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We use a simple perturbation theory argument and measurements of charmonium leptonic widths
I'(@~s ~ e+e ) to estimate the ratio Rp = lilf„, s(0)l /lip@, s(0)l in the general context of nonrel-
ativistic potential models. We obtain Rp = 1.4 +0.1. We then apply well known potential model for-
mulas, which include lowest order @CD corrections, to find I (rt, —+ pp)/I'(/is ~ e e ) —2.2+0.2.
The central value for I'(vjis ~ e+e ) in the 1992 Particle Data Group Tables then leads to a (non-
relativistic) prediction I'(rt, —+») —11.8 + 0.8 keV. This prediction is in good agreement with a
recent measurement by the ARGUS collaboration, is consistent with a recent measurement by the L3
Collaboration, but is significantly higher than several other measurements and previous theoretical
estimates, which usually assume Rp ——1. The correction to Rp ——1 is estimated to be smaller but
non-negligible for the bb system. Using the current central measurement for I'(Tis ~ e+e ) we find
I'(qb -+») = 0.58 + 0.03 keV. A rough estimate of relativistic corrections reduces the expected two
photon rates to about 8.8 and 0.52 keV for the g, and g& mesons, respectively. Such corrections,
however, are not expected to significantly affect our estimates of Rp. An estimate of I'(rl, (2S) —+»)
is given as well.

PACS number(s): 13.40.Hq, 12.39.Pn, 14.40.Aq

Potential models nonrelativistic (NR) as well as "rel-
ativized" versions] have been successfully used to de-
scribe many properties of quarkonium (cc and bb) states
[1]. Relativistic effects and beyond lowest order QCD
corrections are expected to be more important in ce
mesons than in bb mesons but it is hard to devise model-
independent tests (i.e., that do not depend strongly on
the particular form of the potential being used) that may
pinpoint some properties of charmonium spectroscopy or
decays where a NR description clearly fails.

In the present paper we make a prediction for I'(ik ~
») [I (iraq -+»)t which relies solely on (i) a NR descrip-
tion of the cc [bb] system, (ii) experimental data of lep-
tonic charmonium [bottomium] decays, (iii) approximate
validity of lowest order perturbation theory for the color-
hyperfine splitting interaction, and (iv) approximate va-
lidity of lowest order QCD radiative corrections. At the
end of the paper we make an estimate of relativistic cor-
rections to our results.

As a starting point we make use of a previously derived
result [2] relying on a NR description of quarkonium sys-
tems which includes lowest order QCD corrections:

I'(n. ~ ») 4 l'I+, 96~.~ M~ l~v. (0) I'

I'(/is ~e+e ) 3
q

~
p (2m. )'l@@,.(0)l'

and analogously, using a, (mt, ) = 0.18 + 0.01 [2],

It is important to note that even if we were far more
conservative with the uncertainty in the value of n, (m, )
and n, (mz), the resulting uncertainty in the numerical
coefficients of Eqs. (2) and (3) would only be of the
order of a few percent.

A widely used approximation at this point is to set
e..(0)l'/le~, .(0)l = 1: [le..(0)l'/le~, .(0)

' = 1]
leading to I'(g, ~ »)/I'(@is ~ e+e ) = 1.6 [I'(alt, ~
»)/I'(Tis ~ e+e ) = 0.37]. We will show below that
for the cc case this commonly used assumption is off by
more than 30%%up (and could be off by as much as 50%%up).

For the bb case the correction to this approximation is
estimated to be smaller but still significant.

In the context of NR potential models, the interac-
tion Hamiltonian responsible for the splitting between
the 1sSi states and the 1iSp state of a QQ meson is
given by H = Hs„+ Hso where

3pg ' F/2 ' F —pg ' p2 87t

Hs„+ Hs„. (4)

where a, should be evaluated at the charm scale. We
will use n, (m ) = 0.28 + 0.02 [2]. For consistency of
the NR description of the system and since the hyper6ne
splitting will be included only perturbatively, one should
set 2m, = M~ [3].

Thus, one obtains

(2)

p, ~ and p, 2 are, respectively, the static color-magnetic
moment operator for the quark and the antiquark and r
is the relative position vector. Color indices have been
omitted and electromagnetic interactions have been ig-
nored. The spin-orbit part of the Hamiltonian, Hso,
is included for completeness. However, it does not con-
tribute to lowest order to either the energy splitting [Eq.
(5) below] or the shifts of the wave functions [Eqs. (6)—
(9) below] for S states.
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We now study the eKects of the Hamiltonian H to low-
est order in perturbation theory. The energy splitting be-
tween the 1 sSi and 1 S0 states is given to lowest order
by

=E1 S
—E1 S

(1) (1) (1)

But the wave function at the origin is zero for all non-S
states and therefore only S states contribute to the sum
for r = 0. Thus, the shifts in the v)ave functions at the
origin are given as

. (oI@Ns)(~NslHs„l~i"s, )

N&1 1S NS

where the last step follows after angular integration from
the fact that the relevant states have E = 0. Experimen-
tally, AE„=M@,~ —M„,~

= 118+ 2 MeV [4]. We
estimate LE&& ——M&» —M„„~ = 45 + 15 MeV, us-
ing the measured value of LE —and NR potential model
formulas which include lowest order @CD corrections.

The lowest order correction to the radial and orbital
ground state wave functions at a point r due to the
Hamiltonian H is given (in common bra-ket notation)
by

&")+.",( ) =&"( I+.",)
(rl~-") (~-"IHs„l~',"„)

E( ) ~( )

' "
n

~(o) g~(o)

. (oI~N's)(@Nsl s„l+i"s,)
N&1 1S NS

N)1 (@1S NS) i ~Sg (
(o) (o) (o)

(8)

The last step is possible because the matrix element has
support only at the origin. The previous step follows
&om the fact that only S states are involved in the sum.
Note that only one state per radial excitation contributes
to the sum. The wave function in the denominator is a
shorthand notation to mean that multiplication on the
left by (4'(i,)s IO) will cancel it.

In the same way,

1 So k J g (p) (p) (p)(~iS —&NS)~, S, (o)

~(o) g~(o)

Therefore, to lowest order in perturbation theory,

l
@i's (o)l' l@i's. (o)l*= (@i's,(o) &"@i's (o) + i'i"@i's'(o) @i"s,(o))

~i's( ) &"@i's ( ) + @i's( ) i' s ( ))
(o)

2~@(i) -
I +N s (0) I

(o) (o)
N&1 1S NS

(10)

where AE(i) is given by Eq. (5). Strictly speaking,
within any specific potential model, the sum on the right-
hand side (RHS) of Eq. (10) is logarithmically diver-
gent because I@N(0)l oc "&g for large values of K [5].
The appearance of this divergence in our perturbative
expansion is due to the singular nature of the contact
term H~s [see Eq. (4)]. In the physical situation, how-

ever, the Dirac b function in H~s should be replaced
by a "smeared" peak [e.g. , a Gaussian of finite width

I

I

Ar = O(1/M) where M is m, or mb] which will sig-
nificantly suppress the contributions for large N, where
@N(r) has many nodes within the "smearing radius" Ar
Because we estimate this sum (see below) by using exper-
imental data (which contains the full dynamics, includ-
ing the smearing), we expect that the series converges
rapidly so that an estimate using the Grst few terms will
be physically meaningful.

Equation (10) can be rewritten in the form

l~.".(0)I', +»E(» )- I+N (o)I
I+.",(0)I',; I+.",(0)I' ~",) - ~,(;)

= 1+ 2 (M, ss, —M, .s, ) )- I@N s, (o)l'
s, (0)l M '

~
—M
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where the last step (which is consistent to lowest order) was taken to express the result in terms of experimentally
measurable quantities.

Notice that since we are working in the context of NR potential models we can express the ratio of the wave
functions at the origin for S vector states in terms of ratios of leptonic widths and masses [2]:

[y~, s (0)]2 I'(N Si -+ e+e )M~, s
[e,.,, (O)[2 r(»si ~ e+e )Mi2. s,

Our result is then

I+.".(0)I' r(N Si m e+e )M~, s I
I+.",(0)I'2

= 1+ 2 (Mr as, —Mi. s, ) ) I'(1 Si m e+e—)M,', s Miv~s, —M, ~s,

(12)

YVe calculate this ratio using M+yg Mg yg 118+2MeV
as well as the information on masses and leptonic widths
for the Si states Q(3097), Q(3685), g(3770), Q(4040),
@(4160), and g(4415) given in the 1992 Particle Data
Group (PDG) tables [4]. We obtain

[ "."( )[' =1.4+O.1 .
I+a»(0) I' (14)

The error was estimated &om the given experimen-
tal uncertainties [4] . We have ignored possible contri-
butions &om "continuum" states above the DD thresh-
old because these are outside the potential model Hilbert
space. We are assuming implicitly that the discrete spec-
trum constitutes a complete set of states of the relevant
NR Schrodinger equation and thus including (physical)
continuum state contributions would amount to double
counting.

We note that over half of the contribution of the sum
over states in Eq. (13) to our result in Eq. (14) is due to
the lowest excitation v/r(3685) (= 0.23) while the contri-
bution of the highest observed radial excitation @(4415)
is quite small (= 0.03). Therefore, we expect that the
five radial excitations of /is observed so far saturate the
sum to a good approximation.

Although we have no reliable estimate of the correc-
tions to the result of Eq. (14) due to effects that are
higher order in Hg„, the magnitude of the lowest order
correction (= 40%%uo) can be used as an indication that
such corrections are not likely to change our result sig-
nificantly (i.e., by more than lo%%uo). Such corrections
should be viewed as a systematic uncertainty of our ap-
proximations and will be ignored hereafter.

Combining our results in Eqs. (2) and (14), we obtain
the prediction

r(- )
r(@,s m e+e-) (15)

r(g m e+e ) = 5.36 +o 2s keV,

we obtain an absolute estimate

(16)

r(rk m pp) = 11.8 6 0.8 + 0.6 keV,

where the first uncertainty stems &om our main result

Using the value for the Qi~ leptonic width quoted in Ref.
[4],

TABLE I. Experimental results for I'(g ~ pp).

Experiment
PLUTO (1986) [7]

TPC (1988) [8]
CLEO (1990) [9]

PDG AVE. (1992) [4]
ARGUS (1992) [10]

L3 (1993) [11]
E-760 (1993) [12]

CLEO II (1993) [13]

I'(q, -+ pp) (keV)
28+ 15
6 4+5.0—3.4

5 9+21.81 + 1.9
6 6+—2.1

12.6 + 4.0
8.0 + 2.3 + 2.4

5.0+~ s + 2.3 (preliminary)
5.73 + 1.34 + 1.57 (preliminary)

[

Eq. (15), while the second refiects the experimental un-
certainty in Eq. (16).

We point out that if we had used the corrunon ap-
proximation [4'„.(0)[ /[4~(0)[ = 1 instead of our es-
timate [Eq. (14)], we would have obtained a rate
r(rk ~ pp) —8.4 + 0.5 keV instead of our result in
Eq. (17). This is in line with most previous theo-
retical predictions (around 7 keV) 6] and also agrees
within errors with the experimenta average [r(q
py) = 6.6 kz i keV] quoted in Ref. [4] (see also
Refs. [7], [8], and [9]). A more recent measurement by
the ARGUS Collaboration [10], on the other hand, is
r(rI, ~ pp) = 12.6 6 4.0 keV, which is centered closer to
our prediction [Eq. (17)]. Finally, a recently published
result by 13 [ll], r(rI m pp) = 8.0+2.3+2.4keV, is
centered closer to the estimate based on the assumption
Ro ——1 but is still consistent with our prediction [Eq.
(17)]. A compilation of experimental measurements of
r(rI ~ pp) is given in Table I for comparison with our
NR prediction [Eq. (17)] and our result that includes an
estimate of likely relativistic corrections, I'„i, given later
in the paper.

We can also use the above formalism to estimate the
rate rl, (2S) + pp which may be measured in the near fu-
ture. Equation (1) remains unchanged with the obvious
replacement rI, —+ g, (2S) and ogive ~ @2s. In Eq. (13)
we replace 1S ~ 2S everywhere and the sum is now over
N g 2. Using essentially the same experimental infor-
mation (masses and leptonic width) as required above,
supplemented by M„(2s) = 3594.0 6 5.0 [4], we obtain

l@n..s(0) ['/[@+2s(0) I
= 1.2+ 0.1. Usirig the measured

leptonic width r(@qs ~ e+e ) = 2.14+0.21 [4] we then
obtain, &om the analogue of Eq. (1), r(rk(2S) m pp) =
5.7 + 0.5 + 0.6 keV.
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Although the eKect is smaller for the bb mesons, we
repeat the same procedure for completeness. Using
our above mentioned estimate for the energy splitting
AEi, i, ——M~, s

—M„„s = 45+ 15 MeV and the experi-
mental information about T states (masses and leptonic
widths) [4], we obtain an estimate, analogous to the re-
sult in Eq. (14), of

(18)

Using our results, Eqs. (3) and (18), we obtain

I'(rjq -+ pp) = 0.58 + 0.03 + 0.02 keV (20)

where the first error stems from Eq. (19) and the sec-
ond one &om the present experimental uncertainty in
I'(V, s m e+e ) [4].

To summarize, the main point of the present paper
is to show that within the general context of NR po-
tential models one can (using available experimental in-
formation) make a reliable estimate for the ratio Rp

l@i~s, (0)l /l@i&s, (0)l for cc and bb systems. A com-
monly used approximation is Ro ——1. Our estimates
[Eqs. (14) and (18)] imply that Rp ——1 is a bad approx-
imation for the cc system and requires moderate correc-
tions for the bb system.

The main measurable consequence of this study is that
I'(rI, ~ pp) is expected to be significantly larger (by
between 30%%up and 50%%u&'&) than predictions based on the
Rp ——1 assumption. In fact, the NR "potential model"
predictions for the rates of all important decay modes
of the ik [relative to I'(g ~ e+e )] are enhanced by
the same amount with respect to the predictions based
on the Ro ——1 assumption. Thus, if Ro ——1 is used
for such predictions, the error made would have to be
compensated by using unphysically large values for the
strong coupling n, at the tree level.

From the theoretical viewpoint, precise measurement
of I'(q, ~ pp) favoring lower values (e.g. , around or be-
low 7 keV, which agrees well with the central value in

= 0.43 6 0.02I'(Tis m e+e )

The current experimental value for I'(Tis M e+e ) [4]
then leads to the prediction

Ref. [4] and also the recent measurements Refs. [11—
13]) would put into question the validity of NR potential
model assumptions for the description of cc systems. The
only way that we see to escape this conclusion would

be to argue that the ratio 2 in Eq. 1 is sig-

ni6cantly smaller than l. owever, this seems to go
against the weak-binding assumption that is needed for
self-consistency of NR potential models. Of course, a
naive NR estimate of I'(rI, —

& pp), where perturbative
@CD corrections are ignored and Rp ——1 is assumed,
would indeed give such a low value because in such an
approximation I'(ik M pp) 4/31 (g M e+e ) [see Eq.
(1)]. Our main result [Eq. (17)] shows that this approx-
irnation is unwarranted.

On the other hand, if 1 (rI, -+ pp) turns out to be close
to our prediction [Eq. (17)] (see also the measured value
in Ref. [10]), we could state that NR potential model
descriptions of charmonium have passed yet another test
successfully. Because we know that a fully relativistic
description of these systems is in fact the correct one,
this "success" would just mean that relativistic efFects
are either unimportant or are well mimicked by a NR
description, for the relevant processes.

All the above results and discussions are based on a
strictly NR description of the cc and bb system. As stated
at the beginning of the paper, relativistic corrections may
be significant, especially for the cc system. We conclude
our paper with a brief discussion of the likely effects of
such corrections on our predictions. We think that our
results for the ratios Rp [Eqs. (14) and (18)] should be
essentially unaffected by relativistic corrections, because
the main input for those estimates consists of actual ex-
perimental data (leptonic widths and mass splittings)
which of course include full relativistic corrections. The
argument used for these estimates [Eqs. (4)—(13)] relies
more on lowest order perturbation theory than on strictly
NR dynamics. On the other hand, Eq. (1) and its ana-
logue for bb systems does rely more directly on the NR
description. The main relativistic correction to that ratio
comes f'rom the fact that the contribution of the quark
propagator between the two photons in the iI, (gb) decays
is sensitive to the momentum distribution of the quarks
in the decaying meson (see, for example, Refs. [14] and
[15]). We roughly estimate these efFects by using com-

2
monly quoted values for —",I, = (P ) for the orbital and

+CD correction
o., (m ) =028

TABLE II. Decay rate I (ii, —+ pp), based on I'(Q —+ e+e ) 5.36 [4], for difFerent theoretical
assumptions. The last two rows representing our predictions [Eq. (17)] and I'„~(ri, -+ pp).

I'(g -+ pp) +.(o) ' Relativistic correction
(keV) (P') = 0.25
7.1 X x
5.4 X X

10 X X
8.4 X X
7.5 X

6.3 X
11.8 X
8.8
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TABLE III. Sample of previous theoretical estimates of r(xl ~ pp) and r(rig m pp) together
with our predictions (NR and relativistically corrected).

Reference
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]

This work (strictly NR)
This work (incl. relat. corr. )

r(xi —+ pp) (keV)
0.0014 x r(xi, ) = 14

7.7
8.4
6.8
4.8
15
5.6
4.6
11.8
8.8

r(rig -+ pp) (keV)

0.45
0.50
0.38
0.17
0.17

0.58
0.52

radial ground state cc and bb quarkonium: (P )y = 0.25
and (P )r = 0.1. The P dependence in the integrands
of Eqs. (13) and (15) in Ref. [14] is "pulled out" of the
integrals by replacing P by (P ). This procedure results
in a relativistic correction factor of

to the RHS of Eq. (1) and. its bb analogue. Using the
above values for (P2) leads to a numerical factor of about

for the cc system and z z z for the bb system. Using
our NR central estimates given in Eqs. (17) and (20)
above, we obtain "relativistically corrected" central esti-
mates of I', i(rl, ~ py) = 8.8 keV, I'„i(xk(2S) ~ pp) =
4.25 keV, and I'„i(rib ~ pp) = 0.52 keV, where we as-
sumed (P )@ = (P )& . If an accurate experimental
measurement would give I'(xk ~ yp) = 8—9 keV, caution
again has to be applied in the interpretation. The present
paper would imply that this value is the result of a near
cancellation of two effects, namely, Bo = 1.4 and. rela-
tivistic corrections. On the other hand, a strictly NR de-
scription that included QCD corrections, but would (in-

correctly) set Ro ——1, would produce a similar answer. In
order to facilitate interpretation of experimental results
in terms of different possible theoretical assumptions, we
summarize the corresponding predictions for I'(xl, ~ pp)
in Table II. For completeness, we present in Table III a
sample of previous theoretical estimates of I'(xk ~ pp)
and I'(rli, -+ pp) based on nonrelativistic and relativistic
potential models as well as QCD sum rule techniques.
For comparison, we include also the predictions in this
paper (stricltly NR and with expected relativistic correc-
tion).

Finally, we would like to remark that our main
result for the cc system, namely, that Ro

(0)] /]xlx~, (0)
~

is significantly larger than 1 [see
Eq. (14)], could help to explain the experimentally ob-
served suppression of the rate for @xs —+ xl p relative to
theoretical estimates that use identical spatial wave func-
tions for gxs and xk. The rate for &2s —+ xl,p will also
be afFected by our result.

We would like to thank 3. Amundson, T. Barnes, L.
Durand, P. Patel, and 3. Rosner for useful discussions.
This work was supported in part by the Natural Sciences
and Engineering Research Council of Canada.

[1] See, for example, the reviews by C. Quigg and J. L. Ros-
ner, Phys. Rep. 56, 168 (1979); W. Lucha, F. Schoberl,
and D. Gromes, ibid 200, 127 (1991).; G. A. Schuler,
Report No. CERN-TH. 7170/94, HEP-PH 9403387 (un-
published), and references therein.

[2] Z. W. Kwong, P. B. Mackenzie, R. Rosenfeld, and J. L.
Rosner, Phys. Rev. D 87 3210 (1988).

[3] This happens to also be in good agreement with recent
estimates of the on-shell (or pole) charm quark mass by
I. I. Bigi and N. G. Uraltsev, Z. Phys. C 62, 623 (1994).

[4] Particle Data Group, K. Hikasa et al. , Phys. Rev. D 45
Sl (1992).

[5] See, for example, B. Durand and L. Durand, Phys. Rev.
A 88, 2899 (1986), axid references therein.

[6] See, for exaxnple, the review talk by N. Isgur, in Pro
ceedings of the XXVI International Conference on High
Energy Physics, Dallas, Texas, 1992, edited by J. R. San-

ford, AIP Conf. Proc. No. 272 (AIP, New York, 1993), p.
33.

[7] PLUTO Collaboration, C. Berger et aL, Phys. Lett.
167H, 120 (1986).

[8] TPC Collaboration, H. Aihara et al. , Phys. Rev. Lett.
60, 2355 (1988).

[9] CLEO Collaboration, W. Y. Chen et al. , Phys. Lett. B
248, 169 (1990).

[10] ARGUS Collaboration, E. Krizxiic, in Photon Photon-
'gl, Proceedings of the IXth International Workshop,
San Diego, California, 1992, edited by I3. O. Caldwell
and H. P. Paar (World Scientific, Singapore, 1992), p.
176. A very recent analysis of the ARGUS data gives
r(~, ~ ~~) = 11.3+ 4.2 kev [ARGU'S Collabo»tion,
Phys. Lett. B 888, 390 (1994)].

[ll] L3 Collaboration, O. Adriani et aL, Phys. Lett. B 818,
575 (1993).



MQHAMMAD R. AHMADY AND RQBERTO R. MENDEL

[12]

[13]

[14]
[15]

[18]

[17]

Talk given by E760 Collaboration, j. Marques, at the
5th International Symposium on Heavy Flavour Physics,
Montreal, 1993 (unpublished).
CLEO II Collaboration, A. Bean et a/'. , in Lepton and
Photon Interactions, Proceedings of the XVI Interna-
tional Symposium, Ithaca, New York, 1993, edited by
P. Drell and D. Rubin, AIP Conf. Proc. No. 302 (AIP,
New York, 1994), paper No. 293.
C. Hayne and N. Isgur, Phys. Rev. D 25, 1944 (1982).
Z. Li, F. E. Close, and T. Barnes, Phys. Rev. D 43, 2161
(1991);E. S. Ackleh arid T. Barnes, ibid 45, .232 (1992);
T. Barnes, in Photon Pho-ton 'g2, [10], p. 263.
T. Appelquist, R. M. Barnett, and K. Lane, Annu. Rev.
Nucl. Part. Sci. 28, 387 (1978). Note that they used
n, (m, ) = 0.19 for the estimate of the branching ratio.
For the numerical value, we took I'(rt, ) as the central
value quoted by the 1992 PDG [4].
F. Close, in An Introduction to Quarks and Partons (Aca-
demic Press, New York, 1980). We used his Eq. 16.14

(and bb analogue), with 1992 PDG [4] values for vP and T
leptonic widths. These predictions are similar to the first

entry in Table II, but there is an extra factor of squared
vector/pseudoscalar masses.

[18] R. Barbieri, R. Gat to, and E. Remiddi, Phys. Let t.
106B, 497 (1981); Kwong et at. [2]. We used a., (m, ) =
0.28, a.,(ms) = 0.18, as well as 1992 PDG [4] values for @
and T leptonic widths. See also the fourth entry in Table
II.

[19] S. Godfrey and N. Isgur, Phys. Rev. D 32, 189 (1985).
[20] Ackleh and Barnes, Ref. [15].
[21] M. Horbatsch and R. Koniuk, Phys. Rev. D 47, 210

(1993).
[22] R. Kirschner and A. Schiller, Z. Phys. C 16, 141 (1982).
[23] L. J. Reinders, H. Rubinstein, and S. Yazaki, Phys.

Rep. 127, 1 (1985). Note that these authors find

~@„.(0)~ /~illy(0)~ ( 1, in disagreement with our results
and with usual potential model expectations [1].


