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Gluon and charm distributions in the photon
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We study systematically the sensitivity of the photon structure function data on the gluon
contents of the photon, by using the leading order Altarelli-Parisi (AP) equations. The charm quark
contribution is studied in the quark parton model and by using the massive quark AP equations
of Gluck, Ho@mann, and Reya. The present photon structure function data are found to allow
a wide range of gluon distributions in the photon. We give a set of six scale-dependent parton
distributions in the photon (WHIT1 to WHIT6), which have systematically difFerent gluon contents.
The sensitivity of the structure function at small x and that of the total charm quark production
cross section to the e8'ective gluon distribution are discussed.

PACS number(s): 12.38.Bx, 13.65.+i, 14.70.Bh

I. INTRODUCTION

The deep structure of the photon has been expected
to be calculable perturbatively in QCD [1], except at
small z [2]. In practice, however, nonperturbative effects
are found to be significant [3,4] at present experiments,
where the electromagnetic structure of the Weizsacker-
Williams quasireal photon [5] has been measured up to
the momentum transfer scale Q = 100 GeV in e+e
collision experiments. Several parametrizations of the
scale-dependent effective parton distributions in the pho-
ton have been proposed; some are based on plausible dy-
namical assumptions [3,6—9] and the others [4,10] have
been obtained by fitting phenomenologically to the pho-
ton structure function data [11—17]. These parametriza-
tions typically have similar quark distributions which are
directly constrained by the structure function data. On
the other hand, wildly different gluon distributions have
been proposed since the electromagnetic structure of the
photon is rather insensitive to its gluon content.

Recently KEK TRISTAN experiments [18,19] have
shown evidence for the effective gluon content of the pho-
ton in two-photon production of high transverse momen-
tum (pz) jets. The observed jet production cannot be
understood without the contribution from gluons in the
colliding photons, whereas it does not allow a very hard
gluon distribution [10] that is consistent with the struc-
ture function data.

More recently, the TRISTAN experiments have re-
ported evidence for copious production of charmed par-
ticles in the two-photon collision process, in their various
decay modes and at various pz range [20—22). The charm
production rate has been found to be particularly sensi-
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tive to the gluon distribution in the photon [23] and that
the present data tend to prefer those parametrizations
with large gluon content at small x (x + 0.1).

The recent data on the jet and charm production in
the two-photon process thus give us evidence and some
quantitative information of the gluon content of the pho-
ton, but they are not yet accurate enough to determine
directly the effective gluon distribution. It is therefore
desirable to have a set of effective parton distributions
in the photon with systematically difFerent gluon distri-
butions, so that we can learn more about the photon
structure from these experiments.

In this paper we study all the available photon struc-
ture function data [ll—17,24—26] at 4 GeV ( Q (
100 GeV2 in the leading order of perturbative QCD and
find a new set of the effective scale-dependent parton
distributions in the photon, named WHIT1 to WHIT6,
which are all consistent with the present data of the pho-
ton structure function and have systematically different
gluon contents. We study carefully the charm quark con-
tributions to the observed structure functions, which are
evaluated by using the lowest order quark parton model
matrix elements (p*p -+ cc and p*g -+ cc) and the mas-
sive Altarelli-Parisi (AP) equations [27]. We find that
the photon structure function has a sensitivity to the
gluon distribution at small x, but that a careful analysis
is needed to determine experimentally the photon struc-
ture in this region. Predictions are also given for the
total charm quark pair production cross section in the
two-photon collision process at e+e colliders.

We note here that the next-to-lead. ing order correction
to the massless inhomogeneous AP equations has been
known for a while [3,28—30], and some phenomenological
analyses [6—9] were performed at this level. Recently,
the complete next-to-leading order correction has been
obtained for the massive quark production process [31].
We work in the leading order of QCD, nevertheless, since
errors in the experimental data as well as the theoretical
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uncertainties associated with the gluon contents of the
photon are so large that the leading order approach is
more suited to discuss them systematically.

The paper is organized as follows. In Sec. II we re-
view the AP equations that govern the effective parton
distributions in the photon and introduce the notion of
'valence' and 'sea' components of the quark distributions.
We discuss our parametrizations of the initial quark and
gluon d.istributions and study charm contributions to the
structure function. In Sec. III we introduce all available
photon structure function data, give a criterion to re-
move several low x experimental data, and then make a
global fit of the initial light-quark distribution functions
by using the leading order inhomogeneous AP equations.
The fit is repeated by systematically changing the magni-
tude and the shape of the initial gluon distribution. The
minimal y of the fit as well as the distribution of the
deviation of each data point from the best fit curve is ex-
amined carefully. Six efFective parton distributions which
have systematically difFerent initial gluon distributions,
WHIT1 to WHIT6, are then introduced and examined.
In Sec. IV we discuss efFective heavy quark distributions
in the photon by using the quark parton model (@PM)
and the massive AP equations. In Sec. V, predictions
are given for the total charmed particle production cross
section in the two-photon process at e+e colliders. Sec-
tion VI summarizes our findings. The details on the nu-
merical methods that we use in order to solve the AP
equation with and without charm quark mass efFects are
given in Appendix A, and the parametrizations of our
efFective parton distributions in the photon are described
in Appendix B.

II. MODEL

In this section we explain the framework adopted in
this work to calculate the efFective parton distribution
functions in the photon and the photon structure func-
tion I~~(x, Q2).

A. Inhoxnogeneous Altarelli-Parisi equations

In the Q and x region where the lightest ny Bavor-
quarks can be produced, we have nf quark distribu-
tions and nf antiquark distributions in addition to the
gluon distribution in the photon. These are denoted
byq(xQ), q(xQ)(i =1tonf), andg(xQ), re
spectively. Apparently, the relation q;(x, Q ) = q;(x, Q )
holds for each fIavor.

The Q evolution of these parton distributions is de-
scribed by the inhomogeneous Altarelli-Parisi (AP) equa-
tions in the leading logarithmic approximation [32]. For
the massless nf-flavor case the AP equations can be writ-
ten as

g( 1Q ) s(Q ) 2P ( ) ) ( Q2)
dt 2' i=1

+Pgg(x, ny) Is g(x, Q ) (2.1b)

2/2+22
Q)=2)

( ) ( )
q

i=1

(Q):2)()()q(Q)
i=1

(2.2a)

(2.2b)

where (e ) = 2/9 and (e ) = 2/27 for ny = 3. Note that
the singlet and nonsinglet quark distributions, qs(x, Q )
and qNs(x, Q2), respectIvely, are related to our valence
and sea quark distributions by

qs(x, Q') = 2) q*(*,Q')
i=1

= q (x, Q')+q-(»Q')

qNs(x, Q ) =—2) [e, —(e )] q, (x, Q )

(2.3a)

where i = 1 to nf, t = lnQ /A with A being the
@CD scale, and P;~ 's are the parton splitting func-
tions [33] whose explicit fo"ms are given in Eq. (A4)
of Appendix A. The convolution integral is defined as

a(x) b(x) = I (d~/~) a(x/~)~(~).
As we show in the latter sections, the charm quark con-

tribution to the photon structure function can be most
conveniently calculated from the lowest order quark par-
ton model processes (p*p -4 cc and p*g ~ cc) at present
energies (Q & 100 GeV ), by excluding the charm quark
distribution in the photon. Only at higher Q we intro-
duce the efFective charm quark distribution that evolves
according to the massive nf ——4 AP equations of Ref.
[27]. At very high Q, we may neglect the charm quark
mass and employ the massless inhomogeneous AP equa-
tions of Eq. (2.1) with nf =4. The matching of the quark
parton model description with the efFective heavy quark
distribution in the massive AP equations is discussed in
Sec. IV.

Hence in the analysis of the present structure function
data that probe the photon structure up to Q 100
GeV we introduce only three light-quark distributions
(nt ——3). Furthermore, in order to find a plausible
parametrization of these quark distributions for the fit,
we find it convenient to introduce the notion of "valence"
and "sea" quark distributions. The "valence" quarks are
produced by the photon and the "sea" quarks originate
from the gluons. According to these d.efinitions, the va-
lence and sea quark distributions are written in terms of
the original quark distributions qi s:

dq, (x, Q ) n 2,(Q )
) ( 2) 4

,,„—(e') q-(* Q').
W

(2.3b)

+P (x) I3 g(x, Q ) (2.la) The photon structure function I'z~(x, Q2) can be writ-
ten in terms of q (x, Q2) and q, (x, Q2) as
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E~~(x, Q )—:2x) e, q, (x, Q )
i=1

e4= x q„(x, Q ) + (e )q„(x,Q )

+heavy quarks . (2.4)
xg(x, Q', )/n = X,(C, + i)(l. —x) ~, (2.9)

for the energy fraction (xq„(x, Qo)) of the valence quarks
in the photon.

As for the initial gluon distribution, we adopt the sim-
ple form

Heavy quark contributions will be discussed in Sec. II C.
When we neglect small mass difFerences among the light
three flavors, we can express the u, d, and s distributions
in terms of q and q,

(* Q') = —.'~-(* Q') + —.'~--(* Q') (2 5 )

d(* Q') = s(x Q') = —,'.~-(x Q')+ s~--(x Q') (2 5b)

The AP equations of Eq. (2.1) with ny = 3 can be
rewritten in terms of the valence-quark, the sea-quark,
and the gluon distributions:

""*"= —2- (")~„(-)
dt 2~

"''
n 2

+ '2 &-(*) ~-(* Q'),
2

[2 x 3Pqg(x) g) g(x, Q2)

++ ()3 -(*Q)]
2

(*)3( (* Q )+ - ( Q ))

+&ga(x 3)~(x Q')l . (2.6c)

dq„(x, Q2)
dt

dg(x, Q')
dt

It is now clearly seen that the valence quarks are pro-
duced by the photon, the sea quarks are produced by the
gluon, while the gluon is produced by the valence quarks,
the sea quarks, and the gluon itself. Once a set of initial
parton distributions at Q = Qo is given, we can pre-
dict the parton distributions at any Q () Qo) by solving
the above equations numerically. The numerical meth-
ods which we use to solve these equations are explained
in Appendix A.

with two parameters Ag and Cg. Again the normalization
factor is chosen such that

(x~(x Qo))/~ = dxx~(x Q0)/~ = &g
0

(2.10)

(x~-(x Qo)) ' (x~-(x Qo))-
(2.ii)

The present structure function data are not accurate
enough to determine the gluon parameters Ag and Cg.
We therefore perform the fit by the valence-quark pa-
rameters, A„, B„,and C, by varying systematically the
normalization (Ag) and the shape (Cg ) of the initial gluon
distribution.

Before starting the fit to the data, we discuss the plau-
sible range of the gluon distribution parameters that we
should explore. We obtain constraints on the ratio of
the gluon energy fraction (Ag) to the valence-quark en-
ergy &action (A ) as follows [7]. At sufficiently low mo-
mentum transfer scale (Q2 & 0.5 GeV2), only the long
wavelength components of the photon are probed and the
quark-antiquark pair produced from the photon under-
goes nonperturbative soft @CD dynamics that resembles
the one which makes the quark-antiquark pair form the
low-lying vector boson. The photon structure is then ex-
pected to have components similar to those of the vector
bosons, in particular the p meson that couples strongly
to the photon. Although we do not know the structure of
p, we expect the soft @CD dynamics to be insensitive to
the total spin of the system and that it may be similar to
the observed 7r structure [34]. If the photon had only this
soft component, its deep structure should also be similar
and we expect

B. Initial parton distributions

To solve the AP equations of Eq. (2.6), we have to spec-
ify a set of initial parton distributions at Q = Qo. All
the nonperturbative features of the photon structure are
included in these initial conditions. We use Qo = 4 GeV2
throughout our analysis in order that our perturbation
approximation works well.

As an initial valence-quark distribution we take the
functional form

xq„(x, Q,')/n = A„x -(i —*)~-/B(B„+ i, C„+ l.),
(2.7)

where A„, B, and C„are the &ee parameters which will
be fitted to the experimental data, and B(n, P) is the P
function that ensures the normalization,

In fact this ratio is common in the nucleon structure as
well [35,27] and we can regard this ratio as a universal
one from soft QCD dynamics.

The photon, however, difFers &om the vector boson
in that it is a source of a quark pair with an arbitrary
short wavelength. As the momentum transfer scale grows

(Q + 0.5 GeV ), one is more and more sensitive to
these short wavelength components which dominate the
photon structure at asymptotically high Q2. Although
the transition from the regime where the vector meson-
like component dominates to the regime where the short
wavelength component dominates is gradual and it is gov-
erned by the nonperturbative dynamics, we may infer the
effect of the latter component from its asymptotic behav-
ior that can be calculated perturbatively. In particular,
for the ratio of the gluon to the valence-quark energy
fraction, we expect

1

(xq„(x, Q', ))/n = dxxq„(x, Qo)/n = A„,
0

(2.8)
(»(x Q'))
(x&-(x Q')) ~,

3616 1
10611

(2.S2)
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for three light quark Ravors (ny = 3). This result is
obtained by solving the inhomogeneous AP equations
at Q2 -+ oo in the moment space as explained in Ap-
pendix A 1. At the momentum transfer scale Qo ——4
GeV, it is hence natural to expect the ratio to lie some-
where between the two extremes Eqs. (2.11) and (2.12):

1 & (xg(x, Qo2)) Ag

3 (xq„(x, Qo2)) A„
(2.13)

We shall see in the next section that the valence-quark
&action A„ is determined to be about unity by the ex-
perimental data of Fz~(x, Q2). We will hence examine
the parameter range 1/3 & Ag & 1 for the gluon energy
&action.

Finally, we note that the sea-quark distribution is inti-
mately related to the gluon distribution and that one can-
not choose them independently. Although the sea-quark
distribution is in principle observable &om the small x
behavior of the photon structure function, we find that
the present experimental determination of the small x
structure of the photon suffers from an uncertainty as-
sociated with the unfolding technique adopted by most
experiments [36]: this will be discussed in Sec. III. We
therefore estimate the input sea-quark distribution by us-
ing the quark parton model cross section for the process
f gMgg:

a8 0xq„(x, Qo) = 3 2'
(x m2i. I g(y Qo),

o)
(2.14)

where a = 1 + 4m /Qo and

zv(z, r) = z P(—1+8z(1 —z) —4rz(1 —z))

+(z'+ (1 —z)'+ 4rz(1 —3z)

1+P8r z jln—1— (2.15)

with P = gl —4rz/(1 —z). The sea-quark mass m,
which is taken to be common for the three light flavors,
m„= mp ——m, = m, plays the role of the cutoff and we
choose it to be 0.5 GeV. Here and throughout our analy-
sis we adopt the leading order form of the @CD running
coupling constant

ratio that

(~qs«(~~ Qo))
(~g(~ Qo))

(2.17)

holds almost independently of the input gluon param-
eters Ag and Cg in the region which we will discuss.
The ratio increases with decreasing light-quark mass, and
reaches 0.2 at m 0.3 GeV. The ratio is about 0.3 in the
parametrization of the 7r structure [34], and its pertur-
bative asymptotic value is calculated to be 0.16 for nf ——

3. Our sea-quark input is hence rather conservative for
a given input gluon distribution.

C. Charm contribution

The charm quark cannot be incorporated into the
massless AP equations in the region of moderate Q, say
Q & 100 GeV, which has so far been probed by ex-
periments. We should take into account the quark mass
effect by using the massive-quark AP equation of Gluck,
Hoffmann, and Reya [27], and more accurately by incor-
porating the full next-to-leading order corrections [31].
We find by comparing with the results of the leading or-
der massive-quark AP equations that the charm quark
contribution to the photon structure function is well ap-
proximated by the sum of the contributions from the
quark parton model processes p*p ~ cc and p*g —+ ec at
Q & 100 GeV . Beyond Q 100 GeV the radiation
of gluons off charm quarks is no longer negligible and, we
should solve the massive-quark inhomogeneous AP equa-
tions. At large enough Q, the charm quark mass effect
to the Q evolution would become negligible and we can
use the massless AP equations of Eq. (2.1) with ny = 4.
The matching of the distributions should then be made
at appropriately large Q . We will find that the charm-
quark mass effects are not negligible even at Q 100
GeV . With the same criterion, the bottom quark con-
tribution can be estimated by the lowest order process
p*p -+ bb and p*g ~ bb up to about Q2 1000 GeV2,
above which we may introduce the effective b-quark dis-
tribution that follows the massive nf ——5 AP equations.
More accurate quantitative treatment [31] will become
useful in the future when both the quark and gluon dis-
tributions are measured accurately from experiments.

The charm-quark contributions to the photon struc-
ture function are thus calculated by the quark parton
model at Q2 & 100 GeV2. The contribution of the direct
process (p*p ~ cc) is given by

25 Q 1 Q
n. (Q2) 12 A42 6 4m2~

= —ln ——ln O(Q —4m ), (2.16)
I"',.(* Q )ld'-. ~ = 3—e. ~l * ') (2.18)

with A4 ——Os4 GeV and mg ——5 GeV. Note that the ef-
fective number of quark flavors that governs the running
of the coupling constant is chosen independently of the
number nf of massless quark flavors in the AP equations
of Eq. (2.1). An accurate prescription for the choice of
the effective number of flavors is found only in the next-
to-leading order level [31].

We remark here that the above prescription leads nat-
urally to a larger sea-quark input as the gluon input is
enhanced. In particular, we find for the energy fraction

where e, = 2/3 is the charm-quark electric charge and the
function ur(x, r) is given in Eq. (2.15). In our numerical
analysis we take m = 1.5 GeV. For the resolved process
(p*g + cc) we have

+2 o(+y Q ) lresolved

2 1 x m2
e,' dyiv

l

—, '
l g(y Q ) (2.19)
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III. FIT TO THE DATA

A. Data

In order to find good initial parton distributions at the
energy scale Qo

2——4 GeV, we refer to all the available
experimental data of the photon structure function at
Q ) Qo. In our analysis we use the data obtained by 8
groups at the DESY e+e collider PETRA, SLAC e+e
collider PEP, TRISTAN, and CERN e+e collider LEP
which are listed in Table I.

We note here that not all the experimental data points
are taken into account in our fit. First, we do not use the
data at (Q2) lower than 4.0 GeV2. Second, we accept
only those data points at small x where the following
inequality holds:

(Q')
lower edge of the bin

(Q2) + (~max)2
V1S

(3.1)

Here W;, " is the experimental cut on the visible invari-
ant mass of the final hadron system. Since those data
points that violate the condition Eq. (3.1) are obtained
at near the boundary of the experimental acceptance and
since the sea-quark contribution to the structure function
can be rather singular at the low x region, they may suffer
from large systematic uncertainties in the unfolding pro-
cedure [36]. As a result of the above two requirements,

where a = 1 + 4m, /Q2, and the gluon distribution
g(x, Q ) is given by solving the massless ng = 3 AP equa-
tions of Eq. (2.6) with the initial parton distributions of
Eqs. (2.7), (2.9), and (2.14).

The validity of our simple quark parton model calcu-
lation depends on how much the gluon emission by the
charm quark distorts the effective charm quark distribu-
tion in the photon. The magnitude of this effect can be
studied by using the massive AP equations for the charm
quark and is presented in Sec. IV.

47 data points are retained in our fitting, which are all
listed in Table I.

B. Fit

By fitting our theoretical predictions for the photon
structure function to these experimental data, we tune
the parameters of the initial valence-quark distribution
A, B, and C . We repeat the fit by varying the initial
gluon distribution parameters Ag and Cg systematically,
while keeping the strong coupling constant and the charm
quark mass fixed at A4 ——0.4 GeV and m, = 1.5 GeV,
respectively. In particular, we examine the case with
A~ = 0.5, 1, and 1.5 systematically by changing Cg and
find little sensitivity of the structure function data to the
shape parameter Cg The fit results for arbitrarily chosen
12 cases are summarized in Table II. Although there is a
tendency in the data that prefers small Ag (small gluonic
energy fraction) and small Cg (hard gluon distribution),
it is caused by a few data points at small x with relatively
large deviations from the best fit curve, as we will discuss
below. We choose three representative Cg values (Cg=3,
9, 15) for each of the normalizations Ag ——0.5 and 1 that
are consistent with the ansatz Eq. (2.13). These gluon
inputs are named WHIT1 to WHIT6, respectively, as
shown in Table III.

Figure 1 illustrates the matching of the data and the
theoretical curves and Fig. 2 shows the distribution of
the deviation of each data point from the best fit value

[E2(x)fit E2(2:)««]/o'[E2(x)««]. As can be seen from
Figs. 1 and 2, all WHITl to WHIT6 gluon distributions
give similar quality of fits to the photon structure func-
tion data. The mild dependence of the best fit y value
on the choice of the initial gluon distribution parameters
as shown in Table II is a consequence of a few data points
at the lowest x bin that satisfy the criterion Eq. (3.1):
see Fig. 2. In Fig. 2, deviations of those data points that
are removed from the fit by the criterion Eq. (3.1) are
also indicated by dashed lines. The large A~ large Cz

TABLE I. The data of I"~~ adopted in the fit of the valence-quark parameters.

Collider
PETRA

PEP

TRISTAN

LEP

Collab.
PLUTO

TASSO
JADE

TPC/2p

AMY
TOPAZ

VENUS

OPAL

(q )(G v )
4.3
9.2

45.0
23.0
24.0

100.0
5.1

20.0
73.0
5.1

16.0
80.0
40.0
90.0
5.9

14.7

x bins
0.03—0.17, 0.17—0.44, 0.44—0.80
0.06-0.23, 0.23-0.54, 0.54—0.90
0.25—0.50, 0.50-0.75, 0.75-0.90
0.20—0.40, 0.40-0.60, 0.60-0.80, 0.80—0.98
0.10—0.20, 0.20—0.40, 0.40—0.60, 0.60—0.90
0.10-0.30, 0.30-0.60, 0.60-0.90
0.02—0.20, 0.20-0.36, 0.36-0.74
0.196-0.386, 0.386-0.611, 0.611-0.963
0.125—0.375, 0.375—0.625, 0.625—0.875
0.076—0.20
0.15-0.33, 0.33-0.78
0.32—0.59, 0.59—0.98
0.09—0.27, 0.27—0.45, 0.45—0.63, 0.63—0.81
0.19—0.37, 0.37-0.55, 0.55-0.73, 0.73—0.91
0.091-0.283, 0.283—0.649
0.137-0.324, 0.324-0.522, 0.522-0.836

Ref.
[11]
[11]
[12]
[13]
[14]
[14]
[15]
[16]
[17]
[24]
[241
[24]
[25]
[»]
[26]
[26]
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TABLE II. The minimal y and the valence-quark parameters as obtained by the best fit. When-
ever available, we have taken into account correlation in errors. Degree of freedom of the fit is
47—3=44.

Ag
0.5
0.5
0.5
0.5
1.0
1.0
1.0
1.0
1.5
1.5
1.5
1.5

Gluon
Cg

3
6
9
15
3
6
9
15
3
6
9
15

Best fit
x'

51.6
53.2
54.0
54.3
54.0
58.2
60.2
60.4
59.8
67.8
70.9
70.1

Valence-quark parameters
A„ B„ C„

0.930(79) 0.50(17) 0.24(25)
0.933(78) 0.51(17) 0.28(26)
0.938(78) 0.49(16) 0.28(25)
0.948(78) 0.44(16) 0.26(25)
0.873(76) 0.77(21) 0.41(29)
0.882(74) 0.77(20) 0.48(30)
0.892(74) 0.71(19) 0.47(29)
0.911(75) 0.61(17) 0.42(28)
0.821(73) 1.11(26) 0.62(34)
0.837(71) 1.05(24) 0.70(34)
0.853(71) 0.95(22) 0.67(33)
0.879(72) 0.79(19) 0.58(31)

p(x„,a )
—0.52
—0.52
—0.52
—0.52
—0.52
—0.53
—0.53
—0.53
—0.53
—0.54
—0.54
—0.53

Correlations
p(w„,c„)
—0.75
—0.75
—0.75
—0.75
—0.73
—0.74
—0.74
—0.75
—0.72
—0.73
—0.73
—0.74

p(a„,c„)
0.88
0.88
0.88
0.88
0.88
0.89
0.88
0.88
0.89
0.89
0.89
0.89

gluon distributions lead to a significant rise in the struc-
ture function at small x, and a naive integration of the
structure function in the given x bin tends to be very
sensitive to the lower edge of the lowest z bin as is seen
in Fig. 1. After imposing the selection criterion Eq. (3.1),
such sensitivity to the very low x behavior of the struc-
ture function is almost completely lost, as can be seen
from the deviations of the data points that are connected
by the solid lines in Fig. 2. In view of the relatively large
theoretical uncertainty in simulating hadronic events at
small x, we conclude that the present experimental data
on the photon structure function have poor sensitivity to
the gluonic content of the photon. The normalization of
the valence-quark distribution A„ is found to be roughly
1, regardless of the difference in the sea-quark contribu-
tion that depends strongly on our gluon inputs.

We find from Table II that the best fit values of the
initial valence-quark parameters are almost the same for
different Cg's for a common Ag. Hence we introduce a
"standard" set of the valence-quark parameters for each
Ag.. i.e.,

A = 0.94,

A„= 0.89,

B = 0.50,

B„=0.70,

C„=0.25 for A, =0.5,
(3.2a)

C = 0.45 for A = 1.0.
(3.2b)

We calculate the y values for various Cg's by fixing the
normalization Ag and the associated valence-quark in-
puts as above, and the result is summarized in Table III.
The Cg dependence of the resulting y is also presented
in Fig. 3. The minimal y values as obtained in Table II
by tuning the valence quark parameters are also shown by
large symbols. The tuning of the valence-quark param-
eters do not improve the fit much. We therefore adopt
the common valence-quark input of Eq. (3.2a) for the sets
WHIT1 to WHIT3, while that of Eq. (3.2b) for the sets
WHIT4 to WHIT6, and hereafter we call the parton dis-
tributions with these inputs as WHIT1 to WHIT6. The
slightly small valence-quark contributions of Eq. (3.2b)
at small x partially compensates for the larger sea-quark

contributions associated with the large gluon inputs of
WHIT4 to WHIT6.

C. Gluon distribution

TABLE III. The y values with the standard valence-quark
parameters.

Name

WHIT1

WHIT2

WHIT3

Gluon
Ag Cg
0.5 1
0.5 2
0.5 3
0.5 4
0.5 5
0.5 6
0.5 7
0.5 8
0.5 9
0.5 10
0.5 11
0.5 12
0.5 13
0.5 14
0.5 15
0.5 16

x'
50.7
51.1
51.6
52.2
52.7
53.2
53.6
54.0
54.3
54.5
54.7
54.9
55.1
55.2
55.3
55.3

Name

WHIT4

WHIT5

WHIT6

Gluon
Ag Cg
1.0 1
1.0 2
1.0 3
1.0 4
1.0 5
1.0 6
1.0 7
1.0 8
1.0 9
1.0 10
1.0 11
1.0 12
1.0 13
1.0 14
1.0 15
1.0 16

x'
54.2
55.0
56.0
57.0
57.9
58.6
59.3
59.8
60.2
60.6
60.9
61.1
61.2
61.3
61.4
61.5

As we described above, we present a set of six effective
parton distributions in the photon with systematically
different gluon contents. We show in Fig. 4 all the gluon
distributions (WHIT1 to WHIT6) at three momentum
transfer scales, Q =4, 20, and 100 GeV2. The area un-
der the curves at Q2 = 4 GeV2 is given by the normal-
ization Ag = 0.5 for WHIT1 to WHIT3, and Ag: 1 0
for WHIT4 to WHIT6. The shape of the distribution
becomes softer as we move &om WHIT1 to 3, and from
WHIT4 to 6 in each set. The huge difference in the ini-
tial gluon distributions tends to diminish at higher Q
as expected from the asymptotic behavior of the solution
of the inhomogeneous AP equations.
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Also shown in Fig. 4 for comparison are the e8'ective
gluon distributions of Gluck, Reya, and Vogt (GRV) [9],
Drees and Grassie (DG) [4], and Abramowicz, Charchula,
and Levy (LAC1) [10] at the three-momentum transfer

scales. We note that in the z and Q ranges as shown
in Fig. 4, our WHIT1 effective gluon distribution is sim-
ilar to the gluon distribution of GRV [9], while WHIT6
gluon distribution behaves similarly to that of LAC 1 [10].
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FIG. 1. The data and the theoretical predictions for the photon structure function E~~/cr The vertical .axes show E~~ jn and
the horizontal axes represent the scaling variable x. The data points with a cross mark are not used for the fit, according to the
selection criterion Eq. (3.1). The OPAL data points are obtained by removing the direct charm-quark contribution. We hence
drop from the theoretical curves the p*p —+ cc contributions. The remaining structure function data contain all hadronic final
states. (a) The best fits with WHIT1 —WHIT3 gluon distributions. (b) The best fits with WHIT4 —WHIT6 gluon distributions.
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It should be noted, however, that LAC1 parametrization
for the effective gluon distribution is more singular at
x ~ 0 than that of WHIT6, which results in a very large
energy fraction (xg(x, Q20))/n = 2.37 at Qo2 ——4 GeV2, in
conflict with our ansatz Eq. (2.13) with A„ l. Accu-
rate measurements of the photon structure functions at
very small x as well as the high energy behavior of the
charm and minijet production cross section at pp and pp

collisions will be able to distinguish the different small x
behavior of these two effective gluon distributions.

IV. EFFECTIVE HEAVY-QUARK
DISTRIBUTIONS IN THE PHOTON

In this section, we compare the result of the quark
parton model (@PM) calculation of the effective charm
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quark distribution with that of the massive inhomoge-
neous Altarelli-Parisi (AP) equations [27]. We expect
that the QPM approach is appropriate at low momen-
tum transfer scale where the charm quark mass effect is
significant. At high momentum transfer Q2/m2 )) 1,
g uoluon emission &om charm quarks is no longer negligible
and we need the massive-quark AP equations to sum up
the leading effects. On the other hand, the approach of
[27] neglects the charm quark mass effects in gluon emis-
sion from charm quarks, and hence it may overestimate
the gluon emission effects at low Q2. We therefore use
the QPM prescription for the effective charm quark dis-
tribution at Q2 & 100 GeV2 and switch to the solution

+PM( q2) +PM( q2) + cIPM( q2) (4.1)

where

(4.2a)

(4.2b)

of the massive quark AP equations at Q2 ) 100 GeV2.
The QPM charm quark distribution consists of the va-

lence part and the sea part and is de6ned as
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with E2, (x, Q )[g;,«t „»l„,g as given in Eqs. (2.18) and
(2.19), respectively.

As is clear &om these definitions, the effective charm
quark distribution calculated by the QPM reproduces
the photon structure function well, but we should expect
large process-dependent threshold corrections when it is

used for other processes with an equivalent real charm
quark in the photon.

At high Q we expect that emission of collinear gluons
from charm quarks becomes significant and we solve the
massive-quark inhomogeneous AP equations
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dq;(x, Q ) n 2 n, (Q2)= —e,'P„(x)+ ' P (x) gq, (,q )

valence —charm-quark distribution is defined by Eq. (4.2a)
and that of the sea—charm-quark distribution is defined
by Eq. (4.2b). The remnants are defined through the
equations

+kg(x) g g(x, Q )

dg(*, q') -.(Q') P ( ), )-, (. q. )(9 2'7r

(4.3a)
q2) +PM( q2) + h ( q2)
q2) +PM( q2) + h ( Q2)

(4.7a)
(4.7b)

Using Eqs. (4.2), (4.4), and (4.6) one can derive the fol-
lowing equations that govern the deviations bc„and bc„:

+c(z, Q ) +Pgg(z, 4)tag(x, Q ), (4.3b)

dc(x Q ) ~ 2p ( q2) ~.(q') p ( ) , ( q2)

—hc„(z, Q )dt

o., Q P„(*) ." (* q') + h -(* Q')
7r

+P.,(*,Q') g(, Q'), (4.3c) (4.8a)

where i = u, d, s, and P ~ and P z are the photon and
gluon to massive-quark splitting functions, respectively,
as defined by [27]

—hc„(x, Q )dt

2

P„(*) [4'."(-,q') + b ...(*,Q')],

p (* q ) =-'~(/--*) —""'*:"'
P.,(x, Q') = 6P.,(x, Q'), (4 4)

with a = 1+4m, /Q . The function m(x, r) is defined in
Eq. (2.15).

As in the case of light quarks, it is convenient to divide
the charm-quark distribution into the valence and the sea
parts:

c(x, Q ) = c„(x,Q ) +c„(x,Q ). (4 5)

The valence —charm-quark comes from the photon and the
sea —charm-quark comes from the gluon. Equation (4.3c)
can then be split into the following two equations for c
and &sea.

dc„(x, Q2) cx

t 2'
2

P„(x) g c„(x,Q'),

"'-'*"=""'[p (*) (* q)dt 27r

+P.,(x, Q') t3 g(x, Q')].

(4.6a)

(4.6b)

The massive-quark splitting functions P,g(z, Q ) and
P,~(x, Q ) are singular at the charm threshold x = 1/a.
Because of this singularity we find that much CPU time
is needed in order to get an accurate numerical solution
when one solves Eqs. (4.3a), (4.3b), (4.6a), and (4.6b)
directly. The numerical problem associated with the use
of the massive-quark splitting function of [27] is severer
in the photon structure than in the proton structure be-
cause of the presence of the leading inhomogeneous term.
We can avoid, however, the appearance of the singular
massive splitting functions, and obtain a set of equations
which contain only smooth functions by dividing fur-
ther the valence —and sea—charm-quark distributions into
the QPM part and the remnant. The QPM part of the

(4.8b)

within the similar approximation that Gluck, HofFmann,
and Reya made [27]. Here we take the boundary condi-
tions

bc„„(x,Qo) = 0. (4.9)

Note that there now appear no massive splitting func-
tions in these equations. Intuitively, this is because the
deviation of the efFective charm-quark distribution from
the QPM prediction is caused by the gluon emission
from the charm quarks, and the emission is approximated
by the massless quark splitting function P~~(x) in the
scheme of Ref. [27]. A brief explanation of the numeri-
cal method which we employ to solve these equations is
give@. in Appendix A.

The resulting effective charm-quark distributions (mul-
tiplied by x) in the photon are shown in Fig. 5 for

Q =4, 20, and 100 GeV, where the boundary condi-
tions (4.9) are set at Qo

——4 GeV2. Also shown in the
figure for comparison are the valence —up-quark distri-
butions of WHIT1-3 and WHIT4-6. Predictions of the
QPM are shown by solid lines while those of the massive-
quark inhomogeneous AP equations are shown by dash-
dotted lines. We find that the difFerences between the
predictions of the two approaches are negligibly small for
the sea—charm-quark distribution in WHIT1 to WHIT6.
From Fig. 5 we find that the QPM prediction for the
valence —charm-quark distribution difFers by up to about
20%%uo at Q = 100 GeV . The shape of the prediction in
the massive inhomogeneous AP equations is softer than
the QPM one as expected. Since the massless splitting
function Pqq is used for describing the gluon emission
from the charm quark, the deviation from the QPM pre-
dictions in the lower Q region may be an overestimate.

From the above discussion, we conclude that the QPM
calculation of the efFective charm-quark distribution is
appropriate in the region Q + 100 GeV2, given the
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for comparison.
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present experimental accuracy and theoretical uncertain-
ties in the charm-quark mass and higher order correc-
tions. At sufficiently high Q2, the massless 4-flavor AP
equations should become a good approximation. How-
evt:r, we find that the charm-quark threshold effect is
still significant near x 1 even at Q 100 GeV . We
therefore use the massive inhomogeneous AP equations
between Q = 100 GeV and Q = 2500 GeV up to
where we give parametrizations of the parton distribu-
tions. We require the continuity of all effective parton
distributions at Q =100 GeV: at 4 GeV ( Q ( 100
GeV we use the massless ny ——3 inhomogeneous AP
equations with the @PM approximation to the charm-
quark distribution, and at 100 GeV ( Q ( 2500 GeV
we use the massive inhomogeneous AP equations with the
massive charm quark. The boundary conditions (4.9) are
hence set at Q2o = 100 GeV2.

To summarize, we treat the charm quark as being mas-
sive when generated &om a photon or a gluon at all
Q (( 2500 GeV ): we resum the effect of gluon emis-
sion at high Q2() 100 GeV ) by using the massive AP
equations of Gliick et al. [27], where the finite quark mass
efFect is respected in the splitting functions P ~ and P g
while it is neglected in the gluon emission from the charm
quark. Since the efI'ect of gluon emission can be overesti-
mated at low Q in this approximation, we suppress the
gluon emission &om the charm quark at Q ( 100 GeV2.
Since the effect of resummation is not very large in this
Qs region, we believe that our prescription gives a good
approximation of the full QCD result.

Although we do not give parametrizations of the effec-
tive charm-quark distribution in the photon, it is calcu-
lated eKciently in our FORTRAN code which is available
via anonymous ftp [37). The distribution is useful, e.g. ,
in high pT jet production at HERA because virtual gluon
exchange between a charm quark in the photon and a par-
ton in the proton involves the same kinematics as virtual
photon exchange between a charm quark in the photon
and an electron in the beam. The next-to-leading or-
der correction is hence expected to be small in this case
because we use the effective charm-quark distribution as
defined via F2. This does not hold in general, and we

should expect large next-to-leading order corrections at
Q m, in some other processes. This is, for instance,
the case when a charm quark in the photon annihilates
with another parton. An explicit higher order calculation
using the gluon distribution in the photon gives more re-
liable predictions in such cases.

Finally, as is mentioned in Sec. II C, the effective bot-
tom quark distribution in the photon may be approxi-
mated by the @PM calculations (p*p —+ bb and p'g ~ bb)
all the way up to Q 2500 GeV2, and hence we do not
give parametrizations of the effective 6-quark distribution
in the photon.

V. CHARM PRODUCTION CROSS SECTION

In this section we study the charm-quark production
cross section via the two-photon processes by using our
new effective parton distribution functions in the photon.
The charm-quark production cross section is expected to
be much more sensitive on the gluonic content of the
photon than the photon structure function [23].

A. Equivalent real photon approximation

To calculate the charm-quark production cross section
in the two-photon processes, we employ the equivalent
real photon approximation (EPA) to the nearly on-shell
virtual photons [5,38].

In the EPA the charm-quark pair production cross sec-
tion for the process e+e + e+e ccrc is approximated
by the convolution of the effective real photon fIuxes in
the e* beam and the cross section of the subprocess
pp m ccX:

o.(e+e m e+e ccX)

dx, dx2D~/, (x„Q,)D //, (x2) Q2)

xo.(pipg m ccX),
(5 1)
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where o(pqp2 ~ ccrc) is the subprocess cross section at

alent real photon distribution in the electron (i = I) or
in the positron (i = 2). The c.m. energy of the colliding
e e+ is ~s, and that of the colliding two photons is W.
The improved form of the photon distribution is written
as [39)

A—1 + —x)2'

40

30

direct process (vs =58.0[GeV])
I I I

j
I I I I

j
I I I I

j

I I I I

j

I I

XACT

PA

(5.2)

where tm = m x /(I —x) is the kinematical limit of
the magnitude of the lepton momentum transfer t and
the second term on the right-hand side denotes the con-
tribution of the electron helicity Hip amplitudes [39]. The
scale Q2 should be set by the dynamical condition that

direct process (vs =58.0[GeV], Vz =4 [GeV])
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b
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FIG. 7. The invariant mass distribution of the charm-quark
pair in tne process e eh + ~ e+e cc evaluated exactly and via
EPA at v s = 58 GeV. We set m, = 1.5 GeV and n = 1/137.
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the subprocess "cross section" for a virtual process Is

We choose the scales Q; as follows. when the photon
(p;) couples directly to the charm quark we set

Q; = mm[m, + pg & tm&Lx& tcut] &

2= 2 2

where pq is the transverse momentum of the charm quark
in the pp c.m. system and t~~~ = 8,&-= 8,1 —x-, is the kine-
matical maximum of the momentum transfer, and t,„t
denotes the possible experimental cut on the magnitude
of the momentum transfer. The scale m + p~ can be
interpreted as the virtuality of the internal charm-quark

cos 8

direct process (Ms=58 0[GeV]. Ws= 1,5 [GeV])
I I I I
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I I I I

j
I I I I II
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FIG. 6. The di8'erential cross section of the process
e+e m e+e cc at TRISTAN energy (~s = 58 GeV), eval-
uated exactly and via EPA: (a) near the charm-quark pair
threshold (~8 = m„- = 4 GeV) and (b) at far above the
threshold (v s = m, „- = 15 GeV). Vertical bars indicate er-
rors of numerical integration of the exact matrix elements.
We set m, =1.5 GeV and o.=l/137.

FIG. 8. The leading order prediction for the total cross
section of the inclusive process e e ~ e e cc2C.+e cc2C. The con-
tributions from the resolved photon processes depend on the
parton distributions WHIT1 to 6. The curves are obtained
by setting m, = 1.5 GeV, o = 1/137, and A4 = 0.4 GeV for
the strong coupling, and by requiring the invanant mass W
of the hadron system to satisfy W & 2mD ——3.74 GeV. The
vertical bars attached to the WHIT1, WHIT4, and WHIT6
preaictzons 1n ica ed i ' d t the dependence of the cross sections on
the charm mass m, between 1.3 GeV and 1.7 GeV.
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2
Q; = min[2 GeV i &maX& &Cut]l (5.4)
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rest kame. The exact cross section has been calculated
by helicity amplitude subroutines for Feynman diagram
evaluations (HELAS) [40] with the help of a Monte Carlo
integration package BASES [41].

Near the charm-quark pair threshold [Fig. 6(a)] we find
almost exact agreements between the EPA and the exact
results. At far above the threshold energy [Fig. 6(b)], the
subprocess cross section has peaks at cos 0 = +1 where
our EPA prediction underestimates the cross section by

30%%uo. Figure 7 shows the charm-quark pair invariant
mass (~s) distribution after integrating over the scatter-

ing angle 8. Although there is a tendency that our EPA
gives a slightly smaller cross section we Gnd that the EPA
calculation of the total cross section agrees with the exact
cross section at 1%%uo level.

B. Charmed particle production cross section

The inclusive pp ~ ccX cross section in Eq. (5.1), in-
cluding the resolved processes, is described in the leading
order as

TABLE V. CoefBcients of the parametrization for WHIT2
parton distribution in the photon.

TABLE VI. Coe%cients of the parametrization for WHIT3
parton distribution in the photon.
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d&(pp m ccrc') = dd (pp m cc) ~; cc + 2 f dcg)x, Q ) dg(pg -+ cc) ~;

+ dX dy g X& g y& d0 gg M CC s=W2xy

+2 dXdy q; X, q; y, dO qq ~ CC;—~2~y
2=tL) dq S

(5.5)

where W is the invariant mass of the two photons and v s
is that of the charm-quark pair. The effective gluon and
quark distribution functions in the photon are denoted
by g(x, Q2), q;(z, Q ), for which we use the parametriza-

I

tions of WHIT1 to WHIT6 parton distributions. The
scale Q of the parton distribution functions and the
@CD coupling n, (Q ) has been chosen as follows: Q2 =
m2+p~2 for pg ~ cc and gg -+ cc, and Q2 = s for qq ~ cc.

TABLE VII. CoeKcients of the parametrization for
WHIT4 parton distribution in the photon.

TABLE VIII. CoefBcients of the parametrization for
WHIT5 parton distribution in the photon.
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A2
A3
B
C

bcsea A
Bp
Bg
C

p

4.27
—4.74
2.837
0.678
0.1728
1.995

—0.466
10.75

0.2992
—0.1600
—0.483
1.297
2.318

—0.2425
5.33
8.48

0
0
0
0

0.499
0.329

0
—0.2750

6.37
3.40

100 GeV2
1

3.096
—6.90
6.47

—0.0394
—0.02457

—3.26
—0.610

5.42
1.179

—1.114
0 ~ 755

—0.1669
—3.76
—0.436
—8.68
9.31

0.1219
1.913
—7.16
3.19
3.47
8.24

—0.0658
—0.476
—5.32
0.375

& Q & 2500 GeV
82 83

1.617 0
—2.417 0

4.07 0
0.01750 0
0.1440 0
1.818 1.711
1.691 —6.68
6.55 —22.97

—1.915 7.26
2.939 —6.66
—3.80 10.75
1.906 —2.057
20.26 —59.5
1.241 —3.51
74.2 —207.0

—104.1 280.1
6.20 —25.G4

—76.9 318
250.3 —1062

—230.1 1012
—15.26 19.67
—38.D 46.3
0.1059 —0.0663
0.1191 0
1.986 0
—8.79 10.01

8

0
0
0
0
0

—4.99
10.19
18.67

—18.39
19.23

—19.93
0

59.0
3.36
196.7

—266.3
30.98
—392
1308

—1250
0
0
0
0
0
0
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We show in Fig. 8 the total charmed particle produc-
tion cross sections. The six curves are obtained by setting
m = 1.5 GeV, n =

~37 and A4 ——0.4 GeV, and by im-
posing the open charm production cut W & 2mB ——3.74
GeV. The vertical bars attached to the WHIT1, WHIT4,
and WHIT6 curves indicate typical uncertainties in the
cross section on the charm-quark mass m between 1.3
GeV and 1.7 GeV. It is notable that uncertainty due to
the charm-quark mass is not reduced at high energies, be-
cause the total cross section is always dominated by the
charm-quark pair production near the threshold. Higher
order QCD corrections [42,31] also modify the cross sec-
tions.

As can be seen &om Fig. 8, the total charm-quark pro-
duction cross sections at high energy e+e collider exper-
iments are sensitive to the gluon distribution in the pho-
ton, which cannot be measured accurately at the current
photon structure function experiments as we describe in
Sec. III. At TRISTAN energies, the predictions using
WHIT1 to WHIT3 and those using WHIT4 to WHIT6
are almost the same within each group. At LEP and
LEP200 energies, the total charmed particle pair pro-
duction cross section of the two photon process is more
sensitive to the small x behavior of the gluon distribution,
and WHIT1 to WHIT6 predictions can be distinguished
provided that the uncertainties due to the charm-quark
mass and higher order corrections are reduced.

Figure 9 shows the total cross sections for the pro-
cess e+e —+ e+e ccX, together with the individual con-
tribution of the direct photon process [the first term of
Eq. (5.5)], the once-resolved photon processes [the second
term of Eq. (5.5)], and the twice-resolved photon pro-
cesses [the third and the last terms of Eq. (5.5)]. From
Fig. 9, we find that the resolved processes, which are gov-
erned mainly by the gluon contents of the photon, grows
much more rapidly for WHIT6 than for WHIT1. The
contribution from the once-resolved processes overcomes
that of the direct process even at TRISTAN energies for
WHIT6, while they become comparable only at around
LEP200 energy for WHIT1. Hence the energy depen-
dence of the once-resolved photon contribution to the
charm-quark pair production cross section will be useful
to determine the gluon distribution.

VI. CONCLUSIONS

We have studied all the available photon structure
function data [ll—17,24—26] at 4 GeV & Q ( 100 GeV
in the leading order of perturbative QCD, and have found
a new set of the effective scale-dependent parton distri-
butions in the photon, WHIT1 to WHIT6, which are
all consistent with the present data (Fig. 1). The six
parton distributions have systematically different gluon
contents (Fig. 4) and their parametrizations are given
in Tables IV—IX. We have studied carefully the charm-
quark contributions to the observed structure functions,
which are evaluated by using the lowest order quark par-
ton model matrix elements (p'p -+ cc and p*g -+ cc),
and by using the massive inhomogeneous AP equations.
We have found that the photon structure function has
poor sensitivity to the gluon distribution, except at very

TABLE IX. CoefBcients of the parametrization for WHIT6
parton distribution in the photon.

@sea

4 GeV
p 1

Ap 2.540 2.000
Ai 0.0623 —7.01
A2 —0.1642 —0.436
B 0.699 —0.02796
C 0.442 —1.255
A 16.00 —61.0
B 0 —1.109
C 15.00 0.1596

A() 0 0 ~ 602
0 —0.0922

B' —0.2895 0.376
C' 1.439 -0.557
A 3.].8 8.69
Bp —0.1003 0.1603
Bi 5.69 18.67
C 21.49 —56.5

( Q ( 100
s2

0.718
0.1251
10.48

—0.00365
1.941
127.8
0.845
4.18
0.509

—1.899
—1.719
0.366

—22.87
—1.037
—46.7
129.3

GeV
sB

0
0

—5.20
0

—0.995
—139.9
—0.351
—0.1765
—2.054

4.18
1.116
0.733
18.96
0.944
50.5

—145.9

s
0
0
0
0
0

59.9
0
0

1.392
—2.494

0
—0.762
—5.14

—0.2915
—18.35

57.5

q„

/sea

bc„

~sea

sp

Ap 4.27
Ag —4.74
A2 2.837
B 0.678
C 0.1728
A 2.378
B —0.479
C 17.06

A() 0.2992
A' —0.1600
B' —0.483
C' 1.297
A 3.34

Bp —0.2402
Bg 8.79
C 916

Ap 0
Ag 0
A, 0
AB 0
B 0.499
C 0.329
A 0

Bp —0.361
BI 7.68
C 2.548

100 GeV2
1

3.096
—6.90
6.46

—0.0394
—0.02493

—4.38
—0.607

4.96
1.179

—1.114
0.755

—0.1669
—5.61
—0.409
—8.86
9.29

0.1219
1.913
—7.16
3.19
3.47
8.24

—0.0499
—0.576
—8.83
0.691

( Q ( 2500 GeV
s s

1.621 0
—2.439 0

4.10 0
0.01758 0
0.1451 0
0.585 8.34
1.458 —6.03
24.97 —158.2

—1.915 7.26
2.939 —6.66
—3.80 10.75
1.906 —2.057
50.0 —220.7

2.263 —10.50
164.0 —712

—278.4 1175
6.20 —25.04

—76.9 318
250.3 —1062

—230.1 1012
—15.26 19.67
—38.0 46.3
0.1026 —0.0787
0.2257 0
3.88 0

—8.70 10.65

s
0
0
0
0
0

—9.92
9.33
295.4

—18.39
19.23

—19.93
0

302.8
14.87
973

—1592
30.98
—392
1308

—1250
0
0
0
0
0
0

small x. In order to probe the gluon content of the photon
from the photon structure function at small x, a careful
analysis of experimental data is needed.

Predictions have also been given for the total charm-
quark pair production cross section in the two-photon
collision process including the resolved processes at e+e
colliders. At PEP and PETRA energies, the difference
in the predictions of WHIT1 to WHIT6 distributions is
badly observable, while at TRISTAN energies WHIT4
to WHIT6 distributions predict significantly higher cross
section than WHIT1 to WHIT3 (Fig. 8). For all of our
parton distributions, WHIT1 to WHIT6, the contribu-
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tion of the once-resolved process exceeds that of the di-
rect process at energies above around 200 GeV (Fig. 9).

dq'(*, Q') ~ 2 ~ (Q')
dt 2m

' ()+ P ()q'( Q)
27r
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dg(x, Q') ~.(Q') P ( )~2)'- ( Q. )
27r

+P„(x,nf) @g(x, Q')

with the splitting functions

4 1+z 3
Pqq(z) = — + —b(l —z)

(1 —.)+
4 1+ (1 —z)

Pg~(z) =
3 z 7

Pqg(z) = — z' + (1 —z)'

(A3b)

(A4a)

(A4b)

(A4c)

AP PENDIX A: THREE METHODS TO SOLVE
THE AP EQUATIONS

In this appendix we introduce three numerical methods
for solving the massless inhomogeneous AP equations of
Eq. (2.1) and the massive inhomogeneous AP equations
of Eq. (4.3). We first introduce the Mellin transforma-
tion technique in Sec. A 1, and in Sec. A 2 we describe
the recursion method that we actually use in performing
the y Bt to the experimental data. We use the Runge-
Kutta method to solve the massive inhomogeneous AP
equations, which is discussed in Sec. A3.

The first two methods, the Mellin transformation and
the recursion method, work only for the massless AP
equations, while the Runge-Kutta method can be appli-
cable to both the massive AP equations and the massless
ones. We use all these three methods for cross checking
of our numerical results for the massless AP equations.

z (1 —z)P„(z) =6 + z(1 —z)(1-z), z

f 11
+I ——

(12
P (z) = 6P (z),

'
~

h(1 —z)

dq, (n, Q') o. 2
— o., (Q2)

dt 27r ' 27r

+kg (n) g (n, Q )

dg(n, Q ) o., (Q ) ) .
dt 27r j=1

+Pgg (n, nf )g(n, Q )

are transformed to the following forms in n space:

(A4d)

(A4e)

(A5a)

(A5b)

1. Moment method for the massless inhomogeneous
AP equations

The Mellin transformation f (n) of f (x) is defined as

f(n) = dxx" 'f(x),
0

where n is a complex number. This transformation solves
the convolution integrals in the inhomogeneous AP equa-
tions as simple products of the Mellin transforms of the
splitting function and the parton distribution function:

with

(A6a)

(A6b)

(A6c)

8 3 2n+1
Pqq(n) =- —p —@(n)

3 4 2n(n+ 1)
4 n +n+2

Pg, (n) =-
n+n+2

2n(n+1)(n+ 2)
'

11 nf 2 —n 1
12 18 n(n —1) (n + 1)(n + 2)

f
1

dxx" 'P(x) t3 q(x) = P(n)q(n) .
0

(A2)

—~ —@(n)

P (n) = 6P (n).

(A6d)

(A6e)

The inhomogeneous AP equations with nf massless
quar ks,

Here 4'(x)—:din I'(x)/dx is the digamma function and

p = 0.577. . . is Euler constant. Equation (A5) can be
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readily solved analytically by diagonalizing with respect
to the parton flavors, and we find q, (n, Q ) and g(n, Q )
at arbitrary Q2 ) Q2p.

The x-space solution q, (x, Q2) can then be obtained by
performing the inverse Mellin transformation

P;, (x) = z'P, , (z), (A12)

which is regular at z ~ 0. Since the QCD running cou-
pling n, (Q ) scales as exp( —s) 1/lnQ in the leading
log approximation, the factor e'n, (Q ) is regarded to be
a constant:

2 — 1
q, (x, Q ) = . dnx "q;(n, Q ),2&1 C

(Ai) , n, (Q2) 6oe'
2& 33 2n+

(A13)

numerically. The complex integration path C must be in
the right half plane of all singularities of the integrands.
We choose the path [29]

C = C+ —C, Cy . n = 2.5 + exp(+3iri/4)u,

where n~ is the number of light-quark Havors which gov-
erns the running of the QCD coupling o, We adopt n~
= 4 for 4.0 GeV ( Q ( 100 GeV, and n~ = 5 for Q) 100 GeV, according to Eq. (2.16).

Integrating Eq. (All) one finds

(u goes from 0 to oo). (A8)

The angle of this path, 3'/4, makes the integrals con-
verge. For each value of x in Eq. (Ai), ~x

~
exp ( —n ln(z) ) ~

exp ( ln(z) u/~2) can be neglected
at sufficiently large u, e.g. , u & —25/ln(x), for slowly
varying n-space functions, q;(n, Q ).

Although the Mellin transformation method is com-
pact and fast, it is not generally useful, because we have
to restrict our input distributions q, (x, Qp), g(x, Qp) to
those functions whose Mellin transformations can be an-
alytically obtained and hence we cannot use it to solve
for our sea-quark distributions [see Eq. (2.14)], and once
the splitting functions P;~ (n) have a certain dependence
on Q2, which is the case in the massive AP equations, we
can no longer solve Eq. (A5) analytically in general.

q;(x, s) = q, (x, 0) + stp —e, P;~(x)2' '

+e ) P;~ IR ds'q, (x, s')

S

ds'q, (x, s'), (A14)

OO

q;(z, s) = ) —q,
~ l(z),

e=o
(A15)

one can reduce Eq. (A14) order by order of s:

where q;(z, 0) is nothing but the rescaled input parton
distribution at Q = Qp. Expanding tile part oil dlsfil-
butions by powers of s, i e. ,

2. Recursive method for the massless AP equations

q~ l(z) = q, (z, 0),
q~ l(z) = tp —e, P;~(z) + e) P;, (x) qI l(z)

(A16a)

q;(x, s) —= x e 'q;(x, Q ),
g(x, s)—:x e 'g(x, Q2) .

(A10a)
(A10b)

The massless inhomogeneous AP equations for ny quark
ffavors, Eq. (2.1), can then be rewritten as

dq;(x, s) u 2-,n, (Q2)= t,—e,'P„(x)+t,e' ' P„(x)g q, (z, s)
d8 2K 2K

+P ( ) g( ') —q'( ') (Alla)

7L f
g( ~ ) 8 ~(Q ) 2) P ( ) -( )ds 276 i=i

+Pgg(z, ny) Ca g(x, s) —g(x, s), (A11b)

where we define the rescaled splitting functions

The second method to solve the massless AP equations
is based on the power expansion of the solution by the
double logarithmic energy scale parameter s:

s —= ln(t/tp) = in[in(Q /A )/ln(Qp/A ) ]. (A9)

To improve the convergence of the power expansion and
the behavior at small x, we introduce the rescaled parton
distribution q;, defined as

(A16b)

for E ) 2) . (A16c)

The above equations give the input parton distribution
q, (x, 0) as the zeroth order approximation for q;(x, s).
The first correction which is linear to 8 is the sum of the
inhomogeneous term and the terms which is driven by
the zeroth approximation (A16b). The higher order cor-
rections are determined recursively by Eq. (A16c). Sum-
ming all the contributions as in Eq. (A15) up to an ap-
propriate order, one obtains the solution q, (x, s) with a
given accuracy.

This method is useful for arbitrary input parton dis-
tributions. This is an advantage of this method as com-
pared to the moment method in Sec. A 1, since our input
sea-quark distribution is calculated by the convolution
integral in Eq. (2.14) and hence does not have analytic
Mellin transform. Furthermore, we find that the recur-
sive method needs much less CPU time than the more
general Runge-Kutta method of Sec. A3. We therefore
use this scheme in the actual fitting of the experimental
data.

When one solves the homogeneous AP equations, sim-
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ilar method can be used, where the scale parameter s is
expressed often by the @CD coupling constant o., (Q ) as
s = In[n, (qp)/n, (q )]. In this definition, one can natu-
rally incorporate the effect of the change of the effective
number of the quark flavors n~ at the quark mass thresh-
olds by simply rescaling the s variable. However, due to
the presence of the inhomogeneous term, we cannot ab-
sorb all scales into the s variable.

Even though the recursive method is powerful for solv-
ing the massless inhomogeneous AP equations, it cannot
be used to solve the massive AP equations. This is be-
cause the significant threshold effect in the massive quark
distribution and the singular mass effect in the massive
splitting functions do not allow the power expansion like
Eq. (A15).

3. Runge-Kutta method

The Runge-Kutta method is the general method to
solve the differential equations and it requires a relatively
large CPU time and sufFiciently large number of data
points for precise calculation. We use this method to in-
tegrate the inhomogeneous AP equations with a massive
charm quark:

""*"= —:P„(*)+""'P„(*). .(*,Q )

tion Eq. (4.9) that we solve by using the Runge-Kutta
method. It is difFicult to apply the previous two meth-
ods, the Mellin transformation method or the recursion
method, to solve the above equations. For the Mellin
transformation method, we cannot analytically Mellin
transform c&, . For the recursive method of Sec. A2,

)

the expansion of zo(z, r) in powers of s fails at the thresh-
old z = 1/a = 1/(1 + 4m, /Q ).

To solve the massive AP equations of Eqs. (A17a),
(A17b), (A18) we use the fourth-order Runge-Kutta
method with adaptive step-size control for calculating
the evolution of t. By discretizing the x variable as
x~. (j = 0, 1, . . . , K) we solve the AP equations as a set of
5(K+1) ordinary difFerential equations, while performing
the convolution integration P(x) q(x) by the Simpson
integration. We choose

&111 1 ) (A19b)

so that the data points are dense near both ends x 0
and x 1. We And that N = 111 is sufIicient to archive
an accuracy of 1'Fp.

APPENDIX B: WHIT1 —WHITB
PA RA MET RIZ ATION S

x~ = tanh (sinh( —2+ 0.04j))/2+ 1/2

(j =—0, . . . , 110), (A19a)

+P„(x)g g(x, Q') (A17a)

dg(»q') ~ (Q') p ( )~2, )- ( q2)
dt 2'

$2=tL~d) s

+c(x, Q ) +kg(x, 3)g(x, Q ), (A17b)

+P,g(x, Q ) gg(x, Q ) . (A17c)

«(x Q') ~ 2p ( q2) ~.(Q') p ( ) ( q2)

For practical use of the WHIT parton distributions
which are given by the standard valence-quark input pa-
rameters of Eq. (3.2) and the various gluon input pa-
rameters as listed in Table III, we give their conve-
nient parametrizations (or simple prescriptions to cal-
culate them). The parametrizations are given in three
different Q regions, 4 GeV & Q2 & 100 GeV2, 100
GeV & Q & 2500 GeV, and Q2 & 4 GeV . The
FQRTRAN code of the distributions that we have used for
generating curves in this paper is available via anony-
mous ftp [37].

—8c„(x,Q') = '
Pqq(x) C3 c~ (x, Q')

+bc„(x,Q ) (A18a)

2—~". ( Q)= P ()3 ". ( Q)

+Bc., (x, Q ) (A18b)

It is the above two equations with the boundary condi-

After introducing the @PM component of the charm-
quark distribution by Eq. (4.2), the deviations from the
QPM predictions as defined in Eq. (4.7) satisfy the equa-
tions

1. Parametrizations in the region
4GeV (Q &lOOGeV

In this Q2 region we parametrize those solutions of
the massless 3-flavor AP equations which are described
in Sec. IIIB. The heavy quark distributions are calcu-
lated by the quark parton model as mentioned in Sec. IV.
Therefore, it is sufFicient to give parametrizations for
the valence-quark, the gluon, and the sea-quark distri-
butions.

The valence-quark distribution is parametrized in the
functional form

xq„(x, s)/a = (Ap + Aix + A2x ) x (1 —x), (Bl)

where s is defined in Eq. (A9) with Qp
——4 GeV and

A = A4 ——400 MeV, and A, 's, B', and C are polynomials
of s of at most the fourth order. The coefFicients of these
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polynomials can be found in Tables IV—IX. Note that
the valence-quark distributions are common for WHIT1
to WHIT3 and for WHIT4 to WHIT6.

For the gluon distribution we take the form

As in the case of the valence quark, A' s, B's, and C's are
polynomials of 8 of at most the fourth order. The coefFi-
cients of these polynomials are also found in Tables IV—
IX. Note that the second term in Eq. (B2) is common for
WHIT1 to WHIT3 and for WHIT4 to WHIT6. The rea-
son is that it approximately represents the contribution
of the gluons emitted from the valence quark, and that
the valence-quark distribution is common for WHIT1 to
WHIT3 and for WHIT4 to WHIT6.

Since the input valence-quark distributions are much
harder than the input gluon distributions for the WHIT
parton distributions as seen in Eq. (3.2) and Table III,
the contribution of the common part of the gluon distri-
butions is expected to be significant at x 1. In fact,
we can estimate the behavior of the common part from
Eq. (2.6c). In the one gluon emission approximation we
get the following relation for the common gluon distribu-
tion which originates from the valence quark:

g(x) - Psq(x) g q„(x) . (B3)

Assuming the behavior of the valence-quark distribution
at x 1 as q„(x) (1 —x)+", Eq. (B3) leads to

g(*) - (1 —*) as xM1. (B4)

This common part of the gluon distributions is dominant
at x 1 in the WHIT parton distributions, because C
1 and Cg & 3 for all the input parton distributions. One
may Gnd that the above crude estimation of the behavior
of the common part of the gluon distributions at x 1
works rather well even in quantitative sense by looking
at the relevant entries of Tables IV—IX.

As for the sea-quark distribution we parametrize it by
the functional form

xq,. (x, s) /n = A xi '+ '*l (1 —x) (B5)

The coefFicients that describe the s dependence of A, B's,
and C are also listed in Tables IV—IX.

The efI'ective charm-quark distribution is calculated by
the quark parton model by using Eqs. (4.1) and (4.2). In
the calculation of the sea—charm-quark distribution in
Eq. (4.2b), the above parametrization of the gluon dis-
tribution for each WHIT parton distribution is used. An
efFicient integration routine for the convolution in the cal-
culation of the sea—charm-quark distribution is included
in our FORTRAN code for WHIT parametrizations.

Our parametrizations reproduce the distributions
within 5% in the region of 0.001 & s & 0.8 (correspond-
ing to the region of 4.01 GeV2 & Q2 & 207 GeV2) and
0.001 & x & 0.99 for the up, down, and gluon distribu-
tions. Note that the up and down quark distributions are
written in terms of the valence —and sea-quark distribu-

xg(x, s)/n = Ax (1 —x) + (Ap ~ A', x) x (1 —x)

(B2)

tions as shown in Eq. (2.5). In the region 0 & s & 0.001
(4 GeV & Q2 & 4.01 GeV ), they do not agree pre-
cisely with the distributions mainly because our over-
simpli6ed initial distributions do not satisfy the pertur-
bative relations among quarks and gluon distributions
such as Eq. (B4). As for the charm-quark distributions,
our convolution integral routine is sufFiciently accurate
that their error is at most 5% refiecting the error in the
parametrizations of the gluon distributions.

2. Paralnetrizations in the region
100 GeV & Q~ & 2500 GeV

In this Q region we parametrize the solutions of
the massive inhomogeneous AP equations obtained in
Sec. IV, in which the charm-quark mass is retained. Ac-
cording to the prescription of Sec. IV we give the devia-
tions from the @PM predictions for the valence —charm-
quark and the sea—charm-quark distributions that are de-
fined in Eq. (4.7), in addition to the valence —light-quark,
the gluon, and the sea—light-quark distributions.

The valence —light-quark, the gluon, and the sea—light-
quark distributions are parametrized in exactly the same
manner as in the previous lower Q case, except that Qp
and A in the definition of s are now changed to Qp ——

100 GeV and A = A5 ——302.3 MeV.
The deviation in the valence —charm-quark distribution

is parametrized as

x bc~(x, s)/n = (Ap + Ayx + A2x + Asx ) x (1 —x)

(B6)

Note that, as seen from Eq. (4.8a), 8c„ is completely
universal, i.e. , it is common for all six WHIT parton dis-
tributions. The parametrization of the deviation in the
sea—charm-quark distribution takes the form

*S ...(, )/n =A*l + '*&(1 —x) (B7)

3. Prescription in the region of Q & 4 GeV

Finally, we give a prescription for the parton distribu-
tions at Q & Qp

——4 GeV . This is because occasionally

which is the same form as the parametrization of the
sea—light-quark distribution. The total charm-quark dis-
tribution is given by Eqs. (4.5) and (4.7). The @PM
part of the sea—charm-quark distribution is calculated by
using the parametrization of the corresponding gluon dis-
tribution.

The relative error of these parametrizations is less than
5% for the up, down, and gluon distributions in the re-
gion of 0 & s & 0.4 (corresponding to the region of 100
GeV & Q & 3120 GeV ), and 0.00125 & x & 0.99.
Note that the up and down quark distributions are re-
lated to the valence —and the sea—light-quark distribu-
tions by Eq. (2.5). For the charm-quark distributions,
the accuracy is also within 5% in the same Q region but
in the different x region: 0.00125 & x & 0.99/a, where
x = 1/a = 1/(1 + 4m2/Q2) represents the threshold for
the charm quark.
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one wants to estimate the effects at lower Q region. We
give a very crude estimate here that can be used in such
cases, rather than setting all the distributions to zero or
freezing the scale dependences.

As is explained in the main text we give initial parton
distributions at Q = Qo ——4 GeV and evolve them
to higher Q by using the inhomogeneous AP equations.
Since the Ap equations cannot generally be solved in the
backward direction due to its instability, there are no
ways to calculate the correct parton distributions below
4 GeV2.

Our prescription to estimate the light parton distribu-
tions in the region of Q ( 4 GeV is simply to multiply
the factor ln(Q2/A4)/ ln(4 GeV /A4) to the correspond-
ing light parton distributions at Q = 4 GeV, i.e. , the

input parton distributions. The effective charm-quark
distribution is calculated in the same way as in the region
4 GeV ( Q ( 100 GeV by using the rescaled gluon
distribution. This crude prescription gives a reasonably
good estimate for the valence quark distributions, but the
resulting gluon distribution may not be realistic. There-
fore, one has to be careful when using this estimate at
Q (4 GeV

In our application, the charm-quark pair production
process probes the photon structure down to m2, which
can take the lowest value of (1.3 GeV)2 = 1.69 GeV2
for m, = 1.3 GeV. We have checked that the effect of
modifying the prescription at Q ( 4 GeV is negligibly
small for the total charm-quark production cross section.
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