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A generalization of the linear o model that includes vector and axial vector mesons is presented.
The resulting effective Lagrangian incorporates some new features not previously considered. The
consistency of the model is successfully checked by applying it to a variety of processes, including
low-energy mm scattering and a, decays. An interesting feature of this new effective Lagrangian is
that it provides a natural mechanism leading to a reduction of the 0 — 7wm decay width relative to
the expected value in the original linear o model. The generalization of the Wess-Zumino effective
action appropriate to the linear o model is also considered.
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I. INTRODUCTION

The linear SU(2); x SU(2)g o model, including the
pion and its isoscalar, scalar chiral partner the o meson,
provides a nice, explicit field theoretic realization of the
idea of broken chiral symmetry and gives a reasonable
quantitative description of the low energy interactions of
pions. However, the difficulty of identifying the o with
any one of tlie many scalar states found in the Particle
Data Group (PDG) compilation [1] (certainly, one finds
too many states below 2 GeV to fill just one 3P, gq
nonet) has led to a relative neglect of this model as a
serious basis for phenomenology. The difficulty here is
to be traced directly to the expression for the o0 — =
width, which is given by (including the pion mass as an
explicit chiral symmetry breaking effect)

3m3 m2\? 4m?2 1/2
F(O’ - 7l'7l') = 327l'f£ (1 - ﬁ) (1 - m2 ) .
(1.1)

This is unphysically large: with f, = 93 MeV, one sees
that the width of the o equals its mass at m, ~ 600
MeV, and rises quickly thereafter. This is apparently
inconsistent with even the large width (500 — 600 MeV)
of the broad scalar isoscalar state around 1 GeV that is
responsible for the /=0, S-wave 77 interaction [2], which
is the clear candidate for the o meson, and which appears
in the 1994 PDG table [1] as the fo(1300).

The purpose of this paper is to extend the SU(2)p x
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SU(2)gr linear o model to include the vector mesons p
and a; as chiral partners, including new elements not
present in previous work found in the old literature. As
an important consequence, we will find that the inclusion
of vector and axial vector mesons in a chirally invariant
way can lead to a drastic reduction of the 7n decay width
of o, alleviating the difficulty mentioned above.

Our aim is to provide a consistent phenomenological
picture of the known properties of the vector mesons p
and a,; as well: for this purpose, the linear & model must
be extended to include nonrenormalizable higher dimen-
sion terms, as will be detailed below.

The plan of the paper is as follows: in Sec. IT A, vec-
tor and axial vector mesons (p and a;) are introduced
in the linear o model as gauge fields associated with the
local SU(2)r x SU(2)g chiral symmetry. This local chi-
ral symmetry is broken to the global symmetry by mass
terms for p and a;. In our model, vector and axial vec-
tor mesons get massive through both the bare mass and
spontaneous chiral symmetry breaking [see Egs. (2.20)
and (2.21)]. This feature is a new one compared to the
conventional approaches, where m, = m,, = mq in the
phase of unbroken chiral symmetry, and this degeneracy
is broken by f. # 0 and m-a; mixing. We consider two
dimension-6 operators in addition to the original gauged
linear o model in order to get better overall consequences
for p and a; phenomenology. In Sec. IIB, the electro-
magnetic field is introduced in a way consistent with
vector dominance hypothesis and U(1)em gauge invari-
ance. In Sec. IIC, our model is compared with previ-
ous ones, with emphasis on the study of deviations from
the usually made assumptions such as complete vector
dominance, saturations of Weinberg’s sum rules using
single pole approximations and Kawarabayashi-Suzuki-
Fayyazuddin-Riazuddin (KSFR) relation. In Secs. IITA
and III B, we discuss the #7 and the decay width of o in
our model, with special attention to show how the low
energy theorem for n7 scattering remains intact even in
the presence of vector and axial vector mesons. We also
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find the o width can be substantially smaller than in
the case of the original linear 0 model, because of 7-a;
mixing. In Sec. IV A, the decay modes a; — pm and
a{c — wty are described. Our model reproduces the
result of current algebra and PCAC (partial conserva-
tion of axial vector current) on a; — pw. In Sec. IVB,
we consider ali — 7wty in our framework and compare
with other theoretical predictions as well as the data. In
Sec. IVC, it is found that the non-pm contributions to
a; — 3w can be vanishingly small. Generalization of the
Wess-Zumino anomaly in the linear o model is given in
Sec. V. Our predictions on various processes are sum-
marized in Sec. VI. Interaction Lagrangians relevant to
processes considered in this work are collected in Ap-
pendix A. Appendix B contains explicit expressions for
a; — 3w discussed in Sec. IV C.

II. THE c MODEL WITH VECTOR
AND AXJIAL VECTOR MESONS

A. Model Lagrangians

The linear 0 model [3] has the following particle
content: isotriplet pseudoscalars (n%) and the isosin-
glet scalar (0). They form a (3,3) representation of
SU(2)r x SU(2)g, and are grouped into

Y=o0+iT-m, (2.1)
which transforms under SU(2); x SU(2)g as
¥ — LXZR'. (2.2)

7’s are the Pauli spin matrices, and t = 7/2 are genera-
tors of the SU(2) Lie algebra.

The Gell-Mann-Levy linear o model [3] is defined by
the Lagrangian density

1 A
Lo=; Tr [9,T 0"t - S Tr (B2 - 2] @3
Lo is invariant under global SU(2);, x SU(2)g transfor-
mations, which leads to the conserved Noether currents:

V,=7nx0d,mw, (2.4)

A,=00,m—7n0,0. (2.5)
The pion mass is introduced through a symmetry-
breaking potential, which can be chosen in the convenient
form

2
Lsp = _i‘z—" [%2 + (0 - f0)?], (2.6)
which yields the usual form of PCAC:
BuA* = m2 fro. (2.7)

[We have used fo = fr and pr = m, in Eq. (2.7).]

Now, we add isotriplet vector and axial vector mesons
(p and a;) to the linear o model in a way consistent with
the current-field identity and vector meson dominance
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hypothesis. This can be achieved by regarding p and a;
as phenomenological gauge fields associated with a local
chiral SU(2); x SU(2)g. Since the chiral symmetry in
QCD is a global symmetry, this local chiral symmetry
has to be broken, for example, by adding mass terms for
vector and axial vector mesons. A mass term yields the
correct form of the field-current identity when we con-
struct vector and axial vector currents using the Noether
method [4,5].
Let us introduce left and right gauge fields,

=1, -t=(p,+a,)-t, (2.8)

r,=T, -t= (pu —a,)-t, (2.9)
which form adjoint representations of SU(2); and
SU(2)g, respectively. The field strength tensors for [,
and r, are defined as usual:

Ly =l -t =0,10, — 0,1, —ig [l,,L.],
or
ly,=0,l, -0, l,+gl,x1l,

and similarly for r,,. We will use both types of notation
interchangeably in the following. The kinetic energy term
for these gauge fields are given by the usual Maxwell term
1
Lkin(l,’l') = —Z Tr [luul‘“j + 1‘“,,7““/] . (210)
Parity is conserved since we symmetrize our Lagrangian
under L & R.
To break the hypothetical local chiral symmetry into
the global chiral symmetry and make the vector and the
axial vector mesons massive, we add the mass-like terms

Lo =31md Tr(l0* +r,r#] + 3 bg® Tr[ZX7]

XTr [ 1" +rur# ] —cg® Tr [ 1*Er, ST ). (2.11)
In earlier work using phenomenological massive Yang-
Mills gauge fields, only the m2 term was kept in L,
which generates equal masses for p and a; before chiral
symmetry breaking. (This degeneracy is lifted by sponta-
neous chiral symmetry breaking: this is the Higgs mech-
anism.) For b = ¢ = 0, we recover the usual current-field
identities [4,5].

The new b, c terms give additional contributions to the
Noether currents and current-field identities. After chi-
ral symmetry breaking, these terms generate additional
contributions to the masses of vector and axial vector
mesons, and play an important role in describing the
process a; — om. [The b term was first considered in
the linear o model with w meson to study nuclear matter
saturation [6]. The ¢ term was first introduced in Ref. [7]
in the nonlinear ¢ model with vector and axial vector
mesons in order to get the correct p — w7 width when
one eliminates the a; meson. However, the effects of the
c term on m,, and the KSFR relation were not studied
in detail.] For example, one can imagine setting m3 = 0,
since the b, c terms can provide the vector and the axial
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vector with their masses after spontaneous chiral sym-
metry breaking, (o) = fo # 0.

Except for L,,, the couplings of p and a to other matter
fields are assumed to be consistent with the gauge prin-
ciple. The ordinary derivative in Eq. (2.3) is replaced by
the covariant derivative

D,% = 0,.%Y —igl,¥ + ig¥r,. (2.12)
Using this covariant derivative,
Eq. (2.3) into

one can generalize

Ly = i Tr [D,% D*%'] -

+£kin(l, 7') + Lm

2T (55t - 7))
(2.13)

This Lagrangian with b = ¢ = 0 and Lgp (2.6) was
essentially known by the late sixties [5], and reproduces
the results based on current algebra and PCAC obtained
then. As we shall shortly see, the systematics of p decay
require the inclusion of an additional term, however.

We note that the Noether currents of this effective La-
grangian (2.13) are consistent with the current-field iden-
tities

1
Vi = p [m3 + bg® (6 + w?) — cg?0?] p,
—cg [20m xa,+ (p, 7w — 7 x (p, x W))],
(2.14)
1
A = p [m3 + bg® (6 + w?) + cg%0?] a,

+cg [20m x p, + (a, - 7w — 7 x (a, x 7))].
(2.15)

In order to understand the dynamics of =, o, p, and
a;, using this gauged linear o model, it is necessary
to express the Lagrangian in terms of physical fields.
The ground state can be chosen as () = fo,{mw) = 0.
This spontaneous symmetry breaking induces a mixing
between w and a;. Therefore, we have to make field
redefinitions!

o — 0'+f0,
a, > a, +hD,w,

(2.16)
(2.17)

and choose the parameter h in such a way that there is no
mixing between 7 and a fields. Finally, we need to do a
wave function renormalization for 7 to get the canonical
form of the kinetic energy term for the renormalized pion
fields (w,) : w = . /\/Z,. After this procedure, detailed
in Appendix A, we get the relations

2
2 _ Ex

mo =
™ )
Zn

(2.18)

'One could make a shift, a, — a, + h8,, instead. When
coupled with electromagnetic field, however, this shift yields
a wrong seagull term. See the next subsection for details.
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2
=2fE+ k= 2,\—- +m2Z,, (2.19)
m?, =mi+ (b-c) g2f0 , (2.20)
m2, =mi+(b+c+1)g*fZ, (2.21)
g.fO ng (2'22)

TmIt(btc+l) g2f2 m2’

2 £2 2

9°fy 1 m,
=-1-27J0 1 _ 1-— . (2.23
Zr=1 m;‘;l 1 (20+ 1) ( mgl ( )

2. /m2 and fr = fo VZr = 93 MeV, we

Defining a = m

get
2 2 _ 2 _ (2c+1)
mg, —my=(a—1) m, = —Z. 2 (2.24)
so that
2 £2
2o 9/ (2.25)

Mo = 4Zn(1-Zx)

This would be nothing but the KSFR relation [8], were
we to choose a = 2 (for which m,, V2 m, =
1090 MeV),Z, =1/2, and gorr = g.

However, the prm coupling following from (2.13) has
a strong momentum dependence because of the 7 — a;
mixing, as given by Eq. (A12) with k¢ = (¢ = 0. The
corresponding prm vertex is

() (.2 2f2 ¢
= T = 2.26
Fp1r1r(q ) Z"mg 2Z1|-m‘21 m‘z) ( )
so that
g
Gonn = F{O (m2) = 5 1+ Zx]. (2.27)

If we fix g = 5.04 from p° — e*e~ 2 and solve (2.23)
and gpnr = F,S?.l,(mf,), we get Z, = 0.33, and m,, = 1.0
GeV which is too small. On the other hand, if we fix

= 1.26 GeV and solve (2.23) and gprr = F(?.-Z..(mp),
we get Zr = 0.20,9g = 5.40, and ¢ = —0.11. Thus, we
get T'(p® — ete™) = 7.77 keV, which is 15% larger than
the measured value, (6.77 £+ 0.32) keV. Assuming this be
tolerable and studying a; decays, one gets too small a
decay rate for a; — pm,

I'(a1 — prm) =~ 88 MeV,

regardless of mg. So, we always end up with wrong
phenomenology with the above form of gauged linear o
model with dimension < 4. To cure this problem, we add
a dimension-6 operator®

2The introduction of electromagnetic interactions is dealt
with in the next subsection.

3This term is essentially the same, in the language of effec-
tive Lagrangians, as the § term introduced by Schnitzer and
Weinberg [9]. It is nothing but the x term in Ref. [5].
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tKeg I vyt ust pv
-—= Tr [l,, D*ED*E! +r,, D*SIDYS]. (2.28)
4mp
Then, the prm vertex is modified into
2 2 £2 2 2
gm 9°fx 4 1 q
F, ) = d - L e L —.
prn(a) Zym?2, [ 2ZymZ m?2 g 9re m2
(2.29)
One can fix k¢ demanding
Gpnr = prﬂ(m,z))
2 2 £2
gm, g f1r 1
= 1-— - = Z.=6.05 (2.30
Z.m2, [ 2Z,,m?h] 2 9" (2.30)

to give the correct width for p — =ww. This will also
fix the problem of a small decay rate for a; — pm, as
discussed in Sec. IV A.

From (2.29), one can write the expression

m2

99pn~ (m,z,) - Ei%

[(1 - 272 - gzneZ,,:;—’z';jl , (2.31)

s

to be compared with the original form of the KSFR re-
lation

m2
9Gprn(Mm3) = =2 +--- (2.32)

212
where the ellipses means uncalculable or ignored contri-
butions from the Schwinger terms, higher-order terms in
pion momenta and the higher resonances, etc. Note that
our result (2.31) reduces into (2.32) in the unphysical
limit of Z, — 0 and Z,..m‘zz1 — const. In our approach,
we can evaluate these corrections to the original form of
the KSFR relation by the finite mass of a; resonance,
and get improved overall phenomenology.

The inclusion of higher dimensional operators in the
linear o model is clearly consistent with the view taken
here that it should be seen as an effective theory: while
the model, in its original form [3] involving only o, 7, and
the nucleon, is perturbatively renormalizable (and in fact,
not unexpectedly for a strong-coupling problem, fails if
taken seriously in one-loop order [10]), it is clear that
this is not a physically limiting consideration. However,
in the context of the linear o-model, operator dimension-
ality is not an immediately useful organizing criterion,
unlike the case of the nonlinear o model. This is due
to the fact that after the field redefinitions (2.16),(2.17),
a term in the Lagrangian of any given dimensionality d
will in general give rise to a number of terms of dimen-
sion d as well as d + 1,d + 2, and so on. [Notice that
the field redefinition (2.16) lowers the dimension by one,
whereas (2.17) increases the dimension by one.] This is
a necessary consequence of the physics of spontaneous
symmetry breaking as described by the linear o model.
For example, the dimension 4 operators involving b and
c provide a description of which part of the vector meson
masses (dimension 2) is due directly to chiral symmetry
breaking, while k¢ contributes in an important way to
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the pmm vertex which is nominally of dimension 4 and
dimension 6. The choice of which operators should be
present in the model is dictated by the need for a consis-
tent phenomenology in leading order.

Summarizing, our model Lagrangian consists of (2.13),
(2.28), (2.44), and (2.38). [Relevant parts of our model
Lagrangian, the vector and the axial vector currents, and
symmetry relations analogous to (2.20)-(2.25) are given
in the Appendix in case of arbitrary (¢ which is defined in
Sec. IIC.] In the limit of an infinitely heavy o meson, it
reduces into the nonlinear chiral Lagrangian with vector
and axial vector mesons considered in Ref. [11], except
for the b and c terms. Since these b and ¢ terms have not
been considered in the literature, our model Lagrangian
leads to different phenomenology of a; meson. In the
nonlinear limit,

DI foei"-t/fo.

and the b term is absorbed into the bare mass term mak-
ing a shift, m2 — (m2 + bg? fZ). On the other hand, the
¢ term remains:

¢ Tr[l,2r*%f] = cf2 Te[l ,Ur*U"], (2.33)

contrary to previous models. Therefore, even in the ab-
sence of o, our model predictions on a; — p — 7 system
are different from previous models. Especially, one can
accomodate a large decay width of a; — pm even without
(e term. (In Ref. [11], this could not be achieved without
the (¢ term.)

B. Electromagnetic interactions

To describe electromagnetic processes such as p —
ete™ and a; — 77, we need to introduce the electro-
magnetic field in a gauge invariant way, implementing
the idea of CVC (conserved vector current) hypothesis.
This was studied in detail by Kroll, Lee, and Zumino [12],
and a brief review can be found in Ref. [5].

Let us first note that an SU(2)y gauge transformation
in the third direction, for the third component of the
isovector vector field, looks like a U(1)y gauge transfor-
mation

1
6pf = p; das, (2.34)

where p), = p,3 and a is the SU(2)y gauge-
transformation parameter. If we introduce the
electromagnetic-gauge field B, which transforms as

1

6B, = - d,as, (2.35)
e
the combination
0o €
pp, - 5 BI‘
is invariant under Egs. (2.34) and (2.35). Since the

masslike terms are not invariant under Eq. (2.34), we
can replace the pg in the masslike terms by
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e
Py — Py — p B,. (2-36)

(Other terms with covariant derivatives are invariant by
themselves, so they do not change.) We also add the
kinetic term for the photon field:

Lyin(B) = —§ B, B"". (2.37)
At the one-photon level, we recover
Lem = —eV2B¥, (2.38)

where V, is the vector current of our model constructed
by the Noether method. At the two-photon level, our
prescription gives interactions of hadrons and photons in
a U(1)em gauge invariant way. For example, we recover
the ordinary seagull term for electromagnetic coupling of
charged pions by replacing p, by p, + eB,/g. However,
this would not be possible, if we had made a shift,

a, > a,+ ho,w. (2.39)

More specifically, the interaction of charged pions with
photon fields would have been given by

2
—eB, (7 0%, —n 8%n}) + ;— B,B“nfn,,
m™

which is not gauge invariant, unless Z, = 1. Thus, we
can justify the shift of a, by hD, .

Now, one can consider p° — e*e~. From Eq. (2.38),
one can derive

2
dma® m,

I'(p® = ete”) =
(p° > eTeT) 7z 3

(2.40)

Using I'(p° — ete™) = (6.77 £ 0.32) keV [1],

2
i—ﬂ =(2.02+0.10), or g=(5.04+012). (2.41)
In the following, we always use this determination of g

for numerical analysis.

C. Comparison with previous work

Before studying the full contents of our model, let us
briefly consider the case b = ¢ = 0, which is the same as
the model described in Ref. [5]. For ¢ = 0, we get the
exact current-field identities and complete vector domi-
nance from (2.14) and (2.15). Also, the symmetry rela-
tions (2.23)—(2.25) become

2
m
Zy= —2 (2.42)
T mgl
2 £2
9

Therefore, in the case of Z, = 1/2, we recover the usual
KSFR relation (with g = gynx), and the results derived
from Weinberg’s sum rules in the single-pole approxima-
tions for Z, = 1/2. However, one can easily convince
oneself that the above equations overdetermine m,, m,,,
and g. For example, we consider three different cases
which seem reasonable.

Case I. Assume that g = gprr = 6.05 determined from
p — wmw. Then, Z, = 0.47 and m,, = 1.12 GeV. (If we
fix g = gpnr = 5.04 from p°® — e*e” instead, we would
get mgy, = 0.970 GeV, which is too small. So, we discard
it.)

Case II. If we assume Z, = 1/2, then mzl = 2m
(Weinberg’s sum rule) and g = 5.85.

Case III. If we use m,, = 1.26 GeV (PDG value) as an
input, then g = 6.54.

For each case, one can choose kg to get g,nr = 6.05.
The rates for processes involving the ¢ meson such as the
widths for ¢ — w7 and a; — o7 depend on the value b
as well. In Table I, we show various physical quantities
for each case with b = ¢ = 0 (for which mf, = m2). The
results do not compare with the data very well, especially
for a; — pm.

In previous work based on the nonlinear chiral La-
grangian with vector and axial vector mesons, this prob-
lem was avoided by including one more dimension-6 op-
erator [11]:

2
s

TABLE 1. Predictions with the x¢ term and b = ¢ = 0 for ms = 1 GeV (and 0.7 GeV in the parentheses). Three cases are
explained in the text. Inputs are marked with a dagger for each case. The parameter k¢ is adjusted to get the correct g,»~ for

each case.
Case I Case 11 Case III Data
g 6.057 5.85 6.54 5.04
ma, (GeV) 1.12 1.09' 1.26! 1.26 + 0.03
(r2)/? 0.63 fm 0.64 fm 0.61 fm (0.66 £ 0.01) fm
p° s ete” 4.70 keV 5.03 keV 4.02 keV (6.77 £ 0.32) keV
a; — pmw 23 MeV 27 MeV 57 MeV ~ 400 MeV
fo/fs —27% -19% —28% (—11.0 + 2.0)%
a; = my 0.477 MeV 0.410 MeV 0.245 MeV (0.640 + 0.280) MeV
o= T 310 MeV 424 MeV 168 MeV )
(102 MeV) (139 MeV) (57 MeV)
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Ce
me,

2
Tr [, Zr*st] — %%% T [l Ur*U'.

(2.44)

The analysis becomes more involved, since the (g term
induces wave function renormalizations of p and a fields.
The (¢ term does contribute to a; — pm and other pro-
cesses. Adjustment of (¢ generally improves the results
shown in Table I as discussed in [11]. Most of the numer-
ical results presented in this paper in fact correspond to
the (¢ = 0 case, unless otherwise specified.

The importance of the kg term can be seen from Ta-
ble II, where various predictions with k¢ = 0 are listed.
The cases I, IT are for b = ¢ = 0, whereas the cases
III and IV are for b = 0 and ¢ # 0. Input assump-
tions are denoted by daggers, and symmetry relations,
Egs. (2.18)—(2.23), are used as before. Basically, we get
too small g,rrx, or equivalently, too small a decay rate for
p — wm. Also, the decay rate for a; — 7y is always zero,
since it is proportional to k¢ as discussed in Sec. IVB
[see Eq. (4.10)].

From Tables I and II we conclude that it is essential
to keep both ¢ and k¢ terms to improve the phenomenol-
ogy of m, p,a; system. Processes involving the ¢ meson
constrain b, or equivalently, m2, but give no hint as to
the necessity of the ¢ and k¢ terms. The results for non-
vanishing c, k¢ are shown in Tables III-VI. We get bet-
ter and simpler overall results. Relegating the details
for each process to the following sections, we discuss the
more general aspects of our model here.

First of all, the current-field identities are modified into

mZ fz
— P ™
V,‘—-? P, — 2cg mw,xD,‘wr
_2egfaTe XAy (2.45)
Zn
m2 Z
A,= —“;—1 a, + faDum, + -, (2.46)

We note that ¢ = 0 corresponds to the complete vector
meson dominance in the I = J = 1 channel of the 7
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system.

For ¢ # 0, there are two solutions of ¢ (or, equivalently,
Z.) as can be seen from Egs. (2.20)-(2.23). For example,
for g = 5.04 and m,, = 1.26 GeV, the two solutions are

(¢, Zx) = (—0.12,0.17) or (1.34,0.83).

In Tables IV and V, we show predictions on the various
processes for these two sets of solutions. The smaller
solution for |c| gives overall better phenomenology, which
indicates that the vector dominance hypothesis is indeed
a good approximation. So, we choose the smaller (¢, Z,)
in the following sections.

One may worry that this ¢ term would give a wrong
value for the pion charge radius deduced from the vector
form factor. We can easily verify that it is not the case.
The matrix element of the vector current (2.45) between
charged pions is given by

m2 1 2cg? f2
Fy(¢®) = (Tnz——iﬁ_)— 7 Forn(a®) + Z_;z?—o (2.47)
P ™ ay
Thus, one gets
1
Ll
(r). = 6 1— 9*f3 _ KeZzm?, _ 6 Uil
ZxmZ, 2m2, 2m? m2 g
(2.49)

In the above equations, we have used the symmetry re-
lations, (2.20)—(2.24), and the definition of g,rr, (2.30).
Thus, we get

12 _ V6x1.20

m,

<T2) = 0.69 fm, (2.50)

which compares well with the experimental value (0.66
0.01) fm. Note that the pure vector meson dominance
(i.e., the ¢ = 0 case and g = gorr) leads to (1'2),1/2 =
V6/m, = 0.63 fm.

Also, we note that the kg term has the same structure

TABLE II. Predictions without the k¢ term (k¢ = 0): the cases I, II are for b = ¢ = 0, and the cases III and IV are for
b=0,c #0, for m; =1 GeV (and 0.7 GeV in the parentheses). Four cases are explained in the text. Inputs are marked with
a dagger for each case. The relevant data can be found in the last column of Table I.

Case 1 Case I1 Case III Case IV
g 5.85 6.57 5.23 5.40
ma, (GeV) 1.091 1.26 1.09t 1.26
Gomn 4.39 4.50 6.05% 6.051
p— T 80 MeV 84 MeV 152 MeV 152 MeV
(r?)3/? 0.55 fm 0.52 fm 0.68 fm 0.67 fm
p® —ete” 5.03 keV 3.98 keV 6.29 keV 5.90 keV
a; — pm 171 MeV 335 MeV 55 MeV 88 MeV
fo/fs —2.3% -5.2% -2.3% -5.2%
a; = Ty 0.0 MeV 0.0 MeV 0.0 MeV 0.0 MeV
o — T 424 MeV 149 MeV 2.8 MeV 4.5 MeV
(139 MeV) (50 MeV) (1.7 MeV) (0.7 MeV)
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TABLE III. The 7 scattering lengths (a!’s) and the linear coefficients (b]) in our model (with m3 = 0), SU(2)xSU(2) chiral
perturbation theory to O(p*) and the experimental data. Our predictions are essentially independent of mo,m,,, and g, as
long as the symmetry relations (2.18)—(2.23) hold.

This work SU(2) ChPT Data
ad 0.16 0.20 0.26 £+ 0.05
by 0.20 0.24 0.25 + 0.03
a2 —0.045 —0.043 —0.028 + 0.012
b2 —0.092 —0.069 —0.082 + 0.008
2ad — 5a2 0.55 0.60 0.614 + 0.028
al 0.034 0.038 0.038 £ 0.002

TABLE IV. Decay rates (in MeV) for a; and o for m,, = 1.26 GeV, (¢, Z») = (—0.12,0.17) and m, = 1.0 GeV, for four
different values of mo: mg/mg = 0.0,0.2,0.5,1.0, with (¢ = 0.0. The values in parentheses are for m, = 0.7 GeV.

mg/m? 0.0 0.2 0.5 1.0 Data
ay — pm 483 483 483 483 ~ 400
fo/fs 7.8% 7.8% 7.8% 7.8% —10.0%
ay — my 0.670 0.670 0.670 0.670 (0.640 =+ 0.280)
o 528 211 3.4 373 Q)
(166) (68) (1.8) (106)

TABLE V. Decay rates (in MeV) for a; and o for m,, = 1.26 GeV, (¢,Z,) = (1.34,0.83) and m, = 1.0 GeV, for four
different values of mo: mﬁ/m,z, = 0.0,0.2,0.5,1.0, with (¢ = 0.0. The values in the parentheses are for m, = 0.7 GeV. [The
larger ¢ (or, Z,) solution is chosen here.]

mj/m? 0.0 0.2 0.5 1.0 Data
a; — pw 410 410 410 410 ~ 400
fpo/fs -19% -19% -19% -19% —10.0%
a; — my 1.31 1.31 1.31 1.31 (0.640 + 0.280)
o 2664 2586 2472 2287 ?
(837) (813) (778) (721)

TABLE VI. Predictions for a; — 7y of various approaches and the data.

Reference T'(a1 — my) Assumptions

(18] ~ 2 MeV CA, CVC, PCAC, VMD, Dispersion relation
(19] 1-1.4 MeV Single quark transitions and VMD

[20] 1.4 MeV Phenomenological approach and VMD
[21] 0.3 MeV Hidden symmetry scheme

This work 0.670 MeV Effective Lagrangian and VMD

(1,17] 0.640 + 0.246 MeV

TABLE VII. Dependences of a; — pm and a1 — 7y on g. For each g, there are two values of (¢ which yield I'(a; — p7)
between 300 MeV and 500 MeV.

g Z, I'(a; — pr) (MeV) I'(a1 — my) (MeV)
5.05 1.0 465 0.625
5.05 1.16 342 0.375
5.65 0.93 414 0.019
5.65 1.11 366 1.093
6.05 0.89 450 0.013

6.05 1.09 348 1.533
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as the Ly term in the O(p?) nonlinear chiral Lagrangian.
In the chiral perturbation theory, the charge radius of a
pion is given by

12
<7'2>1r = E

so that our kg corresponds to Lg = 7.3 x 10~3 neglecting
loops. The parameter Lg is determined essentially by the
ratio goxx/g, or equivalently, p — mm and p® — ete™.

Secondly, the symmetry relations for ¢ = 0, (2.42) and
(2.43), are no longer true, and we have to go back to
the original ones, (2.23)-(2.25). In view of (2.45) and
(2.46), this would imply that saturation of Weinberg’s
sum rules with «, p, and a; is not good approximation,
and that the contributions of n#m and 7p intermediate
states to the spectral densities of vector and axial cur-
rents should be included. Thus, one can study deviations
from simple assumptions such as complete vector dom-
inance, saturation of Weinberg’s sum rules using single
pole approximations, and KSFR relation by allowing for
nonzero c.

Furthermore, we have another free parameter b in
(2.20) and (2.21). Therefore, we can even consider the
case m2 = 0, not considered in the earlier literature, in
which the p meson acquires its mass entirely from the
o vacuum expectation value, i.e., through spontaneous
chiral symmetry breaking. This case also gives vanishing
amplitude for a; — on for k¢ = 0 independent of m,
as discussed in Sec. IVC. We will occasionally exam-
ine the results of this interesting case below, although it
turns out not to be favored phenomenologically, when all
processes are considered.

For the purpose of numerical analysis, we use g = 5.04
as determined from p® — ete~. Then, we solve (2.23) for
Z, for given mg,,, and then solve for c. We shall choose
the value of Z, which yields a c closer to 0, because
the vector meson dominance hypothesis is a good first
approximation. Then, we determine k¢ to get the correct
gonn. Finally, we can scan over my from 0 to mf, and
determine b using (2.20). The relations between b and
m2 are shown in Fig. 1 for m,, = 1.26 GeV and 1.09
GeV, respectively.

If one wants to use g ~ g, n» and determine g, from
KSFR relation or the p width, one necessarily has to
include another dimension-6 operator, the (g term. We
have scanned over (g to get a right order of magnitude for
a; — pm, and calculated the corresponding decay width
for a; — my. There are two solutions of (¢ (or equiva-
lently, Z,, defined in Appendix A) for each g. The results
for three different values of g are shown in Table VIIL
It becomes difficult to correctly describe a; — =wvy, as
g gets larger. Therefore, it seems necessary to clearly
distinguish g and gorr When one considers the a; me-
son explicitly. This is a remnant of the modifications of
interactions of pions with other particles and the KSFR
relation as a result of the 7-a; mixing and the finite mass
effect of m,, .

In Sec. IIT A, we will find that the 7w scattering lengths
are insensitive to mg as well as to the m,, and m,, as long
as they satisfy the symmetry relations Egs. (2.18)—(2.25).

Lg + (chiral loops), (2.51)
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FIG. 1. The m? dependence of the parameter b for
Mae, = 1.26 GeV (solid line) and m,, = 1.09 GeV (dashed
line).

This is due to the Nambu-Goldstone boson nature of pi-
ons, which basically determines the scattering lengths.
However, some other quantities such as the width of o
and the decay rate for a; — o are sensitive to the my,
as discussed in the following sections.

III. 7w SCATTERING AND THE WIDTH OF o

In this section, we consider in detail the effects of p
and a; mesons on 77 scattering at low energy, and the
important modification of the ¢ — #7 width that can
result.

A. The ©n scattering lengths

Let us first consider 7w scattering in our model:

7*(pa) + 7°(pb) = 7°(pc) + 7 (Pa)-

In general, the n7 scattering amplitude can be written
as

Mab;cd = A(S, t7 ‘U.) 6ab6cd + A(ty S, u) 6ac5bd

+A(u,t, 8) 6addbe, (3.1)

and it suffices to give the expression for A(s,t,u). It can
be further decomposed into amplitudes (T7) with definite
total isospin I = 0,1,2 of the two incoming pions:

T(s,t,u) = 3A(s,t,u) + A(t, 5,u) + A(u,t, s),
T'(s,t,u) = A(t, s,u) — A(u,t, s),
T%(s,t,u) = A(t,s,u) + A(u,t,s).

(3.2)

Each T7 can be expanded in terms of partial waves as



oo
T'(s,t,u) = 32w » (2 +1) t{(s) Pi(cosb), (3.3)
=0
where [ is the relative orbital angular momentum of the
pions and 6 is the scattering angle in the center of mo-

mentum frame.
For each I and I, the phase shift is defined as

11

I_ 2i5] (8) _ 1] 3.4
% =9q 2 [e ’ (3.4)
where
8
= ,[—— 3.5
9 4m2 1 (3.5)

is the magnitude of the three-velocity of a pion in the
center of momentum frame. In the limit of ¢ — 0, the
real part of ¢/ becomes
Re t](s) ~ ¢* [ af +b{¢* + O(¢*) |, (3.6)

which defines the w7 scattering length af and the linear
coefficient b]. Both af and b are dimensionless in our
definitions.

The original linear o model gives the well known result
for the mm scattering amplitude:

2013 ]

m2—s

A(s,t,u) = —2X [1 — 3.7

This by itself satisfies the Adler consistency condition,
A(m2,m2,m?) = 0 with Z, = 1, by virtue of Eq. (2.19).

In our model, w7 scattering occurs through the Feyn-
man diagrams shown in Fig. 2. Here, we have the p

meson exchanges, the 7-a; mixing and the wave function
renormalization of the pion field in addition to the above

1 g*1E

PHENOMENOLOGY OF SCALAR AND VECTOR MESONS IN THE . . .

6885

J!

(a)

( + crossed channels )

(b)

FIG. 2. Feynman diagrams contributing to the w7 scatter-
ing: (a) m* interaction and (b) o and p exchanges. Here, the
pnw and onm vertices contain all the contributions from the
m-a, mixing and/or the k¢ term.

amplitude, Eq. (3.7). Evaluating the Feynman diagrams
in Figs. 2(a) and 2(b) using (A12)-(A14), we get

A(s,t,u) = Aga(s,t,u) + As(s,t,u) + Ap(s,t,u), (3.8)

where

Agpa(s,tyu) = 73 [-2,\+ Fimd {(1+2c) s—2(b—¢) (s—2m,2,)}], (3.9)
T a a
2 2 2 2,272
_ 0 __ 9 Mo _ 2my;mg
tetot) = g3 () [z { (0 2o ) - T} (310)
sS—Uu
Als,t0) = (775 el + (20w, (3.11)
P

To obtain the scattering length and the linear coeffi-
cient, we make the following substitutions in Eq. (3.2),
get t!(s) using Eq. (3.3), and then expand ¢{ around
=" s =4m7 (¢* +1),

t = —2m2 ¢* (1 — cos¥),
u=—2m2 ¢% (1+ cos¥).

In Table III, we list the w7 scattering lengths a]’s and
the linear coefficients b/’s in our model along with the
exeprimental data. The results from the SU(2) chiral
perturbation theory [13] are also shown for comparison.

Our results depend on mg, Mgy, M4, , and g in general, but
not very much. The numbers shown in Table III are for
mg = 0,m, = m, and g = 5.04. Therefore, mZ = 0 is
as good as m3 = m§ from the nr scattering data. This
is not altogether unexpected: the low-energy theorems
for wm scattering follow from current algebra and PCAC
only, which are not sensitive to the relative contributions
of m2,b, and c terms to the vector and axial vector meson
masses, or the particular choice of m,,, as long as all
contributions to the amplitude are included and the full
set of symmetry relations(2.18)—(2.25) consistently taken
into account.
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B. The width of the o

Another important consequence of our model is that
it can lead to a sizable reduction of the 0 — ww decay
width, as compared to original expectations. It is well
known that the original linear 0 model predicts

_ 3 2 |Pxl
I'(c - nr) = pym (2Afx) amz2’ (3.12)
J
2
M(o = m°nb) = §, fo [ 9
(0 = %) b 7z, 2\ + Zum?,

= bab Gonn(m?).

The relevant Feynman diagrams are shown in Fig. 3. This
is rather sensitive to g and mg, as well as m,. The first
term in the above amplitude is the usual on? interaction
given by the potential in the linear o model, whereas the
second term is induced by the 7-a; mixings in the kinetic
term for the 7 fields and in the b,c terms. These two
interfere destructively as indicated by the opposite signs
in (3.13), and the o width can be considerably smaller
than the one predicted by the original ¢ model.

In Figs. 4(a) and 4(b) we show the m, dependence of
the o width for m, = 1.0 GeV and m, = 0.7 GeV, re-
spectively. We note that for g = 5.04, a width of 500 MeV
or so, with m,1 GeV ( as suggested in Ref. [2]) can cor-

T
o (a)
T
T
ai
o (b)
1Y
T
ai
o (c)
a
I

FIG. 3. Feynman diagrams contributing to o — 7w includ-
ing the 7-a; mixing: (a) from the potential o A, (b) from the
Liin(0), and (c) from the Liin(7) and the b, c terms.
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with m2 = 2Af2. Thus, we would have I'(c — mr) =
1650 MeV and 760 MeV for m, = 1 GeV and m, = m,,
respectively. This width is, therefore, typically larger
than the mass, which makes it difficult to identify the o
meson with any known state.

In our model, the width of o is altered by the m — a;
mixing, and can be significantly smaller compared to the
original linear ¢ model. Specifically, the amplitude for
o — 7w in our model is obtained from (A14):

2 2,2
m 2mim,
(1 528 ) - 28 ) -
aMg, Za'lna1
1000 — ; S ) e
[ (a)
750
=
D
s !
= [ !
1= A
e 00
N ‘
©
250 |
| N /" B }
oL S S i .
0.00 0.25 0,50 0.75 1.00
my ( GeV™)
1000 — e ; A
: / J
[ ' (b) |
750
2 \
D \ i
2 \ |
g sl
T !
© i
250t / -
i \ /
RS / ]
0.0 0.25 0.50 0.75 1.00
mg (GeVZ)

FIG. 4. The mo dependence of I'(c — n7) for m, = 1
GeV (solid curve) and m, = 0.7 GeV (dashed curve): (a)
ma, = 1.26 GeV, and (b) m,, = 1.09 GeV.
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respond to values for m2 around m ~ 0 and m3 ~ m2.

We emphasize that the latter possiblility differs here from
previous treatments in the literature in that we have then
b~ c # 0. We see that 7 — a; mixing effects lead in this
case to a reduction in the ¢ — w7 width by a factor
of 3, as compared to the value that would be inferred
from the usual formula (3.12). Even more drastic reduc-
tions are possible, as seen in the figures. To determine
which values of m2 are to be favored, we will examine in
Sec. IV C the magnitude of the non-pr decay width of
the a;, known from experiment to be rather small when
compared to the dominant a; — pm process.

Finally, we comment on the previously considered case
™Mo = my,, with b = ¢ = 0 as an additional constraint: we
emphasize once again that this does not lead to a good
overall phenomenology. Still, we see from Table I that
7 — a, mixing effects on the o width can be sizable: we
can also use g = 5.04 to fit p° = ete™ and then the
o — 7w is reduced to ~ 812 MeV for m, =1 GeV.

IV. PHENOi\’IENOLOGY OF A, MESON
A. a; > prw

The effective Lagrangian constructed in the previous
sections can be shown to reproduce the current algebra
and PCAC result on a,pr couplling. Let us parametrize
the amplitude for a,(k,€) = p(k ,e ) + 7(p) as

M(ay = pr) = fa,pn € € + 9a, pr E-ek-c. (4.1)
The interaction Lagrangian (A15) yields the form factors
for a; — pr (with (g = 0):

k'2 21r ,
[2c+ ]’Lnsgf Pk,
m

2 2
ay ml’

2
! g .f1r
famﬂ(kzak 2) = Z.

(4.2)

' Keg 2.f L

galpw(kza k 2) = ""_,’n'g—‘! (43)
which agree with an expression given in Ref. [5] if we set
¢ = 0. For k¢ = 0 and any c, the form factor f,,,» can

be written as
2 2 Zn (2 2
fﬂlpﬂ(mal’mp) = z (ma1 - mp)’ (44)
using Egs. (2.23) and (2.24). This is nothing but the re-
sult derived by Geffen, and Brown and West using the
current algebra and PCAC technique [14]. We note that
Eq. (4.4) holds even for nonvanishing ¢ in our model,
while the original derivations by Geffen, and Brown and
West were done with ¢ = 0 (complete vector meson dom-
inance). The overall factor Z, was obtained in Ref. [14]
by including pr contributions. In our approach with
the effective Lagrangian based on the massive Yang-Mills
gauge theory, the Z, factor results from the non-Abelian
nature of the p, a; interactions. More specifically, the Z,

factor is derived by the triple gauge boson (p-a1 — a1)
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interaction in the kinetic energy term in the non-Abelian
gauge theory and the m-a; mixing. We note, however,
that the kg term, missing from (4.4), is of crucial im-
portance in reproducing the correct p — mm width and
a; — 7y, as shown in Table II.

For g = 5.04 and m,, = 1.26 GeV, the width becomes

I'(a; — pm) =~ 483 MeV. (4.5)

Hence, the width for a; — pm for mq, = 1.26 GeV comes
out right in our model. I'(a; — pr) is rather sensitive to
m,, and the p° — v coupling g, as shown in Fig. 5. The
solid, the dashed and the dotted curves are for g = 5.04
and 5.04 £ 0.12, respectively. The main uncertainty in
our prediction comes from the value of g as well as from
the value of m,,. For example, we get I'(a; — pm) =
97 MeV for m,, = v/2 m, = 1090 MeV.

One can also write the above amplitude (4.1) in terms
of the S- and D- wave amplitudes for the final pm system
[15]

var '

flmr = %; [(EP + 2mP) falp"f +k 2malga1p1r:| s (4'6)
v8m .

a[:mr _%—; [(EP —myp) fa,pr + k 2malgc|1p1r] . (47)

In our case, the (D/S) ratio is about +7% compared
to (—11.0 £+ 2.0)% [16]. The experimental value was ex-
tracted from 7 — 37 decay assuming Isgur’s flux tube
model, which is quite different from ours. Therefore, this
disagreement may not be a serious one.

1000 — 1 —T———
750 |- A

500

[(a —»pn) (MeV)

250

1.00 1.10 120 1.30
m,, (GeV)

FIG. 5. The m,, dependences of I'(ay — pm) for
g = 5.04+0.12. The solid, the dashed, and the dotted curves
are for g = 5.04, 5.16,4.92, respectively.
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B. af & nty

One can also study the radiative decay process af -
nt+y using the above form factors Eqgs. (4.2) and (4.3) for
k'2 = 0in conjunction with the idea of vector meson dom-
inance of hadronic electromagnetic current, Eq. (2.38).
This decay receives from both p® — v mixing and the di-
rect coupling to the photon [from the first and the last
terms in Eq. (2.45), respectively]. After adding these
two contributions, one finds that only the kg, (¢ terms in
fa,pr form factor contribute to ait — wEy:

M(af (k,€) = 7t (p)y(K € ))

e Z ] ] 2 2
= V7P ¢ falp-;r(k2=0)— cg* fo

g VZaZyZy |

For (¢ = 0, the result is (4.8)
M(a-l*’(k7e) — 7T+(p)’y(k’,e')) = € e’ ﬁ%.ilgaﬁ k”
)
(4.9)

so that the amplitude is proportional to Kg. For m,, =
1.26 GeV, we then obtain

T(af - n%y) = 670 keV, (4.10)

which is consistent with the PDG value (640 + 246) keV
[1,17]. This serves to highlight the importance of the
K¢ term, as it allows for the observed decay a; — w7,
as well as increasing the pm decay width of the a;, and
accounting for the difference between g,r. and g. This
decay is also very sensitive to m,, and g as shown in
Fig. 6. The m,, dependence is mainly due to kinematical

1200 ——————— T T
1000 —

800 |- -

T (a, - ny) (keV)

400

200 [~

1.00 - 1.10 1.20 1.30
m,, (GeV)
FIG. 6. The m,, dependences of I'(ay — =vy) for
g = 5.04 £0.12. The solid, the dashed, and the dotted curves
are for g = 5.04,5.16,4.92, respectively.
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reason, whereas the sensitivity on g comes from implicit
dependence of kg on m,, through (2.29). Had we used
m,, = 1.20 GeV, the rate would be 367 keV with I'(a; —
pm) = 276 MeV.

For comparison, we quote previous predictions on the
decay rate for a; — wy. Calculations based on cur-
rent algebra, CVC, and unsubtracted dispersion relation
[18] predict it to be about 2 MeV which may be too
large. A model [19] based on the single quark transition
along with the vector dominance hypothesis in a; — 7y
predict I'(a; — ny) = 1 — 1.6 MeV, for m,, = 1.2
GeV and T'(a; — pm) ~ 300 MeV. Another group uses
the phenomenological Lagrangian for a; — p-m vertex
and the idea of vector meson dominance [20] to pre-
dict I'(a; — my) = 1.42 MeV for m,, = 1.26 GeV and
I'(a; — pm) = 400 MeV. If a; meson is regarded as a
gauge boson in the extended hidden symmetry [21], one
finds that I'(a; — pm) = 360 MeV and I'(a; — 7y) = 0.3
MeV for mgy, = \/imp = 1.09 GeV. Thus, our result is
at the lower range of magnitude compared to other pre-
dictions, and in better agreement with the data. This is
one of the firm predictions of our model as constructed
in Sec. II. Especially, our result manifestly respects all
the important properties such as spontaneously broken
chiral symmetry, chirally symmetric interactions among
particles under consideration, the idea of (nearly) com-
plete vector meson dominance. Also, it remains intact in
the limit of the nonlinear o model (i.e., in the limit of
me — 00).

Although the above amplitude (4.8) does not look
gauge invariant, one can explicitly check that it actually
is. The most direct way to verify this is to go back to the
original Lagrangian, and replace pg by eB,/g [p— mix-
ing given by (2.38)]. Then, the masslike b, c terms drop
out as before, and (A15) contains only B,,. Thus, the
resulting ampitude is gauge invariant. More specifically,
we can derive the following for the on-shell photon (a;
can be either real or virtual),

Keed fr
) = m% Buv (a“” X 71')3,

L(aymy (4.11)

by doing partial integration on (A15) with (g = 0. This
is manifestly gauge invariant, and proportional to xg.

C.a, &+ om — (nr),w

Another interesting consequence of our effective La-
grangian is that one can accommodate a rather small
partial width for the process a; — (77),m, including a
contribution due to the process a; — on. In our model,
the amplitude for this process is given by Eq. (A16):

M(ai(k,€) = 0(po)m(Pr))

. 2
g 2m(2) Mg, :l
= — — KkeZx —= | € DPn,
VZar Zx [Zamﬁl T om2 "

= Gayon € DPr-
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It is interesting to note that the amplitude for a; — om
vanishes identically in the special case m2 = kg = 0 (i.e.,
keeping only operators of dimension four or less), and
this, for any value of m,, and m,. We have argued,
however, that it is necessary to take kg # 0.

With the k¢ term and for arbitrary m2, one can get
the decay rate for a; — om. The result is sensitive to
m, as well as m2, simply for kinematical reasons. For
mg, = 1.26 GeV and m, = 1 GeV, we get, for example,

I'(a; = ow) =0.2 (3.5) MeV, (4.13)
for m¢ = m, (0 GeV), respectively: mg = m, corre-
sponds to b =c # 0.

However, a discussion of the non—pm decays of a; must
also include the direct decay a; — 37. In our model, the
final 37 state is reached by three independent interme-
diate states as shown in Figs. 7(a) and 7(b). If we use
narrow width approximation for p, the total width for
a; — 3w can be approximated as [22]

I'(a; = 37) = T'(a1 = pm) + T(a1 = 3T)non-pr, (4.14)

where the second part is due to the o7 intermediate state
and the direct a; — 37 transition given by (A17).

The amplitude for af — (wam)},,_,, can be
parametrized as
M(af (k,€) = 7 (p1)7 ™ (P2)7 (P3)) nomepr
= e(k) - ps G +€(k) - py G¥*,  (4.15)

where p3 is the four-momentum of the odd pion. We
relegate explicit expressions for two-form factors th"’g’s
to Appendix B, except a remark that they depend on
m2. Thus, the non-pm decay width for a; — 37 is a
sensitive function of m2, whereas a; — p is not at all.
Now, it is straightforward to get the non—pn decay
rate of a; — 37 from the above amplitude. Combining
with the width for a; — pr obtained in Sec. IV A, one
can calculate the branching ratio for a; — pw. The re-
sult is a sensitive function of my, as shown in Fig. 8 for
Mg, = 1.26 GeV. The solid and the dashed curves cor-

Tt
T
. P,o
a; P a,
T
T
4

(a) (b)

FIG. 7. Feynman diagrams contributing to a; — (77),m:
(a) p, o contribution and (b) direct transition. All the vertices
include the contributions from the 7 — a; mixing and/or the
Ke¢ term.
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FIG. 8. The m3 dependence of the branching ratio of
a; — pr for ma, = 1.26 GeV. The solid and the dashed
curves are for m, = 1.0 GeV and 0.7 GeV, respectively.

respond to two values of m,: m, = 1 GeV (the solid
curve) and 0.7 GeV (the dashed curve), respectively. Re-
cent data from ARGUS Collaboration suggest that the
non—pm contribution to the 3« final state is less than 6%
at the 95% CL.

Taking this observational constraint into account fur-
ther limits the possible values of m2. From Fig. 8, we
get, for m,, = 1.26 GeV and m, = 1 GeV,

0.17 GeV? < mZ < 0.77 GeV?2. (4.16)

Next, another look at Fig. 4(a) indicates that the low
values of m2 are probably excluded: we should bear in
mind, however, that the results in Fig. 8 are based on the
rather crude approximation (4.14) which should certainly
be improved. We note finally that for m,, = 1.09 GeV,
the non-pm contribution to the a; width as calculated
here always exceeds 10% for all values of m3, which is
inconsistent with data.

V. THE WESS-ZUMINO ANOMALY
IN THE LINEAR o MODEL

So far, we have considered only processes with
normality? conservation. To describe anomalous pro-
cesses such as 7% — vy or w — 7°p° = 7%y, we need
terms with the Levi-Civita tensor, a generalization of
the Wess-Zumino anomaly, with correct transformation

*Normality for a meson with J¥C is defined to be P(—1)”’.
Therefore, the photon, p,w, and o have even normality, while
n, K, and a; are odd.
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properties under local chiral transformations. Since the
SU(2) group is anomaly-free, one has to extend the chi-
ral group to SU(3)y x SU(3)g, and the w is included by
redefining /,,r, as

1
l#_)l#+_2-wl“

1
r#——)r”—i--z—w“.

The w — v mixing is obtained by replacing
e
Wy — wy, — g‘g—Bu

in the masslike terms, as in Sec. II B.

The anomaly is a manifestation of the fact that chi-
ral symmetry cannot be retained in the quantized the-
ory of fermions coupled to gauge fields. Under local
SU(3) x SU(3)r chiral transformations, the effective ac-
tion transforms as

= - Ne d*z
2471'2 M4

x {eL [(dl)z - %dl?’] — (L & R) } ;
(5.1)

0TLr(%,1,7]

where N, is the number of colors and the right-hand side
of this equation is obtained at the quark level. The ex-
plicit form of ' p can be conveniently written in terms
of differential forms:

Tr[Z,lr] = C/ d®z Tr[@®] + (covariantization)
M5

(5.2)
where we have defined
iN,
€= "350m (5-3)
and
a=dzy?, (5.4)

which transforms as @ — LaL! under global chiral trans-
formations. The functional I' g can be constructed along
the same lines as followed in Refs. [23]. In fact, one
can make the following substitutions in the results of

Refs. [23]:

1

U 3, 5.5
- fo+s (5:5)
a=dUU' 5a=a+ ds (5.6)

- N fot+s’ '

— ds

=U" YU =r 4T =6+ 5.7

B - f ¢ Fots (5.7)

These follow from the fact that the left- and right-hand
sides have the same transformation properties under local
as well as global chiral transformations.
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To maintain the conservation of the vector current, at
the expense of that of the axial vector current, we con-
sider Bardeen’s form of the anomaly. Then, the corre-
sponding functional is obtained by

I'wz =TLr [E,l,r]—I‘[E = (fo+3),l,7‘]. (5.8)
We note that one can easily recover the results of Ref. [23]
(the gauged Wess-Zumino anomaly) by taking s = 0.

Thus, one can have the wpm coupling in the linear o
model, which would describe w — 7%y and 7° — v upon
introducing a photon field through p-vy and w-y mixings
as usual. Proceeding as in previous work [23], we only
write down the wpm coupling

L(wprm) = —3—92 € Hw” °pP - (5.9)
8n2 f" uvaf T .
which can be used in the old Gell-Mann—-Sharp-Wagner
model [24] for meson decays. For example, we can de-
scribe the decay w — m%y through p-y mixing:

3ag?
6474 f2

2
[(w — 7%) = Ipr|® ~ (%) 802 keV. (5.10)

Thus, we get ['(w — 7%y) = (566 + 27) keV using® g =
(5.04+0.12), whereas the experimental data are (717+43)
keV.

VI. CONCLUSIONS

In this paper, we have studied the properties of 7, p, a;,
and o mesons in an extended linear o model. The vector
and axial vector mesons were included, as usual, as phe-
nomenological gauge fields associated with the local chiral
symmetry, a technical device that leads to field-current
identities once this local chiral symmetry is explicitly bro-
ken down to the global symmetry by adding nongauge
invariant (but globally invariant) terms quadratic in the
vector fields to the Lagrangian. A novel feature of our
work is the inclusion of the b and c terms, in addition to
the usual bare mass term (m2) for the vector and axial-
vector mesons.

Our results are presented in Tables III, IV, and VI
for the particular choice of m,, = 1.26 GeV, and they
are in good agreement with the available data except for
the D/S ratio fp/fs in a; — prm decay: we note, how-
ever, that the extraction of this parameter appears to be
unusually model dependent. In particular, we obtain cor-
rect mm low-energy scattering lengths, as a result of the
consistent inclusion of all p and a; effects, in a manner
respecting the global chiral symmetry. Our prediction
for the a; — pm width is close to the experimental result,

5Note that we distinguish g from gpr~. If we used g >~ gorx =
6.05 as usually done, we would get T'(w — 7%y) = 815 keV.
This amounts to neglecting effects induced by the a; meson.
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even considering the various uncertainties involved in the
extraction of a; resonance parameters for 7 — 3nv, de-
cay. The decay a.:lt — ¥+ is successfully described in our
model, which is contrasted with other approaches in Ta-
ble VI. The fact that non—pr contributions to a; — 3«
decay appear greatly suppressed can be accommodated
as a constraint on the acceptable range for the parameter
m3 in our model. Most remarkably, the 0 — nm width
can be considerably smaller than that predicted in the
original 0 model without vector mesons as a result of the
effect of m—a; mixing, and given the range of possible val-
ues for m2. This result is important in that it addresses
the single most quoted objection to considering the linear
o model as a serious starting point for phenomenology,
namely, the difficulty of identifying the o meson with the
scalar isoscalar state around 1 GeV that appears in the
Particle Data Group [1] tables. It is clear, however, that
for the purposes of more detailed phenomenology, an ex-
tension of the present model to SU(3)L x SU(3)g and to

Loot = 2 Tr [D,ED*%!] - g Tr
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include a scalar glueball (in a manner consistent with the
QCD trace anomaly) will be required.

ACKNOWLEDGMENTS

We are grateful to S. Gasiorowicz, J.L. Rosner, and
M. Voloshin for discussions on the subject. P.K. thanks
the Aspen Center for Physics for support and hospital-
ity, where a part of this work was done. This work was
supported in part by DOE Grant No. DE-AC02-83ER-
40105.

APPENDIX A: INTERACTION LAGRANGIANS

In this appendix, we give the full expressions for our
model Lagrangian constructed in Sec. II, and collect vari-
ous interaction Lagrangians relevant to processes we dis-
cuss in the text. They are obtained from Egs. (2.13),
(2.28), and (2.44):

(==t - 12)%]

2 1 1
—E T (8- fo)(Bt - fo)] = 3 Tr [ 47k + 5 mE T (1] +77)

+% bg? Tr [SEV] Tr (2 +12] —cg® Tr [1,Er*EY] —i2]

xTr [, D*LD*E! + 1, D*'D*T] — 2% Tr [1,,Zr*2l],
P

where

2
m,

(A1)

Y=0+ir- -,
l,= (Pp+an)'ta
Tu = (P, —ayu) - t,

and t’s are the generators of the SU(2) algebra. Working out the traces, one can write the above Lagrangian in terms

of component fields:

Lot = % |:(A,,a)2 + (A”ﬂ-)z] _ 2 [02 42— f02]2 _

4

1
+3 cg® [0%(al — p) + 407 - (p, x a*) — (p, - 7)* + (a, - 7)? — (a, x 7)% + (p, x ™)

Keg
2
m2

_Se_

2
4mp

+ (Dpa,

x(Dya, — Dyay) + 2[(Py, + 90, X P, + 98, x 8,) - w]* —2{(D,a,

bx x4 (o - fo)?]

1 1 1
= [P +9(p. x P, +a,x8,)]" - n [D,a, — D,a,)* + 3 [m§ + bg? (o + ©)] (p% +a2)

(A2)

—D,a,) - A¥wA%c + 1(8up, — Oup, + 9P, X P, +ga, X a,) - A¥w x A¥x|

{[az(p#,, +gp, X p, +ga, x a,)? —o*(D,a, — D,a,)? + 4o - (Puy + 9P, X P, + 98, x8,)

—D,a,)- 7"}2

—%? (P + 9P, X P, + g8, x 8,)% — (D,a, — Dya,)?]},

where

A,o=0,0+ga, 7
A,m =D,®x — goa, (A3)
= 0,7+ gp, X ™ — goay,,

D,a, = d,a, + gp, X a,.

r

After the o field acquires a vacuum expectation value
{o) = fo, one makes the shifts

o — o+ fo,

a, »a,+hD,x.
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The quadratic pieces of the resulting Lagrangian are
given as

1 A
Luin = 3 [0u0)? + 2o (Dum)?] - 22 2,
1
+5 P [md + (b—)g”f3]
Zg
- (Dua, — D,ya,)?
1
+5 al [md+ (b+c+1)g°f¢] +a, D*x
x{~gfo (1 = gfoh) + [md + (b + c)g*fZ] h},
(A4)
where
Zy = (1 —ghfo)® + [m§ + (b+ c)g* 3] K2, (A5)
Cefé
2
Z,=1- %o (A7)
m,

By rescaling the fields =, p, and a to get the canonical
forms of kinetic energy terms, we get

1
mf, == [md+ (b—c)g*fe], (A8)
P
J
A g*h?
4 _ A4
L(n*) = 1z2 ™, + 272

(70r - 0umer)? 4 b 72 (3u70,)? + (s - Buw,)? — (Bumer x 7,)7]},
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1
mi = 7 [mZ+(b+c+ l)ngoz] . (A9)
Removing the a; — 7 mixing term, we get
gfo
= , A10
ey (A10)
and, hence,
2 £2
9°fs
Ze=1—ghfo=1— ———
ghfo Zamﬁl
1 Z,m?
=1- - 2.
<2c+1) (1 Z.,m?zl) (A11)

First of all, the pn7m coupling is described by (7w =
w,./vV/Z, and similarly for p and a fields)

9Z,m?
L(pnm) X Zpr/Z, = — 7 :an P, - (O'm, x ;)
9 [p2y . Zate
: [z, & |

XPp - (OF7, x O¥m,), (Al2)

from which we get the momentum-dependent form factor
F,rx(g?) given in Eq. (2.29). This also contributes to
Eq. (3.11) in the 7 scattering.

The 7* interaction is described by

(A13)

where the second term is induced via 7-a; mixing. This contributes to Eq. (3.9) in the nn scattering. Note that the

k¢ term does not contribute to the 7 vertex.
The onn coupling is described by

Mo

L(onm) = 7 I~ 2—

{aw -0%n +(1+ ™4 ) o(Oum )2]
r r Zamz uftr .

(A14)

ay

The second line is induced via m — a; mixing, and affects the 77 scattering [Eq. (3.10)] and the width of o [Eq. (3.13)].
Note that the kg term does not contribute to the onm coupling.

The a;pm coupling is described by

2
L(arpr) = _9f
Z.\/Z,2,

2 2
m2 \ Zomj,

1 ( Z,m] v
= ( G J —r.-,sZ,,.) Ouw, - p xa,,,,J.

1 m: (e v
2e - (pr X 88+ ( — %] TP XY

2mZ g2

(A15)

This interaction Lagrangian gives two form factors for a; — pm, Egs. (4.2) and (4.3) for (¢ = 0. Note that g, , ,n =0

if Kg = 0.
The a;on vertex is given by
g 2mj
L(ayom) = —
(waom) =~ |

— KeZx

2
a

2‘] a,, 'm0
m,

(A16)

We note that the amplitude for a; — o7 vanishes, if mo = kg = 0.

The a;37 coupling is determined from
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2hZ,
L(a17®) X /24,23 = % g’h(2b—c—1) a,, -7, ®2 — cg’ha, , X W, - O, X W, — ﬁ%z——
]
) 8 z gfoh 8,m, -8 8 A17
X (8p,uy * OpTy Ty * T, + Ln I_Z— Ary X OyTy - OyTr X Oy Ty | - ( )

The corresponding vertex for the usual nonlinear o model can be obtained from (A17) by setting b = 0.
Finally, we present the vector and the axial vector currents in the presence of dimension-6 operators:

m,z, vV, 2¢cg foh 2¢cgfom, X 85y
- X Oymy, — ———"

V, = . A18
u g Pr.u 7.2, ‘K VZr Z, + (A18)

2 7 JZ
A, = mal—g__ 8y, + for/Zn Dymey + -+ . (A19)

For Z, = Z, = 1, we recover the expressions given in (2.14) and (2.15). From (A18), we can infer that the data on
p° — ete™ actually constraint g/,/Z, to be 5.04.

APPENDIX B: NON-pr CONTRIBUTIONS TO A; — 3w

In this section, we give explicit expressions for the form factors defined in (4.15). The relevant Feynman diagrams
are shown in Figs. 7(a) and 7(b). To get the non—pm contributions to a} — (37)*, we ignore the pm contribution.
We need to consider two distinct final states:

ay(k,€) = 7 (p1)7* (p2)7 (ps),
— 7°(p1)7° (p2)7™ (p3).
Evaluating Figs. 7(a) and 7(b), we get

Gal ow Ga‘mr (313)

@0 1y =
G+ +-) 813 — m2 +1,/8130x(813)’ (B1)
a G¢71r1r(323) Gv1r1r(313)
G( ) )= _Ga on l: — ,
2 (++-) ' 823 —m2 +i,/32305(s23) s13 — m2 + i\/5130(813) (B2)
Galo"ir Go1r1r
G 00+) = — (812) (B3)

812 — m2 +1,/31206(812)
G (00+) =0, (B4)

i

ng)(+ +-)=- 7 {gzh(2b —4c—1)+ nsgth,,Tn—% + [%gzha + Nsi’ézﬁ (1 - ggfo)] (2p1 -p2+p1- p3)} ,
®) i 1 5,3 Kkeg*hZ? ghfo o
GP(++-)= 7z I:Eg h® + - x (1— Z. )] (p2 — p1) - p3, (B6)
¢®(00+) = —G® (+ + -), (BT)
GP(00+) = -GV (+ + ). (B8)

Here, Ga,0x and Gorr(s) are defined in (4.12) and (3.13), and s;; = (p; + p;)2.
The non—pn contributions to the decay a; — (3w)* can be obtained by integrating the following expression over
8 = 812 and t = s;13:

d21“ 1 1 1 o o k- 2 o ot* ot* k- k-
dsdt ~ 2(2n)° 32mZ, 3 {IGg Fipsl"+ 'G;tlz[( mgl) _mi] + e e G;Ot)[ o 'pa]}’
ay ay

ay

(B9)
where
GYA(+ +—) = G (+ + -) + GOY(+ + ),
G'%(00+) = G{%)(00+) + G{%)(00+).
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The integration limits for s,t are given by

4m12r S SS (ma1 - mﬂ')23
tmin S tS t axs
with
EI = % 812,
Er = m¢211 — S12 — m12r
;= ——
2,/312

2
toinns = (B + B = |\ B2 & \ 52—

Finally, the above expression must be summed over distinct final states.
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