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We investigate all the four-body graviton interaction processes: gX — vX, gX — gX, and gg —
gg with X as an elementary particle of spin less than 2 in the context of linearized gravity except
the spin-3/2 case. We show explicitly that gravitational gauge invariance and Lorentz invariance
cause every four-body graviton scattering amplitude to be factorized. We explore the implications of
this factorization property by investigating polarization effects through the covariant density matrix
formalism in each four-body graviton scattering process.
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I. INTRODUCTION

Among the four fundamental interactions in nature,
the gravitational interaction has not yet been success-
fully quantized but the challenge of combining the quan-
tum principle with the elegant theory of general relativ-
ity, based on general covariance, has been made cease-
lessly. While the very small gravitational coupling con-
stant might reduce the importance of theoretical and ex-
perimental investigation of quantum gravity, gravity be-
comes as strong as the other forces near the Planck scale,
and it is believed to be crucial in a consistent description
of the birth of the Universe according to the big bang
scenario. Furthermore, the successful unification of elec-
tromagnetic and weak interactions in the standard model
makes unavoidable the thought that further unifications
might be realized for all other fundamental interactions.
Recent developments of supergravity [1] and superstring
theories [2] were inspired by the hope of constructing a
consistent unified quantum theory including gravity. In
all cases, any common aspect of gravity and other inter-
actions is very much worth exploring.

It has been established by several people [3] that the
Fierz-Pauli theory of a massless spin-2 particle in the
Minkowski flat space-time is inconsistent when coupled
to matter and the only consistent theory in the low fre-
quency domain is Einstein’s general relativity. In the
light of this aspect, we use Einstein’s general relativity
as a correct effective gravitational theory at low energies
compared to the Planck scale. Since we are interested
mainly in the weak field limit, we perform the weak field
expansion to get the linearized gravitational Lagrangian.
After the expansion, ordinary quantum field theoretical
methods are applied to the linearized gravity to obtain
the graviton-graviton and graviton-matter vertices. Sev-
eral graviton interaction processes have been studied pre-
viously [4-7] in this framework.
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The formidable complexity in vertices with more than
three gravitons might render conventional Feynman dia-
gram techniques very much inefficient. Recently we have
shown, however, that all the tree-level transition ampli-
tudes of ge — ~e [8], elastic graviton-scalar, graviton-
electron, graviton-photon, and graviton-graviton scat-
tering processes [9,10], are completely factorized into
a simple form composed of a kinematic factor, QED-
like Compton scattering form, and other gauge invari-
ant terms. The factorization property can be used as a
powerful tool to investigate the gravitational interactions
and the polarization effects. The factorization property
in the linearized gravity corresponds to a well-known fact
in the standard field theory [11-14] that gauge symme-
try and Lorentz invariance enable all the lowest-order
amplitudes of four-particle interactions with an external
massless gauge boson to be always factorized into one
factor depending on the charge or the internal symmetry
indices, and the other depending on the spin or polariza-
tion indices. A natural question is whether or not all the
four-body graviton interactions exhibit the same factor-
ization property.

In this paper, we investigate in a more extensive way
the four-body graviton interactions like X — vX and
gX — gX in the context of linearized gravity, where X
is any kind of particles with spin less than 2 or graviton
itself. Even though we do not consider the spin-3/2 case
in the present work, we considerably extend our previous
works [8-10] to show the presence of the factorization
property in the four-body graviton interactions includ-
ing the case with a massive vector boson W for X. In
addition, we investigate the polarization effects to explore
the implications of the factorization property.

The paper is organized as follows. In Sec. II, we de-
scribe in detail the derivation of the gravitational La-
grangian for the graviton scattering process with mat-
ter, including graviton itself, and present its expanded
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form through the Gupta procedure [4] in the weak field
limit. Factorization in the linearized gravity is explained
in analogy with that of the standard gauge field theo-
ries in Sec. III. Section IV is devoted to investigating
polarization effects in these graviton scattering processes
and to exploring the implications from the factorization
property to the polarization effects. A brief summary
and discussion are given in Sec. V. Every Feynman rule
needed in the present work is listed in the Appendix.

II. INTERACTION LAGRANGIAN

In this section, we describe a general procedure to de-
rive the gravitational Lagrangian for a graviton scatter-
ing with a massive scalar, a massive fermion, and a mas-
sive vector boson in the presence of the electromagnetic
field. Without loss of generality it can be assumed that
all the massive particles have the same mass denoted by
m.

The natural starting point for the derivation is the
standard QED Lagrangian in the absence of gravity:

Lqep = (Du¢)*(D*¢) — m?(¢* @) + ihy* Dyyp — mapyp
—%(DMWV — D,W,)*(D*W" — D*W*)

1
+mIWIWE — W W, F* — S F*F,,, (2.1)

where ¢ is a scalar field, 1) is a fermion field, W is a vector
boson field, and A is a photon field, with which the field
strength F),, and the covariant derivative D, are defined
as
F,, =0,A, —8,A,, D, =20,+1ieA,. (2.2)
The gravitational Lagrangian £ is then obtained by
making the QED Lagrangian in a general covariant form.
To begin with, we write down the general covariant grav-

itational Lagrangian without any detailed description of
the derivation:

L=Lg+ Lgs (A) + Lg5(A) + Law (A) + Lga,

(2.3)

L, =2k"%/—gR, (2.4)

Lgs(A) = vV=g[g"" (Du9)* (Do) — m*¢* )], (2.5)
Lgr(4A) = \/—_.‘1(%[7/_’7“(6;1 +iedu)Y

—1/;(6# —ieAy, )y Y] — m't/;'l[/') ) (2.6)

1 *
Low(4) = =5V —99"*g°*? (D Wa — DaW,,)

x(D,Wg — DgW,) + v/ —gg‘“’sz;W,,
—iey/—gg" g*P Wi WoF,p,

1
Loa=—3V —99"*9*PFuoF, 3,

(2.7)

(2.8)
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where kK = /327Gy with the Newtonian constant Gy .
For the sake of discussion, the gravitational Lagrangian
L has been separated into five parts, each of which de-
scribes an independent process under consideration. The
Lagrangian £, describes pure gravitational interactions.
Lgs(A), Lgf(A), and Low (A) are for gravitational inter-
actions of a massive scalar s, a massive fermion f, and
a massive vector boson W in the presence of the electro-
magnetic field, respectively. The final Lagrangian L£g44 is
for gravitational interactions of the electromagnetic field.

Now let us describe in detail the derivation procedure
of the gravitational Lagrangian £ in the weak field limit
and expand the Lagrangian around the flat Minkowski
space to obtain the necessary interaction terms. The flat
space expansion of Eq. (2.3) usually can be carried out by
the Gupta procedure [4]. In the procedure one introduces
a symmetric tensor field h,, denoting the deviation of the
metric tensor g,, from the flat space Minkowski metric
tensor 7,,=(+,—,—, —):

Guv = NMuv + f‘-':h,“,- (29)

After the expansion any curved space geometrical object
is expressed as an infinite series in terms of h,,. For the
present work, however, only the terms up to O(h3) are
needed and therefore every expanded Lagrangian will be
presented including the terms up to that order.

It is convenient to expand at first the contravariant
metric tensor g#” and the affine connection F")V, whose
expanded forms are given up to O(h3) by

g* = MY — kh* + nzh")‘hK _ n3h“)‘h)‘ah°“’, (2'10)
= h+ SR (RERE — B
g =det(gu) =—-1—& +§K (hbhE — h*)
1
+6n3(—2hghghz + 3hhEhS — RP), (2.11)
K K2 2 BLPp
\/—g =1 + §h+ g(h - thhu
3
K
+Zg(h3 — 6hhLhS + 8hERERTY), (2.12)
A — 1 Ao
r py = 59 (8Mgau + augay. - aaguu)
— %n(n)\a _ K’h,\a' + K,ZhAahZ)
X (Ouhov + Ovhoy — Oshyy), (2.13)

with the definition h = h%.

Let us now consider the Lagrangian £, for pure grav-
itational interactions. The scalar curvature in Eq. (2.4)
is defined in terms of the affine connection Ff;,, as

R= gl“/ [61/]-—‘/\;“\ - 6/\1-‘/\m/ + FT‘LAFATV - FTW/PAT)\] .

(2.14)
Taking the de Donder gauge O.hf = 18,h, the La-

grangian L, can be expanded [15,16] around the flat
Minkowski space and then reduced to the form
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Lg=LY+RLL+RLE+ -+, (2.15)
0= -—iaﬂha“h + %auh‘”’a"h,,,, (2.16)
L= %hgé)"hﬁ@uh - %hgaahgaﬁh; — h30,hL0*hE + %haﬁhgaﬁh; + k50, h50"hY, — %h@”ha,,h, (2.17)

1 o v a 1 v «a, a, 1 o
L2 = 1—6h28,,h PO hap + hyRGONR PO gy, — gh" Ry Ok 0 hog — 207 hy,, OXR PO RY + Ehhﬁa,\h P hly

1 1
— 5 hhsOAR PO hay, + HghL NP by, — %hagh“”a)‘h"‘ﬁa"hw + %hgh;amaﬂa*hw — RONRTP O hog

1 v «, v « 1 1 v 1 v
+5h O30 hag — h3hi Oz K P O hay, + ThREONROMK] — S hupONhO R + S W hys0rho k),

1

We emphasize that £} and L2 have been proved to be
of the most compact form by a computer program [17].
While the difference is only a total derivative, the La-
grangian (2.15) is much simpler than that of Refs. [15,16].
The gravitational Lagrangian L£4,(A) of a scalar in the
presence of the electromagnetic field can be similarly ex-
panded:

Lga(A) = LY, + KLy, + K2LE, + -+, (2.19)
L3, = (D*¢)*(Dyug) — m*(9*¢), (2.20)
1
Ll = 5hcgs — h**(Du¢)*(D,9), (2.21)
L2, = %(h2 — 20 hag) LY,
+(RGR™ — 3hR*)(Dud)* (Dud). (2.22)

Let us now consider the gravitational Lagrangian of
a fermion. In the absence of gravity a free fermion is
described by the Lagrangian

Ly =5 [r"0u — *dyuu] - mby.  (2.29)
Incidentally, the fermionic Lagrangian Ly deserves spe-
cial treatment when it is converted into a general co-
variant form. Mathematically, this is because the tensor
representations of the GL(4) of general linear 4 X 4 ma-
trices behave like tensors under the subgroup of Lorentz
transformations, but there is no representation of GL(4),
or even representations up to a sign, which behaves like
spinor under the Lorentz subgroup. One approach to
incorporate spinors into general relativity is the tetrad
formalism [18], which will be briefly described below.
The formalism utilizes the fact that the equivalence
principle guarantees the introduction of a locally inertial
coordinate system y% at each space-time point P. In the
case, the metric tensor g, is expressed as
I () = NMmney (z)ey (2), (2.24)
where the tetrad or vierbein e}}'(z) is defined as a coor-
dinate derivative of y as

(@) = [ay?—(:”)]z_P. (2.25)

Oxr

=P P Ok By — %hza\ha"h + %h“"h,‘VBAhBAh.

(2.18)

For the sake of discussion a different type of vierbein e’
is introduced with the m index lowered to n with the
Minkowski metric tensor 7,,,, and also with the u index
raised upward to v with the metric tensor g#*:

e = Nmng"’e) (). (2.26)
Equation (2.24) shows that the vierbein e, is nothing
but the inverse of the vierbein e]}' such that

ob =eb e, 67 =elel

I
m-v ®on”

(2.27)

Another requirement from the equivalence principle is
that the special relativity should apply in locally inertial
frames, i.e., should preserve Lorentz invariance locally.
As a way to accomplish the requirement a new covariant
derivative is introduced:

Vo = eh (0, +iw,). (2.28)

Then the locally Lorentz invariant gravitational La-
grangian of a fermion is obtained as

Lys = %%z’e;(aﬂ +iw)y + He. —mdy,  (2.29)

where the field connection w,(z) is expressed in terms of
vierbeins as

1 mn v
wu@) = 507 Buens — D)

+1ef,e2(0oerp — 6pel,,)eL — (m e n)], (2.30)
with ¢™" = i[y™,~4™]/2 with the Dirac matrices y™. It

now can be shown that the general covariant and U(1)gm
invariant Lagrangian L£f(A) of a fermion is

Lgs(A) =+—g %{117*/”(5,‘ + ieA, )
—1/_;(6“ —ieA, )Y Y} — myy |, (2:31)

with the notation



2754

Y = APel, Vi = 0 + iwuth,
—— — .-
1/)V# = ,,1/) — m/;wu. (2.32)

In order to expand the Lagrangian around the flat
Minkowski space we first need to expand the vierbein
J

_ 1 - v
Lg5(A) = ‘Cgf —eypy YA, + Kﬁsllf - 5"3(’”7;“/ — hu )Py p AY + ,gZ[,Zf R

L3y = 70 — Buibyy] — map,

1 i .
E;f = _hcgf - Zhuu["/)'yyaud) -0 1/)7“1/)]7

2
1
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e [19], which is given by

2
m Kim K mgvipn 3
e =6L"+§h“——8h drhl + O(k).

7 v 9n'pu

(2.33)

The resulting Lagrangian Lg¢(A) [7] is of the form

(2.34)
(2.35)

(2.36)

t a T v v, 7
L2 = —(h* — 2hGRE) LY, + 76 3R hua — 2hhu ) ($740% 9 — 8" Py 9)

8

+ 1o (A5 hE — hLOTRL] () + 55 [h7=0 ks — KR (- ),

(2.37)

where v* are the ordinary Dirac matrices and from now on every Greek index refers to the flat Minkowskian space-time.
As in the scalar case, it is also possible to derive and expand the gravitational Lagrangian for a vector boson in the

presence of the electromagnetic field:

Low (A) = LIy + KLy + K2 L2y -+,

1 * v v * . *
Low = =5 (DuW, = D,W,)*(D*W"¥ — D*W*) + m*WiW* — ieWiW,F*",

(2.38)

(2.39)

1 ) .
Loy = h* [(DuWo — DoW,)*(D,W™ — D°W,) — m*WiWw,| + 5hcgw + de[n* hoP + n"[’h’“’]Wu WoF,z,

(2.40)

1 v 1 « a o * *
Ly -8—(h2 — 2h* Ry ) Loy + 5 (R? — 2k ) [1P7 (DaWp — DgWa)* (DoWy — DoW,) — m*W2iW,)
—h#**hP [2(DyWea — DaW,)* (D, W — DgW,) + ieW  WoF,g]

—ie[n*” (h* R — LRhoP) 4 9P (RHARY —

Finally, the gravitational Lagrangian of the electromag-
netic field is shown to be expanded as

Loa=Lyy+KLL,+ KL+, (2.42)
1
ESA = _ZF‘LuFuua (243)
1 1
Lhy= §h,’;F‘“’Fw + 5th As (2.44)

1 v 1 «
L2, = g(h2 — 2RV ALY 4 + 1Fa8Fpo[hh Py

~2hZ‘h“"nﬁ" — h®PhB], (2.45)
To summarize, we have described in detail how to de-
rive the general covariant Lagrangian for gravitational
interactions with a scalar, a fermion, and a vector bo-
son in the presence of the electromagnetic field. Then we
have expanded the Lagrangian around the flat Minkowski
space through the Gupta procedure. The expanded La-
grangian is not only Lorentz invariant at any order of h
but also invariant under the transformation:
h¥Y — BV + G* XY 4 OV X, (2.46)

with an arbitrary nonsingular function X*. The latter
invariance will be called gravitational gauge invariance
in the present work. It is now rather straightforward to

FhR* ) WiWLF, 5.

(2.41)

I

obtain all the Feynman rules of propagators and vertices
up to O(x?). We present all the Feynman rules needed
in the present work in the Appendix.

III. FACTORIZATION

In the standard gauge theory every four-body Born
amplitude with a massless gauge boson as an external
particle has been well known to be factorizable [11-14]
into one factor which depends only on charge or other
internal-symmetry indices and the other factor which de-
pends on spin or polarization indices.

In this section we show that gravitational gauge in-
variance and Lorentz invariance in the linearized gravity
force all the transition amplitudes of four-body graviton
interactions to be factorized as well.

First of all let us explain factorization in a
(non-)Abelian gauge theory following the procedure by
Ref. [12]. The crucial point is that any amplitude with
an incoming gauge boson is always arranged as a sum
of terms of which each one consists of three distinctive
parts—a charge factor A;, a polarization-dependent part
B;, and a propagator C;,

N AB;
M=§ c

(3.1)
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Then each group factor is summed up to vanish,

(3.2)

N N
S 4= B=> Ci=0o,

due to charge conservation (gauge invariance), energy-
momentum conservation (Lorentz invariance)

N
Z (S,'pi = k, (3.3)
=1

and transversality (k- e = 0), where ¢ and k* are the
polarization vector and four-momentum of the massless
gauge boson, respectively, and §; = 1(—1) is for an out-
going (incoming) particle. Every amplitude M for N = 3
is then written in a factorized form as

M= _GC2 (A1 A2\ (B B
- C3 Cl Cz C1 CZ ’

(3.4)

or in equivalent forms with the indices (1,2,3) permuted.
It is now clear that the expression (3.4) exhibits factoriza-
tion of the transition amplitude into a charge-dependent
part and a polarization-dependent part.

As an example, let us consider the gluon-gluon elastic
scattering process G*G° — G®G? where the superscripts
denote color indices. The factorization theorem enables
the transition amplitude to be factorized as [12,13]

J

ji.a v.b

k
N
Vd
7 72
(O

1 ky
2
N
g I;
(a)
(c)
FIG. 1. Feynman diagrams for the gluon-gluon scattering

process G*G° — G®*G?. The wavy line represents a gluon but
not a photon.

B,d

(b)
(d)

M(G"GC - G"G")

= (Eﬁ) (p1 - k1) (P2 - k2) [f“efbde _ fodefbee

M v
a ky - ko p1 - k1 P1'k2] 7

(3.5)

where k,(p;) are four-momenta of the incident gluon
G*(G®°), ka(pz) are four-momenta of the final gluon
G*(G?), and v stands for a massless vector boson with a
positive electric charge (see Fig. 1). Here, 3¢ are the
structure constants of the SU(3) color-gauge group. The
amplitude M., which is of the same form as the Comp-
ton scattering amplitude of a charged massless vector bo-
son, is given by

By = —eke3 e (p1)es” (p2)[Cras(k1, p1, —41)Cup® (—k2y —P2,41) + 2P1 - k1 (Muu M — MupTva),

*V _ O

B2 = 6{[‘62 &€y (Pl)é“;ﬁ(Pz)[Cuﬁ&(kl, —P2, q2)Cva6(_k27pl7 _qZ) - 2P1 . k2(nuunaﬂ - 77;1.6(’71/3)]7

B3 = ffGEVE?(Pl)Egﬁ(Pz)[Cums(kh _k27 _q3)CaB6(p1a —P2, 113) - 2k1 ° k2 (nuanvﬂ - nuﬂnua)]y

Ci1=2(p1-k1), C2=—2(p1-k2), C3=—2(k1ks),

with the definition

C/\#V(pv qu) = (p - q)unku + (q - T)Anuv

+(r = P)umr- (3.9)

The transferred momenta ¢, g2, and g3 are given in terms
of external momenta by
g3 = kl - kz. (3.10)

g1 =p1+ki, g2=p1— ks,

It is a simple matter to determine the A; factors for the
process G2G¢ — G®G? by the use of the Jacobi identity
of the structure functions:

Al — facefdbe, Az — fadefbce, A3 — fabefcde‘ (311)

We emphasize that the factorization in an ordinary
gauge field theory stems from gauge invariance and

B B
—e2 |2t _ 22
My, =e |:Cl Cz] , (3.6)
where
(3.7)
(3.8)

Lorentz invariance of the theory. Since the linearized
gravity is gravitational gauge invariant as well as Lorentz
invariant, it is expected to have a similar factorization
property in the linearized gravity. In the present work
we show explicitly that every amplitude of a graviton
scattering with a scalar, a fermion, a vector boson, or a
graviton itself indeed exhibits such a remarkable factor-
ization.

In order to prove factorization in the linearized gravity,
we first note that gravitational gauge invariance guar-
antees the decomposition [20] of a graviton wave tensor
€*¥(2)\) into a multiplication of two spin-1 wave vectors,

"’ (2X) = e*(N)e”(N), (3.12)
where the wave vector €#()) satisfies

k- 6()\) = 0, E(A) . E(A’) = —(S)"_)‘l, (313)
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so that the wave tensor e#”(2)) satisfies

kue*”(2X) = e*V(2X\)k, =0, €*,(2)) =0, (3.14)
with the graviton four-momentum k.

In order to show clearly the common features of four-
body graviton processes, we organize the presentation of
our results in the following. First, we introduce X as a
generic notation for a scalar s, a fermion f, or a vector
boson W. Second, the k; (i = 1,2) are for the four-
momenta of the incident g and the final g(v) in the pro-
cess gX — g(v)X, and p; (2 = 1, 2) for the four-momenta
of the initial X and the final X, respectively. We note
that there are four Feynman diagrams for every process
(see Figs. 2 and 3). The last diagram in each figure set is
a so-called contact term, which can be always absorbed
into the other parts. We present only the results after
absorbing the contact term and rearranging the ampli-
tude according to the factorization theorem. Finally, we
mention that all the processes under consideration have
the same set of the kinematical factors C;, denoting the
s, t, and u channel momentum transfers,

C1=2(p1-k1), Cz2=—2(p1-k2),
(3.15)
Cs = —2(k1 - k2),
which are the same as Eq. (3.8). For simplicity, we will no
longer write down this kinematical set in the following.

A. Graviton conversion into a photon

In this subsection, we consider the process of a gravi-
ton scattering off a particle X for the photon production,
where X can be a scalar s, a fermion f, or a vector boson
W. The graviton conversion into a photon can be con-
sidered as a means [21] to detect a gravitational wave.
As mentioned before, k; and €; are the incident graviton
J
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PN

(b)

pat

02 £ ks P

5%

2 S

”n P2
(a)
(c) ()

FIG. 2. Feynman diagrams for the process gX — vX. The
curly line is for a graviton and the wavy line for a photon.
Here X, represented by a solid line, can be a scalar s, a
fermion f, or a vector boson W.

momentum and a wave vector for the graviton wave ten-
sor, while k2 and e, are the final photon momentum and
the photon wave vector, respectively. p;(p2) denote the
four-momentum of the incident(final) X particle.

1. gs — ~s

The simplest nontrivial process is the graviton scatter-
ing off a scalar particle for a photon production gs — s.
The process is of order e and « in both the gravitational
and the electromagnetic interactions and therefore the
relevant Lagrangian consists of four parts as

L7 = LI (A) + KLY (A) + L4+ KLY 4. (3.16)
The Feynman diagrams are shown in Fig. 2, where the
solid line is for the scalar particle. After absorbing the
contact term denoted by the last diagram, we obtain the
resulting transition amplitude for the process gs — s
divided into three parts:

Mgssys = M+ MP° + M2°, (3.17)
s __ (pl : €1) 2 2 * *
MI® = K3 —m) (g7 —m®)(e1- &) — 4(p2 - €)(p1 - €1)] (3.18)
s (p2 3 61) * *
My® = K3 (gE —m?) [(g3 —m?*)(e1-€5) — 4(p2 - e1)(p1 - €3)] , (3.19)
8 (kz - € * *
My = ex®2 ) (02— e )+ 402 )1 - 2) — 402~ )1 - ). (3.20)
3
After extracting the kinematical factors Cj, it is straightforward to determine A7° and B]* (i = 1,2,3) as
AY® =ek(e1-p1), A]" = —er(er-p2), A}’ = —ek(e1 - k), (3.21)
BY* = (p1- k1)(e1- €3) — 2(p2 - €3)(p1 - 1),
B3" = (p2 - k1)(e1 - €3) + 2(p2 - €1)(p1 - €3),
B3* = ~[(p2 +p1) - ka](e1 - €) = 2(p2 - €1) (1 - €3) + 2(p2 - €3) (p1 - €2). (3.22)
The transition amplitude is reduced to the factorized form
€1°P1 €1-P2 * (€1-P1)(€5 - p2) | (€1-p2)(€3 - p1)
Mgsyys = —ekF | —"= — — =< €1 - € 2 .
9o [Pl -k D1 kz} ’:( ! 2) p1-ky + p1 -k ’ (3 23)
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where €} and € are two wave vectors for a graviton and a
photon, respectively. Here, the overall kinematical factor
Fis

(Pl . kl)(Ih : kz)
(ki-k2)

We note that the last factor is of the same form as the
scalar-Compton scattering amplitude.

Before proceeding further, let us note here that the
introduction of a manifestly gauge invariant four-vector
& (i=1,2):

F = (3.24)

s € — (pl Ez)
z z (pl k) (2]

(3.25)

renders the expression of the scalar Compton scattering
amplitude M., greatly simplified:
My, =2e%(&-;). (3.26)

Along with this simplification, gravitational gauge invari-
ance and graviton transversality render the transition

J

amplitude Mg,_,,, completely factorized into a quite
simple form:

_fp(p2-&a
Mge-rye = 5-F <p2 : kl) M. (3.27)

2. gf = ~f

The next simplest case is the process gf — vf with
a graviton in place of the incident photon in the ordi-
nary fermion-Compton scattering process. The relevant
Lagrangian for the process gf — v f is composed of four
parts:

LY = L3:(A) + KLL(A) + L2, + KLY, (3.28)
The Feynman diagrams for the process can be drawn in
the same way as for the process gs — vs. The only differ-
ence is that in the present case the solid line in Fig. 2 is
for a fermion. After absorbing the contact term denoted
by the last diagram in Fig. 2, we obtain the transition
amplitude Mgz, :

Mgf—)yf = sz + sz + sza (329)
My =~ P G ) [+ m) ] upr, 30), (3.30)

2 (q¢f —m2?)
M = =G, 52) [+ m) ], 2), (3:31)
MY = E(kz - €1)%(p2, 52) [(61 - €3) K2 — (€1-ka) &5 — (€5 - k) 9/1]“(1”1’ 51)- (3.32)

Now the factors A; and B; (¢ = 1,2,3) for the process
gf = ~f are

AV =AY (i=1,2,3), (3.33)
BY = —a(ps, 1) [#a(ss + m) h] ulp, 1),
By = La(p2,52) [ (do + m) ] u(pr, ),
B3 = a(pz, 52)[ 41 (€5 - k1) + fh(er - k2)
— (€1 - €2) B2]u(py, 51). (3.34)

As mentioned before the C; factors are the same as those
for the process gs — vs. Consequently we are led to the
factorized transition amplitude

K P2 €&

—F M

o (B2 g,
where the transition amplitude M. is of the same form
as the standard Compton scattering amplitude:

Mgfosyy = (3.35)

My =~catonon) [t ]

xu(pl, Sl). (3.36)

3. gW — W

Since the process gW — yW involves three vector par-
ticles and one graviton, Feynman rules are complicated
and as a result the expression of the amplitude is compli-
cated as well. Without any new insight of the amplitude
structure, any conventional method will require a lot of
time to calculate the cross section. This formidable al-
gebra can be avoided by a simple reorganization of the
amplitude due to the factorization as described below.

First we write down the relevant Lagrangian for the
process gW — yW, which consist of four parts:

LYV = L0 (A) + KLYy (A) + Lo + kLY, (3.37)
Through the same procedure as in the process gf — vf
we find

ATV = A7 (i=1,2,3), (3.38)
YW __ 1 2 * *
B/" = 2 [Bl —m®(e1 - 1) (€3 ‘52)] ,
1 B
B} = [Bz +m*(er-€3)(e - e1)], B =3,
(3.39)
where B; (i = 1,2,3) are given in Eq. (3.7). Then the

amplitude reduces to the factorized form as
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_ P2oa ) [ = avis s o] EE)(EGEs)  (G-e3) ()
Mgw 3w = —exF (p2 : k1) [(61 e5)(&1-€3)— (k1 kz){ P e ks

1
P1-k2

{(€5-61) (p2-61) (k2€3) + (€1-€3) (P2-€3) (k2-€1)

1

—(€5-63) (p2-é1) (k2-€1)} + P—

(& '51)(1’2'6-5)(’“2'53)] ) (3.40)

where p;(p2) and €;(e2) are the four-momentum and wave vector of the initial(final) vector boson, respectively. The
€; (i = 1,2) is a polarization vector defined in a manifestly gauge invariant form as
- (k1-€:)
& =g — p
k) 1 (kl .pi) 1
The introduction of the gauge invariant wave vector considerably simplifies the amplitude form and directly justifies

gauge invariance. The second bracketed term of Eq. (3.40) can be shown to be the same as the Compton scattering
amplitude of a charged vector boson given by

M’yW = —2¢? [(€~1-6~;)(6~1-5~;) - (k1'k2){ (€~1.E~1)(€.;'€~;) - (6—1 'E})(%.EH) }

(3.41)

1k p1-k2
1 - - ~ - - ~ - . . o ~ ~
————{(e3-61) (p2-€1) (k2-€3) + (€1-€3)(p2-€3) (k2-€1) — (€2-€3) (p2-€1) (k2-€1)} + (€1-€1)(p2-€3) (k2 -€3) |-
P1-k2 p1-k1
(3.42)
Consequently, the amplitude Mgow_,,w is expressed in a factorized form as
_ K o(p2-é&
Mow yw = 2eF (p———“-—z - k1) [M.yw] . (3.43)

B. Gravitational Compton scattering

In this subsection we investigate the factorization property of the gravitational elastic processes gX — gX for X = s,
f, or W. The Feynman diagrams for these processes are shown in Fig. 3, where the solid line is for X. Through
this subsection the k; (k) denote four-momenta of the incident(final) graviton and p;(pz) denote four-momenta of the
incident(final) X particle.

1. gs — gs
The relevant Lagrangian of the process gs — gs consists of five parts:
LY = LY+ KLY+ Ly, + KLY, + K2L3,. (3.44)

The transition amplitude after absorbing the contact term denoted by the last diagram in Fig. 3 becomes

Mgy = ME* + MY + M, (3.45)
gs Klz 1 * * 2
M = —Tmbl k(e - €5) — 2(p2 - €3)(p1 - €1)]%, (3.46)
. K2 1 . .
Mg = -7@22——17—155[1’2 ~k1(e1 - €3) + 2(p2 - €1)(p1 - €3))%, (3.47)
21
M2 = =5 (P2 + 1) - kal(ex - €3) + 2(p2 - €2) (P1 - €3) — 2(p2 - €3) (1 - €2) }- (3.48)
4 q3

It is now straightforward to determine the corresponding factors AY® and By’ with the same C7° (i = 1,2,3) as in
Eq. (3.8):
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By

A?* = k®*B]°, Bf* = (i=1,2,3). (3.49)

Consequently we obtain the factorized transition amplitude as
K2 2
Mg, = QF[Mﬁ,] . (3.50)

Note that the resulting amplitude is exactly the square of the standard scalar-Compoton scattering amplitude.

2. 9f > 9f
The relevant Lagrangian for the process gf — gf is made up of five parts:

LY = Lo+ KLy + Los + KLY, + k2L (3.51)

The transition amplitude Mgy for the process in Fig. 3 is reorganized after absorbing the contact term into other
three parts as

Mgz = M + MY + M, (3.52)
2
K * * —
M = 8(¢2 — m?) (2(e1 - p1)(€3 - p2) — (€1 €3)(p1 - k1)] [@(p2, 52) (£ (1 + ™) f1]u(pr, s1)], (3.53)
1
2
K . _
MY = 82 —m?) (2(e1 - p2) (€3 - P1) + (€1 - €3)(P1 - k2)] [@(P2, 82) [#1 (42 + M) #2] u(p1,51)],
2
2
K * * *
Mg = ] (2(ex - p2) (€2 - p1) — 2(e1 - 1) (€3 - p2) + (€1 - €3)(P1 + p2) - k1))
3
X [@(p2, 82) [#1(€3 - k1)+ f(e1 - k2) — (€1 - €3) K] u(p1,51)]. (3.54)
N
We obtain the factors A7 f and Bf‘f (:=1,2,3) as scattering amplitude and the fermion-Compton scatter-
ing amplitude.
BYf
A = 2B}, BY = - (i =1,2,3). (3.55)

s . . 3. gW — gW
As a result the transition amplitude is reduced to the g g

factorized form . .
The relevant Lagrangian for the process gW — gW is

K? 2.
Mys = @F (M6l [Mqg] s (3.56) composed of five parts up to O(k?):
where the expressions of M,, and M, are given in C‘,’w - Cg +n[,; +£gw +I€C;W +”2ﬁzw- (3.57)

Egs. (3.26) and (3.36), respectively. Note that the tran-
sition amplitude of graviton-fermion scattering is fac-

torized into the transition amplitude of scalar-Compton The amplitude expression of the process is so complicated

that the explicit presentation will be omitted. Instead,
we write down just the factors Afw and Bfw (:i=1,2,3)
given by the relations
j 263 & ke v

N A

H }—@g w
7 y4i P2 N A?W = —"‘,2373 EZ_.
(a) (b)

w
B = =1

(3.58)

[

It is now clear that the amplitude of graviton scattering
% with a vector boson can be written in a factorized form
as

2
(© (@ Mgw = 2 F [My,] [Mw], (3.59)

FIG. 3. Feynman diagrams for the process gX — gX. The
curly line is for a graviton. X, denoted by a solid line, can be where M., and M,y are the same as Egs. (3.26) and
a scalar s, a fermion f, or a vector boson W. (3.42), respectively.
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(c) (d)

FIG. 4. Feynman diagrams for the process gg — gg. The
curly line is for a graviton.

C. Graviton-graviton elastic scattering

The process gg — gg is a pure gravitational process
of order of x2. The relevant Lagrangian for the process
gg — gg is made up of three terms as

LY = Lo+ rLy+ KLY (3.60)
As in other cases, after absorbing the contact term de-
noted by the last diagram in Fig. 4, we obtain the factors
AJ9, B9, and CY? for the process gg — gg as

B
AW = —k?B;, BV = 6 (i=123)

(3.61)
Likewise, the transition amplitude of graviton-graviton
scattering [22] is factorized as

2

K 2
Mgg = 8?1’_' [M,Yv] . (362)
Here, pi(p2) and &f(eh) are the four-momentum and
wave vector of another initial(final) graviton, respec-
tively.

D. Summary

In the present subsection, we summarize our results for
the transition amplitudes obtained from the factorization
procedure.

(1) The transition amplitudes Mg,_,ys, Mgs_,s and
Mgw 4w have a common factor

(Pz ‘€1 )
p2 - k1
(2) The transition amplitudes Mg,_, s, Mgs_ g, and

Mgw_gw have as a common factor

My, =2e (6, -&).

(3.63)

(3.64)

(3) On the other hand, the graviton-graviton scattering
amplitude Mgy,_,4, is proportional to the square of the
amplitude M.,,,.

(4) All the transition amplitudes have as a common
kinematical factor

(P1 - k1) (p1 - k2)
F (ks - a) . (3.65)

(5) The other factors are exactly of the same form as
the amplitudes M.,, M,f, and M.,w except for their
overall coupling constants according to the number of
involved gravitons.

(6) While the form of Eq. (3.26) is independent of the
choice of €;, the form of the photon-vector boson scat-
tering amplitude M., can be modified if the € and §¢;
are defined in a different way. Nevertheless, we find that
the transiton amplitude Mg, satisfies Bose and crossing
symmetries as expected from the cyclic property of the
factorization. The completely symmetric expression of
the amplitude Mgy, can be found in Ref. [22].

IV. POLARIZATION

Clearly factorization will allow us to describe every
four-body graviton interaction with a scalar, a fermion,
a photon, a vector boson, or a graviton itself through
well-known four-body photon interaction processes in the
ordinary QED. One noteworthy advantage from factor-
ization is a simple explanation for polarization phenom-
ena in the graviton processes.

A natural Cartesian basis for a polarization vector
€”(A) with a momentum k; can be given in terms of two
arbitrary four momenta p; and p,. For simplicity, we
use k2, p1, and p, satisfying the constraints k2 = 0 and
p? = p2 = m2?. Then we can choose the basis consist-
ing of two orthonomal four-vectors n; and n, such that
[23,24]

_Pp1 (k1 + k2)

N
wt = | - L

2
e *Ppy kagkig
ky - ko ’

with the conditions

(k1 + kz)”] ,

nh = (4.1)

k,--nj :0, Pi - N2 =0, ni~nj = —‘Sij (‘L,]: 1,2),
(4.2)

and the normalization factor N = 1/y/2F — m?2. In the
basis we can introduce, as a polarization vector,

1 .
() = 5 [nf +ikng],
where A = +1 is for the right- and left-handed polariza-
tion, respectively. Note that the scalar product (n; -€) of
the polarization vector €#()) and the four-vector n; is in-
dependent of the helicity value A. Certainly one can take
another set of (n),n}) as a basis, but it is different from
the set (n1,n2) simply by a complex phase, which can be
neglected without any change in physical observables.
Factorization allows us to use the well-known polariza-
tion effects in the ordinary QED for the investigation of
polarization effects in the graviton processes. As a pre-
liminary part, we consider the process ys — Y's where
Y is a massless scalar. The transition amplitude of the
process vs — Y's is

(4.3)



51 FACTORIZATION AND POLARIZATION IN LINEARIZED GRAVITY 2761

M(yxs = Ys) = eZe* (A P2
(s = Vo) = eter() | 2 - P2 )
1
2
—e? 4.4
© V2FN (4.4)

where the coupling constant of the Y ss vertex is assumed
to be e. Note that the amplitude is completely indepen-
dent of photon helicity A.

One can now show that the process ¢X — vX with
M(ys — Y's) as a factor exhibits the same polarization
property as yX — X with X a scalar, a fermion, or
a vector boson. However, the kinematical factor in the
center-of-mass frame takes the form

1 / m2 s [
\/EFN 2 \/QCO 2a (ga’Y)’ (4 5)

so that it makes the angular distribution of the graviton
process different from the corresponding QED process.
The former is more forwardly peaked than the latter. In
addition, the graviton cross section increases and might
violate unitarity at very high energy due to the /s factor
in Eq. (4.5).

Let us now consider the elastic photon-scalar scattering
process vs — 8. The transition amplitude is given by

M(ys — vs) = 2€® [(61 - €3) — (1<) (P2 - 3)
p1-ks

+

(p2 : 61)(1’1 . E;):| . (46)

p2- k1

While in general two different helicity bases are needed
for two photons, only one helicity basis can be employed
in the present case:

1 .
) = ) = = (nf +iknf). (47)
These enable us to derive the result [25]
m?2
M (’)’,\8 — 'y,\:s) = 262 (6)‘)‘r — ﬁ) . (48)

Despite scattering the photon helicity is preserved in the
massless case.

Combined with the factorization property in the pre-
vious section, Eq. (4.8) leads to

m2
M(ng — g,\/X) x F (6AA’ — 2—}7'-)

<MBX 5> wX)],  (49)

with X a scalar, a fermion, or a vector boson. The result

yields an interesting fact that in the massless case the
final graviton helicity should be the same as the initial
graviton helicity irrespective of the spin configuration of
matter fields.

On the other hand, the transition amplitude for the
process gg — gg has neither M(ys — Y's) nor M(ys —
~s). As a result graviton helicity in the process gg — gg
might be not preserved unlike in the processes gX — vX
and gX — gX.

From now on we investigate in more detail polarization
effects in the graviton scattering processes. As shown
above, the helicity formalism permits a simple and gen-
eral understanding of the polarization effects in the gravi-
ton scattering processes. However, it is often convenient
to employ the so-called covariant polarization density
matrix formalism, especially for a mixed state. In the
massive case, the helicity formalism requires fixing the
reference frame and has more complicated crossing sym-
metries. These problems can be avoided by the covariant
density matrix formalism. In the light of these advanta-
geous aspects the covariant density matrix formalism is
employed in the present work to get general information
on polarization effects in arbitrary reference frame.

The polarization of a photon (or a massless spin-1 par-
ticle) beam is completely described [24,26] in terms of the
so-called Stokes parameters (SP’s) &7 (i = 1,2,3). In the
helicity basis, &7 is the degree of circular polarization and
the others are degrees of linear polarization. Because a
graviton has only two helicity values, one can introduce
the so-called graviton SP’s &J (¢ = 1,2, 3) [27]. Similarly,
&5 is for the degree of graviton circular polarization and
the others are for degrees of graviton linear polarization.
On the whole, the photon or graviton polarization den-
sity matrix py (V = «,g) is given in the helicity basis
by

14+¢Y

_ 1 —& + ity
PV = 5 li_ggf —Z£¥ 3 ! ] ’ (4'10)

1-¢Y

and, for a given polarization density matrix, the SP’s are
determined by the relations

_ﬁ(UZPV)a §¥ = ’I\I‘(USPV)a
—T‘I‘(UIPV)a

&

&

(4.11)

where o; (¢ = 1,2,3) are the Pauli matrices.

In the covariant density matrix formalism the photon
projection operator e*(A)e*”(\') for an incident photon
beam is replaced by its photon covariant density matrix

1
pi¥ = sl(ninf + ngn3) — (ning +nyni)El

+i(ngn] — nin3)&3 + (ngng — ninf)E5]. (4.12)
In the graviton case the covariant density matrix p4** vB
which should substitute for the graviton projection op-

erator e**(\)e*”A()'), is written in terms of the graviton
SP’s & (i =1,2,3) [27] as
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pHMB =3 " e (p, A)par €™ (p, X')
AN

1
= {(ntny + ngn

—[(ngn3 — "‘1‘"'1/)("?”5 - Ny n1)

+i[(nfn7 + "5"5)(7"62’1"7‘[1i —nin, ) + (nynf — nin

B

—[(nfny — n¥nY)(ngnf + ngnf) —

In a process with an incident graviton the transition
amplitude can be written as

Mz = €, A, (4.14)

and then the absolute square of the amplitude is given
by

|Mz|? = P Az ,0 AT, 5 (4.15)
Polarization effects of an incident graviton beam are de-
termined by replacing e#*¢**? in Eq. (4.15) by the co-
variant density matrix p***# in Eq. (4.13).

On the other hand, the scattering amplitude for a
graviton production is in general written as

= E:LV(p’ A)A;V

Then the final spin-2 polarization density matrix pxxs is
determined through the relation

Mx(A) (4.16)

s = LMEAMEN)
Z,\,\' M}'()‘)M}(/\')'

(4.17)

After such manipulation, Eq. (4.11) is used to obtain the
final graviton SP.

In the following we present the differential cross sec-
tions in a 2 X 2 matrix form in order to consider the beam
interference effects and to relate directly those expres-
sions with the final polarization density matrices through
the relation (4.17).

A. Graviton conversion into a photon

In this subsection, we use the factorized amplitudes for
the processes gX — vX obtained in Sec. III A in order
to consider the polarization effects. Since those processes
have the amplitude M,,_,y, as a common factor, it is
obvious that the polarization effects of the initial graviton
beam should be identical to those of the initial photon
beam in the process vX — vX.

1. gs — vs
First of all, we consider the simplest process gs — +s.
Following the procedure described before, we obtain the

differential cross section of the process gs — ysina 2x2
matrix form as

do* W) = T (su — m*) va 3 e
a ON) = T Gy (B8
i=1 AN

(4.18)

5)(n§nf +n5ny) — (ngn¥

(nfny + nyny)(ng "2 —ning )]51 }
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— nfny)(ngnf — ngnf)

(nfny 4+ nyny)(ng "2 + n3 "1 2)1¢8

2)(n ”1 + ngnf))eg
(4.13)

[
FY* =142f +2f2 +2f(1 + N)&S, FY* = (1+20)&,
F* = (1+2f)¢, F3°=(1+2f +2f)& +2f(1+ f),

(4.19)
where we have introduced the notations
e? K2 m?
a=z7;, agza’ f:'—ﬁa
s=(p1+k1)? u=(p1—k2)? t=(p1—p2)® (4.20)

Here the x; (¢ = 1,2, 3) are three 2 x 2 matrices related
with the Pauli matrices o; as

X1 = —02, X2 =03, X3= —01. (4.21)

Then the final photon SP can be obtained from Eq. (4.19)

as

7]
gf‘f:Fi
1 RN

Fy

(4.22)

The polarization of the final photon depends on that of
the incident graviton in general. One can now check that
the final photon SP’s are identical to those of the ini-
tial graviton beam in the massless case, i.e., 6'7 = &
(i = 1,2,3). This result is due to the fact that the ampli-
tude has not only the factor M,,_,y, but also the factor
M'ys—-)'ys-

2. 9gf > F

In the process gf — ~vf we can in principle consider
the case where all the particles are polarized. But in
order to look into the implications from factorization to
the polarizations, it will be sufficient to consider the case
where all the other particles except the final fermion are
polarized.

For notational convenience we first introduce the in-
variants

_ (51-k1) _ (s1-k2) _ €uvpo 81 k1PTKS
a) = ——, az2= y €= 2 )
m m m(s — m?)

(4.23)

where s; is the incident fermion spin four-vector and m
is the fermion mass. k; and p; (¢ = 1,2) are defined in
the same way as in Sec. III.

The differential cross section of the process gf — ~f
is obtained in a 2 x 2 matrix form as
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do™f AU maay (su—m?) (F7f+ZF7f ) ,
=1 AN

dt 4 (s—m2)%
(4.24)
F3l = —h +4f1 + f)(1 - £9)
—2f[(1 +2f)as + az) &,
FY =2(1 4 2£)& — 4fhaetd,
FYY = —(1+2f) Ingf + 201 - &) fou] - 272
_4f€£f,
FJf = —af(Q+f)+2[1+2fQ+ )€
+2f[(1 + 2f)a1 + haa2]é], (4.25)

where in addition to f we introduce two Lorentz invariant
functions

2 u—-—m? s —m?
hoy =

s§—m

hy =

(4.26)

u—m2 s—m?2’ u — m?2

When averaged over the initial spin states, Eq. (4.24)
gives the same results as in Ref. [7]. From the ratio of
F)? to F)? in Eq. (4.25) similar to Eq. (4.22), we can
obtain the SP of the final photon beam. We note that
when the initial graviton SP’s are used in place of the
photon SP’s, the final photon polarization is identical to
that [24] of the QED Compton scattering process. This
is a result expected from the factorization property. For
the case of massless and unpolarized fermion, we obtain
the photon SP’s as

2su
P () e @ -a

o 2su
3 T T\ 21wz .

As a result, the degree of circular polarization is pre-
served despite scattering even in the graviton-fermion
scattering process. However, the degrees of linear po-
larization are reduced according to the scattering angle.

(4.27)

3. gW — yW

In order to describe the process with all polarized par-
ticles, we have to introduce four different sets of Stokes
parameters. For simplicity, we consider the case where
the initial and final massive vector bosons are unpolar-
ized. Then in a 2 x 2 matrix form, the differential cross
section of the process gW — vW is given by

do"W _ maag (su—m?)

dt () = 12 (s —m?2)2t

3
x (FJW +> F]Wx") . (4.28)
AN/

=1

FYW =6(14&0)f(1+ f) + 3+ 4hy + 2R2,
FYW = 31+ 2£)¢8, F7™ = (1+2f)(5 + 4hy)&g,
=3(1+2f+2f3)¢d +6f(1+ f). (4.29)

In the massless case where f=0, the final photon SP’s
are shown to be

Yo 3 g
! 2h2 +4hy +3) "V

Yy __ 4h1+5 {
2 7 \2h2 +4h, +3)°%

Y 3 69.
3 2h? +4h; +3)

Note that even in the massless limit the final photon
helicity is not equal to the initial graviton helicity.

YW
F3

|

(4.30)

B. Gravitational Compton scattering

In this subsection we consider polarization effects in
elastic graviton scattering processes gX — gX, by using
the results obtained in Sec. III B. Since the factorization
forces every amplitude to have the amplitude M,,_,,, as
a factor, the graviton helicity should be preserved when
the particle X is massless. At first, we present the results
in the massive case and then discuss the massless limit
to check graviton helicity preservation.

1. gs — gs

The simplest one of elastic graviton-matter scattering
processes is the graviton-scalar scattering process gs —
gs. The differential cross section is written in a 2 x 2
matrix form as

do9% AN = Faz u — 'I’I’L2 2 F9° > F9%.
7 ( ) = 16 ( n ) 0 +Z: i Xi s
=1 AN
(4.31)
F§® = %(1 +2f) + F2(1+ £)2(1 + €9),
Foe = 1(1+2f)(1+f)
Fg* = %(1 +2f)(1 + £)%¢,
F§* = é(l +2£)%5 + F2(1+ £)*(1 + €9).
(4.32)

We can see the difference in the polarization of the outgo-
ing graviton from the polarization of the outgoing photon
in the process gs — s by comparison of Eq. (4.19) with
Eq. (4.32). When interacting gravitons are unpolarized,
the differential cross section of Eq. (4.31) gives the same
results as in Ref. [151. In the massless case, where f van-
ishes, we find that £ = ¢7 (i = 1,2,3) as in the process
gs — <s so that graviton polarization is preserved in
spite of scattering.
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2. gf > gf

The next simplest process is gf — gf. The differential cross section of a 2 x 2 matrix form is given by

Foo- B ()|

F§7 = —f(1+ £)(3h1 — 2)
Fif =2[1+ )~ 1*
F3f = -

1€ +4(1 + £)f?haets,

~201+ f* |2t = { @+ 200+ 2} e8]

F§h =af*(1+ £)2(65 — 1) + 2(1 + 22 + 272)¢§ + 272(1 + f) {(1 + 2f)a1 + haas} £,

where the spin states of the final fermion are summed.
When averaged over the initial spin states, Eq. (4.33)
gives the same results as in Ref. [7]. Then the SP of the
outgoing graviton can be obtained from Eq. (4.34):

F??
k3

gr=t
f
Fg

(4.35)

One can see the polarization of the outgoing graviton is
influenced by the polarization of the incident graviton as
well as incident fermion. In the massless case, the final
graviton SP reduces to

9 _ _ 2su g
1 s2 +u2 )0

g 2su
37 T \s2 4wz &

It is straightforward to show that graviton helicity is pre-
served in the massless case as in the process gf — v f.

19_52

(4.36)

3. gW — gW

We consider only the case where the massive vector
boson W is unpolarized. The differential cross section of
the process gW — gW is written in a 2 X 2 matrix form
as

dosW o2 (u—m2\[ _w o
GO0 =5 () (R )
AN

i=1
(4.37)
F§V% = 6f* +12f% + 2f%(h1 — 3)? + 2f(h? — 2hy — 2)
+(hE - 1) +6£2(1 + f)%¢,
FSW = _3(1+4f + 6f2 + 453)¢9,
F§W = [2f2(2hy 4+ 1)(2f + 3) — 2f(h? — 2hy — 2)
+(h? - 1)]€4,
F§" = 6f(1+ )? +3[f* + (1 + )¢5 (4.38)

(A +2F +27%) {(1 + 2f)as + a2} + 2(1 + 2f)hae] f —

(4.33)

3
P+ ZFf’fxz') ,
AN

i=1

—hi +4f2(1+ F)?(1 +€5) = [(1 +2f +2f%) {(1 + 2f)a1 + a2} + 2(1 + 2f)€] FEF

(L+2f) [fPha+ (ha —2F)(1 + f)] &

(4.34)

In the massless limit the final graviton SP’s become
;g— <h2 )gl’ ;ngga :’sg=(h2 )53

(4.39)
Clearly graviton helicity is preserved in the massless case
as shown in Eq. (4.39).

4- 97 = gv

The differential cross section of the process gy — g7 is
written in a 2 X 2 matrix form as

2 3
dO’ (/\A/) _ 7rag2 (Fog‘y +ZFig‘yxi) , (4_40)
=1 AN
B = o [(1+€56)s* + (1 - 36)u"],
2
=) @
Fzgﬂ’:2 [(&2 +£2 s +(£2 é‘zy)“‘l]a
F37 =( ) &3, (4.41)

where & and & (i = 1,2,3) are the SP’s of the inci-
dent photon beam and the incident graviton beam, re-
spectively, and the final photon polarization is summed.
When interacting gravitons and photons are unpolarized,
the differential cross section of the Eq. (4.40) gives the
same results as in Ref. [15]. Then the explicit form of the
outgoing graviton SP can be obtained as

Ff
FQ‘Y .

& = (4.42)

Similarly, we can obtain the change of polarization of the
photon colliding with a graviton. After taking an average
over the initial photon polarization, we obtain the final
graviton SP’s as



51 FACTORIZATION AND POLARIZATION IN LINEARIZED GRAVITY 2765

2522 252y?
1~"=(——)§i’, o g, ;gz( )sg.

st + ut s4 + ut
(4.43)

‘We also find that the graviton helicity is preserved for the
unpolarized incident and final photon beams, but in gen-
eral the final graviton SP depends on both initial photon
and graviton SP’s.

C. Graviton-graviton scattering

In the elastic graviton-graviton scattering process,
three-graviton vertices and a four-graviton vertex are in-
volved. Even though the vertices are so complicated as
shown explicitly in the Appendix, we obtain the very
simple differential cross section of the process gg — gg
as

do99 mal 3
‘E””=ﬁﬁ§0?+23%),(ﬂﬂ
AN

=1

1 1
FEY = S0+ EPE0)s" + (1 — g Eg) (" + )

+( §1 gz +£i]1€i]2)u4t47
Flgg — ( in,u4 +£31]1t4)84,

1
F? = (e — )~ 1) +

ngg — ( gzu‘l + £§1t4)s4.

1
5( gz + 652]1)887

(4.45)

Here ffl(ffz) are the incident graviton SP’s with mo-
mentum k;(p1) and the polarization of one of two final
graviton beams is summed. When interacting gravitons
and photons are unpolarized, the differential cross section
of the Eq. (4.44) gives the same results as in Ref. [15]. In
contrast to all the other processes under consideration in
the present section, the graviton helicity in the process
gg — gg is not preserved. This reflects that the transi-
tion amplitude contains neither M. ,_,y, nor M,,_,, as
a common factor, which can lead to the graviton helicity
preservation.

V. SUMMARY AND DISCUSSION

Gravitational gauge invariance and graviton transver-
sality force the transition amplitudes of four-body gravi-
ton interactions to be factorized:

Mg.s—)'ys K M'ys
Mgsovs = _ﬁF[MvsﬁYs] X My ’
gW —~yW M'yW
(5.1)
Mgs KZ M’ys
Mgs ¢ = gl Maslx ¢ My 0 (5:2)
M
gw YW
2
K
Mgg = @F[M"/v] X [M'rv] . (5-3)

The introduction of manifestly gauge invariant four-
vectors € and €; (¢ = 1,2) renders each amplitude ex-
pression simplified. This simplification with the factor-
ization property justifies why, with all the very compli-
cated three-graviton and four-graviton vertices [15,16],
the final form of transition amplitudes is so simple.

The factorized transition amplitudes facilitate the in-
vestigation of polarization effects in the four-body gravi-
ton interactions. The transition amplitudes for the gravi-
ton interactions with a photon or a matter field, g X —
X, where X is a scalar, a fermion, or a vector boson,
have essentially the same transition amplitude structure
as those involving a photon instead of the graviton, apart
from a simple overall kinematical factor. As a result,
the polarization effects involving the graviton are identi-
cal to those for the corresponding photon if the graviton
Stokes parameters are used in place of the photon Stokes
parameters. But the kinematical factor makes the an-
gular distribution of the graviton process different from
that of the corresponding photon process. On the other
hand, the processes gX — gX have as a common fac-
tor the elastic photon-scalar scattering amplitude M.,
with the scalar mass equal to the X mass in their am-
plitude expressions. This leads to the conclusion that,
when the particle X is massless, the graviton helicity is
preserved due to the photon helicity conservation of the
process vs — s in the massless limit. Only the mass
terms cause the graviton helicity to be flipped.

The process gg — gg does not contain M., as a com-
mon factor. This point is reflected in the fact that the
graviton helicity is not preserved in the process gg — gg
in spite of the masslessness of graviton.

The validity of factorization can become more concrete
through further extensive investigation. We point out
a few aspects worth further investigating. (i) A formal
proof of factorization might be presented. There is a
factorization property of the same type in closed string
theories [28]. From the fact that a closed string theory
reduces to a supergravity theory in the infinite string ten-
sion limit [29], one can conclude that this is a real proof of
the factorization in the linearized gravity. However, fac-
torization in the string theory is due to the independence
of left-moving modes and right-moving modes, while only
gravitational gauge invariance and Lorentz invariance are
imposed in the linearized gravity. Still, the relationship
between two concepts are to be established. (ii) Factor-
ization is expected to hold even if matter particles have
different masses. As an example, the process ge - Wy,
can be considered to check this point. (iii) It will be an in-
teresting question whether factorization survives against
any loop effects [30].

To conclude, factorization has such a generic property
in any Lorentz-invariant gauge theory that its more inten-
sive and extensive investigation is expected to provide us
with some clues for the unification of gravity with other
interactions.
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APPENDIX

In this appendix we present all the Feynman rules for
propagators and vertices needed in the present work. The
Landau gauge is chosen for the photon propagator and
the de Donder gauge for the graviton propagator. A
dashed line is for a scalar and a directed solid line for
a fermion. A vector boson is denoted by a wiggly line

and a graviton by a curly line.

In the ffgg vertex [Sym] represents symmetrization
between p and v and between A and x while the sym-
bol [Per] indicates permutation among both (k;ur) and
(szK,).

In the last two vertices, the symbol [Sym] means sym-
metrization between g and a, between v and B3, and
between o and -~, respectively, for the three-graviton
vertex, or between p and a, between v and (3, be-
tween o and v, and between p and A, respectively, for
the four-graviton vertex. The P indicates permutation
among (kypa), (k2vB), (ksoy) for the three-graviton ver-
tex, or among (kiuc),(k2vB),(ksoy), and (kgpA) for
the four-graviton vertex, and each subscript in P is for
the number of independent permutations. As an exam-
ple, PS(kl : k277uv77a,87701) = (kl : kZ)nuleaﬁ"la'y + (k2 -
k3)MuonpyMua + (k3 k1)Noulyafvg-

Feynman Rules

Scalar propagator:

Fermion propagator:

W boson propagator:

Photon propagator:

Graviton propagator:

ss7y vertex:

887y vertex:

ffvy vertex:

14

i P 4 nHPyre —nhvyah
2 p?

7
N —ze(p1 + p2)u
P2
2ien,,
AN
AN
7

—iey,
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W~y vertex:

WW~~ vertex:

s8¢ vertex:

ssgqg vertex:

f g vertex:

[ fgg vertex:

WW g vertex:

MK
A Y

P1 P2
w " wi

WWgg vertex:

MK po
A N
h P2
W Wt

It

\Lg k _—7‘6[(1)1 - P’Z)u Nai3
_ +(p2 = F)anus
ity
P P2 +(l" — P’ )/3”0’#]
W W
H v
_7.‘62(27)”,1/770'/3 — NpaNvp — 7];1,"37]11(..)
W wi
v . .
%""["uﬂ([’l - p2 — m?)
’/ \N —P1uP2y — Piv)
Py 7 N P1uP2 P1 1’2;,.]

:;"{2[(an7])\& — NuX\vs — nltnnuA)(Pl “P2 — m?)

+nur(prupas + P1aP2u) + Nun(PiaP2y + P1oP2))
+10u0(P1uP2s + P1eP20) + Mun(P1AP24 + P1aP2))
— N (P1AP2x + P1xP2x} — Mn(P1uP2v + P1oP2y)]

Hv
k20 (ot po — 2m)
2 N = (P + p2)ure = Yu(pr + p2)]
P P2
g AK i":2[Sym][Per][%77;4/\'7%(])1 + p2)v
” N +16Munka e + 33M0 K2(reme — 1))
P1 P2

_%’i[n)\nn;w(pl P2 — m2) — MkP1vP2u
FNruP1uP2x — NuwP1xP2x + NavP1xP2u
— N (P1 - P2 — m2) + N P1AP24
—NuP1rP2x + MAuP1oP2x
— N Mau(P1 - P2 — mg)]

—-;;K2[(77/\n77p0 = 2037w ) (M (P1 - P2 — M?) — Prupay)
—w(Tyvpe + Tuvep) = Moo (Tuvrn + Tuvwr)
+277np(Tuw\a + Tuum\) + 277/\0(T;wp~ + Tuww)
+2(MpouMvo P1AP2e — MuANvo P1pP2x — MuplusP1AP20

FNpoNupP1aP2x — MuxNupPlo P2 — NuoeMuAP1eP2p
1A MurP1pP20 + MunlloAP1o P2p)]

where

Tyuvpo = NuwP1pP20 — MupP1vP2o
—NveP1oP2u + NupNvo(P1 - P2 — m2)
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5879 vertex:

ffyg vertex:

WWa~g vertex:

R

737

N
‘;(ﬁ
&

Y41 P2

ggg vertex:
JLo
]\71 J,

1172 2 R k’g

v)3 oy

gggg vertex:

pno v
ky k2
N U4
ka7 > ks
pA oYy

0%

a i
sek[Mu (p1 + p2),
/ NN —Nau(P1 + p2),
4
N pa ~Now(P1 +p2),‘]
a

_;;65[277,“/)@ — NapYv — nau7u]

5€8 [0 (150 (P1 + P2)o — NaoP20 — TapP1o)
—7po((P1 + P2) ,va + (P1 + P2),Mua)
—(P1 + P2) o (Moo + Mo Nup)
+7709[(p1 + k2)u77ua + (pl + k2),,77;w]
+77a0[(p2 - k2)u77up + (p2 - k2)y77up]
+(p1 + kZ)a(nuanup + Nvafup)
+(p2 — k2)p(77ua77va + Mo Nua)]

K [Sym][%PG(kl ’ k277ua77w77(37)
—P3(kiokaynunas) — 2P3(k1 - kanaunponyu)
+5 Ps(k1 - ko napoy) + Po(kiokumaunsy)
_%P3(k1 < kaTuaupnen )]

il{z[Sym][%Pe(kl Ko NapNoynpn)

+2 P13 (ko koyMuwNappn) — %PS(kl k2N Mo p M A)
—4Prz(k1ok2umannponn) + %P%(klak?unaunﬁwnpz\)
—Pia(k1 - k277uu77a077/8777p>\) + 4Ps(ky - k277uu77a077ﬁp777/\)
—Pra(ky - k277u077a177vp775/\) + 2Ps(k1 - kanpoNapu~Ns)
—%PIZ(klakhnwnaﬁnpA) + Pl?(klaknnwnozﬁnﬁ/k)
~2Pl2(k1<7k2p77;w77ow77ﬁ/\) + ?}P24(k1 ko puauo sy Mon)
— 2 Pog(ky - kanpuauonpetiyn) + 5 Poa(k1gkao Muaupiyy)
—Ps(k‘luk'?unaﬁnapnw)\) - %PGUCI" k277ua77Vﬁ770'y779/\)
+%P6(kl : klnuanuﬁnopn’yk)]
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