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Recently it was proposed to explain the dynamical origin of the entropy of a black hole by identify-
ing its dynamical degrees of freedom with the physical modes propagating in the black hole irterior.
The present paper contains the further development of this approach. The no-boundary proposal
(analogous to the cosmological no-boundary wave function) is put forward for the pure quantum
state of a black hole. This is a functional on the configuration space of physical fields (including
the gravitational one) inhabiting the three-dimensional space of the Einstein-Rosen bridge topol-
ogy. For linearized field perturbations on the Schwarzschild-Kruskal background this no-boundary
wave function coincides with the Hartle-Hawking vacuum state. The invariant definition of interior
and exterior modes is proposed and the duality existing between them is discussed. The density
matrix pg describing the internal state of a black hole is obtained by averaging over the exterior
modes. The “dynamical” entropy, determined by —Trpy Inppn, is calculated. It is shown that the
one-loop contribution to the “dynamical” entropy calculated for a given black hole background is
divergent. The notion of an instant horizon is proposed, which separates the interior from the ex-
terior of the black hole. It is argued that quantum fluctuations of the instant horizon inherent in
the proposed formalism may give the necessary cutoff and provide a black hole with finite dynami-
cal entropy. The relation between the “dynamical” entropy and the standard Bekenstein-Hawking
(“thermodynamical”) entropy is briefly discussed.
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I. INTRODUCTION

According to the thermodynamical analogy in black
hole physics, the entropy of a black hole is proportional
to the surface area of a black hole [1,2]. The Hawking dis-
covery [3,4] of black hole thermal radiation confirmed the
status of thermal properties of a black hole and allowed
one to fix the coefficient of proportionality in the defini-
tion of the entropy. The Bekenstein-Hawking entropy of
a black hole is S¥ = AH /(41%), where A¥ is the area of
a black hole surface and lp = mp! = G'/2 is the Planck
length. Four laws of black hole physics [5] show that a
black hole can be considered as a thermodynamical sys-
tem and its entropy plays essentially the same role as
the entropy in the “usual” physics, e.g., it shows to what
extent the energy contained in a black hole can be used
to produce work. More exactly, for thermal equilibrium
of a black hole with the surrounding radiation the “ther-
modynamical” (Bekenstein-Hawking) entropy defines the
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response of the free energy of a black hole to the change
of the temperature.

The black hole entropy is shown in the general case
to be connected with the Noether charge associated with
the Killing horizon [6]. The generalized second law (i.e.,
the statement that the sum § = S¥ + 8™ of a black
hole entropy and the entropy S™ of the external matter
cannot decrease) implies that, in the case when a black
hole is part of a thermodynamical system, the thermody-
namical laws will be self-consistent only if the black hole
entropy is considered on an equal footing with the en-
tropy of the “usual” matter [1,2,7] (see also Refs. [8-11]
and references therein). The gedanken experiment pro-
posed by York [12] in which a black hole is located inside
a heated cavity gives a good example, showing that such
parameters of a black hole as a heat capacity and entropy
have a well-defined physical meaning.

The formal derivation of the thermal properties of a
black hole is usually performed in the framework of the
Euclidean approach initiated by Gibbons and Hawking
[13,14]. It implies the existence of the thermodynamical
ensemble of black holes characterized by the canonical
partition function at finite temperature T = 1/83

Z(B) =Tre P8, (1.1)
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where H is the Hamiltonian of the full gravitational sys-
tem. The known functional representation of finite tem-
perature field theory in terms of the Euclidean quantum
theory, directly extrapolated to quantum gravity, allows
one to rewrite (1.1) as the Euclidean path integral over
four-geometries and matter fields. The evaluation of this
integral by the steepest descent method determines Z(03)
and, in particular, gives T = 1/(8wM). A refined version
of this approach which emphasizes the role of bound-
ary conditions was developed in Refs. [12,15-17]. In the
framework of this approach the construction of the micro-
canonical partition function within the Lorentzian con-
text was analyzed and a revised issue of stability for the
gravitational ensemble at a given temperature and given
boundary quasilocal characteristics was given.

Although the Euclidean approach allows us to obtain
the same value for the black hole entropy as required by
the thermodynamical analogy, namely, the Bekenstein-
Hawking entropy, it does not elucidate a number of ques-
tions. Mainly this is a question of the origin of the
thermodynamical partition (1.1), which is assumed to be
given. In other words, it does not specify the physical
degrees of freedom inaccessible for observation for an ex-
ternal observer, their tracing out in the pure quantum
state of the whole gravitational system leading to the
loss of information, emergence of entropy, and the den-
sity matrix corresponding to (1.1). In particular, the
conventional Euclidean approach to gravitational ther-
modynamics simply does not leave room for a black hole
interior. The Hawking instanton, which gives the lead-
ing contribution in this approach, is described by the real
Euclidean section of the complex Schwarzschild geome-
try with the radial coordinate r taking values only greater
than the gravitational radius.

Despite some promising attempts [2,8,18,19,26], the
dynamical (statistical mechanical) origin of a black hole
entropy has not been well understood. According to the
“standard” interpretation, the entropy of a black hole is
considered as a logarithm of the number of distinct ways
that the hole might have been made [8,19]. This inter-
pretation is not satisfactory. Soon after the black hole
formation neither an external nor internal observer can
see or affect these states and hence it does not make sense
to interpret them as usual dynamical degrees of freedom
which specify the state of the system at the chosen mo-
ment of time [27]. This conclusion was supported by the
gedanken experiment proposed in Ref. [23], in which a
traversible wormhole was used to get information about
the black hole interior.

The paper [19] by Thorne and Zurek also contains a
refined version of their statistical mechanical definition
of the entropy, according to which the entropy of a black
hole is defined as “the logarithm of the amount of infor-
mation that one loses when one ‘stretches the horizon’
in the black-hole ‘membrane formalism,’ to cover up its
thin thermal atmosphere.” According to this viewpoint,
the black hole entropy is only skin deep. Such a defi-
nition requires an additional procedure of the renormal-
ization of the entropy. But what is more important, the
states which contribute to the entropy do not exist at
a given moment of time, and in order to define the en-

tropy we need, according to this definition, to count all
the possibilities, during the lifetime of a black hole (or,
equivalently, the states along the stretched horizon).

In order to solve the problem of the dynamical origin
of the black hole entropy, York [26] proposed to identify
the dynamical degrees of freedom of a black hole with its
quasinormal modes. But the entropy of the quasinormal
modes excited at a given moment of time is much smaller
than S = AH/(4l%). In order to obtain the required
large value for the entropy, York proposed to sum over
all different possibilities to excite quasinormal modes in
the process of a black hole evaporation.

’t Hooft [20] proposed a “brick wall model” in which
the entropy of a black hole is identified with the entropy
of a thermal gas located outside a black hole and sup-
ported in equilibrium by a heated wall located at small
distance outside the horizon. The value of the gap pa-
rameter in this model is chosen by equating the entropy
of the gas outside the wall to the entropy of a black hole.
The relation of the “brick wall” model to the results ob-
tained from the first principles remains unclear. Among
other approaches we mention an attempt to relate the
dynamical degrees of freedom of a black hole with oscil-
lations of quantum membrane representing the horizon
[28], and an interesting relation of the black-hole entropy
with the probability of quantum production of pairs of
black holes by an external field [29].

Recently [30] a new approach to the problem of black
hole entropy was proposed. According to this approach
the dynamical degrees of freedom of a black hole are iden-
tified with those modes of physical fields that are located
inside the horizon and cannot be seen by a distant ob-
server. It was shown that the main contribution to the
entropy is given by thermally excited “invisible” modes
propagating inside a black hole in the close vicinity of
the horizon. The so-defined one-loop entropy of a black
hole is formally divergent and requires a cutoff [32]. This
divergence is caused by a sharp boundary of the invisible
region and it arises already in the similar flat spacetime
calculations [35,36]. The natural cutoff may arise because
of the quantum fluctuations of the horizon. A calculation
based on a simple estimate of the horizon fluctuations [30]
yields a value of the entropy which is close to the usually
adopted value A% /(41%).

The calculations made in this (as well as in other dy-
namical approaches) assume the following steps: (1) def-
inition of the initial state of a black hole and specifying
the modes which are considered as degrees of freedom of
a black hole; (2) calculation of the density matrix p de-
scribing a black hole by averaging over external degrees of
freedom; (3) calculation of the statistical mechanical (or
“dynamical”) entropy —Trpln p. There are three impor-
tant problems which naturally arise in connection with
these calculations.

(1) How can one generalize the calculation of the en-
tropy in order to include the quantum fluctuations of the
horizon in a self-consistent way? (2) How can one com-
bine the developed approach with the calculations of the
black hole entropy based on the Euclidean space frame-
work? (3) What is the relation of the obtained dynamical
entropy to the standard “thermodynamical” entropy by
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Bekenstein-Hawking?

In this paper we present an approach which might be
regarded as an attempt to fill the gaps in the statistical-
mechanical foundation of black hole thermodynamics. It
consists of (i) the proposal for the pure quantum state of
the black hole, (ii) the invariant criterion for the separa-
tion of the dynamical degrees of freedom into observable
ones and those inaccessible for an exterior observer, and
(iii) the averaging over the latter variables, which leads to
the density matrix of a black hole and the dynamical ori-
gin of its entropy. We also briefly discuss the relation of
the calculated dynamical entropy to the “thermodynam-
ical” entropy and make some comments on the recently
proposed idea [34] that the problem of entropy is related
to the renormalization of the gravitational constant.

II. DYNAMICAL DEGREES OF FREEDOM OF A
BLACK HOLE

The object we are interested in is a black hole which
arises as a result of the gravitational collapse. For sim-
plicity we assume that a black hole is nonrotating and
spherically symmetric. A Penrose diagram for such a
black hole is given in Fig. 1. Denote by ¥, a spacelike
Cauchy surface which intersects the event horizon H*
and denote by 9B the intersection 8B = Ht N X,. The
state of our system (a black hole and fields in its vicinity)
can be characterized by giving the values of gravitational
and other fields on the chosen surface ¥y. It is evident
that the states of the gravitational and other fields lo-
cated inside 9B have no influence on the future evolution
of the black hole exterior.

We assume that a black hole is stationary at late time

FIG. 1. This is a Penrose diagram of the forming black
hole. A spacelike Cauchy surface ¥¢ goes from spatial infinity
to the singularity at » = 0 and intersects the event horizon
H™ of the black hole at the two-dimensional surface 8B.

and denote by &; the Killing vector which is timelike at
infinity in the corresponding region. For states of parti-
cles and fields which fall at late time into the black hole
from the exterior region, the energy E defined by means
of the Killing vector §; is always positive. (For a particle
E = —{#p,, where p* is its momentum.) In addition to
these modes there exist also states with negative total
energy E < 0. Such states are located inside the black
hole at 3y and, in accordance with the definition pro-
posed in Ref. [30], they will be considered as the internal
degrees of freedom of a black hole [37].

It was shown in [30] that the main contribution to the
black hole entropy is given by the states located inside
the black ‘hole in a close vicinity of the horizon. For
this reason only the part of the surface ¥g close to the
horizon is really important for the entropy calculation.
But from a more general point of view the complete de-
scription of internal degrees of freedom of a black hole
is complicated in such an approach because, for exam-
ple, a surface Xy may cross the singularity. That is why
we develop another approach which greatly simplifies the
consideration.

We begin with the remark that a lone black hole at late
time (i.e., long after a black hole formation) is almost
stationary; i.e., its state can be described as a static ge-
ometry and small perturbations (fields excitation) prop-
agating on this background. One can formally put into
correspondence with such a “real” black hole a new “un-
physical” spacetime, which is obtained from the original
geometry in late time region by its analytical continua-
tion. Such an analytical continuation of a static black
hole solution defines maximally extended solution which
is known as an eternal black hole. The parameters of the
eternal black hole (in our case mass, in more general cases
also angular momentum and charge) are the same as for
the initial “physical” black hole. We shall refer to such an
eternal black hole which corresponds in the above sense
to the “physical” black hole as to its “eternal version.”

The Penrose diagram for an eternal black hole is shown
in Fig. 2. If 3¢ is chosen at late time, one can also trace
back in time all the field excitations present in the vicin-
ity of 3 so that the problem of specifying the states of
a black hole can be reformulated as an analogous prob-

FIG. 2. This is a Penrose diagram of the eternal black hole.
In Kruskal coordinates the global Cauchy surface X is defined
by the equation U + V = 0. It has a wormhole topology
R x S?. Both (future H* and past H ™) horizons consist of
two parts Hf and H, the boundaries of Rx.
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lem for its eternal version. Technically the latter is much
simpler, so that we use this approach. Such an approach
is often used for simplifying the calculations of charac-
teristics of Hawking radiation [4]. We use it for the con-
struction of the wave function of a black hole.

The Kruskal metric for an eternal black hole reads

g 32

uv

exp [—(r/2M — 1)] dUdV + r2dQ?, (2.1)
(1—-r/2M)exp(r/2M —1) . (2.2)

Denote by X a global Cauchy surface defined by the equa-
tion U+V = 0. It has a wormhole topology R x S2. This
is a well-known Einstein-Rosen bridge connecting two
asymptotically flat three-dimensional spaces [Fig. 3(a)].
The discrete isometry U — —U,V — —V transforms
the surface X into itself, so that one asymptotically flat
region (say X, ) is mapped onto another (say ¥_). Lo-
calized states with £ < 0 being traced back in time in the
Kruskal geometry cross ¥ _, while the states with E > 0
cross .

A remarkable property of the Kruskal-Schwarzschild
metric (2.2) is that it can be considered as a real
Lorentzian-signature section of the complex manifold
parametrized by the real radial r, 2M < r < oo, and
complex time z coordinates:

z=T+it, (2.3)

0=~ (o= o {3 ) o )
(2.4)

V= (ﬁ_l)mexp{g(ﬁ_g _#}
(2.5)

Sectors R, and R_ with asymptotically flat infinities of
the Kruskal spacetime are generated by the segments in
the complex plane of z,

Ry :z=32arM +it, —oo < t < o0, (2.6)

and analytically joined by the real Euclidean section E
E:z=71,-2rM <71 <2nM. (2.7)

Here t is a wusual Killing time coordinate in the
Schwarzschild metric, while 7 is its Euclidean analogue.
The coordinate 7 plays the role of the angular coordinate
and for the Gibbons-Hawking black hole instanton it is
periodic with the period By = 87w M:

-1
ds% = (1 - g) dr? + (1 - g) dr? 4+ r2dQ2.
(2.8)

The Euclidean section (2.7) represents a half-period part
of this instanton, the boundary X, U X_ of which at
7+ = +27M is the Einstein-Rosen bridge of the above
type [Fig. 3(b)]. At this boundary the Euclidean section
analytically matches with the Lorentzian sectors R, and
R_ on the Penrose diagram of the Kruskal metric.

As we mentioned above, the propagation of perturba-

tions in a real black hole can be reduced to the analogous
problem in its eternal version. For the latter one must
specify the initial data on X. It is evident that the data
on ¥_ do not influence the black hole exterior. In a
spacetime of an eternal version of a black hole, such per-
turbations are propagating to the future entirely inside
the horizon. It is evident that the corresponding pertur-
bations in a physical black hole also always remain under
the horizon. That is why these data should be identified
with internal degrees of freedom of a black hole. Such

Y=XUZ

(a)

otesly

HAL ALK
S

Horizon

FIG. 3. (a) This figure depicts the embedding diagram
of the global Cauchy surface ¥. This is a well-known
Einstein-Rosen bridge connecting two asymptotically flat
three-dimensional spaces. The bifurcation two-sphere of the
future and past horizons separates the interior ¥ _ of a black
hole from external space X;. (b) Here the half of the Gib-
bons-Hawking gravitational instanton is depicted. The global
Cauchy surface ¥ = ¥ U X_ is one boundary of this Eu-
clidean manifold and spatial infinity 8M o is another. The
arguments of the wave function ¥ (¢4, p_) are the boundary
values of quantum fields on the two asymptotically flat parts
of the Einstein-Rosen bridge X4, respectively.
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an approach can be generalized for the case when the
perturbations are not small.

Among all perturbations describing the propagation
of physical fields special role is played by gravitational
perturbations. The corresponding initial data on the
Einstein-Rosen bridge can be considered either as tensor
field, or, equivalently, as small deformations of the ini-
tially spherical geometry of the Einstein-Rosen bridge.
In this sense one can relate different configurations of
the gravitational fields in the system with deformations
of the Einstein-Rosen bridge, obeying the necessary con-
straints, existing in the theory. For physical excitations
with finite energy the condition of asymptotic flatness
at both infinities of the Einstein-Rosen bridge should be
preserved. To summarize, in classical physics the space
of initial physical configurations of a system including a
black hole can be related to the space of “deformations”
of the Einstein-Rosen bridge of the eternal black hole and
possible configurations of other fields on it (in addition
to the gravitational one), which obey the constraints and
preserve asymptotic flatness. We use now this configura-
tion space to define a wave function of a black hole.

Our main idea can be described as follows. Fix a three-
dimensional manifold with a wormhole topology R x S2
and consider any three-dimensional metrics on it which
possess two asymptotically flat regions. Consider also the
configuration of matter fields on this manifold. The space
of three-geometries and matter fields will be considered
as a configuration space for our problem. We introduce
a wave function of a black hole as a functional on this
configuration space. It should be stressed that the met-
ric and fields at the “internal” part ¥_ of space are to
be considered as defining the internal state of a black
hole and hence they will be identified with its dynamical
degrees of freedom.

Our proposal for the quantum state of a black hole
is a “no-boundary” wave function of three-geometry and
matter fields on such a surface ¥ = R x 82 given by
the Euclidean path integral of Hartle and Hawking over
four-geometries and spacetime matter fields bounded by
Y and four-dimensional asymptotically flat and empty
infinity.

Obviously, the above picture is only an illustration of
the general method we shall propose here. In the full
theory of quantum gravity incorporating the coupling
of matter with the gravitational field (what is usually
called a self-consistent back reaction of quantized mat-
ter on semiclassical background), many features of the
Schwarzschild solution do not persist. Generically there
are no symmetries and the very notion of the bifurcation
surface of the Killing horizon separating physical vari-
ables into observable and unobservable ones does not ex-
ist and should be dynamically determined on the ground
of some invariant criterion. In this paper we propose
such a criterion. It is based on the notion of instant
horizon of a black hole defined for instantaneous realiza-
tion of the Einstein-Rosen bridge. The instant horizon
is subject to quantum fluctuations (the horizon zitterbe-
wegung) and is characterized by its quantum dispersion.
The latter quantity is very important in gravitational
thermodynamics [26], for it, apparently, provides a self-

consistent high energy cutoff for the one-loop entropy
[30].

We have to stress that the proposed no-boundary wave
function describes only one special state of a black hole
which in some sense is the simplest one. In many as-
pects the no-boundary wave function is similar to the
ground state of the system. The full quantum theory of
black holes must allow many different states. We are not
constructing here the full quantum theory. That is why
many fundamental questions remain unanswered. For
example, how the local observables calculated with the
help of our wave function are connected with the local ob-
servables in a spacetime of a real “physical” black hole.
For the particular calculations of the entropy of a black
hole, we explain later why the calculations based on the
no-boundary wave function give the same answer as the
calculations done directly with physical black hole [30].

It should also be emphasized that the quantum state of
the black hole we advocate here is merely a proposal, and
we must verify its validity by comparing its consequences
with the known properties of the conventional gravita-
tional thermodynamics. For this purpose we first show
that, semiclassically, this state generates the black-hole
Hartle-Hawking vacuum [38] for the particle excitations
of all spins (including graviton) and produces by the pro-
cedure of the above type the thermal density matrix with
the temperature T = 1/87 M.

III. NO-BOUNDARY WAVE FUNCTION OF A
BLACK HOLE

The no-boundary wave function was first proposed
by Hartle and Hawking [39,40] in the context of quantum
cosmology as a path integral

¥ (%(2), p(2)) = / Dy D e~ 1109 (3.1)

of the exponentiated gravitational action I[%,¢] over
Euclidean four-geometries and matter-field configura-
tions on a compact spacetime M with a boundary
OM. The integration variables are subject to the con-
ditions (%g(z), p()), ® € M, the collection of three-
geometry and boundary matter fields on 8 M, which are
just the argument of the wave function (3.1).

This construction was also applied in the asymptot-
ically flat case [41] when M represents a noncompact
four-dimensional half-space whose boundary consists of
two components, M = R3|JOM,,: infinite three-
dimensional hyperplane R® carrying the field argument
of the wave function and the asymptotically flat and
empty infinity OM . The latter is a singular compo-
nent of the spacetime boundary and its boundary condi-
tions are, in a certain sense, trivial and do not enter the
argument of the wave function.

We propose the quantum state of a black hole which is
a modification of this asymptotically flat, no-boundary
wave function of Hartle [41]. It is given by Eq. (3.1),
where the total boundary

OM =X UOM, (3.2)
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has instead of the hyperplane above the hypersurface
with the topology of the Einstein-Rosen bridge

T=RxS? (3.3)
connecting two asymptotically flat three-dimensional
spaces [see Fig. 3(a)].

Quantum gravity and its path integral formulation
should, as is widely recognized, include the topology
change transitions. In the language of quantum states of
gravitating systems, this means that these states should
be determined not only on the space of three-geometries,
but also on the space of different topologies of the three-
dimensional spatial hypersurface. So the definition of
the quantum state of a black hole might also include
the non-simply-connected hypersurfaces with the topolo-
gies more complicated than that of the Einstein-Rosen
bridge, sharing in common only the asymptotically flat
behavior at infinities. One of the examples is shown in
Fig. 4, depicting the three-dimensional handle modify-
ing the Einstein-Rosen wormhole. Such topological mod-
ifications can play an important role in the problem of
gravitational entropy, loss of information, etc., but at
present they are too far from technical and conceptual
implementation, and we shall restrict ourselves to the
Einstein-Rosen case of the above type.

The construction (3.1)—(3.3) forms a topological part
of the definition for the no-boundary wave function.
Apart from that, the expression (3.1) signifies nothing
unless we specify the meaning of the integration mea-
sure D% D¢p. We also need to determine the physical
inner product with respect to which one can calculate
the expectation values and matrix elements for a given
wave function. In the context of the Lorentzian space-
time these problems have a solution which is based on the
quantization of true physical variables [42-44] and can
be constructively realized at least within the semiclassi-
cal loop expansion [45]. This quantization leads to the

)Y

+

)y

FIG. 4. Possible modification of the three-dimensional
topology in the definition of the no-boundary wave function of
a black hole accounting for topological transitions in quantum
gravity.

standard Faddeev-Popov integration measure [46] in the
functional integral (3.1) and to its analogue in the phys-
ical inner product for the wave function ¥(’g(z), o(z))
in the representation of local spatial three-metric tensor
and matter fields. The measure in this physical inner
product is nontrivial. It is roughly the Faddeev-Popov
measure in the configuration space of fields taken on a
single spatial surface of the spacetime. The measure in-
corporates the gauge-fixing procedure and effectively re-
stricts the integration to the subset of true configuration-
space coordinates among the dynamically redundant set

Co(=), () [44,45]:
(@), p(=) = ¢ = (g7 (=), ()).

The geometrical content of the local gravitational vari-
ables can be very different, depending on the choice of
gauge, and it generally represents certain two dynami-
cally independent degrees of freedom g7 (z) per spatial
point. They originate from solving the gravitational con-
straints and imposed gauge conditions for the original
gravitational phase-space variables %¢(x), %(«) in terms
of g7 (x) and physical conjugated momenta pr(x) [47].

The wave function can be constructed directly in the
representation of physical variables (3.4), ¥(y). In this
representation the physical inner product has a trivial
form

(3.4)

@192 = [ Do (p) Tale), (35)
that provides the unitary dynamics of ¥(p) = ¥(p,t)
with the physical Hamiltonian whose functional form
arises from the Arnowitt-Deser-Misner (ADM) reduction
(3.4) [48]. For this reason, we shall formulate our pro-
posal (3.1)—(3.3) for the black hole wave function in the
representation of physical variables [49-51]. In this rep-
resentation the wave function of a black hole is given by
the path integral of the form (3.1), but with the physical
configuration coordinates (3.4) fixed at M instead of
the three-metric components of the dynamically redun-
dant set (°g(x), p(x))

(p) =
(dlz=¢)

D e 1191, (3.6)

Here the integration goes over those spacetime histories
of physical ADM fields ¢ = ¢(z) that generate the Eu-
clidean four-geometries asymptotically flat at the infin-
ity OM o, of spacetime and match ¢ on its “dynamically
active” boundary (3.3). I[¢] is the Lagrangian gravi-
tational action in terms of these fields. The integration
measure D¢ involves the local functional measure [51],
the structure of which is not very important for our pur-
poses.

As mentioned above, the nature of physical degrees of
freedom depends on the choice of gauge in the ADM re-
duction procedure. To effectively operate with the phys-
ical wave function, we have to fix this gauge and perform
the reduction (3.4). Here we use a York gauge [53] which
consists of the condition

tr Sp(w) = gab(m) pab(m) = 07 (37)
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selecting a spacetime foliation by minimal surfaces [of
vanishing mean extrinsic curvature tr K(z) = 0], and
three other conditions fixing the coordinates on these
surfaces. A distinguished nature of this gauge consists
in the fact that, in contrast with a majority of other
gauges, it does not suffer from the problem of Gribov
copies invalidating the physical reduction when the lat-
ter is considered globally in phase space of the theory
[52]. This property of the York gauge follows from a
strong theorem of [54] on the uniqueness of a solution of
the Lichnerowicz equation for the conformal factor in the
conformal decomposition of a three-metric [53]. provided
positive-energy condition holds for matter fields.

As known [53,56], the physical degrees of freedom in
the York gauge can be represented by the two vari-
ables characterizing the conformally invariant part gos ()
of the three-metric (in some gauge fixing of the three-
dimensional spatial diffeomorphisms) and the conjugated
transverse traceless momenta 5°(z), while the conformal
mode ®(zx) of the full three-metric,

gab(w) = @4(:”) gab(m) B (38)
follows from the solution of the Lichnerowicz equation,
which is just the Hamiltonian gravitational constraint
rewritten in the conformal decomposition of the above
type,

~ 1.~ 1 ~
(A -3 3R) o+ C® "+2nTr® % =0, (3.9)
C = $*®Pas/3- (3.10)
Here T: = ®78T* is a conformally rescaled energy,

Hamiltonian density, of matter fields and tilde denotes
the quantities calculated in the conformal metric §qp (in
the geometrically invariant language, the physical con-
tent of gsp can be described by the conformally invari-
ant transverse-traceless tensor of York [53] §2%). In
the linearized approximation the physical gravitational
variables in the York gauge are the transverse-traceless
part of the linear excitations h,; and their conjugated
transverse-traceless momenta [55]:
(gTa pT) = (th, p;‘b . (311)
In a semiclassical approximation the wave function of a

black hole

U(p) = Pe 9] (3.12)
is dominated by the classical action at the extremal of
equations of motion ¢(¢) subject to boundary conditions
¢ on X. It also includes the preexponential factor P ac-
cumulating the result of integration over quantum field
deviations from the extremal. The physical variables ¢
given by Egs. (3.4) and (3.11) are treated by pertur-
bations and the Euclidean action I[¢(p)] is to be ex-
panded in powers of ¢. To obtain the lowest order term
I[#(0)], notice that the boundary three-geometry on X
(3.8) has, by virtue of (3.9), a conformal factor satisfy-
ing the linear homogeneous conformally inva:‘ant equa-
tion in three dimensions. As shown in Appendix A, for

asymptotically flat boundary conditions it gives exactly
the spherically symmetric metric of the Einstein-Rosen
bridge, characterized by a single constant—the mass M
of the black hole. The extremal of the Euclidean vac-
uum Einstein equations ¢(0) satisfies asymptotically flat
boundary conditions at OM .. The corresponding so-
lution is just one-half of the Schwarzschild gravitational
instanton of mass M with the four-dimensional metric
(2.8) for —2nM < 7 < 2w M [see Fig. 3(b)]. The classical
action on this half of instanton reduces to the contribu-
tion of the surface term at M o, of the classical Einstein
gravitational action

1605 [

The expansion of I[¢(y)] in powers of ¢ on the back-
ground of ¢(0) shows that the linear order term vanishes
due to the equations of motion for the background and
the vanishing of the extrinsic curvature of ¥ (the lat-
ter property guarantees the absence of the corresponding
surface terms). Therefore the leading contribution to the
semiclassical wave function (3.12) takes the form

KVhd®c = 2 M>. (3.13)

oo

U(p, M) = P e 2"M ~Lls(e)] (3.14)
where I2[¢(¢)] is a quadratic term of the action in the
linearized physical fields (3.4) and (3.11).

Thus, our no-boundary wave function of a black hole
turns out to be a functional of the local gravitational
and matter degrees of freedom ¢(x), parametrized by a
global variable—the gravitational mass of the Einstein-
Rosen bridge M. Obviously, if we include M in the
configuration space of the black hole, the dependence
of the wave function on it will describe the probability
distribution of black holes with different masses in this
quantum state. A naive inclusion of M into the ADM
phase space of the theory in the York gauge does not
seem to be fully consistent. However, it was recently per-
formed in a more general context by Kuchar [57], who,
in the framework of a spherically symmetric minisuper-
space model, persuasively advocated that M has a con-
jugated momentum Pps, so that (M, Py) can be sub-
ject to standard canonical quantization and can incorpo-
rate as their quantum state an arbitrary function of the
black-hole mass M. Thus, the proposed M-dependent
no-boundary wave function can be regarded as a first
example of such a quantum state of a black hole (or,
more precisely, of the quantum Einstein-Rosen bridge)
[58]. In what follows, however, we shall consider M as
an external parameter not entering the argument of the
wave function and, correspondingly, excluded from the
phase space and the Hilbert space of the theory. There-
fore, up to M-dependent normalization, the semiclassical
wave function of the black hole will be dominated by its
exp {—I2[#(¢)]} part, describing the dynamics of local
degrees of freedom. In the next section we show that
it represents their Hartle-Hawking vacuum on the back-
ground of the Schwarzschild-Kruskal geometry.

It should be emphasized, however, that even with the
global mass parameter M excluded from the Hilbert
space of the theory, the above construction describes
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the wave function of an eternal black hole, but not just
the quantum state of matter fields on the nondynami-
cal Schwarzschild-Kruskal background considered in Ref.
[59]. In particular, the semiclassical Gaussian approxi-
mation (3.14) includes the contribution of quantum grav-
itational perturbations in I[¢(y)] describing possible
distortions of a black hole. Technically, in this approxi-
mation, this wave function reduces to the case of Ref. [59]
(provided the latter includes the graviton contribution),
but the topological contents of our proposal as well as the
analysis of this section (and Appendix A) show that its
scope extends far beyond the quantum dynamics of mat-
ter fields on a fixed Schwarzschild-Kruskal background.
In particular, the Lichnerowicz equation (3.8) can be used
for the study of the back reaction phenomena and quan-
tum fluctuations of the horizon (see discussion below).
We illustrated here the calculations of the no-boundary
wave function in the semiclassical approximation. But
certainly the proposed definition (3.6) is much more gen-
eral. For example, the functional-integral representation
for the no-boundary wave function in principle allows one
to develop perturbative calculations of higher order cor-
rections or to study nonperturbative effects.

IV. NO-BOUNDARY WAVE FUNCTION OF
LINEARIZED FIELDS

We show now that the no-boundary wave function
for linearized fields on the Schwarzschild-Kruskal back-
ground coincides with Hartle-Hawking vacuum state. For
this purpose we assume that the mass parameter M of
a black hole is fixed and consider only the ¢-dependent
part of the black hole wave function (3.14), which we de-
note by ¥(y). To simplify the formulas we work out a
simple example of a scalar field ¢ (z) = ¢ (7, @) with the
quadratic action

1

5 /d4mg1/2 (90u00. ¢ +€R). (4.1)
The generalization to fields of higher spins in the
quadratic approximation is obvious. The action (4.1)
generates on the Euclidean section (2.7) with the metric
(2.8) the linear equations of motion

dz
{_g1/2gr72§ _ Bagl/zg“bab} ¢ (r,z) =0,

z=1z% a=1,2,3, (4.2)

which must be solved subject to boundary conditions ¢ =
¢ (x) on its boundary X to give the extremal ¢(y) of Eq.
(3.14). On the Schwarzschild-Kruskal background with
R = 0 the nonminimal interaction does not contribute to
the equations. In what follows we denote the boundary
fields on the two asymptotically flat components of the
Einstein-Rosen bridge X1 by @4

¢ (z) s, = #(£Bo/4, =) = pi(x), Bo=8rM. (4.3)
J

1 wy cosh(Bo wy/2 2w,
Iy(ps,0-) = 5 Z{ wacoshlBown/2) (o2 12 ) - A
A

sinh(Bo wx/2)

With this notation the solution to (4.2) can be written
as a decomposition,

o(r@) =3 { ersur-(n®) +or-uri(r,2) |, (4.4)

A

in the basis functions of this equation

= A
A = (w,l,m, A). (4.5)

This decomposition contains the set of spatial harmonics
R, ima(®)—eigenfunctions of the eigenvalue problem

90 (9429 s Ruima () ) = =779/ *w* Rutma(®) (4.6)

originating from the separation of variables in (4.2). The
eigenfunctions are enumerated by a set of continuous
w > 0 and discrete (I,m, A) labels, among which ! and
m are the usual quantum numbers of spherical harmon-
ics and the label A = 1,2 is responsible for two possi-
ble directions of propagation along the radial coordinate.
As shown in Appendix B, these spatial harmonics can
be chosen real. They are required to be regular at the
horizon » = 2M and at spatial infinity, have a positive
definite spectrum w? > 0 and satisfy the orthonormality
and completeness conditions

/ &z g7 g2 Ry () Ry () = Sanrs 4.7)

(z — ')

XA: R,\(:B) RA(m,) = (sg‘r'rgl/Z (48)

Here, as in (4.5), we use a condensed notation \ for the
full collection of quantum numbers, the summation over
which implies the measure

Z("')E/Owd“’ Z(...),

by l,m,A

S =68(w — w') b dmmdaar - (4.9)

In view of these relations the coefficients @y 4+ in (4.4)
are just the decomposition coefficients of the fields (4.3)
in the basis of spatial harmonics

ex(@) =Y przRa(). (4.10)
A

Substituting (4.4) into (4.1), integrating by parts with
respect to the Euclidean time and spatial coordinates and
taking into account the equations of motion (4.2), one
finds that the Euclidean action reduces to the following
quadratic form in @ 4+ (cf. a similar derivation in Ref.

[59]):

m <PA,+<PA,—} . (4.11)
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We show now that the functional

¥(p+,p-) = Pexp[—I2(p+,0-)] (4.12)

describes the Hartle-Hawking vacuum state [60] of the
field ¢ in the spacetime of the Schwarschild-Kruskal black
hole. The scheme of the proof is simple. First of all we
note that this functional is Gaussian. It is easy to con-
struct the linear combinations of ¢+ and partial deriva-
tives with respect to ¢+ which annihilate this functional
and hence play the role of the annihilation operators in
this representation. In order to obtain the physical inter-
pretation of this state it is convenient to find out its rela-
tion to the so-called Boulware vacuum states. The latter
are defined in each of the regions Ry independently and,
as we show, have the form

1
Up+ = Ppt exp [—5 ZW,\ <P§,i] . (4.13)
)

By comparing the operators of annihilation and creation
for no-boundary vacuum state with the annihilation and
creation operators for the Boulware vacuum states we
finally show that the no-boundary vacuum state coincides
with the Hartle-Hawking vacuum state.

We begin the proof by noting that the action
I,(p4,9-) in terms of new variables fi +,

_ e f

o=, (4.14)
takes the diagonal form
Ix(p4,0-) = Io(f+, f-)
= % Z w,\{ tanh(Go wx/4) fx 4
A
e f} (4.15)
tanh(Bo wx/4) e ’

The wave function (4.12) rewritten in the new represen-
tation (4.14) is a Gaussian state which is obviously a
vacuum,

U (pp, ) =U(fs,f) = Pe BU+I)
ax U (f4,f-) =0,
of the following creation-annihilation operators (we omit

for brevity the label X in the definition of @+ below as
well as in w = wy):

ay = 1 [ (w tanhg—.ﬁ)_l/zg

(4.16)
(4.17)

V2 1 A
+ (w tanh&—) 1/2f+ ]

&L = 1 [- (w tanh—"i.ﬂ>—1/2—8—

(4.18)

V2 1) of
/
+ (w tanh’B4w ) ' 2f+ ] s

o1 [s1. Bowyi/2 D
“——75[(;““"17) 57

1 Bow\~1/2
+( ; tanh—4—) f_ (4.19)
at = L |_(LanpPow)/? 0
~=2 [ (wtanh 4 ) af_
1 1/2
+(—t hﬂ"“’) f_],
subject to standard commutation relations
~ ~1 -5
ax,+,Ay 4 AN (4.20)

(all the other commutators are vanishing). For our pur-
poses another choice of creation-annihilation operators is
more useful, differing from (4.18) and (4.19) by the lin-
ear transformation not mixing the positive and negative
frequencies

an s = a)+ tay_
A = T =
) \/i

To give a particle interpretation for the obtained vac-
uum state we must construct the propagating physical
modes corresponding to ay,+. For this purpose con-
sider the ¥, parts of ¥ as the initial Cauchy surfaces
in the right (Ry) and left (R_) wedges of the Lorentzian
Schwarzschild-Kruskal spacetime. In two causally discon-
nected regions lying in Ry to the future of ¥ one can
construct two scalar field theories with the Lagrangians—
the Lorentzian versions of (4.1),

ars¥ (f+,f-) =0.  (421)

Ls= /2 &z L ($,00)

Z ¢34 — wipX £)s (4.22)
x

I\Dlv—t

which take such a form provided the corresponding space-
time fields evolving correspondingly in R, and R_ are
decomposed in spatial harmonics with time-dependent
coefficients @y +(t), ¢a,+ = doa,+(t)/dt. At the quan-
tum level, in the coordinate representation of ¢y + the
creation-annihilation operators by + of these two theories
associated with positive-negative frequency decomposi-
tion in the Killing time ¢ look like

V2b + ,
A+ = \/—690 " \/_<P)\ﬂ:

1
\/-Z—b;r\,:t \/— 8<p At +\/_‘PA:i:’

and correspond to the following choice of positive-
frequency basis functions

(4.23)

(4.24)

wi,+(Z) !R =e Ry (),
+

w4+ (z) |R_ =0 (4.25)



1750 A. O. BARVINSKY, V. P. FROLOV, AND A. I. ZELNIKOV 51

wr-(2) | = Raa),

wa, (z) |R+ =0 (4.26)

(one should remember that the Killing time coordinate
t is past pointing in R_ and wi by construction have
zero initial data on Xz). The corresponding (Boulware)
vacuum states ¥4 are defined by Eq. (4.13).

This is a matter of a simple algebra, using the
reparametrization (4.14), to show that the operators
(4.23) are related to (4.21) by a nontrivial Bogolyubov
transformation which mixes the positive and negative fre-
quencies

Bow

-1/2
by = (2 sinh-z—) [eﬂ"w/‘Iai + e_'a°“’/4a;:] (4.27)

wulmA,+(x) ‘R = (167"“)M2)—1 {
+

Wotma,-(2) | = (16mwM?)7? {

and generates, in terms of w., the basis functions vy, 4+ ()
associated with the creation annihilation operators aj +
of our vacuum quantum state (4.21)

Bow

—1/2
vy = (2 sinh—z——) [650“’/4'wi + e_'3°“’/4w;] . (4.28)

This is a well-known transformation relating the Boul-
ware vacua, (bx+, wx+(z)), in the right (Ry) and
left (R_) wedges of the Kruskal diagram to the Hartle-
Hawking vacuum, (ax s+, vaz+(z)), of quantum fields
on the maximally extended black hole spacetime [60,62].
The latter is defined by the condition that its basis func-
tions vy 4+ (x) contain only positive frequencies with re-
spect to affine parameter on both horizons of the black
hole metric. This property follows from Eqgs. (4.25),
(4.26), (4.28) and the asymptotic behaviors of wj 4+ ()
at the horizon (see Appendix B):

AT (-U 4Mwi}'}'m 3, 8), - HT,

wlA( ) .Al ( ¢) T + (4.29)
AL (V)7 MY (9,9), = — HY,
A+ U —4Mwi}'}lm 19’¢ , T — H:,

wia () Y (¥, ¢) (w30
AL, (=V)MiY (9, 4), = — HE,

where A:;, 4 and A:, 4 are complex coefficients defined in the Appendix B. We use the notations H} and H 1 for parts
of past H~ and future H* horizons located in the Ry wedges of the Kruskal diagram (superscripts + correspond to
t — +00), so that we have H = HY UH} and H- = HZ U H] (see Fig. 2). Substituting the asymptotics into
(4.28) one finds

—_— -1/2
Vulma,+(T) lH‘ = (16rwM?)71 AT , (2 sinh’BOTw)

x [0(_U) eZﬂMw(_U)4Mui + g(U) e—21erU4Mwi] f’lm('ﬁ’ ¢) (431)

It means that the basis functions v are of positive fre-
quency with respect to the affine parameter U on the
horizon H* and hence are analytic in the lower half
of the complex U plane. The analogous property holds
for another horizon H~ of the Kruskal diagram. Those
are exactly the properties which single out the positive
frequency basic functions used for the definition of the
Hartle-Hawking vacuum state [60]. As was mentioned
above, similar considerations apply to fields of higher
spins (massless as well as massive). Thus, the proposed
no-boundary wave function of a black hole represents the
Hartle-Hawking vacuum state of linearized field excita-
tions of all physical fields.

At the end of this section we would like to discuss the
remarkable duality relations between interior and exte-
rior of a black hole. We remarked already in Section II
that the Kruskal metric (2.1) possesses a discrete sym-
metry U — —U, V — —V, which on the Einstein-Rosen
bridge is reduced to the isometry between its external ¥,
and internal ¥_ parts. As the result of this isometry, one
can use in the decomposition (4.10) the same spatial har-
monics for exterior ¥ and interior ¥_. Moreover, the
Euclidean action is symmetric with respect to the change

¢+ — @_, and the no-boundary wave fuuction (4.14) of
a black hole is symmetric with respect to the transpo-
sition of the interior and exterior parts of the Einstein-
Rosen bridge. We call this property duality. The dual-
ity of the no-boundary wave function of a black hole is
evident for perturbations, because we have the explicit
expression for it. But this property is of more general
nature. The functional integral representation (3.5) for
the no-boundary wave function of a black hole does not
distinguish between the exterior and interior of a black
hole; that is why it possesses the duality property even
if we consider the contribution of fluctuations which are
not small. We should stress that the duality property is
the consequence of the symmetry between interior and
exteror of an eternal black hole. For a “real” black hole
formed as a result of the gravitational collapse, this ex-
act symmetry is broken. Nevertheless, since there exists a
close relation between physics of a real black hole and its
eternal version, the duality of the above type plays an im-
portant role and allows one, for example, to explain why
the approach based on identifying the dynamical degrees
of freedom of a black hole with its external modes gives
formally the same answer for the dynamical entropy of a
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black hole as our approach. We shall return to this point
at the end of the next section.

V. ONE-LOOP CONTRIBUTION TO ENTROPY
OF A BLACK HOLE

Now we return to the problem of a black hole en-
tropy. According to the above procedure of separating
the physical variables into observable and unobservable
ones, the proposed wave function generates the density
matrix of a black hole interior as a functional trace Tr,
over the values of the field ¢, (®) outside the horizon
(Fig. 5),

p(el,p-) = Try |T)(¥|

= [ Do W () W(oripo). (5)

We define the “dynamical” (or “statistical mechanical”)
entropy of a black hole by the standard relation S =
—Tr([plnp]. In the functional coordinate representation
we use, the expression for the dynamical entropy of the
black hole reads

S =—Tr[plnp)

= - [ Dote(@) | 510p| o(e). (5.2)
Up to normalization, the wave function defined by the
path integral over physical degrees of freedom (3.6) in
the 7 foliation of the Euclidean spacetime, —G/4 < 7 <
Bo/4, actually represents the heat kernel or the matrix
element between the configurations ¢_ and ¢, of the
Euclidean “evolution” operator exp(—,BOI:I /2),

U (4, 9-) = exp (T/2) (p+ | exp (—BoH/2) | o), (5.3)

where H is a physical Hamiltonian of the system and

Horizon

Bo = 8w M. In the full nonperturbative treatment of the
problem this Hamiltonian is a complicated functional of
physical degrees of freedom, numerically coinciding with
the ADM surface integral, while in the linearized approx-
imation (relevant to the one-loop order of semiclassical
expansion) it is just an additive sum of quadratic Hamil-
tonians of fields of all spins on the Schwarzschild-Kruskal
background. In particular, for a scalar field we consider
here it is the following expression generated by the La-
grangian (4.1):

1 3 p2
H(%P)Zg/d w[ﬁﬁg

+9g'/? (9** 8,0 + gquz)} , (5.4)

where p is the momentum conjugated to ¢. Using the
composition law for Euclidean evolution kernels and the
completeness condition, [ Dy, |¢1)(p+| = 1, we obtain
from (5.3) the following representation for the density
matrix:

p(p_,p-) = exp (T) (¢_ | exp (—BoH) | o).

Here I is defined from the normalization conditions

(5.5)

T-p= [ Do-plp-rp-) =1 (5.6)
and, thus, is generated by the Euclidean path integral
over the fields on the full Schwarzschild-Kruskal instan-
ton obtained from the manifold on Fig. 5 by gluing to-
gether the two shores ¥_' and ¥ _ of its cut. It should
be emphasized here that the above procedure of glu-
ing together the two Euclidean spacetimes with bound-
aries naturally arises as a graphical representation of cal-
culating the expectation value with respect to the no-
boundary quantum state (or the generalization thereof).
This procedure is opposite to that of Ref. [59] in which

M.

Horizon

FIG. 5. The wave function ¥(p4,p_) is defined as a path integral over the physical degrees of freedom in the 7 foliation
of the Euclidean spacetime on a half-instanton. The density matrix p(¢_,¢-) = Try |¥)(¥| is proportional to the analogous
functional integral, but on the whole instanton, since the proposed wave function can be interpreted as an amplitude of an
Euclidean evolution from the initial state ¢_ to the final state ¢4 during the time interval 8/2. Then ¥ (o4, 9" ) implies the
evolution from ¢4 to ¢’ and the density matrix is the kernel of the evolution from ¢_ to ¢’ during the Euclidean time interval
0 < 7 < B. The arguments of the density matrix ¢’ (2') and ¢_(x) are the values of the fields on different sides ¥_' and _
of the cut in the instanton.
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the division of the Euclidean manifold into two discon-
nected parts was used for introducing the wave function
of matter fields on a gravitational background and es-
tablishing the formalism of thermofields. Thus, in con-
trast with Ref. [59], in our approach we start with the
definition of the black hole wave function and arrive at
the notion of the full gravitational instanton (without
dynamically active boundaries) as an ingredient of calcu-
lating various expectation values and dynamical entropy,
in particular.

J
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In addition to the density matrix g it is convenient
also to define a more general object pg which depends on
the arbitrary parameter 8 independent of the black hole
mass

pa (P 0-) = (oL | pp | =)
= exp (T) (¢ | exp (—BH) | ¢_),

so that the density matrix of a black hole g (5.1) coincides
with pg,. In the one-loop approximation we have

(5.7)

: 1 8%Ip(¢,0-)]""
(oL | exp (=BH) | p-) = | det 5-72'3—%—] exp [—Ia(p",0-)], (5.8)
I
the end to put it equal to By = 87w M.
where the Euclidean Hamilton-Jacobi function The density matrix gp satisfies the equation
Ig(¢',p-) is given by the expression (4.11) with the 950 oT
only replacement 8o — 2(3. In the coordinate represen- Biﬁﬂ = (Eﬁﬂ — ﬁ) Pa- (5.14)

tation one has the following expression for the kernel of
the Van Vleck-Morette functional matrix:

azIﬁ((pl—7<p-‘) _ ,TT,1/2 w
¢’ (2)0p_(y) sinhﬁdza(m ~v) (5.9)

with the operator of frequency @ defined on a spatial
three-dimensional hypersurface as

1 1 1/2
w= ["Tlﬁaayl/zyabab + ?ﬁR] )
g'g g
a,b=1,2,3,
g = det Guv = Grr det gap,

(5.10)

p,v=0,1,2,3. (5.11)
The normalization factor of Eq. (5.7) is, therefore, given
by the following functional determinant on the space of
functions of three spatial coordinates:

Tp =t | [ Do-to- lew (=68 | 00)] 12

= ——%lndet [ (5.13)

1

2(cosh Bw — 1)6(m v) ] )

It is worth emphasizing that all the quantities and op-
erators entering the WKB approximation of the wave
function and density matrix depend on a three-geometry
of space and values of fields on it. The whole informa-
tion about four-dimensional manifold is contained in the
interval 3 of Euclidean time between the points with the
same spatial coordinates @ of spacelike slices 3| and 3 _
We stress once again that according to our definition we
need to consider 3 as an arbitrary parameter and only at

J

5= [ (555~
_ / e [ﬂozazy oth 02

/dmg-rr 1/2ZRA |:

1) In (2 sinh é;—)&(a: -vy)
—In (2 smh

(DN th

Using this relation one can easily show that the entropy of
the system in question can be obtained from the effective
action I'g:

S = sﬁ(B:SWM, (5.15)
Sp=-Tr[pglnpg]
= —Tx[(Ts — BH)pps] —ﬁ— —Tp. (5.16)

B

Note that it would be incorrect to differentiate I' directly
over M in order to obtain the entropy S, since the total
effective action is an integral over the whole space and
depends also on its geometry. The Hawking tempera-
ture Tgy = 1/87w M depends both on the space-geometry
and on g,, of the four-dimensional metric, and hence op-
erations of differentiation over M and integration over
volume do not commute in general case. In order to
avoid these complications we introduced the generalized
density matrix gg.

In order to calculate Tr In operation entering the ex-
pression for the effective action, it is convenient once
again to use the expansion the functions p(z) in terms
of eigenfunctions Ry (x) of the operator w,

p(x) =Y eaRa(2),

b}
@?Rx(z) = wiRy (). (5.17)
Here ), denotes the sum over all quantum numbers .

Substitution of the expansion of § function in terms of
eigenfunctions of the operator & gives

y==,8=0o
)] ;g" )97 () Ra(x) Ra(y) .
3 (2 552
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Thus we have
s= a3
ﬂ

5(fw) =

s(Bowx), (5.18)

—In(1 - e™P¥), (5.19)

where s(Bw) is a well-known expression for the entropy
of a single oscillator with the frequency w at temperature
T=1/8 and

px(x) = g7 g *[Ra(=)]?

is a phase space density of quantum modes. It should
be emphasized that according to our definition the in-
tegration in (5.16) is over the interior part ¥_ of the
Einstein-Rosen bridge.

In order to estimate the contribution of spatial regions
in the vicinity of the horizon we should find an asymp-
totic solution for the mode functions R (&) near the hori-
zon. Eigenfunctions Ry (x) for a massless scalar field in
the Schwarzschild spacetime are of the form [see Eq. (B2)
of Appendix B]

(5.20)

RwlmA (T7 "97 ¢) = RwlA(r)j}lm (1-97 ¢)

Here radial functions R, 4(r) are real and obey the equa-
tion

(5.21)

,’.3
g | Peua(r) =0

(5.22)

d, , d 2
[(;(r —2Mr)gr— —-l(l+1)+w

Additional index A = 1,2 is used to numerate two lin-
early independent solutions. The expression for entropy
of such a system takes the form

S = /w drr®(1 —2M/r)"*
2M
x/wdei(ﬂ-{- 1

A I=0

[Ruia(r)]?s(87Mw). (5.23)

By using Eq. (B23) we can write near the horizon the
relation

co 2 o
Z 2(21 + 1)|Ro14]® = Z(2l + )R
=0

=0 A=1

1 2
+W g(ﬂ + 1) |tw]

w? M
N — 5.
T r—2M (5.24)

with complex basis functions R} and absorption coef-
ficients t,; defined in Appendix B. To obtain the lat-
ter equality we used the result of Ref. [31] for the
sum > 2,(20 + 1)|R'?|2 and the fact that t,; are ex-
ponentially decreasing functions of I, so that the sum
> i2o(2l + 1)|tw1|? remains finite at the horizon. [The

functions R;(w|r) in the notations of Ref. [31] are related

to our R* as Rj(w|r) = v27R"P.] The relation (5.24)
can be used to find out the contribution of the internal
modes located near the horizon to the entropy of a black
hole.

We discuss now the contribution to S of large dis-
tances. Formally this contribution is divergent. The
divergency is directly related to the divergency of the
entropy of thermal radiation if a black hole is located in-
side infinite thermal bath. It is well known that the lat-
ter problem is unphysical because the system is unstable.
Stability can be provided if a black hole is located inside
a cavity of size ro < 3M (see, e.g., Ref. [12]). For such a
case the above calculations are to be modified. Instead of
the modes R,;4 one must use the modes R0, obeying
given boundary conditions at the boundary r = ro. (See
Appendix B for their definition.) The expression for the
entropy of a black hole will remain the same (5.23) with
the replacement of 3 , |Ruia(r)|? by |Rui0|? and restric-
tion of integration with respect to r by the upper limit
ro. In order to estimate this integral we remark that the
entropy of an oscillator with frequency w exponentially
decreases for frequencies much larger than the black hole
temperature 7' = 1/87M. In the vicinity of the hori-
zon | r/2M — 1 |< 1 a regular solution for radial modes
R,i0(r) takes a simple form

Ruio(r) =~ Q(M,w, ) Kisntw [\/21(1 T 1) (r/M — z)] .
(5.25)

The normalization factor Q(M,w,!) depends on the coef-
ficient of penetration of modes through the potential bar-
rier. All the modes in the range of frequencies in question
and with angular quantum numbers [ > 3 are trapped.
For such modes the penetration coefficient is exponen-
tially small and normalization factor does not depend on
l. The larger I, the closer to the horizon a return point
lies and the better the approximation becomes. The eval-
uation of normalization factor gives

2w sinh (47 Mw) /2
QM. = |22 | (5.26)
where the relation
Tyt KK @) = & L3 —')
o Yy e Y)Faerl¥) =3 z sinh(mz)
(5.27)

was used. We also use the fact that the modified Bessel
functions decrease very fast with an increase of their ar-
gument and, hence, with a good accuracy the integration
along the radius can be extended to infinity. One can
see that the main contribution to the integral of entropy
near the horizon comes from large [. Replacement in Eq.
(5.23) of summation over ! by integration leads to the
expression

i(zl +1)[Ruto(r)]? = 2 / = 1 [Ruo(r)]?
=0 0

4w? M
= 5.28
T r—2M ( )
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This asymptotic formula coincides with (5.24). This
means that in both cases (a black hole in infinite space
and a black hole inside a cavity) the contribution to en-
tropy of the region near the horizon is the same. In what
follows we assume that the black hole is located inside
a reflecting boundary sphere and restrict the integration
over r by the value 7.
Thus we have

aM [T r3 g
= — ——— d 2
S - /ZMdT(T—2M)2/O ww?s(8mMw)
5 20 oo

~ 512M / dz—1§ dww?s(8T Mw)
T 0 2% Jo
2 Zo

_ M / do (5.29)

45 Jo 23
where

z0 =10/ 1—2M/rg + Mln[(ro/M) -1

+(’I‘0/M)\/ 1- 2M/7‘()] (530)

is a proper distance from the horizon to the point rq.
This result shows that one-loop entropy of a black hole
S diverges near the horizon (at z = 0). The expression
(5.29) gives the leading divergent term
AH
36072’
where A¥ is the surface area of a black hole and [ is the
proper-distance cutoff parameter. It reproduces the re-
sult by Frolov and Novikov [30]. This divergence is phys-
ical and its origin does not depend on particular prop-
erties of quantum fields surrounding a black hole. The
analogous divergence evidently occurs for higher spins
and for rotating and charged black holes. Hence quan-
tum corrections can never be neglected in a description
of thermodynamical properties of black holes.

The dynamical entropy S of a black hole is obtained
by summing over the contributions of fields of different
spins. In this respect all the matter fields inside a black
hole contribute to its dynamical entropy. But even if
we consider a hypothetical case when there is no other
physical field but the gravitational one, we have a nonzero
answer due to the inevitable presence of gravitational
perturbations.

It is worth emphasizing that shifting a position of the
horizon as a whole due to the back reaction effect of quan-
tum fields on the black hole geometry does not remove
the divergence. Spatially inhomogeneous fluctuations of
the horizon are to be taken into account to provide the
necessary cutoff.

To conclude this section we make some general remarks
concerning the relation of our result to the results ob-
tained in other dynamical approaches to the black hole
entropy. First of all, we explain why our result based on
the calculations for the eternal version of a black hole re-
produces the results of [30] for a real physical black hole.
The reason is the following. The main contribution to the
black hole entropy in that approach originates from the
modes of field perturbations propagating inside a black

(5.31)

hole in a close vicinity of its event horizon. These modes
are thermally excited and their density matrix with very
high accuracy is thermal and does not depend on the
particular choice of the initial state, provided this state is
regular at the horizon, That is why the leading divergent
term in the dynamical entropy calculated for the Unruh
vacuum, or its modification, which differs by additional
incoming particles with finite energy (less than the mass
of a black hole) is the same as for the Hartle-Hawking
state. But the Hartle-Hawking state, as we have shown,
coincides with our no-boundary wave function. That is
why the calculations of the dynamical entropy for the real
black hole and its eternal version give the same answer.
In our calculations we begin with a pure quantum
state—the no-boundary wave function of a black hole.
The dynamical entropy S of a black hole arises as the
result of splitting the system into two parts (in our case
internal and external states) and averaging over one part
of the system (in our case external states). One can de-
fine another entropy S’ by averaging over another part of
the system. It can be shown that these two entropies S
and S’ in fact coincide [22]. The easiest way to prove it is
to use a biorthogonal or Schmidt canonical basis [24] in
which the spectra of the reduced density matrices of the
two subsystems explicitly coincide [25]. In application to
our problem this means that the entropy of the internal
excitations of an eternal black hole is formally equal to
the entropy of its external excitations. Because of the

‘presence of the divergence one cannot use this property

directly. But because of the duality of the interior and
exterior of a black hole, not only are the total values of
the entropies S and S’ the same, but also the explicit
expressions for them. Namely the dynamical entropy as
given by Eq. (5.16) is identical to one which is obtained
by reversing the proposed procedure and averaging at
first over internal modes and after making summation in
the expression for the entropy over the external modes.
In the latter case the expression will contain the spatial
integration over the exterior. That is why for a symmet-
ric choice of the cutoff, the finite values of both entropies
(external and internal one) are the same. This explains
why the calculations based on identifying the dynamical
degrees of freedom of a black hole with its external exci-
tations (as it was done by ’t Hooft [20] and others) give
formally the same result as our approach. The difference
in the interpretations arises when we relate the calcula-
tions for the eternal version of a black hole to the entropy
of a real physical black hole.

VI. ENTROPY AND EFFECTIVE ACTION

In the preceding section we used the proposal for a
wave function of a black hole in the calculation of the con-
tribution to the entropy of a scalar field. Only the prop-
erties of a three-dimensional space and fields on it were
used in these calculations. It is instructive to compare
this result with that of the four-dimensional Euclidean
action approach. This also allows one to generalize the
result of the preceding section to arbitrary static black
holes.
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Counsider the Euclidean effective action I'g of a confor-
mal scalar field ¢(7,«) with the Hamiltonian Eq. (5.4)
on a manifold periodic in Euclidean time with the period
B. Up to a contribution of a local functional measure it
can be represented in the form

I's =+%’I‘rlnF+64(0)(---) (6.1)

1
F=—D+6R . (6.2)
This effective action and the corresponding free energy
F3 = I'g/B have ultraviolet divergences. Note that, al-
though the last term in Eq. (6.1) diverges, it is propor-
tional to # and hence the free energy does not depend on
J

ATp[g,9] = T5*"[g) —~ T5"[g] ,

1 B

B and its contribution into entropy vanishes. The same
argument remains valid for all ultraviolet divergences in

the effective action. Thus we have
9 12 9 Ren
Y] Fg=p Fg.

— 12
S=8 55

(6.3)

The scalar field effective action and thermodynamic po-
tential at finite temperature in a static curved space-
time were calculated by Dowker and Schofield [65]. They
proved that in the case of the conformal scalar field the
two renormalized effective actions in two conformally re-
lated spaces with metrics g,, and g,., = e *g,, are
related by

(6.4)

x /g%d% [+3(00Q)? - 49792, OQ +2(27Q,)* — 2R, QQY + Q@ {RapysR*® — RopR*® + OR}] ,

where Q, = V,Q and I‘ﬁRe“[g] is the renormalized value
of the effective action in the space with the metric g,,,
1 —

Tlg) = TrlnF, F=—-0O+.R.

=3 < (6.5)

The difference AT g[g, Q] for two conformally related the-
ories is proportional to 3 and hence does not contribute
to the entropy. In order to obtain the leading (divergent
near the horizon) contribution to the black hole entropy,
we apply these relations to the particular case of an ultra-
static metric g corresponding to the choice 2 = L Ing,,.
We show that the three-dimensional part

dl? = qup(x)dzda® (6.6)
of the ultrastatic metric
ds? =dr? +dP? (6.7)

conformal to the metric of an arbitrary (distorted) static
black hole metric, can be approximated by the three-
metric of constant negative curvature. We use this prop-
erty to analyze the leading contribution to the entropy
divergent near the horizon.

For the calculation of the effective action in the ultra-
static metric g we apply the heat-kernel technique. In the
proper time representation, the thermal effective action
of a scalar field takes the form

Tl = —3 [ 5 TeRa(s)

: (6.8)

where the heat kernel Kz is a periodic in 7 with a period
B solution of the problem

BEKﬁ(SIT,m;T', &'y = FRg(s|r,z;7',a') ,

s

Kg(s|r,z; 7", a') = Kg(s|T + B,z; 7', '),
Kg(Olr,z; 7", 2") = 6(1 — 7")d(x — ') .

(6.9)

f

It can be obtained by the method of images

Ky(s|r,z;7,2') = Z K(s|r,z;7" + Bn,x’) (6.10)

n=—oo

from the nonperiodic heat kernel K = K., defined on
a complete interval —oco < 7,7’ < oco. Because of the
separation of variables in the operator F' = —3%/91% —
A + 1/6R, the heat kernel K takes the form

3
N2
K(s|t,2;7',®') = (47s) "% exp [—(7-—4;)—:'

xK(s|z;a') (6.11)

where 3K (s|@; ') is a three-dimensional analogue of the
heat kernel corresponding to the operator —A + 1/6R .
From Egs. (6.10) and (6.11) we have

(r =78

o [-5])
4ms 4s

(6.12)

K’B(sh,m;T',m') =03 (—i
x3K (s|r,z; 7, 2') ,

where 63 is a Riemann theta function. The “zero-
temperature” heat kernel K (s|r,e;7',2') can be ex-
panded in the nonlocal series in powers of spacetime
curvatures [63,66]. To calculate the effective action we
need the trace of the heat kernel with coincident points
(t =7/, @ = 2'). In the notation of Ref. [63] it reads

2

Trf{,g(s]'r, @;T,x) =03 (O,exp [—ii])
S

X TrK (s|7, @; 7, ) . (6.13)

Here
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fi(—s [—:I) are nonlocal form factors [63] and P = 0 for
conformal scalar field. The first two terms in this expres-
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05(0,exp[—b]) = > exp[—bn?], (6.14)
7 1 ﬂ 3 = D 2| D — DY D —\ B
TrK (s|1,2;7,2) = (47955 A dr | &®z\/g{ 1+ sP + s*|R,, fi(—s O)R*” + Rfz(—s O)R
+Pfs(—s O)R + Pfy(—s ER)F_’ } + O(curvatures®), (6.15)
r
ds% = dr? + di (6.21)
dl3 = d2® + exp(—2ko2) [(dz®)? + (dz®)?] . (6.22)

sion are local. Nonlocalities appear only in quadratic and
higher orders in curvature terms.

Consider a static black hole. In the general case its
Euclidean metric can be written in the form [67]

1

2 A B
4K2XdX + rapdz®dz”,

ds? = Xdr” +

(6.16)

where A,B = 2,3, & = (X,z4), rap = rap(X,z4),
and X = 0 is the equation of the horizon. The vacuum

Einstein equations imply that near the horizon one has
68]

K = Ko — (1/2)k0($A)X + O(Xz),
raB = roaB[l + (1/2K0)ko(z*) X] + O(X?),

(6.17)
(6.18)

and K¢ =const is the surface gravity of a black hole. The
corresponding conformal ultrastatic metric reads

ds? = dr? +di?, (6.19)
2
di? = %d;’2 + exp(—2fcoz)rABd:cAda:B, (6.20)

where z = (2r0) !1ln X. In these coordinates the hori-
zon corresponds to z = —oo. Near the horizon k —
ko =const , and two-dimensional surfaces z=const (which
have infinitely growing radius) can be locally approxi-
mated by planes. In any finite region of space the metric
(6.19) with high accuracy can be approximated by the
four-dimensional metric with three-dimensional section
H?3 of constant negative curvature Ry = —6x3:

_ 1
TrKg(s|r,;7,2) = (47rs)203 (0, exp [

Composition of this expression, Egs. (6.4) and (6.8) gives
for the free energy of a conformal scalar field the expres-
sion

FRen_FRenz_lz_ dazg% (g‘r‘r)azi + .-
B oo 90 (4 ’

(6.27)

where we used the integral relation

The difference between the metric g and gy is character-
ized by
hY = 3% (Gvo — 9Hvo)- (6.23)
The difference between the invariants of the metric
(6.20) and (6.21) can be always expanded in the se-
ries of invariants constructed from the tensor A% and
its covariant derivatives of arbitrary order with respect
to the homogeneous metric dl2. One can show that
V---Vh* = O(X?), X — 0, whence it follows that the
integrand of (6.15),

K(s|t,2;7',2) = Kg(s|t,z;7,2) + O (X?), X —0,
(6.24)
because the nonlocal form factors can be expanded in
powers of derivatives and thus reduce the right-hand side

of (6.15) to the series of local invariants of the above type.
By using (6.24) and the known exact expression

1 Koo (@, Y)

_ Lt —
Ku(s|r, =7, y) = (47s)? sinh [ koo (2, y) |

72 + o%(z, y)

X exp [ o ] Jor  (6.25)

for the heat kernel on the space of constant negative cur-
vature H® [with o(z, y)—the world function on the space
section 7=const]|, we have

,32 B 3 _ 2
~ED/0 dT/d z/3[1 + O(X?)] (6.26)
[
/0 " dweot [05(0,e7%) — 1] = 2T(a)((20)
= (6.28)

and restored the physical metric g,,. The ellipsis des-
ignates terms which are less divergent or finite at the
horizon. The entropy of an arbitrary static black hole
reads
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8 o
— a2 Y Ren= 2 Y Ren _ g Ren
S =55 F5 ﬂaﬂ[Fﬁ Foo]
_2n? 1

- EF /da:(g,,)‘zg% +ee (6.29)
For the particular case of Schwarzschild black hole this
formula reproduces the result Eq. (5.29).

It is worth emphasizing that, as a result of the restora-
tion of the physical metric,

1
—2Q _
Guv = gtguu )

vo=etg = (.qur)2 Vo

RY, = ™[Ry, + 20 + OQ6% + 2Q,Q° — 20°Q,6%] ,

guu=e

(6.30)

in the general expansion Eq. (6.13) we get a nonlocal ex-
pansion of the effective action in terms of curvature, “ac-
celeration” Q, and their derivatives. One can use this
effective action in order to get (T#,,)Re“. The action can
be written in a completely invariant form if we substitute
grr = gu§*EY and consider €* as external field, which is
fixed during the variations over g,, and is taken to coin-
cide with the Killing vector field after the variations were
performed [70]. An additional (external) vector field £ in
the effective action for thermal state is required because
such a state is possible only in a stationary spacetime,
i.e., the spacetime with additional geometric structure.

VII. FROM WAVE FUNCTION OF A BLACK
HOLE TO ITS DENSITY MATRIX: INSTANT
HORIZON

In all our one-loop statistical mechanical considera-
tions above we heavily relied upon the Killing properties
of the underlying Schwarzschild-Kruskal spacetime. The
crucial moment was a separation of the physical degrees
of freedom into interior and exterior ones—the proce-
dure closely related to the existence of the black hole
horizon and its bifurcation unseparable from the Killing
symmetry. The question arises: is it possible to gener-
alize the above transition from the wave function to a
density matrix for a general case of a black hole setting
of the problem?

This problem is very complicated if one works in the
physical spacetime of a black hole which arises as a result
of the gravitational collapse. The main reason is that the
event horizon is a nonlocal notion and it depends on the
boundary conditions at future infinity. From the view-
point of quantization, on the other hand, it is desirable
to have a definition local in time that is determined en-
tirely in terms of objects specified at a given spacelike
hypersurface, like other phase-space observables in any
local quantum field theory or quantum mechanics. We
discuss now an interesting possibility which arises in the
framework of the approach based on the consideration of
an eternal version of a black hole. This setting, according
to Sec. III, implies only the statement of the Einstein-
Rosen (or wormhole) topology of the spatial section (3.3)
and its asymptotic flatness at both ends of the wormhole.

For an eternal version of a black hole, a natural criterion
for separating the dynamical modes into external and in-
ternal ones consists in finding the generalization of the
bifurcation two-sphere of the Killing horizon, which is ap-
plicable to the case of a deformation of the geometry of
the Einstein-Rosen bridge. For this purpose we propose
here the notion of instant horizon formulated entirely on
a spatial section of spacetime and coinciding with the bi-
furcation sphere in case of a spherically symmetric eternal
black hole.

Because of the locality in time, this definition can be
efficiently used in calculating the quantum averages with
a given wave function of a black hole and in the transi-
tion to its quantum statistics and gravitational thermo-
dynamics.

Take a two-dimensional submanifold S of spheri-
cal topology from the first nontrivial homotopic class
m2(R! x S?) = Z of the three-dimensional space (3.3)
and define A[S] as the surface area of S. Because S is
noncontractable, the functional A[S] has a nonvanishing
minimum at some Sy. In the case where there exist sev-
eral minima, we chose Sy to be the surface of absolute
minimum of area. This quasispherical surface So which
we call an instant horizon can serve as a needed time-local
notion of the horizon. It is obvious that this notion does
not involve Killing symmetries and defines a horizon at
a given instant of “time,” that is not in four-dimensional
spacetime, but entirely on the current spatial section.
Remarkably, this definition of the instant horizon again
brings us back into the scope of York gauge formalism
and Lichnerowich equation. Indeed, the minimality of
A[S] at Sp implies the minimality of this surface, which
is just the York gauge in the two-dimensional (one dimen-
sion less) context. This observation might lead to even
deeper parallels with the York-gauge framework, while
calculating the quantum and quantum-statistical aver-
ages on the basis of this definition of the instant horizon.

The quantum state of a black hole is characterized
by an amplitude of different realizations of dynamical
variables on the spatial section. Thus for any particu-
lar realization one acquires its own instant horizon Sy
(Fig. 6). Since the position and shape of the instant
horizon change from one realization to another, such a
dependence of Sy on the realization can be interpreted
as quantum fluctuations of the instant horizon. The ef-
fect of quantum fluctuation (zitterbewegung) of the hori-
zon is important for the problem of entropy discussed
in the paper and, apparently, can serve as a cutoff for
the (otherwise) divergent entropy of the black hole cal-
culated above in the approximation of a frozen (classical)
horizon. The entropy divergence has a universal law near
the black hole horizon for all fields (massless and massive,
with and without spin). It arises because in our one-loop
approximation the background geometry (and hence the
position of the horizon) is fixed. Quantum fluctuations
result in its spreading. Because of spreading we no longer
can once and for all split the states of quantum fields into
the “visible” and “invisible” ones. The splitting of states
into internal and external states of a black hole begins
depending on the realization. Averaging over different
realizations (which effectively takes into account the zit-
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Instant
Horizon

FIG. 6. Here a virtual realization of deformed Ein-
stein-Rosen bridge is schematically depicted, corresponding to
a particular realization of dynamical quantum fields on a black
hole background. The instant horizon Sp is a two-dimensional
surface of minimal area with a topology of sphere S%, which
cannot be contracted to a point. It separates the interior of
a black hole X _ from the external space 3.

terbewegung of the horizon) may produce the required
cutoff for the entropy.

It should be stressed that the notion of the instant
horizon is naturally defined only for the eternal black
hole. One can expect that this notion may be especially
useful for the discussion of those characteristics, which
are identical for a real black hole and its eternal version
(such as entropy). From a more general point of view,
the relation of the fluctuations of the instant horizon to
quantum properties of the event horizon requires a special
consideration.

VIII. CONCLUSIONS

In conclusion, we summarize the main results and list
the open problems. We argue that dynamical degrees
of freedom of a black hole must be connected with its
internal states, i.e., the states of matter and gravita-
tional field located inside a black hole. The proposed
no-boundary construction of a black hole wave function
is shown to describe both internal degrees of freedom of
a black hole and matter surrounding it. For small per-
turbations the no-boundary wave function represents the
Hartle-Hawking vacuum state. The density matrix of the
black hole is defined by averaging over the states of the
external matter and gravitational fields. The resulting
density matrix is used to define the dynamical (or statis-
tical mechanical) entropy of a black hole. The so-defined
entropy is divergent. The divergence occurs due to the
contribution of the states located in a close vicinity of the
horizon. It is argued that the effect of the horizon zitter-
bewegung may provide the necessary cut-off. It should
be stressed that the dynamical entropy of a black hole
in such an approach is mainly defined by the one-loop
contribution. It means that all the fields (including the
gravitational one) must contribute additively. The natu-
ral question is how this observation can be in agreement
with the fact that in the framework of the thermodynam-
ical analogy the entropy of a black hole is universal and

does not depend on the number of fields V. One of the
possible explanations proposed in [30] is that the fluctu-
ations of the horizon which provide the cut-off for the
entropy is also dependent on the number of fields. Even
in the case when the resulting one-loop entropy does not
grow with N, there remains the problem of calculating
its exact value. In other words, what is the mechanism
which gives for the entropy of a black hole the standard
universal value A/4?7 We should emphasize that in the
framework of our approach the dynamical degrees of free-
dom of a black hole contribute to the entropy only on the
one-loop level, while there is no tree-level contributions.
A remarkable fact is that, in the standard Euclidean ap-
proach, the “correct” answer for the entropy (A/4l%) is
obtained by calculating the tree-level contribution into
the Euclidean gravitational action. On the other hand
there is no direct connection of this contribution with
some internal dynamical degrees of freedom. This prob-
lem is not specific for our approach. It is more general
and common for different dynamical approaches to the
black hole entropy.

The relationship between “dynamical” and “topolog-
ical” contributions to the entropy, as well as the origin
of the universality of the expression for the entropy of a
black hole, is an important question. We are not going to
provide here the complete answer but we just indicate a
possible solution. Recently one of the authors [71] drew
attention to the fact that the dynamical entropy [defined
as —Tr(pln p)] differs from the Bekenstein-Hawking (or
thermodynamical) entropy. The difference arises because
the internal states of a black hole depend on its mass,
the parameter which in thermal equilibrium is directly
connected with the external temperature. For this rea-
son, when one considers the variation of the free energy
with temperature (which defines the thermodynamical
entropy), besides the standard term proportional to the
dynamical entropy there arise additional terms, originat-
ing from the change of the internal parameters of the
system induced by the change of the temperature. It is
shown in [71] that this effect is sufficient to explain the
required universality of the Bekenstein-Hawking entropy
and clarify its relation with the dynamical entropy, con-
sidered in this paper.

Recently, another proposal [34] has been given for a
mechanism maintaining the exact relation between the
black hole entropy and its horizon area. This mecha-
nism holds on the nonperturbative level in the limit of
heavy black holes. Briefly it looks as follows. Suppose
we have the gravitational effective action I'[g], possibly
generated by the fundamental theory of (super)strings
and, therefore, finite. It may have a very general struc-
ture about which only one assumption is made: it is sup-
posed to be analytic in the curvature and free from the
effective cosmological term (thus admitting the existence
of the asymptotically flat solutions of effective Einstein
equations)

T[g]= Z /d:z:l...dmn Tn(z1,...;zn)R(z1)...R(zr)-

(8.1)
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Here R(z) is a collective notation for the curvature and
Ricci tensors and T'p(zy,...,z,) is a set of (generally
nonlocal) form factors accumulating all the information
about the quantum and statistical effects in the theory.
Since these form factors represent the coordinate kernels
of some nonlocal operators constructed of derivatives, the
only covariant expression available for I';(x) is just the
local density

1

Ti(z)=——55-g
167212

12(z) (8.2)

with a purely numerical coefficient which can be identi-
fied with the effective (renormalized) gravitational con-
stant or Planck length l.g (all the covariant derivatives in
T'; contract to form a total derivative which disappears
when integrated over asymptotically flat spacetime).
According to Eq. (5.16) the calculation of entropy in-
volves the effective action I's = I'[ g°] calculated on the
conical spacetime with metric g° having a conical singu-
larity with 8 # 87 M. On such a manifold the curvature
has a form
Rp(x) = (B — 87M) f(z) + Rreg(), (83)
where R,eg() is a regular part of the curvature bounded
by 1/M? and, therefore, negligible for heavy black holes
M — oo. The singular part caused by conical struc-
ture for 8 # 87 M involves the generalized function f(z)
which, when regulated, can be even nonsingular one, but
having the compact support in the vicinity of the tip of
the cone (black hole horizon) and satisfying the relation

/dw g*?(z) f(z) = —87M . (8.4)
Substituting the structure (8.3) into (8.1) and using
(5.16), we immediately find that the entropy is entirely
generated by the effective Einstein term of the action, be-
cause the expansion in powers of the curvature becomes
the expansion in powers of the angle deficit (8 — 87 M)
of the conical manifold:

S = (ﬁ% - 1) s
=3 / dz T (z) R(z)

-4 (8.5)

412;

The above arguments could have been even generalized
to the case of the finite-mass black hole by noting that in
asymptotically flat spacetime the actual expansion of the
effective action can be performed in powers of the Ricci
curvature R,, only [63,64], for which R, reg(z) = 0 in
Eq. (8.3). However, there is a serious objection to this
mechanism which apparently invalidates this proposal. If
it were correct, then the perturbative calculations of en-
tropy would maintain the universal relation between the
entropy and one-quarter of the horizon area, the quantum
corrections to the classical entropy being compensated for
by the simultaneous renormalization of this length. But

this is definitely not the case for the dominant divergent
contribution (6.29) obtained in the one-loop approxima-
tion. Indeed, as it follows from Eq. (6.27), this contri-
bution involves the invariant of the Killing vector field
&#€, = grr. This invariant can be regarded as a restric-
tion of some nonlocal functional of metric to the manifold
with Killing symmetries. Killing field £# as a functional
of the metric does not have a unique continuation off the
symmetric (Killing) points in the configuration space of
metric, but it is undoubtedly nonlocal and most likely
has a structure of the solution of the Killing equation

Cg* + REEY =0 (8.6)

as a functional of the metric and boundary conditions:
&* = €#[g,boundary data]. This data is nontrivial; it
nontrivially depends on 3, and induces extraneous struc-
tures in the functional argument of the effective action,
which do not reduce to the local metric or curvature. By
iteratively solving the equation (8.6) we can obtain £* as
a nonlocal expansion in curvatures, but there will be a
zero-order term ¢f independent of the metric and point-
ing out the direction in spacetime in which it is periodi-
cally compactified with a circumference given by 3 at spa-
tial infinity. This vector field generates new “noncovari-
ant” curvature structures in the effective action, such as
9u€h €S, R EEEY, etc., that do not reduce to the renor-
malization of the cosmological or gravitational constant
even in the lowest orders of curvature expansion. There-
fore, the dependence of I'g on 8 will be induced not only
by the metric argument of I[g]: T'g = I'[¢%,£5(B),5]
and the above mechanism will break down, since the first-
order term in (8 — 8w M) will no longer be generated by
the Einstein term of the effective action. On the con-
trary, if the mechanism proposed in [71] does work, it
is simply not necessary to relate the difference between
the Bekenstein-Hawking (“thermodynamical”) and the
dynamical entropies of a black hole with the renormal-
ization of the gravitational constant.

We would like to conclude the paper by reminding
readers that its main purpose was to develop an approach
which gives an adequate description of the internal de-
grees of freedom of a black hole. This approach makes
a black hole very close to the usual body with real dy-
namical degrees of freedom. Certainly, there are spe-
cial properties of a black hole which single it out as a
thermodynamical system. The detailed study of these
properties, especially in the general context of black hole
thermodynamics, requires further investigation.

ACKNOWLEDGMENTS

The authors benefited from helpful discussions with
J. Hartle, G. Hayward, W. Israel, K. Kuchar, and E.
Martinez. The work was supported by NSERC grants at
the University of Alberta.



1760 A. O. BARVINSKY, V. P. FROLOV, AND A. I. ZELNIKOV 51

APPENDIX A: LICHNEROWICZ EQUATION
AND THE GEOMETRY OF THE
EINSTEIN-ROSEN BRIDGE

Here we show that the three-geometry of a spatial sec-
tion on which we define the no-boundary wave function of
true physical variables (3.11), (97, pr) = (RL,, p%®, mat-
ter variables) coincides with the geometry of the Einstein-
Rosen bridge in the lowest order of the perturbation the-
ory in (gT, pr). This approximation corresponds to a
ground state of physical excitations (of both matter and
gravitational fields) on the spatial section with the topol-
ogy (3.3).

Consider three-geometry 3g,; and define

Ja. ae 1
B = e*fv, [\/%(313'; - 25; 3R)] , (A1)
where V. is a spatial covariant derivative. York [53]

showed that ﬁ“b gives a pure spin-two representation of
intrinsic geometry. Conditions 3*® = 0 together with
Pap = 0 specify the state where no dynamical gravita-
tional perturbations are present. For this case in the ab-
sence of matter the Lichnerowicz equation (3.9) reduces
to the equation

R=0. (A2)
Condition B“b = 0 implies that the three-metric is con-
formally flat,

di? = ®*di2 = ®*(dz? + dy? + d2?). (A3)

The Lichnerowicz equation (A2) in this case is equivalent
to the equation

AP =0 (A4)
for the conformal factor ®. Here A is the Laplace op-
erator in the flat three-dimensional flat metric di3. A
solution which is regular everywhere is constant and the
corresponding geometry is a flat three-dimensional space
R3. Nontrivial solutions have singularities. A solution
with one simple pole generates a three-dimensional space
S? x R! with the Einstein-Rosen bridge geometry. We
choose coordinates so that the pole is located at the ori-
gin of coordinates

=1+,

% (A5)

where p? = z2 + y? 4+ 22. For this conformal factor the
metric dI? can be written as

dr?

2 _
dl T 1-2M/r

+ r2d0?, (A6)

2
where r = p (1 + ZMP) . A point p = oo corresponds to
a spatial infinity of ¥, while a point p = 0 labels the
spatial infinity of ¥_, the constant M being the mass
(M4 = M_ = M). The important property of the ob-
tained solution describing the state without excitation is

that the corresponding three-metric is spherically sym-
metric.

The metric (A3) with (A5) can be identically rewritten
in the form in which both spatial infinities are represented
in the completely symmetric way. To do this we call that
the flat metric is conformally related with a metric on a
three-sphere S3, so that we have

2
dI? = &%(dx? + sin® xdQ?) = dr

2 2
= oyt (AT)

where &, is a solution of the conformal invariant equation
on the three-sphere,

(A-%%) o =0,

which is of the form ®, = ¢o/siny, with ¢o =
M*/?[sin (x/2) + cos (x/2)] -

In the presence of gravitational perturbations and mat-
ter, the Lichnerowicz equation (3.9) reads

< 1=\ =
—="R) ® =,
(a-5) -

where the source J in terms of conformally transformed
variables looks like

(A8)

(A9)

1 -
J=-3 (35)7! 3% 3pp® T — 20 TX @73, (A10)
Denote by G(@, ') the Green function defined as a so-
lution of the equation

I
(A ~3 3R) Gz, ') = —83(z, 2') . (A11)
The solution of the equation (A9) can be presented in
the form
=&+ /G(:c, 2')J(2')§7de'. (A12)
The first term ®, is invariant with respect to the reflec-
tion x =& m — x. In the general case, J does not obey
this property and the solution ® is not invariant under
reflection and asymptotic values of My of masses at in-
finities of X4 are different. In order to illustrate this
general property we consider here a simple case when J
is spherically symmetric. _
We write ® in the form ® = ¢/sinx . The function ¢
obeys the equation
d*¢

1
——+Z¢=jEJsinx,

i (A13)

and has a general solution in terms of the Green function
G(x x'):

800 = 6000+ [ GO, (A14)
G, X') = —2{9(){ —x') sin(x/2) cos(x'/2)

+0(x" — x) sin(x'/2) COS(x/?)}- (A15)
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The asymptotic masses at two spatial infinities are

do do
M, =¢— , M_ = —¢p— Al6
+ ¢ ax | o ] ax |, (A16)
From this expression it follows that
$(0) = M2, ¢(m) = M2,
$'(0) = M/?/2 —a, ¢(r)=-M"?/2+5,
a= / cos(x'/2)3 (x")dx’,
0
p= [ sintx'/2i(0¢)ax’ (A17)
whence
My — M_ =2MY?*(8 — a). (A18)

This relation shows that in the general case the asymmet-
ric distribution of matter on the Einstein-Rosen bridge
results in different masses M, and M_ at two asymp-
totic infinities. For a known distribution and fixed M,
the value of M_ can be obtained by solving the Lich-
nerowicz equation.

APPENDIX B: R-MODES

In this appendix we construct the basis of positive fre-
quency solutions

wy = exp(—iwt) Ryima(r, 9, @) (B1)

1
V2w
for the scalar field in the exterior region R of the eternal
black hole, for which spatial functions R4 are real (R
modes).

By using the separation of variables for the equation
O¢ = 0 we write

Rwlm (7', 19, ¢) = Rwl (T)Ylm (19’ d))’ (B2)
where
VoTE m =0,
Yim(9,4) = P*(9){ Jzcosme, 0<m<l,  (B3)
%sinmd), —-1<m<0.

We choose the spherical harmonics Yzm to be real so that
the R basis will be constructed if solutions R,,;(r) of
the radial equation (5.22) are chosen to be real. Denote

R.i(r) = v2rxrR,(r), then the radial equation reads

d2R,,
dr *2

where r* = r — 2M + 2M In [(r — 2M)/2M], and
v,=(1_ﬂ)(f—“—iﬂ+ﬂ). (B5)

+(@? = V)Rt =0, (B4)

r r2 r3

For any two solutions of (B4) the Wronskian W|f, f2] =

f1(dfz/dr*) — fa2(df1/dr*) =const.
Functions R,,; have the asymptotics exp(+iwr) at r —
oo and exp(+iwr*) at 7* — —oo. We begin by defining
so-called up modes which are specified (for w > 0) by the
asymptotics
up uur‘ + ,,.wle—iwr‘ ,
'R ( ) { t lezwr’

r* — —oo, (B6)
T — 00.

By comparing the Wronskians at r* = oo for R:I,’ and
its complex conjugated, one gets the standard relations
between reflection and absorption coefficients

l"'wllz + |twl|2 =1. (B7)

The coefficients of the radial equation are real. That
is why Rdown(r) =

R, (r) = R™ ,(r), (B8)

so that 7#,; = r_.; and ,; = t_,;. The real and imag-
inary parts of R’ (r) (for w > 0) can be used as real
basic solutions. The problem is that the corresponding
solutions wy do not possess the proper normalization con-
ditions. In particular, the functions w"P and w9°"™ are
not orthogonal. Namely, one has

(wwlm’w ’l’m’) - 6(“" —w )‘sll’ mm', (Bg)

= up
R, (r) is again a solution. One has

(wiim™, wesim) = 8(w — W) 81 pmome (B10)
(wg‘,’r‘:“,w ’l’m’) = rw15(w — W )6”15""”/ (Bl]_)

Here
(f1, f2) = _i/(flfz,u - f2f1,u)d0” (B12)

is a scalar product in the space of solutions. The
proper normalization conditions (including the orthogo-
nality conditions) can be satisfied by the following linear
transformation of the basic functions:

R“p = aszw, + b,,,;Rdown (B13)
Rd°"‘”1 = IR + awle°w“ (B14)
where
ayl = 1+ ltwll )
V2tui
bt = — Tl . (B15)
‘/iltwllﬁ/l + |tw1]

The following solutions Roia (A = 1,2) are real and
for w > 0 form a proper normalized basis

R Rigw’ (B16)

wll =— ‘/—(R
Rwl2

down )

\/_(R (B17)

These solutions have the asymptotics
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n A+ e—iwr‘ + A+ eiwr‘ r* = —00
Ria(r) = wid S0 ’
wlA( ) { B+I ezwr + sz e—ud‘l‘, r = 00.
(B18)
Here
Al = 2 1+ [fui] + ——— (B19)
“ 2 vV 1 + |twl|
B, =Ll [ A - L), (B20)
2 [tu] V1 + [tu]
] Twl
. i V1t lto]| — —m— ), B21
wl2 2 < | l| 1+ |th| ( )
1 twl le
Bf, = —* 1+ toi| + — ) . B22
@12 = 3 [t ( ol + = |tw1|) (B22)

By using the asymptotics (B6) and (B18), one can
show that near the horizon
2
D Rual® - |RP ~
A=1

—|tu|% (B23)

8M

To summarize, we constructed the basis {wx} (w >0,
A=1,2)

wy = exp(—iwt)Ruima(r, 9, ), (B24)

1
V2w
where Ryima(r,9,¢) = (V27r) 'Ruia(r)Yim (9, ¢) are

real functions, obeying the normalization conditions

/ dam gTTgl/szlmA(a") Rw'l’m’A’ (‘c)

=6(w — ') 6w bmmdaa. (B25)

In addition to the above constructed basis we also in-
troduce modes which are propagating inside a spherical
cavity surrounding a black hole. We assume that the
boundary conditions at the surface of the cavity located
at 7 = ro are of the form

del
dr

+ 6sz} =0, (B26)

r=7o
with real coefficients o and . We denote the cor-
responding real solutions as R, and radial functions

R0 = (V 27r'r)_1Rwlo. The real solutions inside the cav-

ity have the following asymptotics near the horizon
RwlO("‘) =~ ,,—,wloeiwr' + T'wloe—iwr' , (B27)

where |r 10| = 1.
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Horizon

FIG. 3. (a) This figure depicts the embedding diagram
of the global Cauchy surface ¥. This is a well-known
Einstein-Rosen bridge connecting two asymptotically flat
three-dimensional spaces. The bifurcation two-sphere of the
future and past horizons separates the interior £_ of a black
hole from external space E,. (b) Here the half of the Gib-
bons-Hawking gravitational instanton is depicted. The global
Cauchy surface £ = 3, U X _ is one boundary of this Eu-
clidean manifold and spatial infinity M , is another. The
arguments of the wave function ¥(y4,p_) are the boundary
values of quantum fields on the two asymptotically flat parts
of the Einstein-Rosen bridge X4, respectively.



M., M

I~
~
™M
Pt
~
™M

+
|
1

4
Horizon Horizon

FIG. 5. The wave function ¥(yp4,p_) is defined as a path integral over the physical degrees of freedom in the 7 foliation
of the Euclidean spacetime on a half-instanton. The density matrix p(p_,¢-) = Try |¥)(¥| is proportional to the analogous
functional integral, but on the whole instanton, since the proposed wave function can be interpreted as an amplitude of an
Euclidean evolution from the initial state ¢_ to the final state ¢, during the time interval 3/2. Then ¥(p4,¢" ) implies the
evolution from ¢4 to ¢’ and the density matrix is the kernel of the evolution from ¢ _ to ¢’ during the Euclidean time interval

0 < 7 < 3. The arguments of the density matrix ¢’ (z') and ¢_(x) are the values of the fields on different sides £_' and X _
of the cut in the instanton.



