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Starting with the Euclidean generating functional of QCD we construct a generalization of the
Nambu—-Jona-Lasinio model, taking into account the homogeneous background gluon field, which
ensures an analytical quark confinement. Colorless modes are determined by the confined gluons and
are described by the nonlocal quark currents with appropriate radial and angular quantum numbers.
The effective Lagrangian for the local meson fields corresponds to ultraviolet finite theory. The
spectrum of the radial and orbital excitations is asymptotically equidistant; i.e., it has a qualitatively
correct Regge behavior. It is found that in the heavy quark limit the mass of quarkonium tends to
be equal to the sum of the masses of the constituent quarks.

PACS number(s): 12.39.—x, 11.10.Lm, 12.38.Aw, 14.40.Gx

I. INTRODUCTION

It is now widely accepted that at low energies the com-
plicated structure of the QCD vacuum plays an impor-
tant role. Vacuum self-dual gluon fields such as instanton
solutions [1-4], stochastic fields [5], or the fields with a
constant strength [6-8] are widely used to explain vari-
ous features of low-energy hadron physics. On the other
hand, the Numbu-Jona-Lasinio (NJL) model [9-11] gives
a mechanism of bosonization. Nonlocal extensions of the
NJL model provide qualitatively new possibilities to in-
vestigate the effects associated with the quark structure
of hadrons [12].

In this paper we construct a kind of generalization of
the NJL model and show that both nonlocal quark inter-
action and color singlet currents arise naturally in QCD
with the homogeneous (anti-)self-dual background gluon
field.

As Leutwyler has shown, the (anti-)self-dual homoge-
neous gluon field provides an analytical quark confine-
ment [6]. It means that the quark propagator in the mo-
mentum representation is an entire analytical function.
There are no poles corresponding to free quarks. The sit-
uation with gluons is more complicated. There are modes
corresponding to free massless gluons, in addition to the
confined degrees of freedom of the gluon field. However,
one can determine the contribution of the confined gluon
modes to the propagator and investigate the sector of
QCD dynamics caused only by the confined gluons. This
sector of QCD manifests interesting properties which are
discussed below. In contrast with pure chromomagnetic
or chromoelectric configurations, self- and anti-self-dual
fields are stable in a sense that the effective potential
for these fields is a real function. Unfortunately, numer-
ous attempts to estimate the field strength, minimizing
the effective potential, have not given definite results. A
general reason for this is quite clear: Phase transitions in
quantum field systems accompanied by the appearance
of nonzero vacuum fields occur out of the perturbation
region and their successful investigation is damped by a
lack of nonperturbative methods. At the present time,
the task of proving the existence of the vacuum field and
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to estimate its strength, starting with first principles,
seems to be quite complicated.

We will follow another, in some sense phenomenolog-
ical, point of view. Namely, we suppose that a self- or
anti-self-dual homogeneous gluon field realizes the QCD
vacuum at low energies and find out the points in hadron
physics where this vacuum field can play an important
role. Our consideration is based on the bosonization pro-
cedure of the standard NJL model [9, 10]. At the same
time, taking into account the background field in both
the quark and gluon propagators requires an essential
modification of this procedure.

Starting with the Euclidean generating functional of
QCD with a background gluon field [2, 13] we construct
the color-singlet bilocal quark currents. Confined gluon
fields ensure a natural expansion of the bilocal quark cur-
rents over the nonlocal ones with appropriate radial and
orbital quantum numbers. An idea of such an expansion
was discussed in general form in [12]. The realization of
this idea implies the existence of a set of orthonormalized
functions. The particular form of these functions reflects
the specific physical peculiarities of the system. We show
that the homogeneous (anti-)self-dual vacuum field deter-
mines a quite definite set—generalized Laguerre polyno-
mials. As a result of the expansion, an interaction of
quarks is realized by the current-current terms in the ef-
fective Lagrangian; the currents are nonlocal and carry
radial and orbital quantum numbers. In contrast with
the nonrenormalizable local NJL model, our generaliza-
tion leads to effective four-fermion theory, which is su-
perrenormalizable due to the nonlocality of the currents.

By means of the standard NJL bosonization we get
a representation of a generating functional in terms of
local meson fields, interacting with nonlocal quark cur-
rents. These meson fields have a complete set of quantum
numbers including radial n and orbital £ ones. Effective
meson theory is ultraviolet finite due to nonlocal meson
interactions. It should be noted that we use a represen-
tation for generating functional of QCD which implies an
averaging over some parameters of the background field
(for details see [2,13]). In the case of an homogeneous
field we have to average over self- and anti-self-dual con-
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figurations and over directions of the field. Because of
this averaging the color, space rotation, and parity sym-
metries are restored at the hadron level.

Parametrization of the generalized model is quite nat-
ural. The quark masses, the four-fermion coupling con-
stant and the background field strength are the free pa-
rameters of the model.

We calculated the asymptotic behavior of the spectrum
of excited meson states in the cases £ > n and n > £. It
turns out to be equidistant both over the radial n and or-
bital £ quantum numbers; i.e., it has a qualitatively right
Regge character. Moreover, effective meson-quark cou-
pling constants decrease very fast for large n, £. This sug-
gests that the higher-order corrections should not change
the above-stated asymptotics, obtained at the lowest or-
der. Regge behavior is a consequence of the nonlocality
of the quark propagator and meson-quark vertices that

J

is conditioned by the presence of the background field.
Another asymptotic regime that is considered in the
paper is the limit of heavy quarks. It is found that the
mass of quarkonium in this limit tends to be equal to the
sum of the masses of constituent quarks: M — 2m,.
The paper is organized as follows. In Secs. II and
IIT we introduce all preliminary definitions and discuss
quark and gluon dynamics in the homogeneous back-
ground field. Collective modes induced by this back-
ground are considered in Sec. IV. Asymptotic behavior
of the spectrum of excited meson states is evaluated in
Sec. V. Heavy quarkonium is considered in Sec. VI.

II. EUCLIDEAN GENERATING FUNCTIONAL

The generating functional for QCD with a background
gluon field B in the Euclidean metrics is [14]

Z=N / DgDGDA A[A, B)exp{ / iz [LQCD(a:) + Lgf(x)] 3 (1)

where

Ny
1 a a _ . - a a
Lqgcp = _ZGP«VGHV + qu [mvu —mjy + gAL Yt ]qf ,
f

Ga, = 0.( 42+ By) - o, (4z + Bg) + gre*<(4h + BL) (45 + B)

Lgs = %(vzuzy )

A[A, B] is the Faddeev-Popov determinant. The gauge fixing term Lgs corresponds to the background gauge condi-
tion [14]. Dirac matrices are taken to be anti-Hermitian. The following notation is used:

Vu.=08,—igB,, B,=Bt*, V,=08,—1igB, , B,=B.C",

where the matrices t* and C® are the generators of the color group SU.(3) in the fundamental and adjoint represen-

tations, so that

[ta,tb] — ,L-fabctc , [Ca,cb] — ifabccc ,

(Ce = —if™* .

The fields B obey the classical Yang-Mills equations. The functional (1) is invariant under the transformations

q(z) — e_"‘:’(“)q(m) , q(z) — q(m)ei‘:’(m) ,

Ayt By s €04+ B,] 500 4 Loy, o0 @)

We will consider the last transformation as a background
gauge one [14]:
B,l —i&:(m)B“eio(x) + ie—idz(z)aﬂeio(m) ,

— e
A, — eT@@ 4 ei0(=) (3)

To make representation (1) correct a gauge-invariant reg-
ularization should be introduced and the fields, masses,
and coupling constant should be considered as the bare
ones.

Not only is the total action manifestly invariant under

background gauge transformations (2),(3), but its part
quadratic over the quantum fields ¢,§ and A is invari-
ant also. Meanwhile, the vacuum configuration with the
background field Bg(z) is not invariant under both color
and rotational groups. From the viewpoint of the op-
erator formalism of quantum field theory it means that
the initial and the transformed vacuum states belong to
unitary nonequivalent Hilbert spaces (see, e.g., [15,16]).
Such a situation corresponds to spontaneous breaking of
the color and rotational symmetries. A detailed discus-
sion of these problems for the case of the constant back-
ground field can be found in Ref. [8].
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The effective action, arising from the generating func-
tional (1), is invariant under the rotational and gauge
group. Such a conclusion is proved rigorously within the
background field method, which can be applied directly
to representation (1) [14, 17]. Particularly, this suggests
that the vacuum energy (or the free energy of a system)
does not depend on the direction of the background field
in color and x space. It means that the vacuum state
with a background field, if it exists, would degenerate
with respect to space rotations and color gauge transfor-

mations. In order to take into account this fact one has
to average all physical amplitudes over the directions of
the background field. In the general case, one can say
that the vacuum field depends on a set of parameters
{ovac}. If the vacuum states corresponding to different
values of these parameters are degenerate, then all ob-
servable amplitudes must be averaged over {ovac}. This
idea was first realized in Ref. [2] (see also [13]), where the
following representation for the generating functional (1)
was evaluated:

7 = N/davachDtIexp{/d4z % ds(z) (i’ypfh - mf)Qf(:t) + i Ln}, (4)
r; n=2

where

g" .
n = F/d4y1"‘/d4yn]u:(yl) 38 (yn) G0 (y1y .., ¥n | B),

Jn() = ds (@) vut®qs ().

The function G§17 9~ is the exact (up to the quark loops) n-point gluon Green function in the external field By.
Below we shall specify the form of the measure doyac for an (anti-)self-dual field with a constant strength.

Representation (4) is a convenient starting point for the investigation of hadronization in QCD. We will be interested
in (gg) collective modes and consider the form of Eq. (4) truncated up to the term L,:

Ny 2
Z = N/davachD(Iexp{/d‘*wzf:q‘f(:c) (iv,,@# - mf)Qf(-'L') + {72_ // d*zd®y JZ(“U) V(m’y | B) Ju(y)} (5)

Representations (4) and (5) are manifestly invariant
under the gauge transformations (2) and (3).

The exact two-point Green function is unknown and a
suitable approximation should be introduced. The stan-
dard NJL model corresponds to the case

B =0, G¥(z,y|0)=05,,6%(z—y).

The influence of the background field was investigated
within the NJL model in Ref. [11], where the homoge-
neous background field was taken into account only in
the quark propagator, but the interaction was kept local.

We will approximate the two-point Green function in
Eq. (5) by a gluon propagator in an external field without
taking into account higher-order corrections. In other
words, our generalization of the NJL model consists in
taking into account the influence of the background field
on both the gluon and quark propagators. As soon as
the quark currents corresponding to such a generalization
are constructed, further steps in obtaining the effective
meson Lagrangian will be explicitly the same as in the
NJL model.

III. QUARKS AND GLUONS
IN THE SELF-DUAL GLUON FIELD
WITH A CONSTANT STRENGTH

A. Background field

The properties of the above-stated background field
were discussed by many authors (e.g., see [6, 7, 18, 19]).

[

We confine ourselves to the brief formulation of main
results. An homogeneous (anti-)self-dual gluon field has
the form

BZ(:E) =B 2

a a
Ty =n*Byz,, n°=1,

where the vector n defines a direction in color space. The
constant tensor B, satisfies the conditions

B, =

B,, =

-B,,, Bu,B,, =—B%,, ,

1

-z-euyagBag = :i:BI“, B (6)
This field is a solution of the classical Yang-Mills equa-
tions [7]. The gauge-invariant quantity B,

B? 4BZ,,B;‘,,,
is the tension of the background field.
Any matrix i € SU(3) can be reduced to the general
form

A=t3cosé +t8sinf, 0< €< 2, (7

by an appropriate global gauge transformation. As soon
as the chromomagnetic H and chromoelectric E fields
relate to each other like H = +E for the (anti-)self-dual
configuration, one has only two spherical angles (8, )
defining a direction of the fields in z space. Now we can
write down the explicit form of the measure doy,.:
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/dam= ﬁ/owdesino/:”dwfﬂdgg, ®)

where Y, denotes averaging over the self- and anti-self-
dual configurations, which are assumed to be equiproba-
ble.

The averaging over £ can be easily included into the
formalism described below. However, in this paper we
would like to investigate asymptotic regimes such as the
limits £ > 1, n >> 1 (exited meson masses) or m% > B

1
ﬁ:tszdiag(— 2

In the adjoint representation one has

(heavy quarkonium). These regimes are determined just
by the behavior of quark loops at large external momenta
that is conditioned by a character of nonlocality of the
quark and gluon propagators. Qualitatively the propa-
gators are the same functions for any £ in Eq. (7). An
averaging over directions of n [integration over ¢ in Eq.
(8)] does not change qualitatively the momentum behav-
ior of the quark loops. In order to simplify further cal-
culations and clarify the contribution of the background
field under consideration into forming the bound quark
systems we will omit the integral over £ in Eq. (8) and
fix the particular vector n® = §°8, so that

1 3 > _ 8\2 2
ﬁ’ﬁ’__\/?) . BupBo, = —(t%)2B%,, .

i=C8 = ?K . BupBp = ~%K2326,“, ,
Kss = —Kys = K76 = —Kg7 =i, K? = diag(0,0,0,1,1,1,1,0) . (9)

The rest of the elements of the matrix K are equal to
zero. It is convenient to define the mass scale A:

A? =3B,

where the factor v/3 is introduced for calculation conve-
nience, so that

. 1
B,,B,, = —ZK2A45”,, ,

N

BupBoy

. 112
—v%A*,, , v=diag <§, 3 5) . (10)

It will be clear below that quantity A defines the scale of
confinement.

B. Quark and gluon propagators

The Lagrangian looks like (in Feunman gauge £ = 1)

4 1 . .
Lqcp + Lgs = —?B2 + EAZ(V%,W +4iB,,,)** A"

+q_f(7/)’u§u - mf)qf + Lint )

S¢(z,y | B) = es "BV H(z — y | B)e?®BY) |

- 1 1 2 1—t¢ ;? 1
Hy(p| B) = H/o dte” 57" (m) [O‘f + APuYu

where [see also Eq. (6)]

where we denote gB;, = Bj;.
The quark and gluon propagators satisfy the equations

(#uVy —my)Ss(z,y | B) = —b(z —y) , (11)

(V26,, +4iB,,)Gyp(z,y | B) = —6,,6(z —y) . (12)

Solutions of Eqs. (11) and (12) were considered in many
papers (e.g., see [6,18,19]). The self-dual or anti-self-dual
configuration, obeying condition (6), is remarkable in the
sense that there are negative modes (negative eigenvalues
of the differential operators) neither in Eq. (11) nor in
Eq. (12). Zero modes are in Eq. (12) for the gluon
propagator, but they are absent in Eq. (11) unless the
quark masses are nonzero.

Equations (11) and (12) can be solved using the
Schwinger’s proper time technique. We present the re-
sults, omitting the well-known details. The quark prop-
agator takes the form [13]

1+t 4

it%(vfp)] [Pi tPr i 5(’Yf7)#] , (14)
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Py = %(1 tv5), ay= % , (zBy) =z,Bu.yy ,
48

(pf'Y) :p;tfp,v'Yu y fu.u = ;7\—231“’ , .fu.pfpv = _5y.u .
The function Hy is the Fourier-transformed Hy; the diagonal matrix v is defined in Eq. (10). The upper (lower) sign
in the matrix P corresponds to the self-dual (anti-self-dual) field.

Let us introduce the variable u = p,v,. The function Hs(u | B) is an entire analytical function in the complex
1 plane. This means that there are no poles corresponding to the free quarks. In other words, so-called analytical
quark confinement is manifest. The following asymptotical behavior takes place:

mst+p _ mitvePy
- 2

fy(u| B) o = if p — +oo , ie., p> = 00,
_)
A O(exp(ﬁ%)) = O(exp(z—_ﬁé)) if u — Fioco, i.e., p? — —oo.

It should be remembered that the momentum p is considered in these formulas in Euclidean metrics. The behavior of
the function Hf(p | B) is defined by the scale A (tension B of the gluon vacuum field). In other words, the parameter

(15)

A defines a characteristic region of the variation of this function; i.e., it defines the scale of confinement.
The solution of Eq. (12) for the gluon propagator can be represented in the form

Guu(@,y| B) = ei@BVD,, (z — y | B)ei=BY) |

(16)

D;(z | B) = 8, {(1 = K*)D(z | 0) + K*[D(z | A*) + Do(z | A*)]}]*® + 2i (£, K™ D1(2 | A?) (17)
where
A2 *  ds A%22 1 A%22
D(z | A%) = 4(dm)? /0 sinh?(s) exP{"T °°th(s)} = 2n)22 exP{_T ’ (18)
Do(z | A?) = aﬁreg /-000 ds exp{—AZZ2 coth(s)}. (19)

The term with the function D, is not important for our
further consideration.

The Fourier transform of the function D(z | A2) is
an entire analytical function in momentum space. This
function describes a propagation of the confined modes
of the gluon fields.

One can see that not all degrees of freedom of the gluon
field are confined. The term D(z|0), arising due to zero
eigenvalues of the matrix K [see Eq. (9)], corresponds to
free massless gluons. This is not an artifact of our choice
of the vector n but it is a general feature of the back-
ground field under consideration. The divergent integral
Dy in Eq. (19) corresponds to the contribution of zero
modes. An appropriate regularization of Dy should be
introduced.

To finish this section we will note that an homogeneous
vacuum field modifies the quark and gluon propagators

|

in the infrared region. At the same time, the UV behav-
ior of the propagators has the same character as in the
case of a zero background field [see Egs. (15), (18)]. This
modification has important consequences. The first one
is the analytical confinement of quarks and the existence
of confined modes of the gluon fields. Another remark-
able consequence is concerned with colorless collective
modes.

IV. COLLECTIVE MODES INDUCED BY THE
HOMOGENEOUS BACKGROUND FIELD

A. Color-singlet bilocal quark currents

Let us return to representation (5) and consider the
second term in the exponential. According to Eq. (16)
it can be rewritten in the form

L2 = g; // d*zdiy{ gs(z)yuteled BV 0 (2)}DEY (z — y | B){dp (v)v[e? =PV bqp ()} - (20)

Using the identity

zj[e—id;]a.a’ — [e—i&ta’ei&]kj (G’) = w?C® , & = w® ) ,

one can get

2
Ly=% / d'zd*y{ Qs (z,9)1ut*Qs (=, ¥)} D (@ — v | B{Qy (v, 2)1t*Q (v,2)} ,
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where Q¢(z,y) = e‘%(zéy)qf(a:), Qs(z,y) = qf(z)e%(”By).
Then we make the Fierz transformation of the color, flavor (we consider Ny = 3) and Dirac matrices. Keeping only
the scalar J¢5, pseudoscalar J*F, vector J*, and axial-vector J%4 colorless currents, we obtain the expression

2 8
_ _’L 1 4, 14 cb _ cb aS aS aP aP
=953 5 5 [[ ed D@ =y | BY{56,, (7 @)1 (0,3) + I (2,)7° (3, ))

0% (8uobup + Sunbue = busbpe ) [J2¥ (2, 9) T2Y (0, ) + J2A (2, 9) T34 (3, ) | }. (21)
Before we deal with the currents, let us use the relations following from the structure of the gluon propagator (17),
6°5,, DS (z) = 16[D(z | 0) + Do(z | A%) + D(z | A?)] ,
geb [5,“,5,,,, + 8upb0 — a,wa,,,] D% (z) = —8[D(z | 0) + Do(z | A?) + D(z | A?)] ,

to rewrite Eq. (21) in the form

2
L= 4 350 [[ dtadty 1 2,5)7%7 (0.) D@~y | 0) + Doe — y [ 4%) + D(e =y | A7) , (22)
aJ
-
where Path ordering is not necessary. One has, under the back-

ground transformation (3),
I (2,y) = 35 () M7 T PVqs(y) |
=1, I'P=diy, V=9, T*=9,
’ Ml e This ensures the invariance of currents (23) under color
Cs=Cp==-, Cy=Cyg=-— (23)  transformations (2), (3).

exp{i(zBy)} = e "**® exp{i(zBy)}e®® .

Ol =

M¢*-flavor mixing matrices (a = 0,...,8) being equal to
the matrices A® or their linear combinations.

The currents (23) are the scalars under color group
transformations (2) and (3). This becomes obvious if
one notices that

B. Nonlocal quark currents with
radial and orbital quantum numbers

Let us change variables in the integrals in Eq. (21):
A y ~
exp{ilaBy)} = exp{~i [ ds,B,()} zoetiy, yoa-i
T

where the path z,, is parametrized, for example, as
After this substitution the currents (23) can be repre-

zy(t)=(1—-t)z, +ty,, 0<t<1. sented in the form

a(z)MT7 e3vV @) g(z) |

1
J“J(:z,y) - JoJ (:z + %y,w - Ey)

1 1 ket
5 (0z) » 17 (o= e+ 5u) = al@)MerTe ¥ (m)

where

Vi (@) =V, (@)= Vu (), Vi (@) =8, —iBu(a)
V. (&) =9, +iBu(z) -

The operators 3,‘ and 6“ are the right and left covariant derivatives. The representation (22) takes the form
L= ¢*3Cy [[ dteaty[Diy | 0) + Do(y | 4%) + Diy | 4%)]
aJ
x{a(@)M°T7 399 @ g(2) H (@) MoT7 e 397 @)g () }. (24)

The next step consists in integrating out the variable y in Eq. (24). It can be done by decomposition of the bilocal
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currents over some appropriate orthogonal set of polynomials. From a quantum mechanical viewpoint, this orthogonal
set provides a description of the radial and orbital excitations. The decomposition of the bilocal currents has the form

JaJ Z(y )£/2

Ml(y)Ju.Jln (:1,') ,

ln

i ®) = Lae@HTE e (ny) (g = y/V/9?) (25)
The irreducible tensors of the four-dimensional rotational group Tﬁf),..m are orthogonal,
dw f] 1
/ Dy o i e () TS (my) = m—l—)éekémul O (26)
and they are subjected to the conditions
0 { £
T () =T i), TP s (ny) =0,
{
T;(n)"-m ("y)Tu1)~--m (ny) = ﬁcél)(nyny’) . (27)
[
The measure dw in Eq. (26) relates to integration over JaJln (2) = q(m)valln (z)q(z) (30)
angles of the unit vector n, and C’él) in Eq. (27) are
Gegenbauer’s (ultraspherical) polynomials. The polyno- o
mials L,¢(u) obey the condition veltn (z)=veltn (V/&l’))
oo
/ dups(u)Lpe(u)Lne(u) = dpnr - o2 o
o VvV (z 1V (z
° e G (E ).
The weight function pg(u) has to be determined by the ¢ (31)

terms in Eq. (24), arising from the gluon propagator.
The function D(y|A?) leads to the weight function

pe(u) = ute™™
corresponding to the generalized Laguerre’s polynomials
Lp¢(u). Other terms do not provide any possibility for
decomposition such as (25). In other words, such a situ-
ation suggests that only confined gluons [contributing to
D(y|A?)] provide the generation of bound states. At the
same time, it is the function D(y|A?) that accumulates
the non-Abelian nature of gluons—their self-interaction.
This is the point where QCD differs from quantum elec-
trodynamics essentially. As a result we have a mecha-
nism of the generation of bound states different from the
potential picture.

This is the reason why we will consider the part of Eq.
(24) concerning the confined gluon modes; i.e., we will
deal with the function D(y|A2), given in Eq. (18), and
omit the terms with D(z|0) and Dy. In other words, only
the function D(y|A?) is responsible for (gq) bound state
formation.

The details of calculation of the currents J3/*", (z) in
Eq. (25) can be found in Appendix A. As a result we
obtain the following representation for L:

L=Y 55 Gun/d“ 2o, (m:)]2 : (28)

aJin

where

(£+1)

Gl =Cyg® )
Ten =T 9 Sl @+ n)l

Fo(s) =

@ famm(i)

The double brackets in Eq. (31) mean that the covariant
derivatives commute inside these brackets. The functions
F,¢(s) are entire analytical functions in the complex s
plane; they obey the confinement condition. The rep-
resentation (28)—(31) is one of the main results of this
paper.

The vertex functions (31) have the following asymp-
totic behavior for large Euclidean momentum:

1

lim FM[ ]T,ﬁf’...m [P] ~ W .

p2—o0

(33)

Therefore, there is a single divergent diagram given
in Fig. 1. This divergency can be removed by the
counter-term —2J(z)TrV S inserted into the interaction
Lagrangian (28). After this renormalization we arrive at
a truncated approximate QCD functional:

A

FIG. 1. The divergent bubble diagram.
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©

= q 4 400G -1 1 aJin aJén 2
z /davachquxp{/ d*zd*yq(z) S~ (z,y|B)q(y) + ‘JL; Wa.znn/d‘ll‘ [Jan (z) — TYV2Itn 8] } .

The measure doy,. is given by Eq. (8).

It should be remembered that the approximation con-
sists in the use of the gluon propagator in the form (16)
instead of the exact one. The truncation means that Eq.
(34) corresponds to the sector of QCD determined by the
two circumstances. First, we consider only a term Lj in
Eq. (4). Second, we take into account only confined de-
grees of freedom of the gluon fields associated with the
function D(y|A2) in the gluon propagator.

Representation (34),(29)—(31) manifests the following
main properties. The quarks are confined due to the
background field. The nonlocal quark currents (30) are
invariant under transformations (2),(3); i.e., they are
color singlets. These currents have a suitable set of quan-
tum numbers including the radial n and orbital £ ones.
The effective theory determined by Egs. (34) and (29)-
(31) is UV finite due to the nonlocality of the vertex
(31). This suggests that all counterterms contained in
the initial representation (1) should be related to the
part of the QCD dynamics which was omitted within the
above-mentioned truncation. To simplify our notation we
will not introduce a special notation for the renormalized
quantities. Below the quark fields, their masses my and

(34)

the gauge coupling constant g [see Eq. (29)] are con-
sidered as renormalized ones. These renormalized quark
masses mg¢, constant g, and the scale A are the parame-
ters of the effective theory, defined in Egs. (32)-(34).

The tensors T,Sf)...,“ contained in the currents J:;] e
realize the irreducible representations of the group O(4)
of rotations in four-dimensional Euclidean space. This
point leads to the question, is there any possibility to
interpret the number £ as the Minkowski space O(3) an-
gular momentum? An answer can be formulated in terms

of collective mesonlike variables.
C. Local mesonlike fields

Now we show how the Lagrangian describing bosonic
fields arises. Starting with representation (34), one can
introduce the local mesonlike fields by means of the stan-
dard bosonization procedure. The exponential with the
term Lo is represented in the form of the functional in-
tegral over Bose fields like

Z = N/davachDqHDgo‘;" exp{—// d4md4yq,e(a:)5f_1(m,y | B)as(y)

+ [dte[- S e @i + Guir (@) e - Tvgss] ]} )

where we introduced the condensed index

k= (Jn), p= (s pe) -

After integration over the quark fields Eq. (35) takes the form

A2 s arK akK
7 = N/HDcpZ" exp{——/davac/d4x[—2—<pz"(m)<pz (z) — Gry}, (a:)'I‘rVM S]

+ / davac’I‘rln{l — G (z) [Vo" (2)S (@, | B)]}} . (36)

Below we restrict ourselves to the one-loop approximation. The integral over doyac in Eq. (36) has been transferred
to the exponential that is accurate at the one-loop level and suitable for our nearest purposes.

The fields ¢g" in Eq. (36) look like the auxiliary ones. We have to find conditions providing an interpretation of
@4~ as the physical fields. These conditions can be obtained by considering the part of the action quadratic in fields
©a". Expanding the logarithm in Eq. (36) we get the quadratic part in the form

1 arx aKk,aK aK
I = =5 [ [ dtedtyeir (@) [A25,,08(@ - ) + G = )] o), (37)
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Oppr = 5#1#’1 "'5mu2 ’
0 @ = 9) = [ douc T {Vi @)@,y | BV WS, | B)} - (38)

Because of the asymptotics (33), the polarization operator (38) is UV finite and can be computed. In the momentum
representation it has the structure

50 () = Sy ey an (p) + P20 (P) (39)
where the nondiagonal part 13:”7‘, can be represented as

PM (P) = Pur P Spapey, - ‘suwl ar (p )+ “t Pua Py Pmputp( )(pz) . (40)

Let us write the Euler-Lagrange equations for the fields ¢ (p), which minimize the quadratic (free) part of the action
(37) (in the momentum representation):

(A28, + G (0)] 37 (p) = 0 . (41)

The Euclidean momentum p in Eq. (41) is arbitrary. Since we have neglected the interaction between the fields,
Eqgs. (41) should be considered as the equations of motion for the free fields. This interpretation is self-consistent if
there exist the values p?2 = —m2_ in the physical Minkowski region for which Egs. (41) are reduced to the standard
Klein-Gordon form. Therefore, We have to demand that the following relation must be realized for p? — —m2 :

[A25u,u' + Giﬁﬁ'f,;‘?"(p)] par(p) =0 — [pP+ml. ] @2 (») =0, (42)

where m,, are some unknown masses of the fields ¢**. Taking into account Egs. (39) and (40) one can represent
Egs. (41) in the limit p? — —m2,_ as

{ [A2 + Giﬁtm('—min)] Opur + Gz [Péi)(—mzn)pmp“/l Opapg * 6#1#2 +oee Péi)(—mlzm)pm " 'pui]

+GIT, (~m2,) (P + M) b + GEIIR () } 535 (p) =0, (43)

where
[15 (p%) = Mar (p) — Max(—mZ,) = Moo (=m%) (p? + mis) = O((0° +m,)%),
Ty () = 5 o (5?) |y, (24)
One can see that the requirement (42) leads to the conditions
A? + G2l (-m2,) =0, (45)
Pras B s (P, = 0. (46)

Equations (45) define the masses m,. of the fields. The on-shell conditions (46) exclude nonphysical degrees of
freedom of the fields and treat the quantum number ¢ as the Minkowski space O(3) angular momentum.
Changing the field variables like

- @zn = GK \/ ﬁan(—min)(pzn

and taking into account condition (45) we get the following representation for the generating functional (36):
K 1 akK ar
Z:N/HD‘I’z exp{i/f dedty®(z) (0 - m2,)d(z — v) — B IE (2 — )] 85 (9) + Lme[#] ], (47)
Il“t — T 5 / d4$d4yhanha'm’¢an(m) [ G-K a o (33 - y) - (SZZ;G’N’H(IE - y)] (bzl,nl (y)

- Z / d*a; - / d*z,, H Py B () T2 ameom () (48)

]_'\411'€1,7 ©@mKm (3317 .. ,mm \/’do'vacr:[‘r{Vvalm1 (.1,‘1)5(1‘1,$2 l B) Vamrcm (wm)S(mm,ml ’ B)} (49)

M1,
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One can see that terms linear in fields ®* have not ap-

peared in the action (48) due to counterterms in Eq. (34)
related to the diagram in Fig. 1. The constants

how =1/

play the role of the effective coupling constants of the
meson-quark interaction. The relation (50) between
meson-quark coupling constants and polarization opera-
tor of the meson fields agrees with the compositeness con-
dition in quantum field theory [20]. There is no explicit
dependence on the coupling constant G, in the represen-
tation (47)—(49). This constant enters into the formalism
only through Eq. (45) for the spectrum.

According to representation (47)-(49) the meson-
meson interaction is described by the vertex functions
I" given in Eq. (49). They are UV finite and can be com-
puted. The averaging over do,. has to restore the parity
and space rotation symmetries in the vertices T, i.e., at
the hadron level.

Free parameters, defining effective meson theory (45)—
(49), have a clear physical meaning. They are the quark
masses my, the confinement scale A (strength of the back-
ground field), and the gauge coupling constant g. The
last one appears only in Eq. (45) defining the meson
masses.

The generating functional (47) satisfies all require-
ments of nonlocal quantum field theory [21]. Particularly,
this functional leads to the unitary S matrix.

It should be noted that obtaining effective meson the-
ory (47) from the QCD functional integral (4) proceeds

H:zn (_'”Lgn) (50)

aSl'n
H CHeVLC

Therefore we have to determine this diagonal part.

It is convenient to do some approximations. The
asymptotics like (52) is defined by the behavior of the
quark propagator Sy and vertex V“S‘Z , in the region of
large Minkowski momenta. Hence we may omit the phase
factors [such as exp{i(zBy)}] and use the approximation

[see Egs. (13),(31)]
S(z,y | B) ~ H(z —y),

i 1 ! , :
H(p) = ;KE/O ds [’YMP;/, —’I,S(’yfp)] exp{—25A2s} ’

aSln
V e

(22

v (4) v

e A

(8 g, (18 @)y (55)

where v = diag (1/3,1/3,2/3). It is convenient to use the
representations

through a series of drastic approximations: elimination
of the terms L,, in Eq. (4) for n > 2, taking into account
the confined part of the gluon propagator (16) instead
of the exact one (unknown), one-loop approximation in
Eq. (45) for the spectrum, and some others. We are
compelled “to force a way through jungle.” At the same
time, the approximations reflect the usual problems ac-
companying attempts to find a link between QCD and
low-energy effective quark models. We hope that further
investigations will clarify the status of these approxima-
tions.

V. ASYMPTOTIC SPECTRUM

A. Approximation of the polarization operator

Here we consider the solutions of Eq. (45),

A% + G pullasen(—mise,) =0, (51)
subject to the condition
Mg > A2, if n>> L (or £>n). (52)

For the sake of simplicity we take J = §. The function
Il,s¢n is defined as
diagl-[aSZn (k) — 6‘“”1 .

THeV1ct

5;uwﬁa.stn(k2) . (53)

Equation (53) is the diagonal part (in the momentum
space) of the tensor:

wle=9) = [ o {Vast, @S | BVE,0)S W,z B)} (54

15 19 3

T m(;%) 780w (5 5) o { K€ oo
/ dtt”" — /dap e)m{ﬂ%p} ,
d’p

do, =

2 exp{—p } (56)

After some calculations (see Appendix B) we get the fol-
lowing asymptotic expression for Il s¢,:

2n + £)12¢ 3
_A2(5T_*—Zexp{4ﬂzsen} 5

(57)

esén (”mzzzsen) ~

where po5en = Mgsen/A. Only the factorial and expo-
nential over n and £ factors are written in Eq. (57), since
only they determine the asymptotic behavior of the spec-
trum. Let us show this.
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B. Spectrum

Taking into account Egs. (57), (29), and (51), we ob-
tain the equation

(2n + £)! 3,
ol(n + £)152nte XP | gHastn g~ 1 (58)

Let us consider two limits.
n > {. Equation (58) takes the form

3 5 (n!)z on . [ O m
exp{zll'aSZn} ~ (21’7,)‘5 ~ 2
or
5

wis,, = gln (—) n + O(lnn) . (59)

2
£>> n. In this case we obtain, from Eq. (58),

3
exp { Z#zszn} ~ 5t

Wy = gln 50 +O(lnl) . (60)

One can see that Egs. (59) and (60) manifest the equidis-
tant character of the meson spectrum both for large n
and ¢. Comparing expression (60) with experimental
data [22] for Regge trajectories one obtains the estima-
tion A =~ 700 MeV.

For a conclusion let us estimate the asymptotic behav-
ior of the meson-quark coupling constants defined by Eq.
(50). Using this formula and Eq. (57) we see that for
n > 1 or £ > 1 (hence pasen > 1) the meson-quark

J

1 1
HaJOO(_Mz) ~ "// dtldtz // d81d32
0 0

A(s1,82,t1,12)

coupling constant decreases like

52n+l 3 2 1
e @XP { — ~ |
(2n + £)12¢ P T gHestn [ ™ Sini(n 1 o)
This decrease of the coupling constant suggests that

higher-order corrections should hardly change the asymp-
totic relations (59), (60).

2
hastn ~

VI. MASS OF HEAVY QUARKONIUM

Another asymptotic regime that can be easily investi-
gated is the limit of heavy quarks. In this case one has
to solve Eq. (45):

A? 4+ G%pollasoo(—M?) =0, (61)

supposing that both the quarkonium mass M and the
quark mass m, are much greater than the confinement
scale A:

M>A, mg>A.

We can use the same approximation (54) for the vertex
functions, but it is necessary to take into account the fac-
tor [(1—s)/(1+s)]™/4*A” [see (13)] in the approximation
of the quark propagator, which is enough to keep lead-
ing terms throughout the calculation of the polarization
operator I, 00(—M?32).

Evaluating the integral over the loop momentum and
calculating the trace of the Dirac matrices we arrive at

2 m2
Az + B(sy, Sz;hﬁz)ﬁ

% ex {28132 +v(ty + t2)(s1 + s2) M2

2U(t1 + tz) + 81+ 82

4vAZ2

m2 1+s1+s
_ q 1 1 2
4vA? n(l—sl 1—82) ’ (62)

The particular form of the functions A > 0 and B > 0 is unimportant for the leading behavior of the integral at
M > A and mgq > A. These functions contribute to the next-to-leading terms only. The asymptotic behavior can be
found by the Laplace method. The exponential in Eq. (62) is maximal for

4m§
S =83 =38 =4/1—- -2
max M2 9

so that

2
M? mg 1n(1+3max

~ a2 ~ M= _
HaJOO( M ) exp { 4‘UA2 Smax 2uA2

1 — Smax

)

1 1 M2 m2
X // dtldtz // d31d82 A(Sl, 327t13t2)—1{§“ <+ B(Sl, Sz,tl,t2)A—2q
0 0

1
X exp {_'2‘Fij(3i - smax)(sj - smax)} )

(63)



51 NAMBU-JONA-LASINIO MODEL WITH THE HOMOGENEOUS . . . 187

where F;; is a positive definite matrix. One can notice
that Spmax — 0 in the limit M2 — 4m3. Therefore, in the
heavy quark limit Eq. (61) with IT,700(—M?) given by
Eq. (63) has the asymptotic solution

A2 m2

The number p in Eq. (64) depends on the particular form
of the functions A and B and defines the next-to-leading
term, while the leading behavior 4m?2 is determined by
the exponential before the integral in Eq. (63).

Thus, we conclude that nonlocality of the quark and
gluon propagators arising from the background field un-
der consideration leads to a relation between the mass M
of quarkonium and constituent quark mass mg:

P

M2=4m3 for mg > A .

(64)

M — 2m, for mg > A,

which agrees with accepted notions about heavy quarko-
nia.

VII. SUMMARY

In conclusion we will summarize the main features of
the model considered in the paper.

Quark confinement: usual local UV behavior of the
quark propagator in the Euclidean region.

Superrenormalizable effective quark theory [Egs. (29)—

(34)] with the nonlocal colorless quark currents having a
complete set of quantum numbers (including the orbital
and radial ones).

UV-finite effective meson theory given by the generat-
ing functional (47).

The natural parametrization by the quark “masses”
my, tension of the background field B (A), and gauge
coupling constant g.

Asymptotically equidistant spectrum of the radial and
orbital excitations.

In the heavy quark limit the mass of quarkonium tends
to be equal to sum of the masses of constituent quarks
[see Eq. (64)].

Further investigation should be undertaken to try to
describe the basic points of the low-energy meson phe-
nomenology. Our preliminary calculations of the pseu-
doscalar and vector meson masses as well as the masses
of the excited states of w, p, and K* mesons for real values
of £ and n show satisfactory agreement with experimental
data (will be published elsewhere).
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APPENDIX A

Here we calculate the currents J“”’Lt( ) in Eq. (25).

>
To be accurate with the noncommutative covariant derivatives V in the currents, it is convenient to use the

completeness condition

Sty —vy)=

1
—_— 2¢(0+1)

pe(y?)pe(y'?) L

)L (42) T2y (1) T2y () (A1)

where the tensors T,Sf)_.m (ny) are subject to conditions (27). The polynomials L,¢(u) obey the condition

/0 " dupe(0) Long (1) Lre (1) = S 5 po(ts) = ulp(u) = ule—" .

After the rescaling y =

y/2A and insertion of the § function in Eq. (24) one gets

L2=92§: 2A2 /d4 //d4 d*y' p(y*)p(y’ )54(3/ Y {q(:z: yM°T e 1yP(:z:)q(:L_ }{q(m YMOT7 = "P(z) (:c)}

y yrz

(A2)

where ﬁﬂzeu /iA. Using the completeness condition (A1) we represent Eq. (A2) as

Ly=g* Y (-1)%2t( + 1)i2 /d4 [J“”’:“(m)]z ,

alJtn
where

Jale (z) = qz)M°T' Vi (2)q(z) ,

(A3)

(A4)
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n R dw £ 1 P z
Vi@ = [ v [ o) et T ) F ) (45)

the measure dw corresponds to integration over the angles. Representation (A3)-(A5) can be reduced to a more

convenient and clear form. To make this, let us consider how the vertex operator (A5) acts. Using Eq. (A5) we can
easily get the result

f(@)ViT ., (2) fa (e //d(z;ld)sm @1t £ (py) fo(p2) IR ., (P1,P2)

L (P1oP2) = / dy® / PP Lt W) TS s (W)™

p= [2B,wxu + (p1 —Pz)u] /A,

where fl and fz are the Fourier transforms of the functions f; and f,. Now the quantity p is a ¢ number and we can
use the relations

oo
; , Jrt1(VY?P?) (e k
VP — sz2k(k + 1)+T2pﬁ_)T'SI')HM (ny)T,El.)..,,,, (np) ,
k=0 V

%\gk—il) =Y Rk (P*) Limik(¥°)

2 1 2
Rk (p®) = 1 (?—-) / dtt**™ exp {—-p—t} ,
2k /mi(m + k) \ 4 0 4
[
/ 22 Tl(tl) Kt (ny)TVI Vi (ny) = Tl)‘sek‘smm e 6#11/4 s (AG)
to get the expression

. {
Iﬁ’:...m (P1,p2) = zeRnl(pz)Tlsl)'"#l (p) -

At last, taking into account the equality

exp{zmm}[ = (e )] exp{ip2z} = p, exp{iz(p1 +p2)} ,

we conclude that Eq. (A3) can be represented in the form of Eq. (28).

APPENDIX B

Here we calculate the asymptotics of the polarization operator, keeping only the factorial and exponential over n
and £ terms. Using formulas (54), (55), we obtain the expression

ase e+ d d\m
sen (@ =) ~ TI'/ dt1/ dt (tst2) //dapdaq dtld—tz)

o o
xT . (E)T.ff?..w (%)H[w —y— (E+n+Vtip+ Viaq)/A]
xH[y—z — (£ + 1+ Vtip + vVt20) /A] le=n=0 -

The sign Tr means the trace of the Dirac matrices and summation over all elements of the diagonal matrix v [see Eq.
(10)].

Taking into account Egs. (54), we integrate over the variables p and g, then perform the Fourier transformation,
and thus we get in the momentum representation

1 1 4
astn o A2 tin [ d%q ¢ O \pe O \rd 4"
T v (R) ~ A Tr/o dtl/O dta (t1t2) / (2m)? T”l”"“(iag)T"l"""(ian) |2t )
- k\ -~ k .
xH (q + 5) H (q - 5) exp {—(t1 + t2)¢® + 2iq(€ + 1)} |e=n=0 -

All variables in the integrand were made dimensionless by rescaling. Differentiation with respect to &, 7, t1 , and ¢,
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leads to the expression

aSln
H HeVL

(k) ~ AzTr/ dtl/ dta ( tltz)”"/ 2

470, 2T (20) (%)

x H (q + g) H (q — g) exp {—(t1 + t2)q*} .

Using the expression for H [Eqgs. (55)] we obtain

1 1
Hasenmyu1 (k) ~ -—AZ’I‘r/ dt1/ dts (t1tz)
0 0

2
s k s
x(q2)2n exp{——zzlj <q+ 5) 212) (q

¢ "/()1431[)1(132(1—5132)/ (;1;?4(
- g—)z—(t1+t2)q2} i

£
2 = k)T, 20) TS 0, (29)

One can notice that the factor before k2 in the exponential is maximal for s; = s, = 1. Using this fact, one gets the

leading term for k2 — —oo in the form

4lv—2 { k2
exp {4 ——

aSln -
H (2+U——1)2n+£ 4v

HeVL

we (k) ~

d%q

ami @) T OTL o (@ exp{ =0} -

Using Eq. (26), we integrate over the angles and then evaluate the integral over ¢2. The result has the form

HaSln A2 Tr (271 + ¢ + 1)]2!

Twewnve (B) ™~ =Opivuwe

’U2(2 + v—1)2n+l

kz
exp{—a—v—} .

Here Tr means summation over the elements of the matrix v. One can see that the leading terms arise from the values

vy = vy = 1/3. Thus we arrive at

= Stn 2n + £ + 1)12¢ 3
11est (—m2sen) ~ _A2£52n—+£) exp Z#Zszn )
where we substituted k2 = —p2g, = —m2g, /A2
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