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A previous study of dense neutrino matter indicated that the behavior of such a system becomes
nonperturbative at relatively low density under certain kinematic conditions. A detailed examination
of the analysis indicates errors in the formulation and in some of the expressions used. We present
a reformulation of the problem, and find no such physical effect.

PACS number(s): 05.30.Fk, 05.70.Fh, 11.30.Qc

In a recent paper 1], Chakrabarti and Kogerler investi-
gated the behavior of a dense gas of neutrinos interacting
via Z° exchange. Their analysis was based on a similar
calculation by Chakrabarti [2] of the boson self-energy
(vacuum polarization) tensor II,, for a dense system of
massless up and down quarks, whose interaction was me-
diated instead by the W= bosons. They found that under
certain kinematic conditions there exists a phase charac-
terized by a spatially uniform, lepton-number-violating
particle-hole condensate, and conjectured that this phase
would appear at relatively low densities corresponding to
a neutrino chemical potential p < M.

If correct, such an effect would have profound conse-
quences for phenomena of astrophysical and cosmologi-
cal interest. However, we have concluded that there are
a number of errors in Refs. [1,2] in the expressions used
for the polarization tensor, and in certain assumptions
about its structure. These errors seem to invalidate the
major conclusions of both papers.

To lowest order in the vvZ° interaction, the Z° polar-
ization tensor II,, (g) is given by

. d*k
—ill,.(q) = (27)—2 Tr[J.G(k + ¢q)J,G(k)], (1)

with the current J, = §v,(1 —s)/2, and § = g/2cos 0w
[3]. The propagator for massless neutrinos (Ex = |k|)
has the form

Gk)=~v-k [ﬁ%z + %6(% — Er)0(p — Ek)]
=~k G(k). (2

It includes both the density-independent Feynman term
and a density-dependent piece corresponding to the prop-
agation of neutrinos below the Fermi surface, character-
ized by the chemical potential p [4]. We assume that
there is no significant antineutrino density.

On taking the trace in Eq. (1), the integrand becomes
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2%(2kuky + kugy + guky — guu(k - g + k?)

+i€uapk®d®1G(k + ¢)G(k). (3)

in the conventional metric of Ref. [5]. The polariza-
tion tensor satisfies the constraint ¢*Il,, = II,,¢" = 0,
due to the fact that for massless neutrinos, both vec-
tor and axial vector currents are conserved. In a frame
with (¢*) = (qo,|ql,0,0), the polarization tensor sepa-
rates into longitudinal and transverse components, and
takes the form

oo Ilopy O O
_ | Mo I,y 0 O
H(Q) = 0 0 My My |- (4)

For undamped modes, we are interested in the kinemati-

cal regime qq, |q| < p, and go/|q| = = > 1, where the real
components of the polarization tensor are

52,2 2 2
To(a) = 225 (e[ 25| -2) = L5 hie). (o)
I:1(g) = —2o1(g) = —2Il10(g) = =°Tloo(9), (5b)
M22(g) = Mas(g)
= i:z :L'(:c——%(azz—l)ln zi—iD
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Mas(q) = ~Tlaa(a) = —i% 5 fa(e). (5)

~2. .2
IE fa(z), (5¢)

I

Note that fz(z) remains finite as ¢ — 1 and £ — oo,
whereas f;(x) converges in the second limit but in fact
diverges in the first one.

In Refs. [1,2], it was assumed that the off-diagonal
parts of II,, vanish, and that II;; = Il = IlI33. This
renders Chakrabarti’s procedure [2] for calculating the Z°
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propagator in the “ring” or “random phase” approxima-
tion [6] invalid. Furthermore, our function f,(x) defined
in Eq. (5a) has a power series expansion in 1/z which
goes as 2/3z% + O(1/z*), so that II;; approaches a con-
stant for large values of z. By contrast, the expressions
equivalent to Eq. (5a) given in Refs. [1,2] have a term — 3
rather than —2, leading to an unphysical z? divergence.

Thus, the additional collective state which Chakrabarti
and Kogerler [1] deduce from their calculated divergence
of I1;; at large z (and the resulting pole in the two-point
function G, of Ref. [1]), as well as the corresponding
new scale which is dynamically generated at a lower en-
ergy (i.e., for 4 < Mz), no longer appear in the theory.
However, the logarithmic divergences in Ilgg and II;; as
z — 1 persist when Dgo and D;; are calculated in the
ring approximation.

Summing the contributions of all of the ring diagrams
results in the “dressed” Z° propagator Dfl,(q) (equiva-
lent to the function G,,, ), satisfying the usual Schwinger-
Dyson equation

DE (q) = D0, (q) + Doa(q) I*%(q) D (q),  (6)
where

DO (q) = —— Swr . Gw
wl@ =~ F T m e~ M2

is the bare Z° propagator. Any gauge terms in the bare
propagator will not give any additional contribution to
DE, because of current conservation (g,IT** = 0).

Equation (6) reduces to a simple matrix equation and
can be solved quite readily. Introducing the dimension-
less constant 8 = (§u/2wMz)?, we find

1+ Bz?f(x)

D(I)E)(q) = MéﬁL(iL’)

(7a)
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Ry _ 1= Bfi(z)
Dyi(q) = —_—MgeL(w) ) (7b)
Dfi(a) = Dly(a) = ~ g ok (7e)
Do) = Do) =~ g, (d)
DA = ~D(a) = itk (7e)

All of the other components of the propagator are zero in
the kinematic limit under consideration. We have defined
the generalized dielectric functions for the longitudinal
and transverse modes as

EL(:I:) =1+ ﬁ(:cz — 1)f1(:l:), (8a)
er(z) = [1 + B(z + l)fz(:c)] [1 + B(z — l)fz(:l:)], (8b)

respectively. Any poles in the propagator will appear as
zeros in the dielectric functions. It is straightforward to
verify that both €7 (z) and er(z) are finite and nonzero
over the entire range = > 1. For stability, the dielectric
functions must be nonzero for imaginary z (i.e., g2 < 0
for real q2). This criterion is indeed satisfied, indicating
that the uniform ground state is stable against collective

‘modes of this type.

Hence the transverse components of Df,, (and II,,, it-
self) are finite in the kinematic regime ¢°, |q| — 0, while
the longitudinal ones have the usual collective mode sim-
ilar to zero sound [7], as indicated by the breakdown in
the perturbation theory as z — 1. No new phase transi-
tion or any other such interesting physical effect seems to
manifest itself in dense neutrino matter at the lower den-
sities being considered. Unfortunately, it seems that we
must look elsewhere for new and interesting phenomena
in the neutrino sector of astrophysics and cosmology.
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