PHYSICAL REVIEW D

VOLUME 51, NUMBER 6

15 MARCH 1995

Gradient approach to the sphaleron barrier

Guido Nolte
Fachbereich Physik, Universitdt Oldenburg, Postfach 2503, D-26111 Oldenburg, Germany

Jutta Kunz
Fachbereich Physik, Universitdt Oldenburg, Postfach 2503, D-26111 Oldenburg, Germany
and Instituut voor Theoretische Fysica, Rijksuniversiteit te Utrecht, NL-3508 TA Utrecht, The Netherlands
(Received 29 September 1994)

We apply the gradient approach to obtain a path over the sphaleron barrier and to demonstrate
the fermionic level crossing phenomenon. Neglecting the mixing angle dependence and assuming
that the fermions of a doublet are degenerate in mass we employ spherically symmetric Ansdtze for
the fields. The gradient path over the barrier is smooth, even for large values of the Higgs boson
mass or of the fermion mass, where the extremal energy path bifurcates.
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I. INTRODUCTION

In 1976 ’t Hooft [1] observed that the standard model
does not absolutely conserve baryon and lepton number
due to the Adler-Bell-Jackiw anomaly. The process ’t
Hooft considered was spontaneous fermion number vi-
olation due to instanton-induced transitions. Fermion-
number-violating tunneling transitions between topolog-
ically distinct vacua might indeed be observable at high
energies at future accelerators (2,3].

Manton considered the possibility of fermion number
violation in the standard model from another point of
view [4]. Investigating the topological structure of the
configuration space of the Weinberg-Salam theory, Man-
ton showed that there are noncontractible loops in con-
figuration space, and predicted the existence of a static,
unstable solution of the field equations, a sphaleron [5],
representing the top of the energy barrier between topo-
logically distinct vacua.

At finite temperature this energy barrier between
topologically distinct vacua can be overcome due
to thermal fluctuations of the fields, and fermion-
number-violating vacuum-to-vacuum transitions involv-
ing changes of baryon and lepton number can occur. The
rate for such baryon-number-violating processes is largely
determined by a Boltzmann factor, containing the height
of the barrier at a given temperature and thus the energy
of the sphaleron. Baryon number violation in the stan-
dard model due to such transitions over the barrier may
be relevant for the generation of the baryon asymmetry
of the Universe [6-10].

While the barrier between topologically distinct vacua
is traversed, the Chern-Simons number changes contin-
uously from N¢s = 0 in one vacuum sector to Ngs £ 1
in the neighboring vacuum sectors, passing through the
sphaleron at Ngg = :i:% [11,12]. However, for large values
of the Higgs boson mass, energetically lower, asymmet-
ric sphaleron solutions appear, the bisphalerons [13,14].
The minimum energy path over the barrier [11] then de-
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velops bifurcations [12], indicating the need for another
approach to the sphaleron barrier, which yields smooth
paths.

As the barrier is traversed one occupied fermion level
crosses from the positive continuum to the negative con-
tinuum or vice versa, leading to the change in fermion
number. When considered in the background field ap-
proximation this level crossing phenomenon predicts the
existence of a fermion zero mode precisely at the top
of the barrier, at the sphaleron [15-17]. For massless
fermions this zero mode is known analytically [15,16].

Considering the minimum energy path over the barrier
[11,12] the fermionic level crossing was demonstrated re-
cently in the background field approximation under the
assumption that the fermions of a doublet are degenerate
in mass [18-20]. This assumption, violated in the stan-
dard model, allows for spherically symmetric Ansdtze for
all of the fields, when the mixing angle dependence is ne-
glected (which is an excellent approximation [21,22]). An
analogous, but self-consistent calculation [23] led to simi-
lar results. However, for heavy fermions it led to strongly
deformed barriers, eventually giving rise to bifurcations
and to new sphalerons [23].

Motivated by the catastrophes encountered along the
energy barrier in the extremal energy path approach for
large Higgs boson or fermion masses we here consider the
gradient approach to the sphaleron barrier. In Sec. II we
briefly review the Weinberg-Salam Lagrangian and the
anomalous currents for vanishing mixing angle and for
degenerate fermion doublets. In Sec. III we discuss the
sphaleron barriers. We present the radially symmetric
Ansatz for the boson fields and obtain the energy func-
tional. We discuss the gradient approach, putting special
emphasis on the question of the underlying metric. We
compare the barriers obtained with gradient approach
with those of the extremal energy path approach. In Sec.
IV we discuss the fermionic level crossing along the gra-
dient path over the barrier. We present our conclusions
in Sec. V.
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II. WEINBERG-SALAM LAGRANGIAN

We consider the bosonic sector of the Weinberg-Salam
theory in the limit of vanishing mixing angle. In this
limit the U(1) field decouples and can consistently be set
to zero:

2
1 a v,a 1
Lo == FpFe 4 (D.®)(D*®) — ,\(qﬂ«p ~ 5112) ,

(1)
with the SU(2)y, field strength tensor
F2, =8,V —8,V2 + ge®*Vrve (2)

and the covariant derivative for the Higgs field
1 - a a
D, = (a,i — Sigr Vﬂ)'b . (3)

The SU(2); gauge symmetry is spontaneously broken
due to the nonvanishing vacuum expectation value v of
the Higgs field,

@=-2(1). @)

leading to the boson masses

MW=MZ:%Q’U, MH='UV2A. (5)

We employ the values My = 80 GeV, g = 0.65.

For a vanishing mixing angle, considering only fermion
doublets degenerate in mass, the fermion Lagrangian
reads

Ly = qriv*Duqr + qriv"Ouqr
—f“’)qL(@uR + ®dg) — f(q)(JRQf + ﬁRé‘T)(IL , (6)

where g1, denotes the left-handed doublet (ur,dr), while
qr abbreviates the right-handed singlets (ug,dgr), with
covariant derivative

1 - a a
D,qr = (Bu - E'Lg'r Vu)qL (7)

and with & = ir,®*. The fermion mass is given by
1
Mp = —f@y . 8
) ﬁf (8)

Because of the U(1) anomaly, baryon number and lep-
ton number are not conserved,

aqu,L — -fg(?“Kl, , (9)
where

2
g vV o 2 . v
Ku = {g—5uvee (f V7 + gigV vpv“) (10)

(Fuo = 37°F},, Vo = 37V}) is the Chern-Simons cur-

rent and f, is the number of generations. In the unitary
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gauge the topological baryon number Qp, carried by a
configuration, is determined by its Chern-Simons number
Ncgs:

Ncs = /ds’I'KO . (11)

For the vacua the Chern-Simons number is identical to
the integer winding number, while the sphaleron at the

top of the barrier carries half-integer Chern-Simons num-
ber [5].

III. BARRIERS

Approximations to the sphaleron barrier can be ob-
tained by constructing families of field configurations
for the gauge and Higgs boson fields, which interpo-
late smoothly from one vacuum sector to a neighboring
one. The minimum of all maximum energy configura-
tions encountered along such vacuum-to-vacuum paths
represents the sphaleron [5] or, for large Higgs boson
masses, the bisphaleron [13,14]. Applying the gradient
approach, we construct the sphaleron barrier for various
Higgs boson masses. We compare these barriers to the
ones obtained by constructing the extremal energy path
[11,12].

A. Energy functional

In the limit of vanishing mixing angle the gauge and
Higgs boson fields can be parametrized by a spherically
symmetric Ansatz given by [24]

fe(r); s
gr

a

‘/ia. = 1- fA(r)eaijfj + ‘f‘B(_T)(éia - fii'a) +
gr gr

(12)

Voa =0, (13)

v

<I>=\/§[H(r)+i‘r-i-K(r)]((lJ) , (14)

which involves the five radial functions fa(r), fg(r),
fe(r), H(r), and K (r).

This Ansatz is form invariant under spherically sym-
metric gauge transformations with the SU(2) matrix,

U(r) =exp (ieér)-r . i‘-) . (15)

The functions then transform as
fa+ifp — exp(i®)(fa +ifB),

fC“—')fC'i""@’ ’
. .© .
H +iK — exp ('LE) (H +1K) . (16)

The Ansatz, Eqs. (12)—(14), leads to the bosonic energy
functional
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47 M, ° 1
By= "% / dw[—z——z(fi +f2-1)%+ (qu + foC) (fB f“‘fc)
o T T
+(K? + H?) (1 +fA+ B+ fc) + 2fa(K?— H?) — 4fgHK
—2zfc(K'H— KH') + 22*(H? + K'?) 4+ ex?(H? + K% — 1)2] , (17)
[
where over the sphaleron barrier is obtained from the functional
= Mwr (18) [11] 2pp
8
W =E, + —W W ¢Ncs , (23)

is a dimensionless coordinate, the prime denotes differ-
entiation with respect to z, and

€ =

4/\__1(MH)2 (19)

?  2\Mwy
This energy functional has a residual U(1) gauge invari-
ance with respect to the gauge transformation, Eq. (16).

The Chern-Simons number of a given configuration is

Ngs = 2%/:0 d$[(f?4+f§) (f?C "9'> - (ff ‘@/)
- [\/ (f4 + f3) sin(6 — ©)

] ; (20)

where

0(z)

The function ©(z) is an arbitrary radial function, associ-
ated with the U(1) gauge transformation, Eq. (16). From
the expression (20) the Chern-Simons number is readily
obtained in an arbitrary gauge.

In the radial gauge, where fc = 0, the spatial part of
the Chern-Simons current contributes to the topological
baryon number. One therefore has to rotate to the uni-
" tary gauge, where only the Chern-Simons number deter-
mines the topological baryon number. The corresponding
gauge transformation involves the function ©(z), which
satisfies ©(0) = 0 and ©(o0) = 6(00). This leads to the
Chern-Simons number

= arctan[fg(z)/fa(z)] - (21)

Ngs = —-/ de(ffy — fafp) + —— (oo) . (22)

The energy functional, Eq. (17), possesses nontrivial
extrema. The sphaleron [5] with Ngs = 1/2 exists for
all Higgs boson masses. For large Higgs boson masses
the energetically lower, asymmetric bisphalerons bifur-
cate from the sphaleron [13,14].

B. Gradient approach

Let us now consider the energy barriers, associated
with the sphaleron and, for large Higgs boson masses,
the bisphalerons. For instance, the minimum energy path

where £ is a dimensionless Lagrange multiplier [11]. This
path is satisfactory for small Higgs boson masses [11].
For large Higgs boson masses, however, variation of the
functional, Eq. (23), leads to an extremal energy path,
which does not culminate at the bisphaleron, but has a
spike in the vicinity of the bisphaleron and culminates at
the sphaleron [12]. This is in clear contrast to expectation
and to other paths constructed in more or less ad hoc
fashion [25,20]. Similarly, when the path is constructed in
the presence of fermions with large masses, bifurcations
arise along the path in the vicinity of the sphaleron [23].

These catastrophic features of the extremal energy
path are artifacts of this approach, indicating the need
for another systematic approach to obtain the sphaleron
barrier.

1. Ezplicit gradient formalism

Let us therefore consider the gradient approach as an
alternative approach to the sphaleron barrier. Starting
at the sphaleron or bisphaleron we are looking for the
steepest path, connecting the top of the barrier with the
vacua on both sides.

The direction of steepest descent at the top of the bar-
rier is determined by the negative mode of the sphaleron
or bisphaleron [14,26]. Away from the top of the bar-
rier, the gradient of the energy functional determines the
d1rect10n of steepest descent. Thus for a given configu-
ration f the neighboring configuration f = f + 6 f along
the path of steepest descent is obtained by choosing ¢ f
proportional to the gradient of the energy functional. Ex-
plicitly, when f denotes a set of functions f;, we obtain
6f from the functional derivative of the bosonic energy
functional Fj according to

o |EUS) (P81
8 [ 87:(2) ( 87(x) ) ]fzf’f,:f', (24)
with

Ey = / dz (fi, 1) (25)

and « is a small negative number.
a. Metric. The notion “steep” always refers to a met-
ric on the configuration space. Therefore, to unambigu-
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ously define the gradient approach, we need to specify a
metric on the configuration space. A natural choice for
this metric is provided by the kinetic energy term of the
Lagrangian [27]. For the spherically symmetric Ansatz,
Egs. (12)—(14), the effective mass [28-33] of the gauge-

Higgs system reads
dfc
dx

m() = Ya)'y (D)
2MW dA
dH o (dK
+2x2 (H) + 2z (d/\) ] (26)
where A is an arbitrary path parameter.
Accordingly we define a distance d of two configura-
tions f = (fA,.fB)fC1HaK)~a'nd .f = (anfB’fC,HaK)7
taken at the “times” A and A, as

d*(f, ) = 1:” dz [(fA — fa)?+ (fs — fB)?
+%(fc — fc)? +22%(H — H)?
+2z%(K — f{)z} . (27)

Since the gradient formalism assumes a Euclidean metric
with equal weight for all indices (i.e., space points and
function indices), corresponding to a distance d,

=T [Ca(r-F) e

we have the relations fi(x)
fa(z) = ﬁfo(m), fa(z) =
V2zK (z).

b. FEquations. Assuming the old configuration f =
(fA,fB,fC,H K) is in the radial gauge, fc = 0, the
new configuration f = (fa, fB, fc, H,K) will in general
not be in the radial gauge, fc # 0. Denoting §f = f — f,
we find the set of equations

= fa(@), fa(x) = fB(2),
V2zH(z), and fs(z) =

5fA=Za[fA(fA+fB—1) fa+ fa(K* + H?)

+K?* - A*? (29)

d(f, f) = min d(f, f-e)

167

§fp = 2a [i—z(ff; + 3 -1) ~ 5+ fa(K? + H?)

—2FIIZ’] , (30)
S = S| fafs — Fofa—a*(K'H - H'K)], (1)
6H = 5 [A(+ 7+ f3) —2fall —2/5K

+2Hex?(H2 + K2 —1) — (zﬁfl’)’] . (32)
5K = % [f{(1 +F2 4+ f2) + 2fuK — 2fpH

+2Ker?(H2 + K% — 1) — (29;21“{')'] . (33)

To obtain the new configuration in the radial gauge,
f = (fA, fB, fc, I:I, K), we perform a gauge transforma-
tion, Eq. (16), of f = (fa, fB, fc, H, K) with the gauge
function ® determined by fc =0 = fo + z®’.

2. Gradient formalism with constraint

Let us now consider a modified gradient formalism,
which is equivalent to the explicit gradient approach in
the limit (f( f,f) = 0. In the explicit gradient formalism
the gradient is taken at the “old” configuration . In the
modified gradient formalism we take the gradlent at the
“new” configuration f = f 4+ 6f. Then Eq. (24) is a set
of differential equations for the functions f;, which can
also be obtained by variation of the functional W,

W(f) = Bolf) + 7EMwd (£, ) | (34)

where a constraint is imposed on the distance ci( f, f ) and
¢ is a Lagrange multiplier inversely proportional to a.

a. Choice of gauge. As before, starting from a con-
figuration in the radial gauge, fc = 0, the neighboring
configuration will in general not be in the radial gauge,
fe # 0. To be able to keep the radial gauge throughout,
we define a new distance d(f, f):

- {g_z m‘;n/dm [{fA — [facos(®) + f5 sin(<1>)]}2 + {fB — [f5 cos(®) — fa sin(<1>)]}2

+222 {H -

1/2
%(fc-fo%—w@)]} )

[H cos(®/2) + Ksin(@/Z)]}z + 222 {K -

[K cos(®/2) — I;Tsin(‘I>/2)]}2

(35)
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where fp is obtained by gauge transforming f with the gauge function ®, which minimizes the distance (35). In
contrast with the distance, Eq. (27), the new distance is gauge invariant under independent gauge transformations
of f and f . (Denoting the configuration space by C, this is a proper metric on the projective space of gauge orbits
C/ ~, where the equivalence relation ~ identifies configurations which are connected by radially symmetric gauge
transformations, Eq. (16) [34].)

b. Equations. Variation of the functional W, Eq. (34), with distance J( I f) replaced by d(f, f) leads in the gauge

fe = fc = 0 for the gauge and Higgs field functions to the set of equations

4 = %(fi + 13— 1) + fa(K? + H?) + K* — H? + £ {fa — [facos(®) + fzsin(®)]} , (36)
B = J;—z(fi +f3-1)+ fe(K*+ H?*) —2HK +¢ {fB — [fBcos(®) — fa sin(c1>)]} , (37)
m = 2a g - a2+ £ - Spm o (B2 + K7 - DH ¢ {H — [Hcos(@/2) + Ksin(®/2)]} ,  (38)

K" 2 K

2x2

and to an additional equation for ®

_;K’ + 1+ fa)? + f3] — ;Iisz +e(H*+ K? - 1)K +£{K - [I?cos(@/2) - ﬁsin(¢/2)]} , (39)

8 = ~28' 4+ 2 cin(®)(fafa + F5fo) + 25 cos(®)(fnfa  fafs)

+2sin(®/2)(HH + KK) + 2cos(®/2)(KH — HK) . (40)

c. Boundary conditions. The boundary conditions are
chosen such that both the energy density and the en-
ergy are finite. At the origin the gauge and Higgs field
functions satisfy the boundary conditions

fa(0)—1=fp(0)=H'(0)=K(0)=0. (41)

At infinity the gauge and Higgs field functions lie on a
circle:

fa(oo) + ifp(00) = exp[if(o0)] ,

H(o0) + iK(00) = exp <za—(;ﬁ)~> , (42)

where 6(oo0) is an unknown function of {. Therefore we
choose the boundary conditions

fa(oo) = fp(o0) = H'(00) = K'(00) =0. (43

For the gauge function ® we choose the boundary condi-
tions

$0)=0, ¥(c0)=0, (44)

consistent with the boundary conditions of the gauge and
Higgs field functions.

C. Results

In the calculations presented we have employed the
gradient formalism with constraint on the distance, since
it appeared numerically far more stable than the explicit
gradient approach. Let us now discuss the sphaleron bar-
rier as obtained in the gradient approach.

1. Barrier

We first compare the gradient path with the minimum
energy path for small Higgs boson masses. In Fig. 1 we
show the energy as a function of the Chern-Simons num-
ber for My = My for the gradient path and the mini-
mum energy path. The minimum energy path barrier is
steeper with respect to the Chern-Simons number than
the gradient path barrier. This picture reverts when we
consider the energy as a function of the path length [,
defined by

Energy Barrier

°
=4
MN= w
~
2
L—lo
>
9“‘)1
(3]
=
(Y]
extremal -
gradient —
°
o
1 1 L
0.00 0.25 0.50 0.75 1.00

Chern—Simons Number

FIG. 1. The total energy (in TeV) is shown as a function
of the Chern-Simons number Ncs along the gradient path
(solid line) and along the extremal path (dotted line) for
My = Mw.
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Energy Barrier

°
=]
MH=MVI
[~y
K
I—lo
>
E)lﬂ
2
(Y]
extremal
gradient ——
<
° ————
-25.0 0.0 25.0

Pathparameter |

FIG. 2. The total energy (in TeV) is shown as a function
of the path parameter ! along the gradient path (solid line)
and along the extremal path (dotted line) for My = Mw.

f (bi)sphaleron
l= / af — daf . (45)
vacuum vacuum

Note that the path length ! is shifted such that the
sphaleron or bisphaleron has I = 0. In Fig. 2 we show
the energy as a function of the path parameter ! for
My = Mw along the gradient path and the minimum
energy path. With respect to the path parameter [ the
gradient barrier is steeper.

In Fig. 3 we present two configurations with the same
Chern-Simons number, one along the gradient path and
one along the minimum energy path. For the latter con-
figuration the asymptotic values of the functions are al-
ready closer to the vacuum values.

In Fig. 4 we show the energy, obtained with the gra-

N,=0.25

(72}
c
.2
=
(8]
5
w —
0 MN_MW
? f
""""""""" extremal A
o | — gradient
T : — , :
0.0 1.0 2.0 3.0 4.0 5.0
X

FIG. 3. The gauge field functions f4 and fp are shown with
respect to the dimensionless variable z for the configurations
with Ncs = 1/2 along the gradient path (solid line) and along
the extremal path (dotted line) for My = Mw.
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Energy Barrier

o
o
Bisphaleron \ Sym. Sphal.
3| MM,
>
&
2o
L 5
Sym. Sphal. —
Bisphaleron -
o
d T T T
0.00 0.25 0.50 0.75 1.00

Chern—Simons Number

FIG. 4. The total energy (in TeV) is shown as a func-
tion of the Chern-Simons number N¢s along the symmet-
ric sphaleron path (solid line) and along the asymmetric
bisphaleron path (dotted line) in the gradient approach for
My = 15Mw.

dient method, as a function of the Chern-Simons num-
ber for My = 15My,. Now there are three extrema of
the energy functional, the two degenerate bisphalerons
and the symmetric sphaleron. The right bisphaleron bar-
rier is obtained from the left one by the transformation
Ncs &+ 1 — Ngs and E — E. All three barriers, the
lower asymmetric bisphaleron barriers and the higher
symmetric sphaleron barrier, are smooth in the gradient
approach, in contrast with the bifurcations encountered
along the extremal energy path. Note that the asymmet-
ric bisphaleron barrier culminates at the bisphaleron and
has on one side a very steep falloff [36]. In Fig. 5 we show

these energy barriers as functions of the path parameter
l.

Energy Barrier

(=]
©
M, =15M,,
S
=27
£
>
1S
2o
W~
Sym. Sphal. —
° < Bisphaleron
o N
-25.0 0.0 25 .0
Pathparameter |

FIG. 5. The total energy (in TeV) is shown as a function
of the path parameter ! along the symmetric sphaleron path
(solid line) and along the asymmetric bisphaleron path (dot-
ted line) in the gradient approach for My = 15Mw.
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Effective Mass

8
% H
_ M”=MW l
L I M,=15M, (asym.) |
3 —

Z:. M.=15M, (sym.) "
(2] « l
2 ) Sym. Sphal. i
>3 Bisphaleron ﬂ/
Qo
=0 [
6 27
L
i

o

1 1 1
0.00 0.25 0.50 0.75 1.00
Chern—Simons Number

FIG. 6. The effective mass (in units of 1/Mw ) is shown as
a function of the Chern-Simons number Ncs in the gradient
approach along the symmetric sphaleron path for Mg = Mw
(solid line )and My = 15Mw (dot-dashed line), and along
the asymmetric bisphaleron path for My = 15Mw (dotted
line).

The effective mass m is shown in Fig. 6 as a function
of the Chern-Simons number for Mg = Mw and Mg =
15Mw . For small Higgs boson masses, we find a smooth
effective mass, qualitatively similar to [30]. But for large
Higgs boson masses the effective mass develops a sharp
peak, when the Higgs field crosses zero at spatial origin.
This point coincides with the symmetric sphaleron, but
not with the bisphaleron. In the vicinity of this peak the
potential energy falls off steeply. This steep falloff occurs
only on one side (the side of the peak) of the bisphaleron,
but on both sides of the symmetric sphaleron.

By computing the distance of the (symmetric)
sphaleron to the vacuum we obtain an estimate of how
good the paths are. For Mg = Mw the distance is 40,
while the path length of the gradient path is 46, and the
path length of the minimum energy path is 50. Thus the
minimum energy path has a longer path length than the
gradient path.

2. Tunneling amplitude

As a related criterion for the quality of a path let us
now consider the associated semiclassical tunneling am-
plitude, determined by exp(—Ry) [28-33],

Ro= / Wormeviovero (46)

where V()) is the potential energy and E is the energy
of the classical turning points a and b [30,31]. (Note
that the integral is independent of a reparametrization.)
Considering vacuum-to-vacuum transitions [with respect
to the above metric, Eq. (27)], the exponent Ry of the
tunneling amplitude is a line integral along the path in

Transition Rate

~
& Sym. Sphal. —
NQ © Bisphaleron g
£~
&,
=]
o
(]
o
3 v
=
=~
£
<
=
. T T I
0.0 5.0 10.0 15.0 20.0

M./M,

FIG. 7. The transition amplitude Ro (in units of 87%/g?)
is shown as a function of the Higgs boson mass My (in units
of Mw ) in the gradient approach for the symmetric sphaleron
path (solid line) and for the asymmetric bisphaleron path
(dotted line).

configuration space:

b
R0=/ Jf‘/———%i), (47)

df = lim d(f, f) , (48)

where

V(A) = Ep, and E = 0. Employing the radial gauge in
the calculations, the tunneling amplitude is determined
by Ry as given in Eq. (47) with d(f, f), Eq. (27), replaced
by d(f, f), Eq. (35), where we now interpret the sequence
of configurations along the path as gauge transforms of
those configurations for which d(f, f) equals (i( 5.

For Mg = Mw we find Ry = 1.575 and 1.836, in units
of BHL:, for the gradient path and the minimum energy
path, respectively. For My = 15Mw we find Ry = 1.525
(1.533), in units of 8?";, for the bisphaleron barrier (sym-
metric sphaleron barrier) in the gradient approach. In
Fig. 7 we show Ry as a function of the Higgs boson mass
in the gradient approach. We observe that Ry =~ 1.5,
in units of 872/g2, fairly independent of the Higgs bo-
son mass, and the bisphaleron transition rate is slightly
higher than the sphaleron transition rate.

IV. LEVEL CROSSING

Let us now consider the fermionic level crossing phe-
nomenon along the sphaleron barrier. We study the
fermion mode in the background field of the barrier as
well as self-consistently, and compare the gradient path
to the extremal energy path.
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A. Energy functional

To retain spherical symmetry we consider only fermion
doublets degenerate in mass. The corresponding spheri-
cally symmetric Ansatz for the fermion eigenstates is the
hedgehog Ansatz:

spin-isospin relation
oxn+TXxr=0. (51)

Under the residual gauge transformation, Eq. (15), the
fermion functions transform as

. . .© .
qz,(r,t) =EsztMé,[GL(T)+i0‘~f’FL(T)]Xh , (49) Fr, +1Gyg, —)exp(z;) (FL+ZGL) y
. . (52)
gr(r,t) = e My [Gr(r) —io - #Fr(r)]xn , (50) Fr+iGr — Fr+iGg .
where the normalized hedgehog spinor x, satisfies the The fermionic energy functional reads
]
* 2 ! ! 2 ’ 1 2 1- fA
E¢ = 4nMw dzx FRGR—GRFR+;FRGR+FLGL—GLFL+;FLGL—2 - GLFy
0
fB 2 2 fe  q2 2 Y Y
+?(GL - FL) + %(GL + FL) + ZMFH(GRGL - FRFL) - ZMFK(FRGL + FLGR) y (53)
[
where the fermion mass MF is expressed in units of My : ~_ W
@ =g (60)
w

Mp = My /My . (54)

The fermion functions need to be normalized. When
N fermions occupy the eigenstate the normalization con-
dition is

47r/ dza?(GL + F3+GL+F2) =N .  (55)
0

B. Background field calculation

Let us first consider the fermions in the background
field of the sphaleron barrier. We find the set of coupled
equations [18,20,23]

1—

T

fAFL - f?BGL

@G — F} — %FL +
+Mp(—HGgr+ KFg) =0, (56)
oFL + Gy + 1_—fA‘GL + f—BFL
T 4
+Mp(HFr + KGg) =0, (57)
—&Gr+ Fh+ %FR + Mp(HGL — KFy) =0, (58)

OFp + G + Mp(HFL + KG) =0 , (59)

where @ is the fermion eigenvalue w in units of My :

At the origin the fermion functions satisfy the bound-
ary conditions

Fgr(0) =FL(0)=0, (61)
and

Gr(0) =cr, Gr(0)=cg , (62)

where cg and cr are unknown constants, subject to the
normalization condition (55). At infinity all fermion
functions vanish:

Fr(o0) = Fr(0) = Gr(o0) = GL(0) =0. (63)

Let us now consider the case Mg = My,. The fermion
eigenvalue along the gradient path is shown in Fig. 8 as
a function of the Chern-Simons number for the fermion
masses Mp = 10Mw, M = Mw, and M = Mw/10.
For comparison the fermion eigenvalue along the mini-
mum energy path is also shown [18]. For small fermion
masses the fermions are bound only in the vicinity of the
sphaleron. Here we find qualitatively the same behav-
ior of the fermion eigenvalue. For heavier fermions the
eigenmode reaches the continua later along the gradient
path than along the minimum energy path.

For large values of the Higgs boson mass, when the
barrier culminates at the bisphaleron, the fermion eigen-
value in the gradient approach is a monotonic func-
tion of the Chern-Simons number as shown in Fig. 9
for Mg = 15Mw and Mr = 10Mw, Mr = Mw and
Mp = Mw/10. This is in contrast with the extremal
energy path, where the bifurcations along the path also
lead to bifurcations of the fermion eigenvalue [20]. Note
that the eigenvalue along the right bisphaleron barrier
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FIG. 8. The fermion eigenvalue (in units of MF) is shown
as a function of the Chern-Simons number Ncgs in the
background of the sphaleron barrier for the fermion masses
Mp = Mw /10, Mp = Mw, and Mg = 10Mw along the gra-
dient path (solid line) and along the extremal path (dotted
line) for My = Mw.

is obtained by the transformation Ngs — 1 — Ngs and
w = —w.

In Fig. 10 we show the dependence of the zero eigen-
value of the fermions on the Chern-Simons number and
on the fermion mass for the gradient path and the ex-
tremal energy path for My = 15Myw . Depending on
the Higgs boson mass, the zero mode approaches a lim-
iting value for large fermion masses in the gradient ap-
proach. In contrast, along the extremal energy path the
zero mode occurs for large fermion masses only at the
sphaleron, i.e., at Ncs = 1/2. For small fermion masses

Eigenvalue

1
1

0.5

Eigenvalue/M,
0.0
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-1.0

T T T
0.25 0.50 0.75 1.00
Chern—Simons Number
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FIG. 9. The fermion eigenvalue (in units of Mr) is shown
as a function of the Chern-Simons number Ngs in the back-
ground of the bisphaleron barrier for the fermion masses
MF = Mw/lo, MF = Mw, and MF' = IOMW along the
gradient path (solid line) for My = 15Mw.
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FIG. 10. For the fermion zero mode the dependence of the
fermion mass (in units of Mw ) on the Chern-Simons number
Ngs is shown along the gradient path (solid line) and along
the extremal path (dotted line) for My = 156Mw .

the level crossing occurs for both methods in the vicinity
of Ngs = 1/2 [20,36].

C. Self-consistent calculation

Let us now study the gradient path over the sphaleron
barrier in the presence of fermions. We proceed analo-
gously to our previous calculation [23], but compute the
barrier with the gradient method. We arrive at the same
set of equations for the fermion fields, while we have to
add the source terms

+¢%xF.GL , (64)
+%g2w(Gi - Ff), (65)
+g212‘;IF (GrGL — FrFL) , (66)
_92]2‘;11‘“ (FrGr + FLGR) , (67)

to the right hand side of the boson field equations for f4,
fB, H, and K, respectively.

Let us first consider small Higgs boson masses, where
only the sphaleron barrier exists. As before, when study-
ing the fermion eigenmode along the minimum energy
path [23], we observe that fermions with small masses
have little influence on the shape of the barrier, while
heavy fermions deform the barrier considerably. How-
ever, for very large fermion masses, the bifurcations,
which we observed previously along the extremal energy
path, are no longer present along the gradient path. In
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the gradient approach the barrier decreases monotoni-
cally to both sides of the sphaleron, as shown in Fig. 11
for Mgy = Mw and Mp = T5Mw .

As before [23] we observe that the fermion eigenvalue
deviates little from the eigenvalue of the background field
calculation for small fermion masses; also for heavier
fermions the path does not lead to a free fermion solution
but to a bound state, a nontopological soliton. The self-
consistent fermion eigenvalue along the gradient barrier
is shown in Fig. 12 for a heavy fermion with Mr = 10 My,
for the Higgs boson mass My = Mw, and compared to
the eigenvalue of the background field calculation. In the
self-consistent calculation the soliton is approached for
Ngs — 0.

Let us now turn to large values of the Higgs boson
mass, where we expect two bisphaleron barriers beside
the sphaleron barrier. The presence of the fermions lifts
the degeneracy of the two bisphalerons for finite fermion
masses. Considering now the total energy, consisting of
the bosonic energy and the fermion eigenvalue as en-
countered along the path over the barrier, we expect [38]
that the energy of the left bisphaleron first increases as
E = Ey + Mg, while the energy of the right bisphaleron
decreases as £ = E,— Mp. (The left sphaleron is encoun-
tered along the barrier before the level crossing; i.e., the
fermion is still in the positive continuum, while the right
sphaleron is encountered after the level crossing; i.e., the
fermion is in the negative continuum [20].) At a critical
value of the fermion mass the fermion becomes bound,
Mg =~ 44/ My /Mw — 12 GeV [37]. Then the energy of
the left bisphaleron decreases, while the energy of the
right bisphaleron increases. Interestingly, a bifurcation
occurs at a moderate value of the fermion mass. The
right bisphaleron merges with the sphaleron at a critical
value, beyond which only the left bisphaleron solution
exists. This curious feature of the self-consistent treat-
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FIG. 11. The energy (in TeV) is shown as a function
of the Chern-Simons number Ncs for the fermion mass
Mp = 75Mw in the self-con-’stent calculation along the gra-
dient path (solid line) and along the extremal path (dotted
line) for Mg = Mw.
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FIG. 12. The fermion eigenvalue (in units of M) is shown
as a function of the Chern-Simons number Ncs in the gradient
approach along the sphaleron barrier for My = Mw and
along the bisphaleron barrier for My = 15Mw for the fermion
mass Mr = 10Mw in the background field calculation (dotted
line) and in the self-consistent calculation (solid line).

ment is demonstrated in Fig. 13 for My = 15Mw (for
one bound fermion).

The self-consistent fermion eigenvalue for a heavy
fermion with Mp = 10My for the Higgs boson mass
My = 15Mw along the left gradient bisphaleron bar-
rier is shown in Fig. 12. Note that this is the only self-
consistent barrier for this fermion mass. Here, the vac-
uum is approached for Ngs — 0, because the soliton
exists only for higher fermion masses [23].
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FIG. 13. The energy (in TeV), including the fermion eigen-
value, is shown as a function of the fermion mass Mr (in
units of Mw) in the self-consistent calculation for the left bi-
sphaleron (dotted line), for the right bisphaleron (solid line),
and for the sphaleron (dot-dashed line) for My = 15Mw .
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V. CONCLUSION

We have applied the gradient approach to obtain the
sphaleron barrier. The gradient approach produces a
path of steepest descent with respect to a given met-
ric. A natural metric on the space of field configurations
is implied by the kinetic energy term of the Lagrangian
[27]. We have formulated this metric in a gauge-invariant
way [34].

We have presented the formalism of the explicit gradi-
ent approach and of the gradient approach with a con-
straint on the distance. For technical reasons we have
used the latter approach in the numerical calculations.

Since the bifurcations along the extremal energy path
have largely motivated this study, we have compared the
sphaleron barrier obtained along the gradient path to
the one along the extremal energy path. For small val-
ues of the Higgs boson mass, there is only one sphaleron
solution, the symmetric sphaleron [5,13,14]. Here both
approaches lead to a smooth barrier. The gradient path
barrier is steeper with respect to the path length I, de-
fined via the metric, while the minimum energy path
is steeper with respect to the Chern-Simons number.
But the semiclassically calculated tunneling amplitude
~ exp(—Ry) is bigger for the gradient path; e.g., for
My = Mw, Ry is smaller by 10% for the gradient path.

For Higgs boson masses larger than ~ 1 TeV new asym-
metric sphaleron solutions with lower energy appear, the
bisphalerons, [13,14]. When bisphalerons exist, the ex-
tremal energy path has bifurcations and culminates not
at the bisphaleron but at the symmetric sphaleron. In
contrast, the gradient approach leads to smooth barri-
ers, a lower asymmetric bisphaleron barrier and a higher
symmetric sphaleron barrier. The asymmetric barrier

has a steep falloff on one side. This falloff is related to
a peak in the effective mass, when the Higgs field passes
zero (at the origin). The semiclassical tunneling ampli-
tude is fairly independent of the Higgs boson mass, but
slightly bigger along the bisphaleron barrier than along
the sphaleron barrier.

To exhibit the level crossing phenomenon we have cal-
culated the valence fermion mode along the gradient ap-
proach barriers. Since the barriers are smooth in the gra-
dient approach, also the fermion eigenvalue along the bar-
riers is smooth. This is in contrast with the extremal en-
ergy path, where the bifurcations of the barriers were re-
flected in bifurcations of the fermion eigenvalue [20]. The
fermion eigenvalue decreases monotonically from the pos-
itive continuum to the negative continuum along the gra-
dient path in the background field approximation, even
for large values of the Higgs boson mass.

When fermions are coupled self-consistently to the
boson fields the fermion mass is of importance. For
small fermions masses there is hardly any change with
respect to the background field calculations, while for
heavy fermions the barriers deform considerably. No-
tably, for large Higgs boson masses, two of the three
barriers, the sphaleron barrier and the right bisphaleron
barrier, merge and disappear already for moderate values
of the fermion mass, leaving as the only barrier the left
bisphaleron barrier.
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