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Corrections to K? — n%yy decay induced by scalar meson exchange are studied within chiral
perturbation theory. In spite of the poor knowledge of the scalar meson parameters, the calculated
branching ratio can be changed only up to a few percent.
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I. INTRODUCTION

The K — 7w+ decays have been the subject of inten-
sive theoretical studies during the last few years [1-9].
The experimentally measured branching ratio [10, 11] of
K? — w%yv is not so well explained theoretically as it
seems from previous calculations. In this decay, O(p*)
terms in the chiral Lagrangian give the leading order con-
tribution of chiral perturbation theory (CHPT), resulting
in the branching ratio B ~ 0.7 x 10~°. The amplitude
K? — 7wy is finite at the one-loop level in CHPT.

The experimentally observed values are (1.70 & 0.3) x
10~8 (NA31 result) [10] and (1.86 + 0.60 & 0.60) x 10~°
(E731 result) [11]. At the same time, the observed
invariant-mass distribution of the final photons is in good
agreement with the theoretical predictions [1, 3-5, 8].

The vector meson exchange, resulting in the O(p®)
contribution of CHPT, was studied by the au-
thors of [3, 6] and it was found that this con-
tribution is very important. In addition to vector me-
son exchange present at next-to-leading order, O(p®) of
CHPT, the two-pion intermediate state was taken into
account [8,12]. It was found that these corrections raise
the rate by 20%. At the O(p*) order in the chiral La-
grangian, both vector and scalar resonance exchange
helps to explain K — 7wwm and K — ww amplitudes
[13-18].

Motivated by this effect, we investigate the role of the
scalar resonances in the K? — w%yy decay. We notice
that scalar mesons also induce a contribution of the O(p®)
in CHPT. The masses of the ao(983) and f,(975) scalar
mesons are close to the scale characterizing the CHPT
[19, 20] expansion A ~ 1 GeV, and therefore they should
be taken into account.

The outline of the work is the following. In Sec. II
we derive the O(p®) effective Lagrangian for K¢ — 7%y
decay. In Sec. III we discuss and comment on our results.

II. SCALAR MESONS AND O(P®) EFFECTIVE
LAGRANGIANS

There have been many attempts to understand the na-
ture of scalar mesons [21-28]. In the chiral Lagrangian
we deal only with the quantum numbers of scalar mesons,
and we apply the approach of Refs. [1%,18,19].
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Very nice descriptions of CHPT up to O(p?) can be
found in [19,20,29,30]. We follow their notation. Here we
describe only the part of the chiral Lagrangian necessary
for our purpose.

The kinetic term of the Lagrangian describing scalar
mesons is given by

La(S) = %tr(vMSV#s _ M2S?), (1)

where S is the scalar octet and Mg corresponds to the
scalar masses in the chiral limit. For the scalar singlet
the kinetic term of the Lagrangian is

1
Lr(S1) = 5(9"519,81 — M, 7). )

The scalar meson resonance f(983) can be described as
a linear combination of octet and singlet states of SU(3),
while the ao(975) belongs completely to its octet.

This means that we treat the ag and fo like p and w
vector mesons: ao(975) is identified with S3 and

1 2
975) = —Sg + —=51. 3
fo(975) 73 8 /6 1 (3)
Their interactions with Goldstone pseudoscalars can be
described by writing the most general SU(3)z x SU(3)r
Lagrangian taking into account the C' and P properties
of pseudoscalars and scalars [19,20,29]:

Lspp= chr(Su“u“) + CmT&‘(SX+) + Ed.S'lTr(u“u“)

+EmS1Tr (x4 ), (4)

where
U, = iuTDMUuT, (5)
DU =08,U +ie(AU — UA,), (6)
x+ =ulxul +uxtu, (7)
and U = u? is a unitary 3 x 3 matrix, with u =

exp(—%%), b = % Z?:l )\,;(pi, 'I‘I'(/\,AJ) = (5,;j, P is the
matrix of the pseudoscalar fields, A, is the electromag-
netic field, and x is related to the quark mass matrix as
in [19,29]. The experimental values of the decay widths
of fo,ao are given by the Particle Data Group [31]:
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I'(fo — nm) = 36 MeV, (8)
I'(ag — n) = 59 MeV. 9)

Assuming that Mg ~ Mg, and fitting the experimental
data for decay widths (8) and (9) we derive

ca = £0.022 GeV, ¢, = £0.029 GeV (10)
and

a =0.019 GeV, &, = —0.024 GeV (11)
or

¢q = —0.019 GeV, ¢, = 0.011 GeV. (12)

These fits are obtained from a simultaneous fit of [;, i =
1,2,...,6, defined in [19] and the aq, fo decay widths (11)
and (12), taking ¢q positive (11), and negative (12). We
take into account 7-n' mixing through their mixing angle
0. The results of our fit to the [; are slightly different
from those obtained in Ref. [19], where the ao decay rate
(9) and the large N, limit were used. These authors [3,
19] emphasized that the widely used nonet assumption
for n,7’ mesons: in the lowest-order Lagrangian £, is by
no means unique. In our proceeding calculations we shall
also use their fit for cq4, ¢, Cm, €4t

cq = £0.032 GeV, ¢, = £0.042 GeV (13)

and

¢a = £0.019 GeV, &, = £0.024 GeV. (14)

We support the idea of scalar meson dominance in the
counterterm’s couplings, introduced in [19]. In Table I,

we present both sets of the parameters.
J

1
ME
1
M3

8 _ 2
‘CPP-y-y =ge

+g'e?—= F o, F* [64Tr(u%ua) + emTr(x+)]-

The superscript S of Lppyy is to show the presence of
one strong vertex. Adding to this Lagrangian the lowest-
order weak Lagrangian [14] describing K° — =° 7,7/
transitions

TABLE 1.

In order to have two-photon-scalar couplings, we add
to the Lagrangian the two-photon interaction with scalar
mesons:

Lsyy= QGZTI'(QZS)FMVF“V + glezle;wFuV’ (15)

where F,,, is the electromagnetic field strength tensor
and @ is the quark charge matrix.

We determine the constants g and g’ by fitting the ex-
perimental data [31]. We are, however, aware that these
fits should be regarded with special caution:

['(fo — 2v) = 0.56 x 107¢ GeV, (16)
[(aop — 27) =0.24 x 107° GeV. (17)
We find the following possible combinations for g and g':
(1) g=0.07GeV™!, ¢’ =0.03 GeV ', (18)
(2) g=0.07 GeV™!, g’ = —0.07 GeV 1, (19)
(3) g=—0.07 GeV™!, ¢’ =0.07 GeV ', (20)

(4) g=—0.07 GeV™!, ¢’ =-0.03 GeV™'.  (21)

The authors of Ref. [32] assumed nonet symmetry for
scalar mesons which requires ¢,, = &, = 0. They use
the measured cross section o(yy — w°n) ~ 30 nb at the
a0(980) [33] to determine the relevant parameters.

The Lagrangian (4) and (15) can be used [14,19]
to construct an effective Lagrangian describing two-
pseudoscalar-two-photon couplings dominated by scalar
meson exchange. Eliminating scalar mesons, as in [19],
we derive

Fu F* [cdTr(Q*uua) — 5¢aTr(Q%) Tr(uua) + cmTh(x+Q?) — cm 3 Tr(x+) Tr(Q%)]

(22)

L:w = Cz’I‘I‘(/\su“’u”), (23)

we easily obtain the amplitude, in which «°,7,7' are
poles, as presented in Fig. 1(a). We take, as in [3],

V,A,S,S: contributions to the coupling constants I}, ¢ = 1,2,3,4,5,6,8 (I7 is ex-

plained by the higher pseudoscalar meson state) in units of 1072 and compared with the values
from [29]. The values are calculated for cq4 = £0.022 GeV, ¢,, = £0.022 GeV, &4 = 0.19 GeV, and
&m = —0.024 GeV while in the parentheses are values obtained for ¢4 = —0.19 GeV and ¢, = 0.011
GeV. In the last column there are the I] from [12,13], at the scale M,.

L % A S S, Total Total [29] I7(M,)

L 0.6 0 —0.09 0.19 0.7 0.6 0.7+0.4
I 1.2 0 0 0 1.2 1.2 1.3+0.7
Is —3.6 0 0.27 0 —3.33 —3.0 —44+t25
Iy 0 0 —0.22 —0.48(—0.22) —0.7(—0.44) 0.0 03+05
Is 0 0 0.66 0 0.66 1.4 1305
ls 0 0 —0.15 0.30(0.14) ~0.15(—0.01) 0.0 —0.2+0.3
ls 0 0 0.45 0 0 0.9 09+0.3




c2/f*=9%x10"% GeV~%2 and f ~ f, = 0.093 GeV. From
the direct weak kaon transition to pion and scalar meson,
it is possible to derive a new contribution to K° — w%+.
In this contribution a scalar meson decays into 2+.

There are two procedures in the literature used to de-
termine the effective weak Largangian: the “factoriza-
tion model” [14] and the “weak deformation model” [1,
3-5,14]. It seems that the “weak deformation model”
has a realistic chance of describing a rather large number
of processes involving the higher-order weak Lagrangian.
This model has obtained more support after the success-
ful application of the O(p?) terms in K+ — w¥y* decay
[3], where weak counterterms satisfy scale-independent
relations. The weak Lagrangian containing vectors for
K° — 7%~y was derived using this method [3]. In order
to maintain a consistent calculation of the vector and
scalar resonance exchange, we apply this procedure too.
We find, knowing (22),

By = g~ B, F# [Tr(Asu®uaQ?) — 3Tr(Asu®uq)Tr(Q
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FIG. 1. Scalar meson exchange diagram for K¢ — 7%y~,
with 7,7,n’ poles (a) and with direct weak transition (b).

) + Tr(AeQ%*u%uq) + Tr(Aeu®Q%uq)]

Mz fz
2 C2Cd v a 2
+d'e M§f24F S [Tr(AsuuaQ?)], (24)
where the superscript w denotes the direct weak vertex [see Fig. 1(b)].
III. EFFECTIVE SCALAR MESON CONTRIBUTION TO THE DECOMPOSED
K? — n°yy AMPLITUDE
The general decomposition for the K° — 7%y amplitude is given by
(1] (y, Z) v g
M(K°(k) = °(p)v(q1)¥(g2)) = €u(ql)€u(qz)( o2 (4~ 29")
K
B v
+2 (y’ )(p 1P 429" + a1 - @2P'p” — P @145P” — P @241P )) (25)
my
[
with dimensionless invariant amplitudes A, B which are where
functions of the Dalitz variables ¢y mEa m
B =—2av L’ b —= (29)
=k (g1 — g2)|/m%, (26) ft o my’
= 2 /m?2 127w2h2
z=(q1 +q2)"/m¥k (27) ay = s12mhyymi T;mva (30)
Including loop effects at O(p*), vector mesons [1, 3-7, v
12] and the exchange of scalar mesons calculated in this In [3] it was calculated that ay = —0.32 without 7-r/

approach, we can write
2 2 2
- szm_xa[ oy (1_T=) L peoy (LE™= 4
A Fin F(z/r7) (1 2 ) + F(z) ( .
+av +a})(3 =z +72) +al], (28)

o) = (-

2
;n—zm—l‘;nz—[(cosﬁ + 2v/25sin6)(cos§ — v2sin )] —
n -~ 'K

mixing, and ay ~ —0.19 when this mixing was included.
We find

1 1672 mK 2cqg g 31
a, = M2 3 gcdg,@(e) (31)
with
2
MK > (sin 6 — 2v/2 cos 0)(sin 6 + /2 cos 9)), (32)
K

n
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The branching ratio B for K} — w°yy decay. For this calculation all possible

combinations of the parameters g, g’, ¢4, ¢m, €4, Cm are used. The g, g’ are in GeV ™! and cq, Cm,
24, Cm are given in GeV. In the last column the relative contribution of the scalar meson exchange is
presented in percent. AB = (B — By)/Bo with By = 8.87 x 10~ denotes the contribution without

scalar mesons; ay = —0.32 was taken.

g g’ ca Cm éq Cm 10'B AB (%)
0.07 0.03 0.022 0.029 0.019 —0.024 8.54 —-3.7
0.07 0.03 —0.022 —0.029 0.019 —0.024 9.06 2.1
0.07 0.03 0.022 0.029 —0.019 0.011 8.65 —2.5
0.07 0.03 —0.022 -0.029 —0.019 0.011 9.18 3.5
0.07 —0.07 0.022 0.029 0.019 —0.024 8.80 —0.8
0.07 —0.07 —0.022 —0.029 0.019 —0.024 9.33 5.2
0.07 —0.07 0.022 0.029 —0.019 0.011 8.54 —-3.7
0.07 —0.07 —0.022 —0.029 —0.019 0.011 9.05 2.0

-0.07 0.07 0.022 0.029 0.019 —0.024 8.95 0.1
—0.07 0.07 —0.022 —0.029 0.019 —0.024 8.44 —4.8
—0.07 0.07 0.022 0.029 —0.019 0.011 9.23 4.1
-0.07 0.07 —0.022 —0.029 —0.019 0.011 8.70 —0.8
—0.07 —0.03 0.022 0.029 0.019 —0.024 9.22 4.0
—0.07 —0.03 —0.022 —0.029 0.019 —0.024 8.70 —-2.0
—0.07 —0.03 0.022 0.029 —0.019 0.011 9.10 2.6
—0.07 —0.03 —0.022 —0.029 —0.019 0.011 8.58 -3.3

where we take as usual § ~ 20°. We define

2,2

af = ~2a} — WT’;&{gcmgu +B(O)] +49'em}.  (33)
The scalar meson exchange does not influence the B in-
variant amplitude. An interesting implication of this
result is that the CP-conserving amplitude of K2 —
n%ete~|,, decay, proceeding through v states [1-3, 34,
35], is not influenced by scalars.

As we have mentioned already, the choice of param-
eters describing scalar mesons is the most troublesome
part of this work. We make all possible allowed combi-
nations of the parameters cg, ¢,n, €4, €m, g, and g’ and we
present the numerical results in Tables II-IV. Without
vector and scalar mesons the branching ratio was found
to be [1]

Bo(K9 — 7%yy) =6.67 x 107" (34)

TABLE III. The branching ratio B for K? — 7%y~ decay. For this calculation all possible
combinations of the parameters g, g’, c4, ¢m, €4, Cm are used, as described in the paper. The g, g’
are in GeV ™! and ¢4, ¢m, €4, Em are given in GeV. In the last column the relative contribution of the
scalar meson exchange is presented in percent. AB = (B — By)/Bo with By = 7.80 x 107 denotes

the contribution without scalar mesons. 7-n’ mixing was taken into account and ay = —0.19 was
used.

g g ca Cm Ca Cm 10’B AB(%)
0.07 0.03 0.022 0.029 0.019 —0.024 7.44 —4.6
0.07 0.03 —0.022 —0.029 0.019 —0.024 8.04 3.1
0.07 0.03 0.022 0.029 —0.019 0.011 7.53 —-3.5
0.07 0.03 —0.022 —0.029 —0.019 0.011 8.15 4.5
0.07 —0.07 0.022 0.029 0.019 —0.024 7.65 -1.9
0.07 —0.07 —0.022 —0.029 0.019 —0.024 8.29 6.3
0.07 —0.07 0.022 0.029 —0.019 0.011 7.43 —4.7
0.07 —0.07 —0.022 —0.029 —0.019 0.011 8.04 3.1

—0.07 0.07 0.022 0.029 0.019 —0.024 7.94 1.8
—0.07 0.07 —0.022 —0.029 0.019 —0.024 7.35 —5.8
—0.07 0.07 0.022 0.029 —-0.019 0.011 8.19 5.0
—0.07 0.07 —0.022 —0.029 —0.019 0.011 7.57 -3.0
—0.07 —0.03 0.022 0.029 0.019 —0.024 8.19 5.0
—-0.07 —0.03 —0.022 —0.029 0.019 —0.024 7.57 -3.0
—0.07 —0.03 0.022 0.029 —0.019 0.011 8.08 3.4
—0.07 —0.03 —0.022 —0.029 —0.019 0.011 7.47 —4.2
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TABLE IV. The branching ratio B for K} — n%yy decay. For this calculation all possible
combinations of the parameters g, g’, ¢4, ¢m, €4, ém are used. The g, g’ are in GeV™?!, while
Cd, Cm, €d, Cm are given in GeV and their values are taken from [29]. In the last column the
relative contribution of the scalar meson exchange is presented in percent. AB = (B — Bg)/Bog

with By = 8.87 x 107 denotes the contribution without scalar mesons; ay = —0.32 was taken.

g g cd Cm €a Cm 10’B AB[%)
0.07 0.03 0.032 0.042 0.019 0.024 9.18 3.5
0.07 0.03 —0.032 —0.042 0.019 0.024 8.43 —-5.0
0.07 0.03 —0.032 —0.029 —-0.019 —0.024 8.58 3.2
0.07 0.03 0.032 0.042 —0.019 —0.024 9.35 5.4
0.07 —0.07 0.032 0.042 0.019 0.024 8.33 —-6.1
0.07 —0.07 —0.032 —0.042 0.019 0.024 9.07 2.2
0.07 —0.07 —0.032 —0.042 —0.019 —-0.024 9.46 6.7
0.07 —-0.07 0.032 0.042 —0.019 —0.024 8.68 —-2.1

—0.07 0.07 0.032 0.042 0.019 0.024 9.46 6.7
—-0.07 0.07 —0.032 —0.042 0.019 0.024 8.68 —2.1
-0.07 0.07 —0.032 —0.042 —0.019 —0.024 8.33 —6.1
—-0.07 0.07 0.032 0.042 —0.019 —0.024 9.07 2.2
~0.07 —0.03 0.032 0.042 0.019 0.024 8.58 32
—0.07 —0.03 —0.032 —0.042 0.019 0.024 9.35 5.4
—-0.07 —0.03 —0.032 —0.042 —0.019 —0.024 9.18 3.5
-0.07 —0.03 0.032 0.042 —0.019 —0.024 8.43 5.0

When vector mesons and loops are included, the branch-
ing ratio is [3, 6]

B(K? — n%yy) =8.87 x 1077 (35)
for ay = —0.32, and for ay = —0.19, when mixing with
n-n' was accounted for, is

B(KY — 7%yy) =7.80 x 107", (36)

As can be seen from Tables II-IV, the largest contribu-
tion to the branching ratio is obtained for the following
choice of parameters: g = F0.07 GeV~!, ¢’ = +0.07
GeV™L, ¢g = F0.032 GeV, ¢, = F0.042 GeV, &g =
¥0.019 GeV, &, = F0.024 GeV giving al = —0.06 and
a? = 0.14, where either upper or lower signs are taken
correspondingly: They give

B(KY — 7%yy) =9.46 x 107", (37)

Taking values derived in [32] where gcg = g'cq ~ +£0.16 x
1073, ay = —0.32 we get B(K2 — n%yy) = 8.83 x 1077
for the plus sign, while for the minus sign it appears
according [32], B(K? — m%yy) = 8.92 x 10~". In the
calculation [8, 9], where the exchange of two charged
pions was taken into account, the physical amplitude
K°® — 7%t 7~ was used to compute the absorptive part
of the K¢ — 7%y amplitude and then subtracted disper-
sion relations were applied to obtain the full amplitude.
These corrections increase the branching ratio by about
20% in comparison with the leading order term O(p*),
created by pion and kaon loops. In our analysis we do
not add these corrections, since it was found [13-15] that
the amplitude K° — #%7rT7~ at O(p?) is already ex-
plained by the resonance exchange.

It was pointed out in [3] that there are many O(p%)
contributions related to vector mesons exchange, as well

as some O(p®) terms induced by V P~ couplings which
are not considered yet. We do not take these effects into
account.

At O(p®) of the weak Lagrangian there are terms pro-
portional to I?, induced by the O(p*) part of the chi-
ral Lagrangian, which could contribute, but their overall
couplings are an order of magnitude smaller than the vec-
tor and scalar meson exchange considered in the present
paper.

Motivated by the CHPT study in [1], NA31 [10] has
extracted the bound on ay from the Dalitz plot distri-
bution of the two photon —0.32 < ay < 0.19. From
our result it is obvious that al can increase or decrease

06

FIG. 2. Normalized spectra in the vy invariant mass z =
(g1 + g2)%/m¥% for av = 0 (L, dotted curve), ay = —0.32
(V, L, dashed curve), and al = —0.6, a) = 0.14 (S, V, L, full
curve).
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ay depending on the choice of the parameters from 20%
to 30%. On the other hand, only ay contributes to the
B(y, 2) invariant amplitude of K? — w%yy decay. In Ta-
bles II-IV we present the possible combinations of the
parameters cg4, Cm,€d, €m, 9,9’ and their influence on B.
We see from the results presented in Tables II and III
that the model used for 7-n' mixing is important, since if
the nonet assumption for 7’s is not used, the branching

ratio is increased by 15%. In Fig. 2, % ‘;—E is presented as a

function of the v invariant mass for ay = al = a? =0,
for ay = 0.32, a} = a? = 0 (V,L), and ay = 0.32,
al = —0.06, and a% = 0.14 (S, V, L).

Finally we can summarize the following:

(i) The corrections coming from scalar meson exchange
are rather small, but not negligible. They might increase
the branching ratio up to 6.7%.

(ii) The corrections strongly depend on the parameters

determined by the scalar meson data.

(iii) The CP-conserving K9 — n%%te~|,., decay rate
is not influenced by scalar meson exchange.

(iv) The interference of vector and scalar mesons in
the study of the A part of the invariant amplitude in
K? — 7%~y decay is not negligible.

(v) It seems that the large experimental value for
B(K9 — w%yv) can be explained theoretically when all
possible contributions coming from loops at O(p*) and
the accumulation of the smaller effects of O(p®), or even
O(p®), are taken into account consistently.
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