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We construct the string field Hamiltonian for ¢ = 1 — 6/m(m + 1) string theory in the temporal
gauge. In order to do so, we first examine the Schwinger-Dyson equations of the matrix chain models
and propose the continuum version of them. The results of boundary conformal field theory are
useful in making a connection between the discrete and continuum pictures. The W constraints are
derived from the continuum Schwinger-Dyson equations. We also check that these equations are
consistent with other known results about noncritical string theory. The string field Hamiltonian
is easily obtained from the continuum Schwinger-Dyson equations. It looks similar to the Kaku-
Kikkawa Hamiltonian and may readily be generalized to ¢ > 1 cases.

PACS number(s): 11.25.Sq, 11.25.Pm

I. INTRODUCTION

String theory provides us with the most promising
framework for describing physics at the Planck scale.
However, a nonperturbative treatment of string theory
is indispensable for relating it to the lower energy phe-
nomena we see. String field theory [1] is expected to
make such treatment possible. A string field theory cor-
responds to a rule to cut the string world sheets into
vertices and propagators, or in other words, a way to fix
the reparametrization invariance.

Recently a new class of string field theory was pro-
posed for ¢ = 0 noncritical string [2]. It is based on
a gauge fixing [3] of the reparametrization invariance,
which can naturally be considered on dynamically trian-
gulated world sheets. The gauge, which can be called the
temporal gauge [4] or the proper time gauge [5], is pecu-
liar in many respects. For example, in this gauge, even a
disk amplitude is expressed as a sum of infinitely many
processes involving innumerable splitting of strings. It
forms a striking contrast to the case of the conformal
gauge. The amplitudes can be calculated by using the
Schwinger-Dyson (SD) equations of the string field. Ac-
tually the SD equations are powerful enough to make a
nonperturbative treatment of the ¢ = 0 string possible.
Indeed, the Virasoro constraints [6] can be derived from
the SD equation, and all the results of the matrix model
are reproduced. Conversely it was pointed out by Jevicki
and Rodrigues [7] that the string field Hamiltonian can
be derived from the stochastic quantization of the ma-
trix model. Also in [8], the string field Hamiltonian was
deduced from the matrix model.

Therefore if the temporal gauge string field theory is
constructed for the critical string, it may be a useful tool
to study the nonperturbative effects of string theory. In
order to go from ¢ = 0 to the critical string, one needs to
know a way to introduce matter degrees of freedom on
the world sheet. In [9], ¢ < 1 string field Hamiltonian was
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constructed by changing the way of gauge fixing a little.
However, it was not possible to derive the W constraints
from this Hamiltonian and prove that it really describes
a ¢ < 1 string theory.

In the present work, we will propose a string field the-
ory ofa ¢ = 1—6/m(m+ 1) string in the temporal gauge
such that the W constraints are deduced from the string
field SD equation. Actually we start from the matrix
model SD equations, from which the W constraints are
deduced. We propose the continuum version of these
equations. Since the string field SD equations are in
close relation with the matrix model ones, it is easy to
construct the string field Hamiltonian once we-know the
continuum version of matrix model SD equations. Thus
the Hamiltonian we construct is naturally related to the
W constraints.

The organization of this paper is as follows. In Sec. II,
we first consider ¢ = % case as an example. After briefly
explaining the relation between the temporal gauge string
field theory and the matrix model SD equations, we ex-
amine the SD equations for the two matrix models which
were analyzed by Gava and Narain [10]. We propose the
continuum version of these equations and show that the
W3 constraints can be deduced from the continuum equa-
tions. We also check if our equations are consistent with
other known results of ¢ = 1 string theory. In Sec. III,
we generalize the discussion of Sec. II to the case of a
¢=1-6/m(m + 1) string. In Sec. IV, we construct the
string field Hamiltonian from the SD equations obtained
in Secs. IT and III.

II. CONTINUUM SD EQUATIONS FOR A
c =1 STRING

Let us recall the definition of the time coordinate in [3].
Suppose a randomly triangulated surface with bound-
aries. The time coordinate of a point on the surface is
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defined to be the length of the shortest curves connecting
the point and the boundaries. In [3], this time coordinate
was introduced to study the fractal structure [11] of ran-
dom surfaces. It was shown that a well-defined contin-
uum limit of such a time coordinate exists at least in the
case of a ¢ =.0 string. If one takes such a time coordinate
t in the continuum limit, the metric will look like

ds? = dt® + h(z,t)[dz + N'(z,t)dt]>.

In [4], two-dimensional (2D) quantum gravity was stud-
ied by further fixing the gauge as 8,h = 0. Such a gauge
was called the temporal gauge. In [5], the gauge N! =0
was pursued, which was called the proper time gauge.
In this coordinate system, we cut the surface into time
slices. Then the surface can be interpreted as describing a
history of strings which keep splitting and joining. In [2],
a string field Hamiltonmian H describing the evolution of
the strings in such a coordinate system was constructed.
In this paper, we will call this Hamiltonian the string field
Hamiltonian in the temporal gauge. (It can also be called
the proper time gauge Hamiltonian.) H is expressed in
terms of the creation [annihilation] operator ¥t(l) [¥(l)]
of the string. Since each string is labelled only by its
length, the string field is a function of the length . An
n-string amplitude corresponds to the world sheets with
n boundaries, each of which describes an external string
state. Therefore such an amplitude is expressed as

(0le"PHEI(1y) - - - w1 (1,)]0). (2.1)

lim
D—oo
The string amplitudes can be obtained by solving the
string field SD equation:
Jim 8p(0je” PHUI(L) - ¥1(l,)[0) = 0. (2.2)
This equation means that the string amplitudes do not
change if one puts the time evolution operator on all the
external string states. In the point of view of 2D quan-
tum gravity, this equation corresponds to the Wheeler-
DeWitt equation.

Even if there are matter fields on a dynamically trian-
gulated surface, a time coordinate can be defined in the
same way. Here we concentrate on a ¢ = % string. Such
a string can be realized by putting the Ising model on
the random surface. Since the length of a curve on the
surface is defined irrespective of the matter, the time co-
ordinate can be defined and the surface is cut into time
slices. Again, the surface can be regarded as describing a
history of strings. Therefore we will be able to construct
a string field Hamiltonian describing the time evolution
of the strings. However, in this case, the strings have
Ising spins on them. Hence the string field depends not
only on the length of the string but also on the spin con-
figuration on it.

In the continuum limit, an Ising spin configuration may
be represented by a state! of ¢ = % conformal field the-

!Here the states we mean do not necessarily satisfy the con-
dition (Lo — Lo)|v) = 0.
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ory (CFT). The splitting and joining of the strings should
be described by the three-Reggeon-like vertex for ¢ = %
CFT, and the string field Hamiltonian will be very com-
plicated. This is the reason why an alternative definition
of the time coordinate was taken in [9]. Here we would
like to stick to this time coordinate and construct the
Hamiltonian in the temporal gauge.

One can obtain a hint on the form of such a Hamilto-
nian by examining the matrix model SD equations. As
was discussed in [2,8], the string field SD equations are
closely related to the matrix model SD equations. The
latter describe the change of the partition functions corre-
sponding to dynamically triangulated surfaces when one
takes a triangle away from a boundary. It is obvious
from the definition of the time coordinate that at the
discrete level the former equations describe the changes
which happen when one takes one layer of triangles from
all the boundaries. Therefore, in the continuum limit,
the former should be expressed as an integration of the
latter.

Hence if we know the continuum limit of the matrix
model SD equations, we can figure out what the string
field SD equations should be. Then we can infer the
form of the string field Hamiltonian. Gava and Narain
[10] studied the SD equation for the two matrix model
and deduced the W3 constraints. In this section, we will
consider the continuum limit of the equations of Gava
and Narain.

A. Continuum limit of the Gava-Narain equation

Let us sketch how Gava and Narain obtained the W3
constraints. The W3 constraints are expected to come
from equations about the loop amplitudes in which the
Ising spins on all the boundary loops are, say, up. Sup-
pose the partition function of the dynamically triangu-
lated surfaces with boundaries on which all the Ising
spins are up. If one takes one triangle from a bound-
ary, the following three things can happen (Fig. 1): (1)
The boundary loop splits into two; (2) the boundary loop
absorbs another boundary; (3) the spin configuration on
the boundary loop changes.

The matrix model SD equation is a sum of three kinds
of terms corresponding to the above processes. In the
first and the second process, only boundaries with all the
spins up can appear. The third process is due to the
matrix model action. A boundary loop on which one
spin is down and all the others are up can appear in this
process. In order to derive the W3 constraints, one should
somehow cope with this mixed spin configuration. Gava
and Narain then considered the loop amplitudes with one
loop having such a spin configuration and all the other
loops having all the spins up. They obtained two SD
equations corresponding to the processes of taking away
the triangle attached to the link on which the Ising spin
is down and the one attached to the next link. Those
equations also consist of the terms corresponding to the
above three processes. With these two equations, one
can express the loop amplitude with one mixed spin loop
insertion by loop amplitudes with all the spins up. Thus
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FIG. 1. Processes involved in SD equations. If one deforms
the loop on the left hand side at the cross, it either splits into
two (the first term on the right hand side), absorbs another
loop (the second term), or changes in its spin configuration
(the third term). The change in the spin configuration is
expressed by an operator H.

they can obtain closed equations for loop amplitudes with
all the spins up, and the W3 constraints were derived from
them.

We would like to rewrite the above procedure in terms
of the continuum language. Let us define the continuum
loop operator w(l; |v)) as representing a loop with length
! and the spin configuration corresponding to |v) which
is a state of c = 1 CFT. We take the loop to have one
marked point on it. The loop amplitude will be denoted
by

(w(ly; [va))w(lz; [v2)) - - - w(ln; [vn)))-

The matrix model SD equation describes the change of
the amplitude Eq. (2.3), when one takes a triangle away
from a boundary. Now we will construct the continuum
version of it, which describes what happens when one de-
forms the amplitude Eq. (2.3) at a point on a boundary.
In principle, by closely looking at the discrete SD equa-
tions and taking the continuum limit, one should be able
to figure out what the continuum SD equations will be.
However, in actuality, it is not an easy task, because of
the existence of the nonuniversal parts in the loop op-
erators and the operator mixing between various loop
operators. Therefore, here we will construct the contin-

J

(2.3)
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uum SD equations by assuming the following properties
of them and check the validity of our assumption later
by deriving the W constraints from them.

(1) We will assume that the continuum SD equation
also consists of the three terms representing the three
processes in the above (Fig. 1): i.e., a loop splitting into
two, a loop absorbing another one, and changes in the
spin configuration of the loop. Let us call the first two
the vertex terms and the last one the kinetic term.

(2) We will assume that when a loop splits into two, the
descendant loops should inherit the spin configuration of
the original loop. Such a three-string vertex will be ex-
pressed by a ¢ functional of the spin configurations, i.e.,
the three-Reggeon-like vertex of ¢ = % CFT in the con-
tinuum limit. The process where a loop absorbs another
loop will also be expressed by the three-Reggeon-like ver-
tex.

(3) In the matrix model SD equations, the kinetic
terms come from the matrix model action. In the two ma-
trix model, they include terms which change the length
of the loop as well as a term which flips the spin. We
will assume that in the continuum limit, only the spin
flipping term survives.

With all these assumptions, we are able to write down
the continuum SD equations. We will present the most
general continuum SD equation using such vertices in
Sec. IV. Here let us concentrate on a simpler situation,
which Gava and Narain considered. In the derivation of
the W3 constraints, they started from loops with all the
spins up. Such a spin configuration was represented as
a state of ¢ = 1 CFT in [12,13]. Let us denote such
a state by |+). It is clear that if such a loop splits into
two, it results in two loops with all the spins up. Also ifa
loop with all the spins up absorbs another one, we obtain
another loop with all the spins up. Therefore the process
of splitting and merging is particularly simple for such
kind of loops. The first SD equation Gava and Narain
considered corresponds to the deformation of the loop
amplitude Eq. (2.3) with |v;) = |vg) = -+ = |v,) = |[4).
The equation in the continuum limit should be

1l
L dl' (w(l's [+))w(l — U5 [4)Yw(la; [4)) - - - w(ln; |[4)))

+9 ) be(w(l + s ) w(ln; 14)) -+ wllemss [+) wlisr; [+)) - w(lns [+)))
3

(2.4)

HwGH(o)|[+H))w(lh; [+) - - wlln; [+))) = 0.

Here the first term corresponds to the process 1 in the
above, and the second term is for the process 2. The
string coupling constant g comes in front of the second
term as in the case of a ¢ = 0 string [2]. The last term de-
scribes the process 3, where the operator #(c) expresses
the local change of the spin configuration. 0 < o < 2w
is the coordinate of the point where the local change oc-
curs. The coordinate o on the loop is taken so that the
induced metric on the loop becomes independent of o.
o = 0 is taken to be the marked point of the loop. ~ 0

[

here means that as a function of /, the quantity has its
support at [ = 0. Therefore the left hand side of Eq. (2.4)
is equal to a sum of derivatives of §(l). These é functions
correspond to processes in which a string with vanishing
length disappears. In the point of view of string field the-
ory, such processes are expressed by the tadpole terms.
Therefore w(l; H(o)|+)) is supposed to correspond to
a loop with one spin flipped to be down because of # (o),
and the rest of the spins up (Fig. 2). In the continuum
limit, the operator which is on the domain wall of up and
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down spins is identified to be ¢2,; [13] (Fig. 2). Therefore
H(o) may be written as lim,_,o ¢2,1(0”)p2,1(0). With
this operator, we can express everything about the SD
equations in terms of the continuum language.

The two other equations which Gava and Narain
used were obtained by taking a triangle away from
w(l; H(o)|+)). The triangles to be considered were the
one attached to the link where # (o) is inserted and the
one next to it. In the continuum limit, these equations
will correspond to the following two equations. In one
of the equations, we consider a loop w(l;#(o)|+)) and
deform at a point near o and take the limit in which the
point tends to o (Fig. 3). The SD equation becomes

M. IKEHARA et al. 50

FIG. 2. The action of the operator #.

1
/0 dl'(w(l'; [+))w(l = Vs H(o)|[+))w(li; [+)) - - - w(ln; [+)))

+9 ) (w(l + b H(o) ) wlls; [4)) - w1 [H)w(lier1; [+)) - - wln; [+)))
k

Huw(l [H©@) [+ w(ls; [+)) - wlla; [+))) = 0.

Here w(l; [H(0)])?|+)) denotes the limit
limgs o w(l; #(c')H(o)|+)). In the other equation, we
consider a loop w(l;@2,1(0")p2,1(0)|+)), deform at a
point between the two ¢, insertions and then take
the limit o/ — o (Fig. 4). The insertion of # yields
w(l; [H(0)])?|+)) again. However, this time, the loop can-
not split or absorb a loop w(l;|+)). When a loop splits,
two points on the loop should merge. The spin configu-
rations at the two points should coincide in order for this
to happen. Now we deform the loop at a point in the
down spin region, and the point it merges with should be
in the down spin region. Therefore, in the limit ¢/ — o,
no splitting can occur. The loop cannot absorb another
loop for the same reason. Hence we obtain

(w(l [H()P[+)w(la;|+)) - - wllni[+))) = 0.

This equation means that the loop w(l; [H(o)]?|+)) is in
a sense “null.” Similar arguments as above show that
correlation functions involving such a loop vanish unless
there exist any finite regions of down spins on the bound-
aries.

We propose Egs. (2.4), (2.5), and (2.6) as the contin-
uum limit of the Gava-Narain equations. As a check of
the validity of our equations, let us first see if the disk
amplitude of ¢ = % string theory satisfies these equa-
tions. Let us denote the disk amplitude with a loop
w(l; [H(o)]™|+)) as the boundary by? wy(l). The Laplace
transform wo(s) = [y dle~*'wo(l) is known as [14]

o(s) = (s + V52 —)° + (s = V2 )/,

(2.6)

(2.7)

2Because of the reparametrization invariance, correlation
functions involving w(l; [#(o)]"|+))’s do not depend on o.

(2.5)

f

where ¢ is the cosmological constant. If our equations
really correspond to ¢ = % string theory, this disk ampli-
tude should satisfy these equations at the lowest order in
the expansion in terms of g. In the Laplace transformed
form, the equations to be satisfied are

(Wo(s))* + 1(s) ~ O,
ﬁo(()iﬁl(c) + ’lIJz(C) ~ 0, (28)
‘lI)z(C) =~ 0.

Here tin(s) denotes [° dle=*'w(l;H"(o)|+)). =~ 0 here
means that the quantity is a polynomial of ¢. It is easy
to see that the disk amplitude (2.7) and

W1(s) = —(s + V2 = 1)*° — (s = V/s2 — 1)*/3 4 ¢*/3,
(2.9)
is a solution of (2.8).

This w, in Eq. (2.9) is a new kind of amplitude which
has never appeared in the literature. It indeed emerges in

FIG. 3. The SD equation (2.5).



50 STRING FIELD THEORY IN THE TEMPORAL GAUGE

FIG. 4. The SD equation (2.6).

the continuum limit of the matrix model disk amplitude®
W(P) = (Ftr(P — A)™'). W(P) is a solution to the
matrix model SD equations given in [10,15,19]. In the
continuum limit, one should take P and the matrix model
coupling constant g to approach the critical value P,
and g, as P = P, +ag, g = g. + consta?t, where a is the
lattice cutoff. By expanding W(P) in powers of a, one
obtains

W (P) = bo + basa + batio(s)a? + bsd,i1(s)a’ + O(a?),

where b;’s are nonuniversal constants. Thus we can see
that not only wg(l) but also lw;(l) are included in the
continuum limit of the disk amplitude W(P). Here
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lwi(l) ~ (w(l;l fdoH(o)|+)))o rather than w,(l) ap-
pears because W(P) corresponds to a loop which is in-
variant under rotation.

We conclude this subsection with a comment on
the scaling dimensions. The scaling dimension of
the disk amplitude (w(l;|+)))o can be estimated [14]
by the Knizhnik-Polyakov-Zamolodchikov-David-Distler-
Kawai (KPZDDK) argument [16] to be L~7/3, where L
denotes the dimension of the boundary length. From
the above result, the dimension of (w(l;H(o)|+)))o is
L~1/3_ The difference L=%/3 of the dimensions is at-
tributed to the insertion of the operator H(c). No-
tice that Eqs. (2.8) make sense as a continuum SD
equation only when #(o) has such a dimension. It
is quite consistent with the identification H(o) =
limg' _o ¢2,1(0")¢2,1(0), because the gravitational scaling
dimension of ¢ ; on the boundary is [16,17] estimated to
be L™2/3,

B. Derivation of the W3 constraints

If our continuum limit SD equation is correct,
Egs. (2.4), (2.5), and (2.6) should yield the W3 con-
straints. In this subsection we will show that this is
indeed the case. In order to do so, let us define the gen-
erating functional of loop amplitudes as

Z(Jo(1), (1), Ta(D)) = <exp ( | an@ut 4 + / " L My (l Ho)|+)) + [ anu; [u(a)12|+>)) >

(2.10)

Using this generating functional, the SD equations (2.4), (2.5), and (2.6) can be rewritten as

62

6 l
_° i [ar
(6J,,+1(z) + /o FADAIIN

s
Emzlmm (i=1,2) ® 0.

Here we have set the string coupling ¢ = 1 for nota-
tional simplicity. The fact that the left hand sides of the
three equations above do not vanish unless [ # 0 makes
further analysis cumbersome. We can see from the anal-
ysis of the disk amplitudes in the above that the tad-
pole terms should exist. However it is possible to show
that we can cancel such tadpole term contributions by
shifting Jo(l) as Jo(I) = c1l'/3 + c2l™/3 + Jo(1), and we
obtain Egs. (2.11) with = replaced by =. Indeed the W

3Here A denotes one of the matrices in the two matrix model.
Here we follow the notation of Ref. [19].
“Do not confuse it with the string coupling constant g.

> é
1y ’ VARS - =0 (n= Oy 1 ’
[) dl'l Jo(l )(5.] (l l')) |J,(l)_0 (i=1,2) ( )

(2.11)

constraints are usually written in terms of such shifted

variables [6]. For notational simplicity, we will deal with

equations which are obtained after such a shift is done.
It is convenient to use the notation

l
(f*)(l) = / dr (1 —1)g),
(2.12)

(290 = T drf()e( + 1),

Then the first line of (2.11) can be rewritten in a simpler
form:
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By solving 6/8J2(l) in terms of 6/8Jo(l) and IJo(l), and
substituting it into the second line of (2.11), we obtain

[(5_‘;— ¥ +(UJ)) <) 5§ WZ=0  (214)

Here J;(l1) = 0(z = 1,2) is implicitly understood. Also
we always understand < as an operation to the right:
A QA Q- DA, = A A2 (- QA1)
To deduce the W3 constraints from (2.14), one should
subtract the nonuniversal part of Z. In usual cases,
the nonuniversal parts exist in the disk and the cylin-
der amplitudes. However, after the shift of Jy(!) dis-
cussed above, the disk amplitude vanishes. Hence only
the subtraction of the nonuniversal part of the cylinder
amplitude is needed:

Z = ZnonZuniva
(2.15)

Zuon = exp (% / dldl’Jo(l)cm(l,l’>J°“')) ‘
0

Then, substituting (2.15) into (2.14), we obtain the SD
equation for the universal part of the partition function
merely by shifting the derivative:

)

5Jo(l) ”*/ dl'Cron(1,1')Jo ("),  (2.16)

where D(l) denotes the derivative for the universal part.

Next we will specify the Chon(l,!’) and D(l), and de-
duce the W3 constraints explicitly. It is more convenient
to work in the Laplace transformed variables:

where
K= ¢ 1nd ,
4>0
(2.22)
- Fo_ i ! ~( )
Kaf = o [ ds {21‘(;)
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[ﬁf—(l_) T (5% ; Ej_) 0 + ((uo) < ) (l>]

12 =0 (n=0,1). (2.13)

—

) = /0 * dlexp(=<) £(1)- (2.17)

In such variables, the operations * and < defined in (2.12)
are expressed as

(f*3)(s) = F()a(s),
(2.18)
(F 290 = - [ 15 -y HL=IE).

The nonuniversal part can be obtained by the orthog-
onal polynomial technique [18,14]. Substituting it into
(2.16), we obtain

. 1 de’ - ) 2 (%)1/3 _ (%)2/3

T =0+ / SK(=) — :
(2.19)
where K(s) —Ji(s) [ dlexp(—ic)lJo(l). The

universal part of the partition function depends_only
on some fractional moments of the currents J, =
[ dsJo(—<)s™""}(r = n + },n + 3) with n non-negative
integers. So the D(s) will be expanded in the form

D(g) E : —r—1
r>0
(2.20)
1 2
r=n+ gan‘*' 3’

with n non-negative integers.
Substituting (2.19) and (2.20) into (2.14), we have ob-
tained the following result after a long calculation:

(2.21)

and [-]<—1 means taking all the terms with negative inte-
gral powers of ¢, and :: denotes the normal ordering such
that 8/8J,’s are put on the right of J.’s.

Expanding Eq. (2.21) asymptotically in powers of ¢,
we obtain the following constraints for the partition func-
tions,

W2 Zuniv =0 (n=—2,-1,...),
(2.23)

LpZyniv=0 (n =-1,0,.. -),
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where L,, and W32 are defined through expanding in ¢ the
operators appearing in (2.21):

[ -\ 3

)

Z Wi 3 = (ﬁ + %) 1 5
n=-2 L <

(2.24)

2 > -n—-2 _ . [ D k 2W . +_2_
3 Z Lns = Y T aTe2”

n=-1 L J<1

(2.23) coincides with the W3 constraints [6] for the par-
tition function.

C. Loop with mixed spin conflgurations

So far in this section we have mainly dealt with only
loops with all the spins up. As a check of the validity of
our continuum SD equations, we will show that they can
be applied to the loops with mixed spin configurations
which were considered in [19].

Let us consider a loop which is divided into two con-
nected regions of up and down spins. We denote such
a loop by w(ly,l2) where l; and I, are the length of the
up and down regions, respectively (Fig. 5). We will dis-
cuss the disk amplitude (w(ly,l2))o with such a bound-
ary in this subsection. In [19], the discrete counterpart
W@ (P,Q) of

w(s1,52) =/ dll/ dlpe™ 11 =520 (w(1y, 15))o
0 0

was given by solving the matrix model SD equations. By
taking the continuum limit of W(?) (P, Q) one can obtain
w(s1,62). It turns out that w(s1,s2) mixes with 1o(s;)
and o(s2). Therefore we should subtract a multiple of
W(P) +W(Q) from W®) (P, Q) in taking the continuum
limit. In the continuum limit, a — 0, P = P, + agy,
Q = P, + agz, one obtains the expansion

W@ (P,Q) — o[W(P) + W(Q)]

=do +d3(s1 + s2)a + d5a5/311')(§1, s2) + O(az),

FIG. 5. The mixed spin configuration.
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where a and d;’s are nonuniversal constants. The coeffi-
cient of a%/3 may be identified as (s, sz) which is given
as

_17)0(91)2 + o (s1)wo(s2) + Wo(sz)? — 3t/3
1+ <2 ’

(2.25)

On the other hand, we can construct the continuum
SD equation for (w(ly,l2))o as in the previous section. If
we deform the loop at a point in the up spin region, we
obtain

/‘1 dlwo(l)(w(ly — 1,12))o

l"

+ / ’ dl’l.l)o(l)(‘ll)(ll - l, lz))o + (’wl(ll,lz))o =~ 0.

Here I} and l{ = l; [} are the distances from the point of
deformation to the two domain walls (Fig. 5). w;(l1,12)
denotes the loop with one # insertion at the point. If we
deform the loop w,(l1,l2), we obtain the following two
equations as in the previous section:

"
ll

4
L dlwl(l)(w(ll - l, 12))0 + A dl'll)o(l)

X(’wl(ll - l, 12))0 + (1U2(ll,12))0 ~ 0,

1
dl{w(ly, D)o(w(ly, 12 —1))o + (w2 (l1,12))o ~ 0,

where w;(l1,l2) denotes the loop with two # insertions
at the point. Since the loop (w(l1,l2))o now has the
down spin region, the second equation does not imply
(w2(l1,12))0 = O contrary to the previous case. By elimi-
nating w; (I3,12) and wa(ly,1;) from the above equations,
one obtains a closed equation for (w(ly,l3))e. It is easy
to check that the disk amplitude Eq. (2.25) satisfies this
equation. Although we have not tried yet, it is in prin-
ciple possible to do the same thing for loops with more
complicated spin configurations.

III. CONTINUUM SD EQUATIONS
FOR c = 1 — 6/m(m + 1) STRING

It is straightforward to construct continuum SD equa-
tions for ¢ = 1 — 6/m(m + 1) string in the same way as
in the previous section. In this section, we will elucidate
m = 4 case as an example. We will show that we can
derive the W constraints from the SD equation.

A. SD equations

As a generalization of the two matrix model, ¢ =
1- H,S—_Hj string can be realized by the (m — 1)-matrix
chain model. The matrices M; are labeled by an inte-
ger i(i = 1,...,m — 1). The matter degrees of freedom
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are represented by this “spin” variable :. Each spin can
be considered to correspond to a vertex of the Dynkin
diagram of A,,_; so that the matrix chain potential
Ei tr(M.'M,'+1) is written as Ei,j C,'jtl‘(MiMj) by the
connectivity matrix C;; of the Dynkin diagram.

In this case, a string is labeled by its length and the
spin configuration. In the continuum limit, the ma-
trix configuration can be expressed by a state in ¢ =
1-6/m(m+1) CFT. The W constraints can be obtained
by considering SD equations involving strings on which
all the spins are 1. In [13], various boundary configura-
tions in the A,, restricted solid on solid (RSOS) models
[20] are identified with a state in ¢ = 1 — 6/m(m + 1)
CFT. The RSOS realization of c =1 —6/m(m + 1) CFT
is a bit different from the matter realization in the ma-
trix chain model, in which the A,,_; Dynkin diagram is
related to ¢ = 1 — 6/m(m + 1). However, as in the Ising
case, the fixed boundary conditions in the matrix chain
may be identified with a boundary condition in which the
spins on the boundary and those of the neighbors of the
boundary are fixed in the RSOS model. Such a boundary
condition is labeled by an integer r(r = 1,...,m—1) [13]
and we will identify it with the spin configuration where
all the spins are r in the matrix chain. We will denote
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the loop on which all the spins are 1 by w(l;|1)).

The SD equations are constructed as in the Ising case.
We will illustrate m = 4 case as an example. Let us con-
sider the SD equation corresponding to the deformation
of a loop amplitude:

(w(l; [1))w(ls; 1)) - w(la; [1))). (3.1)
The continuum SD equations are constructed assuming
the following.

(1) The SD equations consist of three kinds of terms
illustrated in Fig. 1.

(2) The splitting and merging process is written by
using the three-Reggeon-like vertex which represents a §
functional of the spin configurations.

(3) For the kinetic terms, only the terms in which
spins are flipped survive in the continuum limit of
the matrix model SD equation. In the matrix chain
model, such terms come from the matrix chain poten-
tial 3, tr(M;M;,). Therefore a spini, 1 <i<m—1is
flipped to i —1 and 7+ 1, and 1 and m — 1 are flipped to
2 and m — 2, respectively.

The equation corresponding to the deformation of
Eq. (3.1) at a point on a boundary becomes

l
/O dr' (w(l'; |1))w(l — U5 [1))w(ls; 1)) - w(le; [1)))

(3.2)

+9 > b(w(l + b [D)w(la; 1)) - - wle-13 1) w(lis 13 (1)) - w(ln; 1))
k

+Huw(GH(9)|[1)w(li; (1)) - - - w(ln; [1))) = 0.

H(o) here represents an insertion of a tiny region on which the spins take the value 2. This insertion comes from
the matrix chain potential ), tr(M;M;;,). In the continuum, the operator which is at the domain wall between
the regions of spin 1 and 2 is again identified to be ¢ ; [13]. Therefore # (o) insertion here can be replaced by
limgyr0¢2,1(0")p2,1(0).

We can go on to obtain equations involving w(l; [H(c)]?[1)). If one deforms w(l;H(c)[1)) at a point near o and
take the limit in which the point tends to o, one obtains

1
/0 dl'(w(l'; [1))w(l = Vs H(0)[1))w(ls; 1) - - w(la; [1)))

+9 D he(w(l + b H(o)D))w(ls; 1)) - - wlle—s; [1))w(les13 1)) - - w(las [1))) (3.3)
k

+Huw(l; [H©)?[1)w(l; 1)) - - w(la; 1)) = 0.

So far the Eqs. (3.2) and (3.3) have the same form as the Ising case Egs. (2.4) and (2.5). A difference comes in
when one tries to obtain Eq. (2.6). If one deforms w(l; ¢2,1(0")¢2,1(0)|1)) at a point between the two ¢, ; insertions
and then takes the limit o' — o, one obtains not only the loop w(l; H2(o)|1)) but also a loop with an insertion of a
tiny region on which the spins are 3 (Fig. 6). The boundary operator which is at the domain wall between 1 and 3
regions is identified with ¢3; [13]. Therefore we obtain an equation

(w(l [(H()P[1)w(ls; 1)) - - w(ln; 1)) + (w (b [$3,1(0)*[1))w(ls;]1)) - - - w(la; [1))) = 0.

This equation reflects the fusion rule ¢ 1621 ~ ¢1,1 + ¢3,1. H should be identified with the ¢;,; part of the product

$2,102,1.
Thus w(l; [H(0)]?|1)) is not null in this case. Rather we can prove w(l;[#(c)]3|1)), which is defined as a limit

(3.4)

o‘gli—]ﬂrl ’l.l)(l; H(O‘:’)’H(O'z)%(dl)“.)), o3 > 02 > 01,

is null by the following sequence of SD equations:
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lim 1[('w(l; H(os)H(o2)H(o1)|1))w(l1;]1)) - - - w(ln;|1)))

+(w(t 85,1(93)3,1 (02 H(on) D Yw(ls; [1) -+ w(l; [1))] =0,
Jm [(w(t 85,1(05)H(02)5,1(01)[1))w(ls; 1) - (L [1))) 35)

+w(l; 63,1(09)83,1(02)H(on) D w(ls; 1)) - w(la; [D)] = 0,
i [(w(; 63,105} H(02)951 (o1)1)) (135 [1)) -~ w(kai [1)] = 0.

Here 03 > 02 > 0, in all the equations. For example, the first equation corresponds to the deformation of the amplitude
(w(l; 2,1(03)P2,1(02)H(o1)|1))w(li;|1)) - - -w(lna;|1))) at a point between the two ¢, ; insertions [Fig. 7(a)]. In the
limit 03 — o3, splitting and absorbing of loops does not contribute to the equation and we obtain the first equation
in the above. The derivations of the other two equations are also illustrated in Fig. 7. Thus we can prove

Jim [{w(l; H{os)H(oa) (o) 1))w(ls; 1)) -+ w(ias 1)] = 0.
For general m, we can again identify # with the ¢, ; part of the product ¢;1¢2:. We can prove, by similar
manipulations,

lim [(w(l;H(om-1)---H(o1)[1))w(l;|1) - w(la; 1)) =0 (om—1 > -+ > 01). (3.6)

Om-—-1—+01

Therefore w(l; [H(c)]™ 1|1)) becomes null for ¢ = 1 — 6/m(m + 1) string theory. As a generalization of Eq. (3.3), we
have

l
/O dl' w(l'; |1))w(l — U3 [H(@)P 1)) w3 1)) - w(ln; 1))
+9 3 lw(l + b [P 1) w(ls3 1) -+ w(lem13 [1)) 0 (i 1511)) -+ w(lni [1)))
13

Huw(l M) 1)) w(l; 1)) - wlla; 1)) ~ 0, 3.7)

for j = 0,...,m — 2. With Egs. (3.6) and (3.7), the W
constraints will be derived in the next subsection.

We will conclude this subsection with a comment
on the scaling dimensions again. For general m, the
scaling dimension of the disk amplitude (w(l;|1)))o is
L~(2m+1)/m The gravitational scaling dimension of ¢,
on the boundary is L—(m+1)(r=1)/2m 354 again has the
right dimension for the continuum SD equations to make
sense.

B. Derivation of the W constraints

Let us rewrite Eqgs. (3.6) and (3.7) into equations for
the generating functional of the loop amplitudes:

ZM™ (L) = <exp [z_: /Ooo diJ;(Hw(l; [’H(a)]ill))] >

=0

OO

FIG. 6. The SD equation (3.4). FIG. 7. The SD equation (3.5).

_.H{i =0
N\

(c) —2
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Egs. (3.6) and (3.7) become as follows:

é é é - é
[ )+ K< —| (s
[51n+1 (‘SJO aJn) 6Jn:| ( )
Z(m)lji(;)=0(i>0) =0 (Tl = 07 17 ceey M — 2)1
.T.J__Z( )If PR =0. (3.8)
6Jm—1(§) i(s)=0(i>0)

We have assumed that the tadpole term is canceled by
an appropriate shift of Jo(I). Solving §/6J;(¢ > 0)’s re-
cursively and substituting §/8J,,,_; into the second line
of (3.8), we obtain

m—1
(—6: *+K <1) 2
é8Jo éJo
Here Ji(s) = 0 (i > 0) is implicitly understood. The
subtraction of the nonuniversal part will be

(s)Z2(™ =o. (3.9)

J

[W4(<) — 3[KWs]50(s) + KK L]30]50(s) + $(D(s) +

M. IKEHARA et al.

13

é (m)
6Jo(<) (<)+/ K( §"VG™)(¢,¢"),
(3.10)
G™(s,¢) = lm_ 1-35 ()"
s—g¢ '

This is a simple generalization of the known cases m =
2,3.
The D(s) will be generalized to

~ I}
D(s) = ¢l —
,2;0 aJ,’
1 2 -
r=n+——,n+———,...,n+m— (3.11)
m m m

with n non-negative integers.

Our expectation is that, substituting (3.10) and (3.11)
into (3.9), one will obtain the W,, constraints for the uni-
versal part of the partition function. We have performed
the calculations explicitly for the cases up to m = 4. For
m = 4, we have obtained, after a long calculation,

LK (s)){3Wa(s) — §[KL]>0(s)}

2
+3 (2 :[(D(s) + $Kq())*]n : —[KD]>0(s) — §[KKq>0(s) + —;’T) L(c)} z{neY =0, (312)

where [-], means taking all the terms with nonintegral powers of ¢, and

[4B)>0(s) = - [

2me S—¢1
1 (/- 1.-\?]
3 [/ - L1z 3]
L J<-1
. 1-\*
<-1

ds A(=1)B(s1)

(3.13)

Here the definition of K follows that in (2.22) with the
summation over r following (3.11). Expanding Eq. (3.12)
asymptotically in ¢~1, one obtains the W, constraints for
the partition functions,

L,Z™= =0 (n=-1,0,...),
(n=-2,-1,...),

w3zim=% - (3.14)
Wizm=9 =0 (n=-3,-2,...),

7T umv
n“umv

S—¢

where L’s and W’s are defined through expanding in ¢
the operators appearing in (3.13):

Lis)= Y Las™"7%
n=-—1

Ws(s) = Y Wic3, (3.15)
ﬂ=—2

Wa(s) = Z Was
n=-3
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These coincide with the W, constraints [6,21]. We conjec-
ture that W,, constraints can be derived from Egs. (3.8)
also for m > 5.

IV. STRING FIELD HAMILTONIAN

The discussions in the previous sections imply that the
continuum SD equations we proposed really describe ¢ =
1 — 6/m(m + 1) string theory. In this section we will
infer the form of the string field Hamiltonian from these
equations.

In order to do so, we need the SD equation corre-
sponding to the deformation of loops more general than

Al dr 3

[v*)slv") o) * o )i —yr=|v)s

w(l; |+)),w(l; H(o)|+)),w(l1,l2), etc., which were dis-
cussed in the previous sections. For those loops, the
vertex terms look particularly simple. In order to write
down the continuum SD equations for more general loops,
we should introduce three-Reggeon-like vertex for ¢ =
1 — 6/m(m + 1) CFT. Here let us express a state of a
string (with a marked point) as |v); by its length ! and
the spin configuration |v). We define a product * so that

|v1>ll * |1)2)1, )

represents a loop made by merging the two loops |v1)i,
and |vz);, at the marked points, with the spin configura-
tion inherited from them (Fig. 8). Then the continuum
SD equation for generic loops will be expressed as

(w(l's [0 )w(l — U5 ")) w(l; [02)) - - w(la; [va)))

2x
+93 lk/ do’ (w(l + bi; [v)1 # (€ o)) w(ls v1) - - Wl V1)) (Uit1; [0k41)) - (a3 [0n)))
k 0

+Huw(l;H(o)[v))w(l; [v1)) - - - w(ln; va))) = 0.

(4.1)

Here P is the operator of rotation of a loop. # (o) is identified with limy—,,¢2,1(0")$2.1(0).

The SD equation describes a deformation of a loop at a point on it. If we integrate it over the position of the point,
we obtain the deformation induced by the string field Hamiltonian in the temporal gauge. Let ¥(l;|v)) (¥1(l;]v)))
denote the annihilation (creation) operator of a string with length ! and the spin configuration |v) satisfying

(Ll v)), TH(; ")) =1 A do(v'|e“P |v)é(l - I').

(4.2)

Namely the commutator of ¥(;|v)) and ¥*(I’;|v')) is nonzero only when I = I’ and |v) coincides with |v’) up to
rotation. The string field Hamiltonian can be obtained from Eq. (4.1) as

2>

vi) V0

dly A 0 (Iy; [y )) U (1o [02) )T (L + s [0, * Jva)sy)

w9y [ S /0,, AUt (1 + s fon), * fo2)iy ) (s Jor)) ¥ 1z vz))

lve) V0

+3 [

oy 7©

Here p(l;|v)) expresses the tadpole term and it has its
support at { = 0.

The string amplitudes can be expressed by using this
Hamiltonian as follows:

(w(ly; [v1))w(lz; [v2) - - - w(ln; [vn)))
= Dli?m(ole_DHWf(l1; [v1) - - W (In; |vn))]0).

The string field SD equation can be obtained as
Jim 0p(0le™ P Tt (1y;[vn)) - Wl 1)) 0) = .

(4.3)

" e G HO) )G ) + T [ atots o o).

lv)

10>, * 1V,

FIG. 8. The product * .
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It is obvious from the construction of H that this SD
equation can be written as an integration of the SD equa-
tion in Eq. (4.1).

We can estimate the dimension of the geodesic distance
D from the above Hamiltonian. The scaling dimension of
various quantities can be estimated most easily by con-
sidering terms involving strings on which all the spins are
aligned. For example, for a ¢ = 1 — 6/m(m + 1) string,
the scaling dimension of g is given as [g] = [~2(2m+1)/m
which coincides with the matrix model result [18]. The
dimension of D becomes [D] = L'/™. This fact may be
checked by numerical simulations.

Thus we have constructed the string field Hamiltonian
using the three-Reggeon-like vertices. We should, how-
ever, remark that Eq. (4.3) is a formal expression. As
was clear from the discussions in the previous sections,
the states such as |1) play important roles in the analysis
of the SD equations. However, such states have diver-
gent norms in the usual definition of the norms of states
in CFT. Therefore we should adopt a different norm (e.g.,
one defined by Cardy [13]) in Egs. (4.2) and (4.3) to make
the Hamiltonian applicable to such states. Accordingly
the definition of the three-Reggeon-like vertices ought to
be changed. We will pursue these problems elsewhere.

V. CONCLUSIONS

In this paper we proposed the continuum SD equa-
tions for a ¢ = 1 — 6/m(m + 1) string. It was checked

that the SD equations are consistent with all the known
results of noncritical string theory. Especially the W
constraints were derived from the SD equations. The W
constraints essentially come from the fact that the loop
operator w(l;[H(o)]™"1|1)) is null. In the continuum
picture, it was proved by using the results of boundary
CFT.

We constructed the temporal gauge string field Hamil-
tonian from the SD equations. The Hamiltonian looks
similar to the Hamiltonian of the light-cone gauge string
field theory [1], involving only three string interactions.
Since the form of the Hamiltonian is almost the same
for any c, it might be possible to construct the temporal
gauge Hamiltonian in the same way for the ¢ > 1 case,
especially for the critical string. This will be left to the
future investigations.
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