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We compute the free energy density for gauge theories, with fermions, at high temperature and
zero chemical potential. Specifically, we analytically compute the free energy through O(g*), which
requires the evaluation of three-loop diagrams. This computation extends our previous result for

pure gauge QCD.
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I. INTRODUCTION

The perturbative expansion of the free energy of high-
temperature gauge theory has the form

F ~ T%[co + cag® + c3g® + (¢4 Ing + ca)g* + O(¢°)],
(1.1)

where the ¢; are numerical coefficients (with some de-
pendence on the choice of renormalization scale) and
where we have assumed the temperature high enough
that fermion masses can be ignored. In a previous work
[1], we showed how to compute the coefficient c4 of g*
in pure, non-Abelian gauge theory from three-loop dia-
grams. We shall now incorporate fermions into the theory
and so obtain a three-loop result for QED and real QCD.
This computation is a mostly straightforward extension
of our previous work, and so we refer the reader to that
work for motivation and pedagogy. In fact, the basic cal-
culations we need to do for fermions very closely parallel
those we did previously for bosons, and our object in this
paper will simply be to point out the relevant differences,
catalog results for the basic building blocks of three-loop
calculations, and present our final results.

In the next section, we fix our notation and conventions
for coupling constants, group factors, and so forth. In
Sec. II, we outline the basic integrals that are needed
in order to compute fermionic contributions to the free
energy. In Sec. III, we show how to derive analytic results
for those basic integrals, though many of the details are
left for appendices. Finally, in Sec. IV we present our
result for the free energy and discuss its sensitivity to
the choice of renormalization scale.

II. NOTATION AND CONVENTIONS

We’ll consider gauge theories given by classical Eu-
clidean Lagrangians of the form
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7 . ama 1 a a
Lg =P (8, — igALT®) vutb + Z(a,‘A,, - 8,45,

+gf*° AL AZ)? + (gauge fixing) , (2-1)
where the T'® are the generators of a single, simple Lie
group, such as U(1) or SU(3). To simplify presentation,
we will not derive results for an arbitrary product of sim-
ple Lie groups such as SU(2)xU(1), but such cases could
easily be handled simply by adjusting the overall group
and coupling factors on the results we give for individual
diagrams. da and Cp are the dimension and quadratic
Casimir of the adjoint representation, with Cs given by

fabCfdbc — CA‘sad . (2.2)
dp is the dimension of the total fermion representation
(e.g., 18 for six-flavor QCD), and Sy and Spr are de-
fined in terms of the generators T* for the total fermion
representation as

Sop = ~1—tr[(T2)2] ,

i (2.3)

Sp = ——tx(T?),
da

where T2 = T*T*. For SU(N) with n¢ fermions in the
fundamental representation, the standard normalization
of the coupling gives

dA=N2'—1, dF'Zan,

NZ-1
4N

1
Sr = =ng, Sop = ns . (2.4)

2

For U(1) theory, relabel g as e, and let the charges of the
ng fermions be ¢;e. Then

da =1, Cpo =0,

SF:Zqiza SzF-‘:ZQ?-
i i

dp = ns,

(2.5)
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We shall work in the Feynman gauge. We also work
exclusively in the Euclidean (imaginary time) formula-
tion of thermal field theory. We shall conventionally re-
fer to four-momenta with capital letters K and to their
components with lower-case letters: K = (ko,k). All
four-momenta are Euclidean with discrete frequencies
ko = 2mnnT for bosons and ghosts, and k¢ = 27 (n+%) T
for fermions. We regularize the theory by working in
d = 4—2e dimensions with the modified minimal subtrac-
tion (MS) scheme, which corresponds to doing minimal
subtraction (MS) and then changing the MS scale u to
the MS scale fi by the substitution

2
2_ "0

4n
To denote summation over discrete loop frequencies and

integration over loop three-momenta, we use the short-
hand notation

(2.6)

2 d3 25
# S *TZ/ 2 27)
for bosonic momenta and
2 Z d3 Ze
o uT / P (2.8)
{P} oy (M
for fermionic momenta, where
PO DEE POEIDY (2.9)
Po po=2nnT {po} p0:27r(‘n+ 1 )T
We shall also sometimes use the notation
}f - g[ +§[ . (2.10)
P+{P} P {P}

We handle the resummation of hard thermal loops
[which is required to make perturbation theory well-
behaved beyond O(g?)] as we did in Ref. [1]. Specifically,
we must improve our propagators by incorporating the
Debye screening mass M for Ag, which is determined at
leading order by the self-energy diagrams of Fig. 1:

_Htv=.§::}.+v{:}~+w’)

(a)

£
—I1 w

(b)

FIG. 1. The (a) bosonic and (b) fermionic contributions to
the one-loop gluon self-energy.

M26% = TIgh(0) = T2 (0)

= g2§2b [CA(d - 2)2§)£2 %

4Sp(d— 2% .ég] .

This is accomplished by rewriting our Lagrangian den-
sity, in frequency space, as

Le = (Ce + 1M?A3AS6,,) —

(2.11)

IM?AGAGS,, , (2.12)

where 6, is shorthand for the the Kronecker delta func-
tion 8, 0. Then we absorb the first A3 term into our un-
perturbed Lagrangian Co and treat the second A2 term
as a perturbation.

III. THE BASIC INTEGRALS

The most basic one-loop integrals that appear in high-
temperature field theory are of the form

1 1
s e hey A
PP2n P} P2n

The bosonic form of these integrals needed for the calcu-
lation were reviewed in Ref. [1] and are given by

(3.1)

by = rf; [1+e (2ln———+2cc(( 11)) +2)] +0(e%),
(3.2)
b2=@1W l:l+21n4——1—,+2'yg] +0(e). (3.3)

As noted in Ref. [2], the f,, are then easily determined by
considering f,, + b, and then scaling the momenta (po, p)
by 2 so that it becomes proportional to b,,. One finds

fn=02™14 _1)p,,. (3.4)

In Ref. [1], we reviewed how three-loop diagrams con-
tributing to the free energy can be reduced to some sim-
ple sum integrals at O(g*). The most basic was

AL

(3.5)

Ik = #‘ !
ball por P2Q?R%(P + Q + R)?

which corresponds to the basketball diagram of scalar
theory, depicted in Fig. 2(a). II® is defined by

b (P) = (3.6)

1
%42 Q*(P+Q)*’
and we have introduced the superscript b for II to
indicate that it is defined with a bosonic frequency
sum. When fermions are included, the reduction of dia-
grams to a few simple integrals requires introducing some
fermionic relatives of IPY;:
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(a) (b) (c)

FIG. 2. The (a) bosonic, (b) fermionic, and (c) mixed
scalar basketball diagrams. Solid (dotted) lines correspond
to scalar propagators with bosonic (fermionic) frequencies.

=3 (), (3.7)

1oy =3 TP, (3.8)
_ 1

mf(P) = gli o PP (3.9)

These are depicted by Figs. 2(b) and 2(c).

Another basic integral encountered in the pure gauge
theory case was the one associated with the scalar sun-
set diagram of Fig. 3(a), evaluated to leading order in
masses:

Isbun(ml’ ma, m3)

= 1
N #I;Q (P%+ m%)(Qz + m%)[(P +Q)2+ mgl . (3.10)

When fermions are included, one also needs

£ — 1 - _1- f
I = #{.PQ} P2Q2(P + Q) = %[P le’[ (P), (3.11)

corresponding to Fig. 3(b). The above integral is in-
frared finite because fermionic Euclidean frequencies pg
are never zero; so, unlike the bosonic case, the masses
can be dropped at leading order in m/T. By using the
same contour-trick argument that was used in Appendix
F.1 of Ref. [1], one can easily show that

I:un

=0. (3.12)

e®®0e,
°*® ®e

. .
®teccee”

(a) (b)

FIG. 3. The (a) bosonic and (b) fermionic setting sun dia-
grams.

However, it is sometimes convenient to also know the
pieces of Is‘m corresponding to restricting the frequency
sum in various ways, and these are discussed in Ap-
pendix E.

Finally, the pure gauge theory calculation required the
integral corresponding to the bosonic piece of Fig. 4(1):

1
dAClg I8y = g); S [AILL(P,  (3.13)

where qu is the bosonic contribution to the vector self-
energy, given by Fig. 1(a), and the notation
All,, (P) =11, (P) — 1., (0)dp, (3.14)

has been used.
We shall need the same integral with the complete self-
energy, which means we need

1
daS2* I8 = %I’i Satr [T, (P)), (3.15)

daCASrg* IR = §[ -I%tr AL, (P)AIL,(P), (3.16)
P

where IIf,, is the fermionic contribution given by
Fig. 1(b).
77N
A M
\\ ’/
(a) (b) (c) (4) (e)
> ~
SRR ENI N =
‘<’ ~
(£) (g) (h) (1) (3)
=Rulve
\":\2"/
(k) (1) (m)

FIG. 4. Diagrams contributing to the free-energy in pure
gauge theory. When fermions are added, we include the
fermionic contribution to II,, in diagram (1) and include
the diagrams of Fig. 5. The crosses are the “thermal
counter-terms” arising from the last term of (2.12), and the
dashed lines are ghosts. We have not explicitly shown any
zero-temperature counter-terms, and each diagram should be
multiplied by the appropriate multiplicative renormalizations
for vertices and propagators.
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In the pure gauge theory case, all three-loop diagrams
except Fig. 4(1) could be reduced to the basketball inte-
gral Iﬁ’;’u by the application of a few simple tricks. For
instance, Fig. 4(i) is equal to

1 s P (Q-K)(P-K)Q
~gaCis %QK PIQ?K(P — Q)*(Q — K)*(K — P)?
(3.17)

and is reduced by (1) expanding numerator factors in
terms of denominator factors to cancel factors between
numerator and denominator, such as
P (Q-K)=3[(K-P)*-K*-(P-Q)*+Q7%,
(3.18)

(2) performing appropriate changes of variables to collect
similar terms, and (3) using the identity

# P# - _ Q;& + K,
> P+ Q7 (P +K) 2
1
X .
i (P+Q)*(P+K)?

(3.19)
The last identity follows by changing variables
P—»-P-Q-K,

%, wrant
» (P4 QPP+ K)?

‘“%l( Py
- Te (P+Q)*P +K)?
1

_(Qn +Kn)#P (P+Q)2(P+K)2 ’

(3.20)

and then moving the first-term on the right-hand side
over to the left-hand side. Unfortunately, this trick does
not generalize to the case where Q+K is fermionic in-
stead of bosonic. If Q+K is fermionic, then

PI"
%éa (P+Q)*(P+ K)?

— Pl‘
B %f{P} (P +Q)*(P + K)?
1

(3.21)

and there is no simple way to solve for the bosonic in-
tegral on the left-hand side. The failure of this trick

O &

(n) (o) (p) (q) (r)

FIG. 5. Diagrams that must be added to Fig. 4 to include
fermions in the calculation of the free energy.

requires us to introduce a new fundamental integral, as
was done by Parwani and Coriand in Ref. [2]:!

_ Q-K
Hs = %P}QK PZQsz(p+ Q)Z(P+K)2 :

(3.22)

If P were bosonic, this would be reducible by (3.19).

Figures 4 and 5 show all of the diagrams contributing
to the free energy up to three loops. The reductions of all
the three-loop diagrams to the basic integrals are given
in Appendix A.

IV. RESULTS FOR INTEGRALS
A. The fermionic basketball I'T

The derivation of If closely parallels that of the

bosonic IPP, in Ref. [1] with the main difference being

that the bosonic sum identity

Y eTllrelrotwlr = (cothr + [pol)e Pl (4.1)
90

is replaced by

Z e~ lwlre=lpotaolr — (csch i + |po|)e~ 1Pl (4.2)
{90}
where pg represents bosonic frequencies and
7 =2nTr, Po = po/2nT . (4.3)

This has the effect of simply replacing occurrences of coth
(and its small r expansion) in the bosonic derivation by
csch (and its small r expansion). So, for instance,

1We have adopted their notation, Hj, for this integral. Their
H, and H; correspond to our It%, and I, respectively, and
their Hy is discussed in Appendix F.
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") (P) = ﬁ / &3r lee*l" (cschi‘ - %) "7l 4 O(e), (4.4)

where IIfT) is the finite-temperature contribution to ITf. Similarly,

%[P {[Hf(r)(p)]2 -~ (%%{{Q} é) } 3972 / dF 7 [(csch" - %)2 - (—_6—1:) 2] (coth# —1)
3%2 / dF ¥ (cschr - —) +O(e)
+

= e (1) [P e G5 -] vo0, 9

The integrations in the last equation were performed using the method of Appendix C. Putting the above result
together with (3.2), (3.3), and (3.4) gives

SFIOr = o (T) [+ om gt 26 e * s 5 2] 0. (49)

The remaining terms needed to evaluate Iff | are discussed in Appendix D. The final result for the fermionic
basketball is

1 (T2\’[3 7 ¢'(-3) ¢'(-1) 173 63
If, = @y (E) [26 +91n4 7 3% Y2 +55 g e 2] +0(e). (4.7)

This agrees with the numerical result of Ref. [2].

B. The mixed basketball IPf,

As has been noted by Parwani and Coriano [2], IPf), can be written in terms of IPY, and Iff || by the trick of rescaling
momenta (po, p) by a factor of 2:

b =§[ 5(P+Q+K +R)
ball
PQKR

P2Q2K2R?
_ o 11%{ # # 2]-( 5(P+Q+K+R)
P+{P} Jo+{Q} Tk+{x} Treiry  P?Q?K’R?
= 2541 (150, + 61gny + Iy (4.8)
so that
Iy = % (1—2"73) Iy - Ihall (4.9)

To simplify the notation above, we have used the shorthand

1
5(P+Q+ K +R) = p™ ™ o tqythotro(2m) " 607D (p+ather). (4.10)

f

C. The new integral Hs P, lead to useful algebraic simplifications. We will there-
fore rewrite H3 in an analogous form. First note that Hj

We now turn to the integral Hj of (3.22), which is is of the form

the one integral that is not directly analogous to a pre- 1 2
vious bosonic calculation. However, our attack on Hj is H; = #{-P} Pz [Au(P)]" (4.11)
inspired by our derivation of I, ch ~ JP~*(Al},)? in

Ref. [1], where we noted that the orthogonality of I, to where
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Au(P) = jq Q_Z(IBQ—::—(T)? . (4.12)

Our method is to replace A, by something that is or-
thogonal to P,. So define

_ 1 2
=3 5 u(P)

(2Q+P), P o L
2 PP+ Q) (5[ @ %ém Qz) '

(4.14)

(4.13)

where

Ju(P) =

It is easy to verify using our standard reduction tricks
that P - J=0 and that

H =—I3+ fl) sun °

(4.15)

Iphy + < (b1 f1)2f2_%(b1

Now focus on I3. The orthogonality of J to P and
Lorentz invariance imply that J, has the form

7,P) = (- "o B) 1(P), (4.16)

where n,, = (1, 0) is the four-velocity of the thermal bath.

Jo(P) = TZ/dar " A(go, ) A(po + 9o, T) (290 + Po) —

4vr)2 Zf 2

ePTelglr —Ipo+qo|1‘(2q0+p0)

Then
P2 Po .
Tu(P) =5 (mu — B5P.) do(P) (4.17)
and
1 . 2
L= g{ 7 0P (4.18)

The next simplification occurs by noting that J,, vanishes
at zero temperature because

dQ (2Q +P),
(2m)¢ Q*(P + Q)?

by antisymmetry under @ — —(Q+P). The large P be-
havior of jo(P) is therefore the large P behavior of its

finite-temperature piece ]0 T)(P), which is 0(1/P3) be-
cause the O(1/P) behavior of the individual pieces can-
cels:

(T)
(2Q+ Py i 1 1
(#m QP+ Q)z) TP ( 2 Q° %ég} Qz)

(4.20)

=0 (4.19)

as fermionic P — oo.

As a result, I3 is both UV and IR finite as e—0. So we
can set d = 4 and evaluate jo for fermionic py in terms
of the massless scalar propagator A:

2

3 Pz + O(e)

T?
8 P2 + 0(6)

1 T2 p
3, _ F— Fe~IPolr| 4 = e—lpolr ——_Fo
= 1on /d T e {3,. [(cschr coth7)e ] + 3¢ }sgnpo 3 pz + Of(e)

sin pr

= —— dr (3,
87r 0

) (csch¥ — coth 7 + 17) e~Pol"sgnpy + O(e)

(4.21)

where sgnpo means the sign (£1) of po. Plugging into (4.18), doing the fermionic po sum, and using the identity

1 d3p sinpr sinps
— Lo — 9 - 4.22
(27r)3 pr ps 47r r (r—s)+70(s—7) ( )
to do the p integration then yields
L= [T g (csch — coth 7 + 17)? cschi + O(e)
12872 J, 2
1 (T2\*[9¢'(-3) (- 1 117 ]

= (=) |2 -9 +5 +—1 2| + O(e (4.23)

(4m)2 (12) [2 ¢(-3) ¢(— 1) e ).

Again, we have used the methods of Appendix C to do the integrations. Using (4.15) to relate I3 to Hj finally gives
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1 (T2\?*[3 9. &  3¢(-3) 3¢(-1) 9 361 57
Hs = Ty (1—2) [@ Pt a3 26w Ta™ 160 T 10

This agrees, within errors, with the numerical results of Ref. [2].2
V. RESULTS AND DISCUSSION

The evaluation of the final basic integrals Iflfcd and I ::d closely parallel the derivation of I°2 in Ref. [1], and we

leave the details for Appendix F. Combining all the results for individual graphs collected in Appendix A, our final
result for the free energy is

2
g™ ) 1 7dp 9\? 5
F =daT 9{ s (1+4dA)+(47r) (Ca + 3Sr)

16 (g \3 3 g\* g [Ca+ Sp
——3(41r) (Ca + S¥) 48(41) CA(CA+SF)1“<27rV 3

1402[21 B 38((=3) 148¢'(=1) 64}

s Pt 3 =3 3 (-1 Ty

s —8yg+ o+ In2
3 "7 13¢(=3) 3¢ T T3

9 451%[_@1 i 8¢(=3) 16¢(-1) 1,88 }

()
+(_9_)"CASF[£1 B 1¢(=8) T4¢(=1) 1759 37 }
(i)

s P t3¢(e) 3 ccny T3t 2

4
+ (i) Sor {—@Hunz
T 4

+ O(gs)}. (5.1)

Evaluated numerically for QCD with n¢ quark flavors, this is

82T
45

F= {1 + 2lng —0.09499 g% (1 + Sny) +0.12094 g3 (1 + Lng)*/?

+0.01733 — 0.00763 n¢ — 0.00088 n?] + O(gs)} . (5.2)

For QED with ns massless charged fermions with charges g;e, the free energy is
w2 T4
45

F=-—

{1 + Tng — 0.07916 €2 Y g2 + 0.02328 €* (3 ¢2)%/*

tet [(—0.00352 +0.001341n %) (3 ¢?)® +0.00193 5 qg] + 0(e5)} . (5.3)

Our QED result agrees, within errors, with the purely numerical derivation of Ref. [2]. Ref. [2] also gives the QED
result for the O(e®) piece.

2We have also made a more precise numerical test of our analytic methods by computing (4.18) by brute force: we did the p
integration and Euclidean po sum numerically and used the contour trick to get an integral form for jo(po,p), which we also

evaluated numerically. The po sum converges quite quickly, and summing po up to £5/2 gave agreement with our analytic
result to 0.05%.
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As in Ref. [1], we can now investigate whether the 1
perturbative expansion of the QCD free energy is well-
behaved for physically-realized values of couplings. Fig- & 0-995
ure 6 shows the result for six-flavor QCD when o, (7)=0.1 g e — —— —
(which corresponds to scales of order a few 100 GeV). N 0.99— — — —
The free energy is plotted vs. the choice of renormaliza- N e
tion scale i. We have taken E°-935 S~ IR o
9 Te—— -...,,..-:.".1'. ————————————
0.98 e
1 N _}_ 3 P_' & B 2 E) 0.975 ..._,.,.- 0g(T)=0.02
9%*(n) = g2(T) Poln i + Bo tn (1 Fog”(T) In T/’ -6 -4 -2 0 2 4 6
(5.4) logio(fi/T)
where FIG. 7. The same as Fig. 6 but for a,(T) = 0.02.
1
Bo = (@n? (—%Ca + §5¥) ,
1
b= (i (—%2C% + QCASF +8S3r) . (5.5)
— —
If the expansion is well behaved, the result for F should 0.99926 0g(T)=0.001 —_ -
become more independent of fi as higher-order correc- g 0.99924 | =S —
tions are included. Instead, we see that it does not. In o -
Ref. [1], we argued that the g3 term involves different 30'99922
physics than the g term, and that it should perhaps be a1 0.9992
treated separately when discussing the behavior of the se- E 0.99918 .
ries. Ideally, one should calculate the free energy through S L e
g°, which is the first order that compensates for the 0.999161 e eeseent”
dependence of the g3 term. With our present results, 0.99914}~ e it
however, we can at least follow Ref. [1] and plot results _'Io " o 5 10
- . 3
where (1) we artificially exclude the g® term, or (2) we 1og1o(fi/T)

improve our O(g*) result with the g°%In u term required
by renormalization-group invariance:

FIG. 8. The same as Fig. 6 but for a,(T") = 0.001.

thru g4
-— - thru g3
1.05 \ esecsccces thru g2 1
— = == thru g¢ excluding g3
L] thru g5loglt
v [ —
A \
0.95 ...,,............... o :
S A NG [ et e 1.4 \\ (T =0.2
el - =~ \
0.9 -
ag(T)=0.1 kl.2 \
. b W\
(1] 2 4 6 ﬂ 1 \
log 10(L/T) 'é 4 T —r——
~ ceseee e —————
R e i
FIG. 6. The dependence of the free energy F on the 0.8 oo
choice of renormalization scale i for six-flavor QCD with "
as(T) = 0.1. The free energy is normalized in units of
the ideal gas result -—(%dA + %d};)ﬂ'zT‘l. The thick solid, 0.6
dashed, and dotted lines are the results for F including terms 0 2 2 3
through g*, g®, and g2, respectively. The light solid curve is log 10 (R /T)
10

the g* result plus the g°In(&/T) term required by renormal-
ization group invariance. The light dashed curve is the g*
result minus the g® term. FIG. 9. The same as Fig. 6 but for a;(T") = 0.2 and n¢ = 5.
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2
AF = dAT“%

i
X In 47rT}

Either modification can be seen to somewhat improve
the behavior of the perturbative expansion of Fig. 6. For
comparison with our previous results for the pure gauge
case in Ref. [1], Figs. 7 and 8 show similar plots for the
smaller couplings a;(7)=0.02 and a4(7)=0.001, where
the perturbative expansion becomes progressively better
behaved, as it should. For those readers who might be
interested in the behavior of the expansion at scales of
order several GeV, Fig. 9 shows our results for the case
as(T) = 0.2.

{_% (%)5 (Ca + Sp)3 (11Cx — 45F)

(5.6)
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APPENDIX A: RESULTS FOR INDIVIDUAL
GRAPHS

Writing F=p~2¢dp F and ignoring terms of O(e), the
diagrams of Fig. 4 are given in Appendix A of Ref. [1]
except that

~FC = — - (M? + M} + M} + MPMT,  (Alc)
~F'= —g* [CRI&p + 2CaSFI&p + ShIGcp] + O(g°) -
(A11)
The diagrams of Fig. 5 are given by
_FR = gd—Fg[ In P2,
da Jip)
(Aln)
—F° = Spg?Z2 [(d — 2)f1(2b1 — f1) + 83] ,
(Alo)
1 MZMT
2f 9po yf £ 4
63 M # H 4I1-esum 87T Sngzgz ’
—FP = (——SFCA + SzF) g*(d—2)
6 —d
x [( )Iball - 2€Iball] )
(Alp)
—F9 = Sprg*(d — 2)? [ bau + 2H3 — f2(f1 — b1) ]
(Alq)
—FT = CaSrpg*(d — 2)IX%,. (Alr)

The resummation of the gauge boson line in diagram (o)
is similar to the resummation of diagram (e), discussed
in Ref. [1]. In particular,

o e Bl -8
resum P{Q} P2+M2 P2 QZ(P+Q)2 Q4

=0(¢%¢). (A2)

The last equality follows from a derivation similar to the
bosonic case treated in Ref. [1], and means that If, .
can be ignored at the order under consideration.

The multiplicative renormalization constant used for
the coupling is given by

1 Cag?®
6 (4m)2%€

2 SFg2 4 ¢

(A3)

Gbare = gg,_l,e = []_ —

The vector mass M is given by (2.11), and M? is the
piece of M2 due to the fermion contribution of Fig. 1(b).

APPENDIX B: LARGE P BEHAVIOR OF IIf(P)

In Appendix B of Ref. ;1] we derived the large P be-
havior of the bosonic IT*(™)(P) to be

T? Tt [ p?
) (P) = 2J%, 55 + 87} 5 (p —p(z,)

tps\d-1
+O(T°/P°), (B1)
where
b 4mp?\ € T'(3—2e+a)((3—2¢e+a) B
= . 2
Ta ( T2 T (2 — o) (B2)

The easiest way to get a similar expression for the
fermionic IIfT) is to note that, by scaling momenta (go, q)
by a factor of 2, one gets

1 _o5ed 1 B
%HQ} FErQr %QZ@P‘IQ)Z’ (B3)

and so

of(pP) = 25—9P(2P) — I*(P). (B4)

Applying this identity to (B1) then gives the same for-
mula,

o (p) = 2J*° 111;2 +8Jf i: (Ep—% - pg)
+0(T®/P*), (B5)
for the fermionic case but with
Ji=(24*-1)J2. (B6)
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APPENDIX C: NEW INTEGRALS OF
HYPERBOLIC FUNCTIONS

In Appendix C of Ref. [1], we showed how to evaluate
convergent integrals of the form

I = / dz (Z CrnnZ™ coth™ z
()}

m,n

+ Z dmxme—amz)
m

by regulatmg the individual terms by introducing an ex-
tra factor of z° and taking §—0 at the end. In the current
work, we need to extend our set of integrals to

{o o}
I= / dx ( Z CmnpZ™ coth™ z cschPz
0

m,n,p
+ § :dml_me—amz)

To handle this, we need in addition to our previous basic
regulated integrals

(C1)

(C2)

/ dzz* =0, (C3)
0
/ dez® cothe =27°T'(z+1)((z+ 1), (C4)
0
/ drz®e ™ = a 17T (1 + 2), (Cs)
0
the new integral
/ drxz®cschz = (2 —27*)I'(z+1){(z+1). (C6)
0

In addition, we need to generalize our previous recursion
relation to

oo
/ dz z* coth™ z cschPz
o

oo
= dz 2 g
0 p+n—1

n n—1
p+n—1

L coth™ ! z cschPzx

z% coth™ 2 £ csch? w]

1915

and also use
oo oo
/ dx z* coth™ z cschPz = / dz [z* coth™t? z csch?~ 2z
0 0

—z% coth™ z csch?2z]. (C8)

APPENDIX D: COMPLETION OF THE
CALCULATION OF If

In this section, we complete the evaluation of the
fermionic basketball integral. The derivation directly
parallels the bosonic case treated in Appendix D of
Ref. [1], with hyperbolic cotangents becoming hyperbolic
cosecants as we discussed earlier. We therefore refer the
reader to Ref. [1] and shall here simply present the dif-
ferences for a selected few intermediate results.

As in the bosonic case, we write

%li mOn® = f 4 f 4 IF (D1)

where

i=3f (100 - o

| [y - )]

(D2)
= e 3 MO0 -0 @], (9)
1t=3f mOemPe), (D4)

and
f _ T4 P2
(D5)

The zero-temperature piece II1(?) of IIf is the same as the
bosonic case. One finds

T 1 [°°dF 1 7 7 Fd
=——> [ & Fo-4 T ~ T2 (coth7 —1
L (47r)22/0 F3{(CSChT 16 360) (1 2d7=) (coth? — 1)

+ (cschf— % + g)} +0(e)

29 ¢'(-3)
10 ¢(-3)

LD 2

~ar (3) -

¢(-1) 10"

43 27
+%—Ialn2] +O(€),



1916 PETER ARNOLD AND CHENGXING ZHAI 51
T 1 amp\ € 8Jf
I = (@) e {(Jf —-2J®° )Jfl—A( 73 ) So(€) = =— [50(2)—d51(3)]}
1 (T2\%[ 29¢'(=3)  _¢'(-1) 2 43
= —) |[-= 43 27109 10, D7
(4m)2 (12) [ 106(=3) "¢y 103 10T () (D7)
2\ € f
If=24T1* (4;‘; ) {J£150(1+€) + :—ill [So(2+€) — dS1(3+6)]}
1 (T\’[1 3. & 21¢(-3) _¢'(-1) 21 43 17
=—— (=) |s=+ =l += ~6 T 5+ pin2| + 0, D8
(ar)? (12) [20e oLt iy Ty T +0() (D8)
where A and S, (a) are defined in Ref. [1]. Putting together (D6), (D7), and (D8),
1 (T\’[1 3 i 37¢(-3) ('(-1) 301 37
OO = —) |+t - — 2= 22| +0(). D9
5[“ = lany (12) [20e 102 2T " 10¢(=3) "= 120 10 7T () (D9)
I
T et et o (47) o SIEUNIE Y I
1 o . an yieids € Ilnal res . or (] 22 2 = 2 | 1 - — =
fermionic basketball. P2Q*(P+Q) (47) de H 2
+0(m,e¢). (E3)

APPENDIX E: THE PIECES OF If

sun

As mentioned earlier, the fermionic setting-sun integral
I;f“n vanishes when particle masses are ignored. However,
it is useful to also know the piece corresponding to

gf 2en(P) = —gf %Hf(P).

This can be easily evaluated by relating it to the compa-
rable bosonic piece using (B4) and then scaling momenta
by 2:

(E1)

#‘ “Po nf 6}1;; [25 de(2P) _ Hb (P)]
22(4 d) _ #‘ “Po Hb
_ € é 0(1 - 670)
= (24 — 1) PQ Psz2(P + Q)g
- (fz) In2 + 0(e), (E2)

where the last equality follows from the bosonic result of
Ref. [1] that
il

(nfw)“” (P) = —Spg?5*® [21'15“,(P) —2(

where
1 _

mnf, =26,
g Ty @2

{@

APPENDIX F: DERIVATIONS OF Igcn AND

bf
IQCD

The calculations of Igcn and IgCD also closely parallel
those of the purely bosonic case in Appendix H of Ref. [1].
In that previous work, we found it algebraically conve-
nient to rewrite the bosonic contribution II%,, of Fig. 1(a)
to the vector self-energy in terms of

b _ 1 (2Q+P)2Q+P),
=23 i -3, e
() (P) = Cag’s | 25200, (P)

2 _ 1
_2(P%,,, P”P,)g[cz ——QZ(P+Q)2] .
(F2)

In order to make our presentation of the fermionic case
as similar as possible to the bosonic one, we shall do the
sanie for the fermionic contribution wa of Fig. 1(b):3

1
2 — —_—
P%,,— P,P,) o PR (F3)
(2Q + P),.(2Q + P),
} Qz(;"‘ Q)2 (F4)

3The main advantage to this is simplicity of presentation; one could just as easily do the calculation with Hf“, directly.
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And now let’s focus on computing

[ATIf, ,,(P AITE, (P)AIL, (P)
sQED - #‘ # ’ IsQED = i = P4 = . (F5)

Following through the same steps as in Appendix H of Ref. [1], one gets the obvious generalizations of Eqs. (H27)-
(H29) of that reference:

?; = [a nf(T>(p)] =§[P [nfm(P)]z+4(d—2)bsz+0(e), (F6)

j %Aﬁ}:ﬁf) (P)ATIED) (P) = gé 1> (PYINT) (P) + 4(d — 2)baby f1 + O(e) (F7)
P

g[ o L 0ED) (P (P) = 11i’nf(T)(P)H(0)(P) +2(d 2)f1§[ I_ﬁn(o)(p) (F8)

3 @) - Losf roEnoe) +2(d Dousf, IO, (F9)

j P4 f?u) =——§f H“”(P) : (F10)

Summing these results, and incorporating the results for the assorted basic integrals, gives

g _ 1 (T*\'ru AL 1¢(=3)  20¢(-D) 281

ILqep = e (Tz—) [é—e—-i-llhl 47rT+§((—3) + 3 ¢(=D) + 4vg + 0 131n2] + O(e), (F11)
_ 1 (TH\[. 59 59 @ 11¢'(=3) 70((-1) 2063 169

oo = G (12) |12~ 3 ™arr 8 69~ 3 ~0e T 0+ a0 B2 To0- @

Using (F2) and (F3) and our standard reduction tricks yields*

I§cp = 4I5Gep + 4(d — 3) I, — 16(d — 2) f1 —~—Hf(P)

2 il "(— 224 ¢'(—1 124 448
=(4—11r)_§(T_) 4—0+801 Lt 32 ('(-3) 4¢( )+16’73+ +——1 2]+O(e), (F13)
!

| 3¢ anT 3 ((-3) ' 3 ((-1) 3
Iop = (2~ ) Iien — 3(d — DI + 8(d—~ DA 25T (P) +2(d— 20,3 5T (P)
P P

1 (T_Z)"'ﬂ_ssl B 38((=3)  104¢'(=1)

= (an)? 3e 4T 3 ((-3) = 3 ((-1)
16 — 215_01 + @1 296 ln(21r)] +0(e). (F14)

Before leaving this section, we note that one can use our results to derive the basic integral

= (Q-K)?
= %t;{QK} P4Q2K2(P + Q)2(P 4 K)? (F15)

defined by Parwani and Coriand. By applying our usual reduction techniques to IfQED, and using the fact that

If . = 0, one can derive that

Ifogp = 16Hy — I + 4(d — 4)ba 2. (F16)

“Because of our slightly different methods of bookkeeping of infrared divergences, our reduction of Igcn differs from a similar
reduction in Ref. [2] by M7 gf(l - JPO)P“lef(P). There is a canceling difference in our treatment of diagram (o) of Fig. 5.
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Solving for H4 and using our results for IfQED and Ifau then yields

23 8
24 5

e +

2 = 1 1_
H, 1 <T2> [5 5lnL—1C( 3)+ZC( 1)+%

“@m2\12) |24e T2 " axT " 6 ¢(-3) 6 C(-1)

which agrees with the numerical result of Parwani and Coriano within errors.

In 2] +0(e), (F17)
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