions for the
currents of Eq. (2.12) are given in Appendix B.

We note that by choosing to work to leading order in p,
we have also placed an implicit restriction on the powers
of v —1 that appear. Since the largest value of A: to be
considered is unity, we And that the amplitudes for the
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B~4 decays are proportional to at most a single power of
v —v, and the differential decay width will contain terms
with at most two powers of v —1.

We conclude this section by making a final comment on
the states we include in our analysis. As outlined above,
working to order p has severely restricted the states we
can include, at least as far as their angular momentum
quantum numbers go. However, there is no restriction
on their "radial" quantum numbers. Our self-imposed
restriction of excluding any radially excited states [with
the exception of the radially excited (0, 1 )' multiplet]
is motivated by two related factors. These radially ex-
cited states are expected to be quite a bit more massive
than their nonradially excited counterparts. Thus, we
expect little contribution from such states, provided we
do not venture too far from the nonrecoil point. Fur-
thermore, the propagators of such states are expected to
lead to a further suppression of any contribution, as in
the strict soft-pion limit these states will be far off their
mass shell.

III. LOW-ENERGY CONSTANTS
AND FORM FACTORS

The soft;-pion limit of the Bg4 decays is determined
in terms of four low-energy constants: g, nq, n2, and
ns,. four universal form factors: ((v), (( ) (v), pq (v),
and p2(v); and mass difFerences between the resonances
and the ground-state mesons: bmz = Mp+ —Mp-,

m2 = M2 — Mp- and ~m3 —= Mo'- —Mo- and the
total decay widths of the resonances. In writing this
form, we are treating the states in each excited multi-
plet as degenerate with each other. However, in deal-
ing with the contribution from the ground-state doublet
(0, 1 ), it is imperative that we include the mass dif-
ference bmp = Mz- —Mp-, as this plays a profound role
on the outcome of our analysis. We begin by formulat-
ing a simple model of the heavy mesons, and using the
wave functions obtained from this model to calculate the
quantities we need.

To estimate the masses and obtain wave functions, we
use two models. One is a version of the Godfrey-Isgur
model [19] in which we set the mass of one of the quarks
to inanity. In addition, we do not expand the wave func-
tion of a state in a harmonic-oscillator basis, but instead
choose it to be that of a single harmonic-oscillator state
with the appropriate quantum numbers. We perform a
variational calculation, and the values of the oscillator
parameter obtained in this way are denoted Pq and are
listed in column 2 of Table I. In the second model, we
obtain wave functions appropriate to a potential consist-
ing of a linear binding term and a Coulomb term, again
with the mass of one of the quarks set to infinity. For

this model, we simply borrow values that are similar to,
but not identical with, those used by Scora et al. [20].
These values are listed in column 3 of Table I, and are
denoted P2. Also listed in this table are the mass difFer-
ences between the excited states and the ground states
(Am). We comment on the two sets of wave functions
later in this section.

The low-energy constants appropriate for soft-pion
emission are estimated in a chiral quark model. In this
model, pions couple only to the light constituent quarks
of a heavy hadron, via the Lagrangian

2 = iqp" V'„q —mqqq+ g~(0)qp„psst"q,
V @g = 0~g + 'lI ~g,

where I"~ and u„were defined previously, mq is the con-
stituent quark mass, and the constituent quark field q
transforms under chiral rotations as q + h(L, B,u)q.
The axial coupling of the quark, g&(0), is assumed to be
unity. Arguments favoring this value for the axial cou-
pling constant have been given in [21]. A nonrelativistic
expansion of the interaction term of this Lagrangian is
performed, and the resulting nonrelativistic interaction
term is convoluted with wave functions obtained fWm the
model described previously. The low-energy constants
obtained in this way are also listed in Table I. More
details of this model will be presented elsewhere.

One of the results of this analysis is that some of the
low-energy constants vanish in the limit when the pion
energy in the vertex is taken to zero. For the cases where
this chiral suppression occurs, we define the low-energy
constants as corresponding to the energy of the pion in
the decay of an on-shell heavy resonance to an on-shell
heavy ground state. We expect that this procedure will
furnish only rough estimates of these couplings.

We also use the chiral quark model to estimate the
total and partial widths of the excited states relevant
to our analysis. Phase space limits all decays to pions
or g's, both of which can be described in terms of chi-
ral dynamics. It turns out that decays to g's play only
a small role, and then only for the (1,2 ) multiplet
(I'(~ 2 )~(o- ~-)„--4 MeV).

We can compare the results we obtain for the partial
and total widths of these states with the calculation of
Godfrey and Kokoski [22], for instance. Unfortunately,
we have only a single pair of states in common with that
calculation, namely the (0+, 1+) multiplet. The large to-
tal widths we obtain for these states are consistent with
the widths obtained in [22]. We emphasize that the cou-
pling constants and decay widths are estimated using the
values of Pq in column 2 of Table I. The widths and cou-
plings obtained using the values in column 3 are much
smaller.

The low-energy constants g, nq, n2, and n3 are re-

TABLE I. Quark-model parameters and low-energy constants used in this work.

Multiplet
(0, 1 )
(O-, 1-)'
(o+, 1+)
(1 2)

Pg (GeV)
0.57
0.57
0.56
0.51

p2 (GeV)
0.29
0.29
0.28
0.26

AM (GeV)
0

0.56
0.39
0.71

I' (MeV)
0

191
1040
405

Coupling constant
0.50
0.69
-1.43
-0.14
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)
1 A ( 2PP'"'"'—

w~~ (n +~"

lated to the partial widths for the resonance decays into
ground-state mesons via single pion emission by

2

7T p

3o'~ MD
8 E,'M +h

o2 MD2

SvrE2 MD + bm2

CIr, ~ =r, , = ', p.'. (3.2)
8jt pp MD + bm3

Only I'~ is sensitive to isospin breaking due to the
proximity of the D* —D mass difference to the pion
masses. Isospin breaking profoundly affects the rates of
B ~ DEvvr near the pion production threshold. For prac-
tical purposes, one also has to include into the D* width
the radiative decay contribution. It is interesting to note
that the value g = 0.5 obtained here is a direct result of
the assumption that g&~(0) = 1 and is independent of the
wave function used.

The total widths of the resonances are similar to the
partial widths given above, with one exception, and pos-
sibly two. The total width of the (1,2 ) resonances is
dominated by their decay into the (1+,2+) resonances,
with a resulting total width of 405 MeV. In addition, the
states of the (0, 1 )' multiplet are just above the thresh-
old for pion production in decaying to the states of the
(0+, 1+). We estimate that the contribution from this
decay may be of the order of 20 MeV, and will depend
very strongly on the exact mass differences between the
states of the two multiplets.

The form factors (, (~ }, pq, and p2 are also obtained
using these wave functions. They are extracted from the
overlap of the wave function of the ground state with the
boosted wave function of the appropriate excited state.
The boost we use is a Galilean boost, which means that
we are neglecting relativistic effects, as well as effects
that arise from Wigner rotations. The explicit forms we
obtain for these form factors are

((v) = exp v —1
)

A' (,((~}( )
—

~

~2 ]
3

IV. Bg4 DECAY AMPLITUDES
AND DIFFERENTIAL WIDTHS

A. B + Dm/v decay amplitude

The Bg4 decays we consider are B —+ D 8vx+, B
D+8vvr, B —+ D+/ver, and B ~ D Eve, whose
amplitude magnitudes are in the ratios ~2: 1:~2: 1.

B
j L

(a)

I

I

B i 1

B
L

I

a,+ D', .

In these expressions, P and P' are the harmonic oscillator
parameters of the ground and excited states, respectively.
A is defined by writing the mass of the ground state as
M(p —

y
—}:mq + A. In the second of Eq. (3.3) we have

set P = P' to ensure orthogonality of the wave functions
of the (0, 1 ) and (0, 1 ) multiplets.

We close this section with a brief comment on the val-
ues of P in columns 2 and 3 of Table I. These two sets of
values lead to very different predictions for the properties
of the states, such as the decay widths and form factors.
From comparison to other work, it appears clear that the
Pq values are more reasonable for calculation of proper-
ties like strong decay widths and coupling constants. It
is also clear that these values lead to a poor represen-
tation of the form factors as, for instance, the slope of
the Isgur-Wise function is not nearly reproduced. The
P2 values lead to much better results for the form fac-
tor, but produce results that are in marked contradiction
with other works for quantities such as the decay widths.
For these reasons, we use the decay widths and couplings
as obtained by using the Pq values, but use the P2 values
for the form factors.

X exp

P2 + P/2

v —1

X exp

P2 + PI2

(A&
'

& 2PP'

2~2&~) &~'+~")
A'

v —1 (3.3)

FIG. 1. Nonresonant (a) and resonant (b) diagrams con-
tributing to B —+ Dmfv. The dashed line represents the
pion and the dotted line which emerges from the electroweak
charged current carries the momentum of the Ev pair. Hori-
zontal solid lines correspond to four-velocity v and the oblique
ones to v'.
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In what follows we give the results for the vr in the final
state. The amplitude for these processes has the general
form

K = V,b QM~ Mg) . (4.1)
2

Here j„ is the V —A charged leptonic current. For all
practical purposes the lepton mass can be neglected (we

do not consider decays into the z family) and the leptonic
current is considered to be conserved. The hadronic part
of the amplitude OP receives nonresonant (NR) and reso-
nant (R) contributions, illustrated in Figs. 1(a) and 1(b),
respectively. Using the results of Appendices A and B,
the evaluation of the Feynman diagrams is straightfor-
ward. The nonresonant portion is

0 = —((P) Pv . Z V V e)g~Pp + gpp (1 + P) —
VZg V

NR g 8 (v) ~ n gp I

Fo —2 p v + bmg + ze

o-"'(v') . . p I+, z v v ezg~Pp + gzgp (1 + P) vp v
2 p.v' —hmD +i& (4.2)

here hm~ = mL). —mD and hm~ = m~. —m~ are the (positive) hyperfine splittings in the ground-state multiplets,
and

8""(v)—:g""—v"v". (4.3)

The resonant portion of 0" is

R Ay I PV jP-V I 0!2
p

—~ PZ( )( )p 2( $- )
+

2( g $-
)

+ 3~ ~2( ) pp

X Zejgv~p V 'U (P —1) + gpv(P —1) —V Vp(2 + P) —3V I
2 —p. v —bm,

+ +zepvggpv v (p —1) + gzgv(p —1)
8" (v')

2 p v' —hm2

Ovp—v„v„'(2+v) —Bv„) -p —g~ ~(v)p aa v'ge„gp+g„p(1+v) —v„vpIlo —2p. v —bms

O"p(v')
+ 2 v v e)g~pp + g)gp (1 + P) vpvIg2p. v' —bm3 (4.4)

Here we denote dms. = bmz —zI'~ /2, whe. re I'~ is the total width of the resonance.
As explained earlier, contributions &om other resonances than the ones considered are suppressed either by higher

powers of the soft-pion momentum, as is the case with the (1,2+) multiplet, by higher powers of (p —1) in the small
recoil domain, or by the fact that they are much heavier than the ground-state mesons.

B. B —+ D'mN decay amplitude

As in the previous case, we consider here the results for the decay amplitudes with a vr in the final state. The
amplitudes with a charged pion are a factor Q2 larger. The amplitude for this process has the general form

T = rcj„O" e~-„, (4.5)

where eD is the polarization vector of the D*.
The nonresonant contributions to AP" are obtained from the diagrams shown in Fig. 2(a), which give

g op-(v) I I ~ I n((P) (V + V ))g . + P . gvgp(V + V )p g)gnvv g)gvv + ZEpgggpv(V + V )2FO p v'+ bmg +is —p v+ hmg +is

+ I

8pg(v )
p V + 'lE

In P I ~ I~
ZEpp~pv V + gpp(1 + P) VpV Zf~v~&P V (4.6)

The resonant contributions obtained from the diagrams in Fig. 12(b) are given by
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/

O~~ = —py(v) —g~~(v —1) + v v~ —te~~~pv v — +
Fp 2 —p.v —bmq 2 p.v' —bmq

0!2 8~ (v)
3Fp

'
c2(~) p, 2(—p. v —bm2)

—g„(v + v') „(v —1) y 3v„v„'v'

—2g~„v' (v —1) + g„~v~(v —1) + i e„~o„(v—v') (1 + v) + 2i e~„~pv' v v' + is„„~pv' v' v

O~ (v')+3p, vpgp~ (v 1) vgvpv + M~hopvpv v
2 p.v' —hm2 + te

+ Epb'v p v vvv pv v (r —1) + pv (v —1) —v v„(2 + v) —Bvv
2 I

2 2 p.v' —bmg

+—( ' (v) (v+ v')„
p "2 p.v' —bm,

88 (v) I cx
g~~( + )) gl ~vv g) vv~ + teI o~u(v + v )2 —p v —bms

+ 8pg(v')
2(p.v' —bms)

vvvv pv v + gvv(1+ v) —vvv xv vvp v (4.7)

Here, 0 P results from the numerator of the spin-2 prop-
agator in the heavy mass limit, and is

C. B ~ DEEP decay rate

1 1 10" v = —0"0 + —0"0 ——0" 0po' k I 2 p a 2 cr p 3 p~' (4.8)
In the analysis of Bg4 decays it is convenient to use the

momentum combinations

As expected, all amplitudes vanish in the soft-pion limit.
Moreover, resonance contributions vanish at zero recoil,
as predicted by the heavy mass limit.

P =PD+P
Q= ps —p,
L = pg+p,
N=pg —p .

I
PD = cvIDV, P~ = P,

(4.9)

In terms of these variables, the most general form of 0„
1S

0„= Hs„„p L"Q~—P +. FP„+GQ„+ RL„, (4.10)P

I

I

)i jr
Bo+

f

I

I

B I B,'

where H, F, G, and B are form factors dependent on
the three invariants v, p v, and p v'. These form factors
are easily obtained from the explicit expressions of the
nonresonant and resonant parts of the amplitude given
in Eqs. (4.2) and (4.4). The explicit expressions for the
form factors are given in Appendix C. The assumption

(b)

FIG. 2. Nonresonant (a) and resonant (b) diagrams con-
tributing to R ~ D'vrEsr. FIG. 3. Kinematic variables and angles.
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that the leptonic current is conserved implies that the term proportional to B does not contribute and can be ignored.
The squared modulus of the decay amplitude, after summing over the lepton polarizations and neglecting higher

order terms in the pion mass squared, is given by

) ITI' = ~' 41FI' (P.L)' —S~SD- —(P N)' + IGI' (Q L)' —Q' S~ —(Q.N)'
spins

+IHI sr 2P LP .Q Q I —(P L) Q' —(P Q)' sr — (Q I)' .sD + Q' sz sD

—(~„„P L"N"PPQ )

+4 Re(FG') —2 P.Q Sg + 2 L.Q P.L —2 N P N. Q

+Re(FH*) 4 P Q Sg P N + (P.L) Q N —P L Q L P N —Sg SD~ Q N

+Re(GH*) 4 —P N (Q L) + Q Se P N + P.L Q L Q N —P Q Sg Q N

+4 Im 2P*G+P"H P N+ O'H LI N e„m L"N P~Q j . (4.ii)

The invariants appearing in this expression are

P = SD~)

Q =2(MD+M ) —SD,
I = —% =Sg,

P Q= MD .—M,
=1 2P.L = —(M~ —S4 —SD ),

2
I,-N =O, (4.l.2)

and A is Kallen s function. In order to obtain explicit expressions for the remaining invariants, namely Q, P N, N.Q,
and L Q, it is convenient to use, as independent variables, the quantities SD, Sg, and the angles 0, 0r, and P. From
Eq. (4.12), SD and Sg are the invariant mass squared of the vrD and Ev pairs, respectively. The angles 0, 0g, and

P are illustrated in Fig. 3. 0 is the angle between the pion momentum and the direction of P in the c.m. frame of
the mD pair, Og is the angle between the lepton momentum and the direction of L in the c.m. frame of the Ev pair,
and p is the angle between the two decay planes defined by the pairs (p, pD) and (pg, p„) in the rest frame of the
B meson. This is the set of variables initially introduced by Cabibbo and Maksymowicz 124] in the analysis of Kg4
decays.

The remaining invariants are

P N = —cos 0g A i (M&, SD, S~),
2

(4.&3)

L.Q =
S [(MD —M~)(Mz —SD —Se) + cos0 A (MD, SD~, M ) A (M~, SD» Se)]I

2SD

N Q = cos0g A (M&, SD, S~)+ cos04 cos0 A (M»SD~, M )
MD —M (Ma —SD- —S~) 1/2 2 2

2SD 2Sz)

cos /sin 0e sin 0 A (MD, SD~I M )I
Dm

e~ p
P"Q"L N = —— A (MD, SD» M ) A (M~ SDIL, Sz) sin P sin 0& sin 0P 2 g B

Since the form factors depend on only one of the angles, namely 8, in the expression for the partial width of the Bg4
decay, the integrations over the angles P and 0g can be performed explicitly. Following standard steps, the differential
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partial width of interest can be expressed as

d'I'~„ 2' 1

J(SD» Sg) dP d cos Oe ) jT~ (SD», St, 0», 'gg, 4 ) )dcoso dSD ds~ 2M~
(4.14)

where

2 for charged pions,
1 for neutral pions, (4»)

and the Jacobian J(x, y) is

J(x, y) =
2

A'i (M~, x, y)A'i (M~, M, x) A i (0, 0, y). (4.16)

For our purposes, the interesting differential partial rate is dl'~„/dS~ which results from integrating Eq. (4.14) over
Sg and 0 with no kinematic cuts.

D. H —+ D*mlv decay rate

The tensor O„„can be expressed in terms of 12 form factors as

z0„ = Hge„„p —P~Q + H2e„ p
—P~L + Hse„ p

—Q~L

+F~P„(P —Q)„+E2Q„(P —Q) „+FsP„L„+F4Q„L„+Kg„„

+—G, e„gp P Q~L (P —Q)„ + —G2 e„gp P QPL L„

+—G~ e„gp P QPL P„ + —G2 ~„gp P Q~L Q„ (4.17)

In writing this form, we have neglected terms that vanish
upon contraction with the conserved leptonic current j„
and with the D* polarization vector e~. . The explicit
expressions for the form factors resulting from Eq. (4.17)
are given in Appendix C.

It is straightforward to calculate the modulus squared
of the resulting decay amplitude summed over the polar-
izations of the D*. Since the result is lengthy we prefer
not to display it here. The partial width is given by an
expression similar to that of Eq. (4.14) with the appro-
priate replacement of the squared amplitude.

V. RESULTS, DISCUSSION,
AND CONCLUSIONS

One very important set of parameters for this calcu-
lation are the total widths of the D* mesons. We esti-
mate these &om our quark model calculation of the de-
cay widths to Der, and the measured branching fractions,
to be I'D 0 ——60 keV and I'D.+ ——88 keV. As pointed
out in the work of Cheng et al. [8], the rates for the de-
cay B —+ D7rEv are very sensitive to these total widths,
as the dominant contribution is provided by the decay
B ~ D*Zv, followed by the process D* ~ D7r.

We can obtain a rough estimate of the relative im-
portance of the multiplets that we have considered by
examining the contribution from each individually. This
is shown in Figs. 4(a) and 4(b), for B m D7rlv and
B + D*mEv, respectively. In both cases, it is clear that

I

the states of the (1,2 ) doublet make negligible con-
tribution, while in the case of B —+ DvrEv, the peak
from production of real D*'s dominates the spectrum.
Despite the very small contributions from the states of
the (1,2 ) doublet, interference effects involving these
states cannot be neglected. In the case of B ~ D*7rEv, it
is quite clear that consideration of the ground states alone
is not sufficient, as the contributions from the (0+, 1+)
and (0, 1 )' multiplets are at least as large, and are in
fact much larger over much of the available phase space.

If we throw caution to the wind and. apply our cal-
culation to all of phase space, we And that the decay
rate for Bo ~ Don+tv ranges from 1.47 x 10 x4 GeV to
1.62 x 10 ' GeV. The upper limit corresponds to includ-
ing all the multiplets in the calculation, while the lower
limit arises from including only the (0, 1 ) and (0+, 1+)
multiplets. These decay rates correspond to branching
fractions of 3.4%%uo to 3.8'%%uo. We see, therefore, that the in-
clusion of the higher multiplets increases the total decay
rate of B ~ D vr+Ev. The eKects on the spectrum, and
on the decay B ~ D* 7r+Ev are more striking, however.

Performing the same integration for the decay B —+
D* vr+gv, we And that the total rate varies between
5.6 x 10 ~7 GeV (8 = 1.3 x 10 ~) and 1.2 x 10 ~s GeV
(8 = 0.28'%%up). Thus, inclusion of the resonances makes a
significant change to this decay rate, increasing it by a
factor of about 20.

We emphasize that the above results are obtained by
integrating over all of the available phase space. Clearly,
these results cannot be completely trustworthy, as the
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ential and total widths of B ~ D'vrEv that arises from
the interference between the (0, 1 ) and (0+, 1+) mul-
tiplets. This enhancement should however be taken with
caution, as its largest effect occurs beyond the range of
applicability of our approximation.

In Figs. 7—10 we examine the effects of the values
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FIG. 7. The effect on the decay B ~ Dvr+ev, of changing
the conp1ings and total widths of the states in the (0+, 1+)
multiplet.
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single pion) may make things more difficult. However, re-
cent topological analyses &orn ALEPH suggest that this
difficulty is not insurmountable.

While the dependence on the model parameters is
clear, these estimates suggest that a study of the spectra
of B ~ Dm'Ev and B ~ D' vrEv ofFers some opportunity
for discovery or confirmation of the resonances of the
(0, 1 )' multiplet. Note that if we include the expected
small mass difFerence between these two states, the sin-
gle peak in these figures will become two peaks that are
very close together (separated by about 0.32 GeV if the
mass splitting is about 60 MeV). The net effect would be
a broadening of the structure that we have in our spectra.

All of the results presented above are for the spe-
cific reaction B' ~ D(*) m+Ev. The other possible
charge combinations would give similar results, except
for B ~ D Evm+ . This is because the contribution
&om the ground-state multiplet of intermediate states is
all nonresonant: the D 7t-+ produced in the final state do
not result &om a real D*, but &om a virtual one. The
profound. efFect that this has on the spectrum is shown
in Fig. 11 ~ This also suggests that this particular chan-
nel, namely, B ~ D Zva+, may be the most favorable
for seeking new resonances, as any possible signal will
not be swamped by the contribution of the ground-state
multiplet, as would be the case for the other charge com-
binations.

In conclusion, we have studied Bg4 decays in the soft-
pion limit using chiral perturbation theory and heavy
quark symmetry. The resonances which give leading con-
tributions in this limit have been included, and shown to
be important in determining both the rate and the shape
of the spectrum. The narrow (0, 1 )' resonances show
up as a peak in the SD spectrum, but may be difficult
to observe in B ~ DmEv. The possibility for detection

I

or confirmation in B -+ D*mEv is more promising. The
wider resonances of the (0+, 1+) multiplet show some ef-
fect on the total rate, but are not likely to be identi-
fied from the spectrum. Preliminary indications are that
they may be identified at ALEPH using the topology
of the B~4 decays [23]. The effect of these broad reso-
nances is much more pronounced for B —+ D*m/v than
for B ~ Dvrlv, although the efFects on both spectra are
quite clear.
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APPENDIX A: STRONG INTERACTION
TRANSITION VERTICES WITH A SINGLE PION

In this appendix, we give the explicit expressions for
the vertices where one pion emission takes place accord-
ing to l."". Similar results hold for B mesons. The ver-
tices are shown in Fig. 12.

APPENDIX B: THE CHARGED CURRENTS

In this appendix the explicit expressions for the charged currents displayed in Eq. (2.12) are presented. They are

J(o ~0 )= —&( )D'(')( + ') B()
J„(0 -+ 1 ) = ((v) D't" (v') ie„„pv' vp + g„„(1+v) —v„'v„B(v),

J„(1 -+ 0 ) = ((v) Dt(v') ie„ppv v'p + g„p(1+ v) —v„v' B'~(v),

J„(1 m 1 ) = ((v) D' "(v') g„p(v+ v')~ —g„pv„—g„v' ~is„p„(v+.v') B' (v),

( o+)= — ( ) '(')( — ') ()
J„(0 m 1+) = »(v) D+ "(v') ie„„~pv v' + g„„(v—1) —v v„B(v),

4( ~ 0 ) = »(v) D+(" ) '~v~pcv " g„c (v 1) + vvv B ( )~

J„(1 m 1+) = pg(v) D+ "(v') g„p(v —v')„+ g„pv—„—g»v' +is~„~~( v+ v') B'~(v), —
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1J (0 -V 1 ) = pv(v) D, (v')(vvv Vv v' (v —1) +gv (v —1) —v [(2+ v)v'„—3v ])H(v),6

J~(0 M 2 ) = —p2(P) D2 (v ) v~g—pp(v —1) + v~vpv + zE~~~pvpv 'U B (v)q

1
J~(l M 1 ) = P2(v) Dz ('U ) (v + 'U )~g~~(v —1) —3v~vPV + 2vgggP~(v —1) —gy~v (v —1)

6

—zE~~~~(v —v ) (1 + v) + 2ze~~~pv vpv + Ze~~~pv~v v B (v),

J~(1 M 2 ) = P2(V) D (V ) —ZE~~g~vp(v —V ) + g~~v~vp —gppv~v~ —gp~v~(V —V )~ B (V),

J„(0 -+ 0 ') = —(~ l(Z ) D't(v')(v + v')„B(v),

J„(0 + 1 ') = (~'~(z) D'*t (v') ie„„pv' vP + g„„(1+v) —v„'v„B(v),

J„(1 -+ 0 ') = (~ ~(v) D't(v') ie„ppv v'p+g„~(l+ v) —v„v' B'~(v),

J~(l M 1 ) = ( (v) D ( U) g'~p(v + v )p —g~pv~ —g~~v + M)j~p~(v + 'U ) B ('U).

The eBective currents where a B-meson resonance decays into a ground. -state D meson are easily obtained simply
taking the Hermitian (minus the Herrnitian) conjugate of the vector (axial-vector) portion of the currents displayed
above followed by the interchange of symbols B ++ D and v ++ v'.

APPENDIX C: THE FORM FACTORS

In this appendix we give the form factors needed in Eqs. (4.10) and (4.17). The nonresonant and the resonant
contributions are displayed separately.

1. B —+ Dm/v

If we write

Op = —zh M@MD cp~p~v v P~ + Ay P~~ + A2 Mgv„+ A3 MQv@ (Cl)

the form factors in Eq. (4.10) are

1F = A2+ —(Az + As),
2

1
G = —(As —Az),

2
R=A2.

From Eq. (4.2) we obtain the nonresonant contributions to the form factors as

((~) 1
NR-

2Fo MaMa ~p v+ bmg —ie
1

p ~ v —bma + ze)

Ax NR

A2 NR—

A3NR

g ('(~) (1 + ~)
2Ep (p~ v + bmg —zE p~ v' —bma + ze)

'

g $(Z) ~ P .V+P V'

2F() M~ (p v+ am~ —ze)
'

g ((v) ~ p .v+ p .v'

2Fo Ma (p v' —bma +is) (C3)
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These results are the same as those obtained by Lee and collaborators [7], and by Cheng and collaborators [8].
From Eq. (4.4) the resonant contributions are

np pg(v) ( 1

6FpMBMD (p v + dms p .v' —bmg)

(~'l (v) ( 1
+

2Fp MgyMD (p v + hms p v' —bms)
'

( )
( 1)A'" 6F IEp +8 p v' —dms)

n, (~&~(v) (
(1 + v) I

2EO ~p v+ bms p .v' —bms)
'

A~~ —— P~ 'V 0!g Pg V 1 1 1
+ "

I + —(vp v' —p .v)+ —(p v' —vp .v)
2FpM~ (p» v —bmz p» v+ bmoc) FpM~ p» v+ bmq 6 3

1 1, ns (' (v) p .(v~v') )+—, p v —vp. v +
2 p .v' —bmq 2Fp M~ (p 'v+ bms)

nl pl (v) p» v
3R = +

2FpML) (p .v' —dms p .v i bmoc)

nq pq(v) 1 1,1, 1 1—(vp .v —p . )+v—(p .„v —vS v') + — (p .v' —vy v))P .vi gm, ~ 6 3 2 P .v+bmg

-. ~~'l(-) (.- (.+") &

2Fp Mv ~p
.v' —bms) (C4)

2. H m D'mE~

The most general form for the tensor 0„ in terms of the vectors v„, v„', and p „ is [terms which vanish upon
contraction with eD" (v') are not displayed]

A„~(v, v', p») = —e„„p~ hg M~M~v v' ~ hq M~v p ~ hs Mr)v' pPv ) 0 7T
2 PvPcf

2+ fq M~vt p „y fq MDv„p y fs p»g p»v ~ f4 M~vt, v„

+fz MgyMav„'v~ + fs M~p»~v~ + k g»

+ &P,bP~ V V P~ g1 P~x + g2 ~aVv8 tp o-

2

b Ip o I+ CvPP~ V V P~ Q3 M~ V~ + g4 Af~ V + g5 P~~2 (c5)
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The form factors appearing in Eq. (4.17) are related to
the ones in this expression by

1
Hl ———(hl —h2 —h3),

2

h1NR = g((v) pm 'v

EpMBMD p .v+ 8mB —ie'
g((v) 1

2NR—
EpMB p -v + bmB —ie
g((v)

h3 NR—
1

H2 ————(hl + h2),
2

1
H3 ——(—hl 4- h2),

2

1 ( 1
Fl — fl + f2+ f3+—f4+ fs +— fs—

2 2 2

f2 —f3+ fs —fs
)

fl NR—

(
(p 'v + bmoc —ie

g((v)
2EpMB

X
(p. v+bmR —'.

MB
f2 NR — fl NR&

MD
f3 NR f4 NR

1+ v
I )

p v'+is) '

1

p .v' + hmLl + ie) '

1
F3 f4 + —(fs + fs)

1F = —(f —f)

A

4MBMD

A
2 M M g2)

2MRMLl ( 2

B 1

4MB Mz)

From Eq. (4.6) the nonresonant contributions to the
form factors are

fsNR = 1+
2FpMRMD ( p v+ bmR —ie) '

g((v) t 1 1
fs NR—

2FpMR I p v + bmR —ie p .v' +is)
g((v) f p .v' —vp .v p v —vp v'

NR = +
2Fp ~p

.v+ bmR —ie p~.v'+is )
0,

0,

0,
g((v)

Ep M~
0.

g1 NR

g2 NR

g3 NR

g4 NR

g5 NR

p~'v + tc

These results are the same as those obtained by other
authors [7,8].

Finally, the resonant contributions are obtained from
Eq. (4.7) and are

pl(v) ( p v
h1R =

n3 ((') (v) p v

EpMBMD p .v+ bm3'

p v' l n2 p2(v) (p v(1+2v) —p v' 3vp v' —p v~+ +-
p v' —bml) 3FpMRMD

~ p .v + bm2 2 p v' —bm2

n2 (1+v) p2(v)2R-
3EpMB —p v —bm2

n3 ((l) (v)
FpMR (p .v+ hm3)

'

n2 p2(v) ( 1+ v3R- +h 2(p v' —hm2) )
n3 ((l) (v)

EpMD

1

(p v+ hm3

1+v
I )

p .v —hm3)

flR =—n2 p2(v) (v —1)
6EpMB (p~ v + bm2 p~.v —&A2 )

MB
f2R =

M f1 R~
D

f3R = f4R =O,
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I
Pm 'U

p v' —bmi)
ni pi(v) f p .v

sR = +
2FoM~MD ~p

.v+ bmi

+ cx2 p2(v) p~'v —sp~ v (1 + 2 v) p~. v
+2FoM~MD ( p 'v + bm2

n, ((')(v) & p v p v'

~FoMaMD (p .v+bms p

—-'p v' (1+ 2 v) l
p v' —bm2

fsR = ~2 p2(v) (v —1)
I ~ +

6FOMB (p v + bm2 p .v —bm2) 2

~i pi(v) (v 1) ( p~ v p. .v'
+2' (p .v+bmi p .v' —bmi)

2Fo ( p v+bms p .v' —bm, )
'

((')(i ) ~ 1 I.

FoMg (p v + bms p .v' —hm3 )
e2 p2(v) (v —1) ~ (p v' —v p .v) (p .v —v p v') ~

+
3Ep p v+bm, p e' —bm2

giR =o,
~2 p2(v)

g2R =—
2Fp M~ p .v'

g3R = g2R)

n2 p2(v)
g4R =

3FoM~ &p. .v

g5R = O-

—bm '

2

+hm,
1 l ~s ((i) (v)

p v' —bm, )
+

p v' —bm3
'

(C8)
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