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Extended variational approach to the SU(2) mass gap on the lattice
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The linear b expansion is applied to a calculation of the SU(2) mass gap on the lattice. Our
results compare favorably with the strong-coupling expansion and are in good agreement with recent
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I. INTRODUCTION

The linear b expansion (I DE) is an analytic approach
to field theory which has been applied to a number of
different problems (see Ref. [1] for a review of this and
the earlier exponential b expansion). The approach is
nonperturbative in the sense that a power series expan-
sion is made in a parameter b artificially inserted into
the action, rather than in a coupling constant of the the-
ory. The calculational techniques required do not dier
greatly &om conventional Feynman diagrams. An essen-
tial part of the approach is an optimization with respect
to another parameter, in the present case J, appearing
in the b-extended action.

The linear b expansion uses b as an interpolation be-
tween a soluble action So and the action for the desired
theory S. The action is written

Ss = (1 —b)So+ bS,

where So contains some dependence on the optimization
parameter J. A vacuum generating functional or appro-
priate Green function may then be evaluated as a power
series in 8, which is set equal to unity at the end of the
calculation.

Of course this power series is only calculated to a finite
number of terms, and will therefore retain some depen-
dence on J which would be absent in the sum to all orders
when b is set equal to 1. A well-motivated. criterion for
fixing J is to demand that, at least locally, the truncated
result should be independent of J. This is the principle
of minimal sensitivity (PMS) [2]. If CN denotes the Nth
approximant to a quantity C, the requirement is

OC~( J) =0.
This, or some similar criterion, is an intrinsic part of

the LDE, providing the nonperturbative dependence on
the coupling constant of the theory. For example, in the
b expansion of the integral f dx exp( —gx4), the PMS cor-
rectly reproduces its g ~~ dependence [3]. The applica-
tion of the PMS is also vital for the convergence of the
b series, which has been rigorously proved for the zero-
dimensional P4 vacuum generating functional [3] and the

Bnite temperature partition function of the anharmonic
oscillator in quantum mechanics [4]. The proof has been
recently extended [5] to the connected vacuum generating
function W = ln Z in zero dimensions.

A number of nonperturbative approaches to field the-
ory are related to the LDE. At Brst order in b, the LDE is
related to the Gaussian approximation [6], and at higher
orders to generalizations of this [7]. It also has much in
common with work of Kleinert [8] and of Sissakian et al.
[9]

In the context of lattice gauge theories the LDE has
been applied, with various choices of the trial action [10—
12], to the groups Z2, U(1), and SU(2), mainly in cal-
culating the plaquette energy EI . A particularly useful
trial action is the one proposed by Zheng et al. [13],based
on single links:

Sp ——J) trUg .
e

(3)

The sum runs over all links E of the lattice, and the pa-
rameter J is used for optimization. This trial action pro-
vides a systematic way of going beyond mean Beld the-
ory, with which the 8 expansion coincides in lowest order.
However, rather than applying the PMS order by order in
b, as in Eq. (2), these authors used a different optimiza-
tion criterion, more closely related to the conventional
variational method, in which a rigorous inequality for the
free energy at O(b) was applied at all orders in b. Such a
procedure is liable to forfeit the convergence which may
be provided by an order-by-order optimization.

Two of the present authors [14] used the Zheng trial
action with the PMS in its usual sense in a calculation
of the SU(2) plaquette energy. This was found to give
excellent agreement at Q(bs) with Monte Carlo results
in the weak-coupling regime. Following on from this,
the phase structure of the mixed SU(2)-SO(3) action was
studied [15], and again the results to O(bs) gave good
agreement with the Monte Carlo results.

We were therefore encouraged to attempt to extend the
method to the more diKcult problem of the mass gap
in lattice SU(2) using the same trial action. For such
quantities, which involve finding the exponential falloK
of a correlator at large separations, semianalytic meth-
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ods have, in principle, an advantage over Monte Carlo
methods, insofar as the size of the lattice is not limited
and small signals are not masked by statistics.

In Sec. II we set up the formalism for the problem
to be studied and explain how the diagrams which arise
in the b expansion of the modified action are evaluated.
The optimization procedure adopted is explained in Sec.
III, where the results are presented first in lattice units,
and then in terms of the SU(2) lattice constant Ag by
looking for the correct scaling limit as a -+ 0. In Sec.
IV we summarize the paper and indicate some directions
for further development. The Appendix shows how the
evaluation of expectation values in the background of the
trial action of Eq. (3) can be organized in a way amenable
to symbolic computation.

II. THE DIAGRAMMATIC EXPANSION

We consider the SU(2) gauge theory on the lattice.
The b-extended action is

Sg = —hp) trUy + (1 —b)J) trUg .
P e

The partition function for this system may be written

the temporal gauge seems to lead to particularly rapid
convergence.

The next power in b adds one extra plaquette to
Fig. 1(a) in all possible positions. Some examples of these
are shown as Figs. 1(b)—1(k). The adoption of the tem-
poral gauge explains the absence of diagrams where a
plaquette is attached to the side of the ladder by a tem-
poral link only. Such a link variable is set to unity, and
therefore the extra plaquette is efI'ectively disconnected.
At this order, there is also a term proportional to S So
in the b expansion. This can be included as a partial
derivative with respect to J of the O(h ) diagram.

Each of the diagrams shown has an associated multi-
plicity depending on its geometric properties. The basic
diagram of Fig. 1(a) has a factor of 4Ri representing the
fact that the ladder may be connected to any of the four
sides of the lower plaquette A, which is taken as fixed,
and that the upper plaquette B' has Bq possible spatial
orientations. Similarly, the additional factor of 12B2 in
Fig. 1(b) arises &om the B2 possible spatial orientations
of the extra plaquette, its possible attachment on any of
the three sides of its neighbor, the fact that either of the
two upper plaquettes could be B, and finally a factor of 2
to include the symmetrical configuration where the extra
plaquette is attached to A instead. Note that Figs. 1(f),
1(h), and 1(k), which involve an additional plaquette in

gg —— dUe '

[dU'] ) gT( 'o) sP
pt (5)

(a)
)C

)C

4R

and lattice quantities may be evaluated as power series
in b in the background So. This leads to a diagram-
matic expansion related, but not identical to the conven-
tional strong-coupling P expansion [16,17], the difference
being that the strong-coupling expectations are evalu-
ated in a zero background. The actual diagrams used
are also difFerent, the first nonvanishing diagram in the
strong-coupling expansion for the mass gap being a closed
cuboid of plaquettes, compared with the LDE, for which
the first diagram is shown in Fig. 1(a).

Calculation of the mass gap involves the evaluation of
the connected correlation C(t) between two nonoriented
plaquettes A and B with temporal separation ta in any
spatial position:

C(t) = (tr U/ (ta) tr U/ (0))~ .

The subscript C denotes the connected expectation or
cumulant. The diagrammatic expansion in powers of b
has its first nonvanishing term at O(8 ). This is shown
in Fig. 1(a), where a "ladder" of timelike plaquettes con-
nects A and B.

In common with previous calculations [13,15] with the
trial action of Eq. (3), we have used the temporal gauge.
This seems a natural choice in the present calculation,
where the time direction is singled out, and has the ad-
vantage of simplifying the enumeration and evaluation of
the relevant diagrams. Ultimately the choice of gauge
should be irrelevant, but in this calculation the use of
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FIG. 1. Nonvanishing diagrams at O(b ) and O(b +
) in

the linear 8 expansion for the SU(2) mass gap. The vertical
direction represents time. The expression next to each dia-
gram is its geometric multiplicity factor. The R, are de6ned
by A; = 2d —3 —i for d spacetime dimensions.
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the body of the ladder, have a t-dependent multiplicity.
Having enumerated the diagrams to the required or-

der and calculated their associated multiplicities, their
expectation values must be evaluated. The evaluation
of simpler diagrams consisting of up to four or five pla-
quettes by group integration [13] or character expansion
[15] has been discussed elsewhere. Another method is
discussed in the Appendix to the present paper.

In the evaluation of the straight ladder diagram of
Fig. 1(a) and subsequent modifications thereof, an enor-
mous simplification arises from the fact that the expec-
tation value of a single link is a multiple of the identity
[Eq. (Al)]. This means that the contribution of Fig. 1(a)
is just a product of factors representing the expectation
values of the doubled links occurring on each rung. Re-
markably this factorization extends to the connected ex-
pectation value, with the result that

Ci( )
= (4Ri) 2V2 V'+ b' .

Here each factor of V2 represents the expectation value of
a single spacelike link of A and B, and we get a factor of
V—:BV2/M for each rung. The functions V are defined
as ratios of modified Bessel functions of argument 2J:

and

V"'= aJ

Y(J) = 4V4 —2V2(3Vs —1) . (1O)

The higher order diagrams consist of modifications to
this basic diagram by inserting additional plaquettes at
either end and/or in the middle. At order b +~ only
one of these alternatives is possible. The factorization
property noted above extends to these higher order dia-
grams. That is, their connected expectation can be ob-
tained from the basic building blocks shown in Fig. 2,
with additional factors representing the bulk of the lad-
der.

Diagrams which involve a modification at one end have
a multiplicity which is independent of the total tempo-
ral separation t, whereas the three diagrams 1(f), 1(h),
and l(k) which involve an addition to the middle of the
ladder have t-dependent multiplicities. The latter essen-
tially exponentiate in higher orders and so are the only
ones which contribute to the mass gap when this is cal-
culated from the b expansion of the ratio C(t + 1)/C(t)
[see Eq. (16)]. The contributions of these diagrams are
given below:

[12R2(t 1)] Vt+2Vsgt+1

Cl(h) = [4R~(t —1)] V'V2 (Y' —8V2V)b'+'

C, (p) = [2R~t] V' V (Y /3 —16V V )$+
The diagrams of order b + are similarly built up by

I„(2J)
Ig(2 J)

Two derived quantities which appear frequently in the
contributions of higher order diagrams are V as defined
above,

( )
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FIG. 2. Connected expectations of some of the basic dia-
grams used in calculating the correlation C(t). The symbols
used are de6ned in the text.

C(t) = ) M;D;(J(1 —b)), (12)

(a) (c)

v,'(Y-gv, v)

(d) (e)
l v,'v' V,(V,'Y-SV,'V)

V,'V' V,'(Y-8V,V)
V,'(Y l3 16V,'V*)-

FIG. &. Examples of nonvanishing diagrams at O(b'+ ) in
the b expansion for the SU(2) mass gap. The vertical di-
rection represents time. Diagrams (a)—(c) have multiplicity
independent of t, (d)—(f) have multiplicity tx t, and (g)—(i)
have multiplicity cx t .

adding a further plaquette in all possible ways. Some
examples are shown in Fig. 3. There are around 150
diagrams at this order, although again it is only those
with t-dependent multiplicities which contribute to the
b expansion of C(t + 1)/C(t). There are also additional
terms in S So and S + So which arise from the expansion
of the factor (S —So)" in Eq. (5). The most succinct
way of including such contributions is to note that J
always occurs in the combination J(1 —b) [see Eq. (4)].
Thus the V's occurring in the various expectation values
are really functions of this argument, which needs to be
Taylor expanded to the appropriate order. Altogether we
may write



EXTENDED VARIATEONAL APPROACH TO THE SU{2) MASS. . . 1301

III. EXTRACTION OF THE MASS GAP

Having set up the diagrams necessary to calculate the
correlation C(t), we now need to extract the mass gap m
using the familiar result

C(t) A e (13)

where M; denotes the multiplicity of the ith diagram and
D; is its connected expectation value.

This formulation leads to a naive large t limit for the
mass gap. In going &om temporal separation t to t + 1,
we add an extra plaquette to the ladder part of each
diagram, which gives an overall extra factor 2PV(J) to
the correlation. Thus one might expect the mass gap to
be equal to —ln[2PV(J)]. In fact, for the lowest order
contribution we have

ap ——fpA'+

bp = foal',

as t ~ oo, giving

C(t)ma = lim lnt~~ C t+ I (14)

where A = 2PV, so that indeed ap/bp ——2PV. In higher
orders, however, t-dependent multiplicities give rise to
corrections to the naive result.

The next-order coefBcients have the form

At first sight it might seem reasonable to calculate C(t)
and C(t+ 1) separately, applying the PMS to each corre-
lation, and then to extract ma Rom Eq. (14). However,
this is not a &uitful procedure for two reasons. The first
is that it is not in the spirit of the PMS, according to
which it is the final quantity calculated which should be
optimized with respect to J. More importantly, the con-
vergence of the expansion performed in this manner is
extremely slow. It is, after all, asking a great deal of
a perturbation expansion, even when optimized, to give
the correct t -+ oo limit of C(t) with only a few terms of
the expansion.

The most important aspect of the problem is that some
of the diagrams have multiplicities which grow with t,
reQecting the fact that additional plaquettes can be at-
tached in a large number of positions to the body of the
ladder. Thus the larger the value of t, the higher the
order of the perturbation expansion required before the
factorial denominators in Eq. (5) eventually control the
convergence. However, these diagrams essentially expo-
nentiate. For example, the series of diagrams starting
with Fig. 1(h) and continuing with Fig. 3(h) has the form
of an exponential series for large t. Consequently, when
the series for the ratio is taken the t dependence cancels,
as we show in more detail below. Thus, by considering
the Taylor expansion for the ratio, the limit t —+ oo does
not pose such a threat to the convergence of the series.
A similar procedure was adopted by Miinster [17] in the
application of the strong-coupling expansion to the cal-
culation of the mass gap.

We therefore apply the PMS to the Taylor expansion
of the ratio C(t+ 1)/C(t), up to third order in b. Writing
the series for C(t) and C(t + 1) as

C(t) = b'(b, + b, b'+ b, b'+ . ),
C(t+ 1) = h'+'(ap+ aib+ a2b'+ . ),

the ratio has the expansion

a, = [f, +(t+1)g,]A'+',
bi ——(fi + tgi) A' .

Then to second order in h, Eq. (16) is

C(t + 1) Agi

C(t) fp

Again this is independent of t, and means that in this
form of the expansion t does not need to be taken asymp-
totically large. It is suFicient to take it large enough for
the diagrams to settle down to a generic form.

At O(b + ), writing

a = [f + (t + 1)g + (t + 1)'h, ]A'+

bg
——(fz + &g2 + & h2)A', (20)

the O(8 ) term in Eq. (16) is

bi (apbi —oibp) —bp(apb2 —a2bp)
g3

= —2[f0(h2 + gg) —fight + t(2h2fp —gi)] . (21)2

C(t + 1) gi b2

C(t) f f2
= hA 1+ b —+ —2[fp(h2 + g2) —fight]

(22)

This apparently has a t dependence, but in fact the
coefficient h2 is precisely hagi/fp because it arises from
exponentiation of the t-dependent graphs at order b + .
As emphasized by Miinster [17], the summation over the
spatial positions of the upper plaquette B, which also
serves to project out zero spatial momentum in the cor-
relator, is vital to this exponentiation.

Altogether, then, we have the t-independent result for
the ratio to order b:

C(t + 1) az aibp —apbi

C(t) b, b',

+ 3 b
b& (apbl +1 bp) bp(+0b2 &2bp)

0

+ 0 ~ ~ (i6)

This expression for C(t + 1)/C(t) is still a function of
J. According to the PMS criterion, we are looking for
stationary points in J. Typical curves of the J depen-
dence are shown in Figs. 4 and 5 for O(b +i) and O(h + ),
respectively. At O(b +i) there is a single maximum, and
at O(h + ) the value of C(t + 1)/C(t) at the maximum
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FIG. 4. O(6 +
) PMS graph (P = 2.62).

is remarkably close to this, even though the position in
J is quite diferent.

At this stage our result is expressed in terms of the
inverse of the lattice spacing a, which we need to take to
zero in order to make contact with the continuum limit.
The physical value of the glueball mass must in this limit
become a fixed number times the SU(2) lattice scale AL.
In the weak-coupling limit, to the two-loop level, this is
given by

(6~'P) ' ( 3 'P)
ALa=

I I
expE») 11 (23)

We look for the constant C such that

ma = CmAL, a) (24)

which is the value for which the graph of Eq. (23) against
P is tangential to that of ma calculated in the LDE.
The graphs are shown in Fig. 6 to O(h +

) and Fig. 7
to O(h + ). These show good agreement between the or-
ders, the tangents occurring at P = 2.62 and P = 2.64
at O(b'+ ) and O(b'+ ), respectively. These results then
give, for the mass gap,

FIG. 6. O(b'+ ) results for ma (dotted line), compared
with weak-coupling renormalization group formula for Al. a
(solid line), with C = 184.

m = 184AI.
m = 197AL,

[O(~ )]
[O(~'+')] . (25)

Compared to the strong-coupling expansion [17],which
gives m = 193AL (P = 2.3) at order P and m = 127AL
(P = 1.9) at order P, our results show better consistency
between consecutive orders; moreover, the P values where
the tangents occur are further into the weak-coupling re-
gion. In a series expansion of this kind it is difBcult to
quote a precise error, but based on the difference between
our two results at O(b'+ ) and O(P+ ) one would esti-
mate the error as around +13.

Our results can be compared directly with those of
Berg and Billoire [18], who quote m = (190 + 10)AL.
A comparison with the more recent work of Michael
and Perantonis [19] on a 32 lattice is less straightfor-
ward, since they quote their results in lattice units and
cast some doubt on the validity of asymptotic scaling.
Nonetheless, converting m = 197AL, to lattice units at
P = 2.S gives ma = 0.70, in excellent agreement with
their results. At P = 2.7 it gives ma = 0.42, which is
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FIG. 7. O(b'+ ) results for ma (dotted line), compared
with weak-coupling renormalization group formula for AL, a
(solid line), with C' = 197.
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slightly higher than their central value, but still within
the error bars.

IV. CONCLUSIONS

In this paper we have demonstrated that the linear b

expansion with the principle of minimal sensitivity is a
viable technique for the calculation of the mass gap for
a lattice gauge theory. We have shown how the lattice
diagrams appearing in this type of calculation can be
easily evaluated by a process of building up chains of
plaquettes from a simple "root" diagram, and that con-
nected expectations of these are as simple to deal with.
The gauge Axing procedure adopted reduces the num-
ber of contributing diagrams, and makes them easier to
evaluate.

As always, the PMS is an integral part of the calcu-
lation. The potential ambiguity arising from the occur-
rence of multiple PMS points is not serious in this case.
It is clear by comparison with the lower order calcula-
tion that it is the broad maximum at O(h +

) which is
the appropriate one, and it is very encouraging that the
resulting value of m is so stable in going from one order
to the next.

This calculation has shown the relationship between
the LDE and the strong-coupling expansion. The dia-
grammatic expansion used is similar, but the actual eval-
uation of the diagrams is different, requiring alternative
techniques.

It has proved suKcient to work with the correlators of
simple plaquette operators rather than the more compli-
cated "fuzzy" operators which have been found necessary
in Monte Carlo calculations. The fundamental reason for
this is that we are efFectively working on an infinite lat-
tice, so that large separations are no problem, whereas in
Monte Carlo calculations it is necessary to enhance the
signal at finite separations.

The present calculation could be extended in various
ways. In increasing order of difficulty these are as follows.

(i) To calculate higher mass glueball states. With a
simple plaquette operator the J = 2++ state occurring
in the E+ representation of the cubic group is accessible
by weighting the different orientations of the upper pla-
quette. Other spin parities would require larger Wilson
loops.

(ii) To work with the gauge group SU(3) rather than
SIj (2). This would involve an extension of the techniques
of the Appendix to SU(3).

(iii) To go to next order in the h expansion. The dif-
hculty here is the greatly increased number of diagrams
which have to be taken into account and the consequent
danger of missing an important contribution.

Further possible extensions include calculations of the
string tension and various quantities at Rnite tempera-
ture. Some work has already been done on these lines by
Tan and Zheng [20], but using the free energy criterion
mentioned above. It would be interesting to return to
these problems using PMS optimization order by order
in the quantity being calculated. .

APPENDIX

In this Appendix we wish to explain a method for cal-
culating (connected) expectation values of a string of
plaquette operators in the background of our trial ac-
tion So [Eq. (3)]. The method involves expressing the
expectation values of products of single-link operators in
terms of tensor projection operators [21), which can then
be multiplied together within an algebraic manipulation
package. Of those available, we found FQRM the most
suitable because it has an explicit summation convention
and extensive substitution facilities.

Let us start with the simplest example (U), where U
is a single-link element of SU(2). It is clear that (U') oc

(Y )':= 8', and by taking the trace we establish the
coefficient as V2 [see Eq. (8)]:

(U') = (V2Y~)' . (A1)

The notation has been chosen with a view to subsequent
examples and in general refers to the Young tableau as-
sociated with a particular permutation symmetry, in this
case trivial, of the upper indices.

For the product of two U's belonging to the same link,
there is siinilarly no difficulty (again by taking appropri-
ate contractions) in showing that

where

(U*U~) = (Vs Y~+ Yg)"~, (A2)

(Y~)*'~ = —(h'h~s + b'hi, ),
(Yg)".s = -(h.'hs —h.'ht, ) . (A3)

—(E+ C)
3
1

Y~———(2E —C),3
(A4)

Here Y~ and Y~ are indeed projection operators which

correspond to the two irreducible representations of the
permutation group of the upper indices relative to the
lower ones.

If we now go on to the product of three U's, there are
three irreducible representations of the relevant permu-
tation group S3. However, since we are constructing irre-
ducible tensors of SU(2), the completely antisymmetric
operator Yg eff'ectively vanishes and only the completely

symmetric and mixed symmetry operators Y~, , ~
and Y@

survive.
The form of these tensors can be deduced from the

group algebra of the conjugacy classes of S3, which com-
prise E, B:=3C2, and C:= 2C3. The nontrivial prod-
ucts in the algebra are B = 3(E+C), BC = CB = 2B,
and C2 = 2E+ C. The vanishing of Y~ for SU(2) cor-

responds to the equivalence relation B':—E + C when
acting on the identity element b' b~&b". Thus in our search
for projection operators we can limit ourselves to the sub-
algebra of A3 generated by the even permutations of E,C.
It is then easy to construct the required projection oper-
ators as
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acting on b'

blab

by permutation of the upper indices. By
taking traces we can establish the coefBcients as V4, V2 in
the expansion

(U* Ui, U,") = (V4 Yi. . . + V2 Y~) b* hssb,
" .

can be dealt with [21] by converting U~ to U according
to

(Ut)' = e' e,.U~~

= (b.'8,' —b.'8;.)U,' .

For the product of four U's, we can anticipate that

(U'Ui, U,"U~) = (VsY~ + Vs Y~, (+ Y~)b'b~qb,"h~ .

(A6)

In particular,

(U*Uss) =
~

—(Vs+ 1)Y~+ —(3Vs —l)Yp [

(I 1

g2 2
(A9)

1
Yll II I (E+B++)12

Y~ i (
———(3E —B),1

1
Y@ ———[2(E + B) —C]12 (A7)

These formulas are suKcient to evaluate all the diagrams
we encountered up to O(b'+2). Diagrams involving Ut

The problem is to establish the specific form of the three
projection operators. Again the procedure is to look
at the group algebra of S4, which has five conjugacy
classes. Because of the equivalence relations arising from
the vanishing in SU(2) of completely antisymmetric corn-
binations involving more than two indices, we can elimi-
nate the classes of odd permutations and work with the
group algebra of the alternating group A4. This has
three classes, E, B:=3C2, and C:= 8C3, with algebra
B2 = 3E+2B, BC = CB = 3B, and C2 = 8E+8B+4C.
From these it is possible to construct the projection op-
erators B B I B'Z (I BZ) &1 BZ)

Bz By ZBxBy (Z Bx) (Z By)

corresponds to

(A10)

(UV) = (UV) —(U) (V) (A11)

etc.
These identifications can all be implemented within a

short FoRM program.

A given diagram wiB consist of a number of plaquettes
with certain links in common. The procedure is then
to write down the general expression for the correspond-
ing amplitude, identify the shared links, apply the ap-
propriate substitutions for (UU), {UUt), (UUU), and
(UUUU), and then sum over all repeated indices.

In fact we actually want the connected expecta-
tion values (cumulants) ()~. These can be obtained
by identifying the diferent terms in the expansion of

i(B/Bx;) ln Z with products of expectation values of
N

the corresponding partitions of the N plaquettes. Thus,
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