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Presented here is a lattice-gauge-theory—motivated four-body potential model for ¢%g® systems
which includes both the spin and flavor degrees of freedom, extending the formalism presented
already in the spin-independent situation. This allows an application to a realistic situation, which
is chosen to be KK scattering. It is seen that because of the gluonic effects in this multiquark
system, the KK attraction resulting from the quark-exchange mechanism gets appreciably decreased
compared to that emerging through the naive two-body potential approach.

PACS number(s): 13.75.Lb, 12.38.Lg, 12.39.Pn, 14.40.Aq

I. INTRODUCTION

With strong evidence in favor of quark confinement
both from experiment (failure to find free quarks) and
theory [1,2], we have some understanding of the quark-
quark interaction for large distances. Combining this
with the understanding of the short distance quark-quark
interaction obtained through perturbative QCD, differ-
ent models of the quark-quark interaction have been used
such as the MIT bag model [3,4] and the constituent
quark potential model. In the constituent quark poten-
tial model the quark-antiquark interaction is represented
by a potential which is given by the one-gluon exchange
mechanismi, but is modified so as to incorporate the con-
fining potential as the limit for large distances. More-
over, the current masses of the QCD Lagrangian are re-
placed by effective masses, termed constituent masses,
which are fitted to experimentally known quantities. For
quarks of known (fitted) masses interacting through a
space-dependent potential, one can set up and solve a
Schrodinger equation for their dynamics. In this way the
constituent quark potential model explains in a consis-
tent and unified way most of the observed mesonic states
as quark-antiquark states with different values of orbital
and radial quantum numbers [5].

But that is not enough. A successful model of strong
interactions should be able to describe also possible sys-
tems having three or more quarks and/or antiquarks. It
is not clear yet how, if at all, the quark potential model
can be applied to multiquark systems. Perhaps the sim-
plest approach is to take the many-body Hamiltonian as
a sum of Hamiltonians corresponding to all pairs of par-
ticles involved, the basic method used in [6-9]. But this
has many theoretical as well as phenomenological (such
as the van der Waals force problem [10]) flaws. Keeping
this in mind, a four-body potential model for a quark-
exchange mechanism in g?¢% systems was proposed in [11]
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in a spin-independent situation. This model takes into
account the effects of the gluonic degrees of freedom in a
nontrivial way. Only for small distances does this agree
with the sum of two-body (F;-F;) potentials model. For
interquark distances greater than, roughly speaking, 0.5
fm it qualitatively agrees with the flux tube model [12,13]
of the gluonic field.

In the present paper this model is extended to the real-
istic situation of spin and flavor dependence. These new
degrees of freedom are introduced in Sec. III, after a brief
review of the already published model of the gluonic field
in Sec. II. Then as a first application the model is ap-
plied to a physical meson-meson system, namely, KK, in
Sec. IV. The solution for the total wave function of the
system thus obtained gives us a condition for the exis-
tence of a bound state of the whole system, along with
numerical results for corresponding phase shifts. All this
is reported in Sec. V, followed by our conclusions in Sec.
VL.

II. THE MODEL OF THE GLUONIC FIELD

As shown in [12], there are three independent flux tube
topologies for the gluonic field of the N, = N = 2 sys-
tem. Two of them [shown as (a) and (b) in Fig. 1] are
extensions of the usual two-dimensional color basis (7]
used in the two-body niodel. The third state [shown as
(c) in Fig. 1] arises through a generalization of the three-
gluon-type mechanism in QCD. The gluonic field in this
state would be similar to that in a baryonium (or in an in-
teracting baryon-antibaryon pair with a quark-antiquark
pair removed). The introduction of this state may be the
first (though not essential) step towards incorporation of
the gluonic effects in ¢2¢? systems. Thus needing a basis
containing at least three gluonic states for a good de-
scription of the corresponding gluonic field, a convenient
starting point for constructing a model for these sorts of
systems would be to write the two-body potential model
for them in a redundant color basis:
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FIG. 1. Three different topologies of the
diantiquark system.

diquark-

|1>c = ‘11512*4)57 |2>c = |113123>ca

and (2.1)

13), = |312333).-

These correspond to the three basic states in the flux
tube model. The two-body potential model Hamiltonian
written in this redundant basis will have the usual con-

]
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finement, kinetic energy, and other (such as hyperfine)
parts. For the confinement term we take (as in [11])

ch = ZF,‘ . Fj’U,'j,

i<j

(2.2)

with

’U,'j = C‘I‘izj + é (23)

This quadratic form of the two-body potential is used ba-
sically for computational convenience. It has been used
frequently in quark descriptions of NN scattering [14,15]
and also in pseudoscalar meson-meson scattering [16].
Similarly, for the kinetic energy part, the nonrelativis-
tic expression is used.

By simple calculations of color overlap factors, the
overlap matrix N in the above mentioned basis is ob-

tained as
\/1
3
_ \/I
3
1
— \/; 1
For the potential matrix, one has to calculate matrix el-
ements of the F; - F; (or A - \) operator. This can be

simplified by using the results of Appendix C of [7]. The
result is

[ 1

(2.4)

Wi

. . V12 + v3g 5 —2(v13 + va3)
—3(viz+v23) 5| —viz—va 373 +v13 + V23
—U13 — V23 —V12 — V33

ch —

symmetric

The matrix element of the nonrelativistic kinetic energy

operator between any two color states is simply taken to
be proportional to their overlap: i.e.,

(XK|X)e = 3 -5 (XX)..

c C - zml c c

(2.6)

More gluonic effects in g2 systems can be included
by multiplying the off-diagonal elements in the above ma-
trices (or even in the corresponding truncated 2 x 2 ma-
trices) by a space-dependent factor. This treatment of
the off-diagonal elements of the two-body-model-based
matrices is motivated by the work presented in [17,18],
which show that in the flux tube model the coupling of
the three gluonic states |1)_, |2),, and |3), [correspond-
ing to the three-dimensional color basis defined in Eq.
(2.1)] decreases exponentially with interquark distances.

—35(v13 + vp3) 3

2(v13 + va3)

sg | tviz+va (2.5)
—U23 — V13
2(v12 + vaz)
-3 | +tvis+va )
+v13 + vo3

\

[

Moreover, we note that for large interquark distances
the space-dependence of the diagonal elements of the
K,V and N matrices in both the two-body potential
and the flux tube model are similar, and use this form
for all distances, i.e., do not alter the diagonal elements
in the above matrices. For the space-dependent factor f
multiplying the off-diagonal elements, the choice used in
[11] was

f=exp —EZT?J- , k= %kb,, (2.7)

i<j

with k a numerical coefficient. This is the simplest choice
from a computational point of view. An alternative
choice of f is suggested here to be



|3

f =exp(-b,EA), (2.8)
with E a numerical constant, and A the area bounded
by the four outer lines connecting the four particles 1, 2,
3, and 4:
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done in the present work, we have used the simpler sum-
of-squares form [Eq. (2.7)].

The resulting expressions are used in this work as ma-
trix elements of the overlap, kinetic, and potential energy
operators. These are, respectively,

1 1
a= [ [ daay|foris+ (- arad I VY
0
N = 1 1 —./L , 2.10
X Jyeas + (1 - )rar] | (29) =\ 3 V3 (210)
1 1
1y /L 1
For planar geometries this becomes what is proposed in ‘/;f \/—;f
[19,20]. Both of these forms have been studied in [21-23], v?
which aim at extracting the gluon field overlap factor f K v x = N(f)Y2 %) N2 2.11
from a calculation using lattice Monte Carlo techniques. (Fxx (F)x%r.x Z 2m; iz (211)
This work is in progress and so far no definite conclusions
have been arrived at. For the dynamical calculations and
J
( v12 + V33 —2(v13 + va3) \
~3(viz+vaa) ¥ | —vis—va 33 tv13 + V23
—U13 — V23 —V12 — V33
2(v1z + v23)
— 5 (v1z + vp3) 3—2\/‘% +v12 + V33
VeE(f) = —Uy3 — V13 (2.12)
2(v12 + v33)
1| +viz+va
symmetric +v13 + v23
\ +$Df(1 - f) )

The basis now is actually |1),,|2)g,and |3),, instead
of |1)¢,|2)c,and |3).; the new subscript g refers to the
gluonic degree of freedom. Introduction of the additional
3Df(1— f) term even in a diagonal (3,3) element of the
proposed potential matrix [Eq. (2.12)] guarantees that
our gluonic basis does not reduce for vanishing distances
to a redundant basis. Actually the third base state is D ~
1.5 GeV higher than the other two for small distances.
See [11] [from Eq. (4.18) to the end of Sec. IV] for details.

III. THE SPIN AND FLAVOR DEPENDENCE

For the spin-dependent part of the basis we use states
arising through spin of the quarks only, and, being in-
terested in the ground state of the JF = 0% sector of
the system, we focus on spin states with the total spin of
the system as zero. In each of the three channels corre-
sponding to the three gluonic states |1),,]2),, and |3),,
the four particles can be grouped into two mesonic sub-
clusters. Each of these mesonic clusters may have a spin
of zero or 1 and hence the ¢g2§% system may be composed
of either two spin singlets or two triplets, meaning that
there may be two independent spin channels for each of
the three gluonic channels above. Thus, there are siz
independent states of the system in hand. The corre-

sponding six spin states are written in the notation of
Appendix D of [7] (see Appendix A of the present paper
for details) as follows.

In the first channel (with the gluonic part of the base
states for both spin configurations as |1)),

[1S), = |Pi3Py)e and [1T), = |Vi3- Vaz),. (3.1)
In the second channel,

[25)s = |P1aPa3). and [2T), = |Vi3- Va3),. (3.2)
In the third channel,

[3S)s = |S12S33)s and [3T), = |Ayz- Asz)s- (3.3)

In this notation S;; and A;; stand for the scalar and
axial vector spin wave functions, respectively, and the
pseudoscalar and vector spin wave functions P;; and V;;
are defined in terms of their linear combinations.

For writing down the spin-dependent part of the
Hamiltonian we proceed as in the last section: first con-
sider the Hamiiltonian in the two-body potential model
limit and then multiply the off-diagonal elements by the
space-dependent function f. The spin-dependent part of
the Hamiltonian would be composed of the terms cor-
responding to hyperfine (contact as well as tensor) and
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spin-orbit interactions, but because of our constraint to
the S-wave ground states, only the hyperfine contact in-
teraction has to be considered. For the hyperfine term
in the two-body potential model limit we take the ex-
pression (used, with some modifications, in [7]) given by
one-gluon exchange and summed over all the pairs:

tj
VR = SV = SR B ) S, ;.

i< i< 3mim;
(3.4)

The numerical values of o’/ will be taken in this work
as varying with the sum of the masses of the particles i
and j; thus each of them will eventually be replaced by
all, al*, or a2®, | standing for a quark(antiquark) of light
mass and s for a strange one.

In the present paper the flavor dependence is mostly
taken to be trivial, just giving rise to isospin-conserving
factors. Actually, flavor changing is possible in any chan-
nel through pair annihilation of quarks and antiquarks of
the same flavor, but we incorporate this only in the diago-
nal term corresponding to the pseudoscalar-pseudoscalar
sector of the second gluonic channel (see the next sec-
tion). Here the pair annihilation and creation effects are
represented by a Hamiltonian term V* operating in the
flavor space only. It is a sum of terms V2, one for ev-
ery pair ¢ and j of the same-flavor particles. The matrix
elements of each V3 are defined to be

f(ualVilua)y = £(dd|Viua)s = §(dd|V|dd)s = ai,
f(ut|Vii|sd) s = ;(dd|V3[s3) s = VJai/a,
and

7(s8|V5|88) s = a, (3.5)
in the corresponding flavor spaces. The mass (or flavor)
dependence shown here is in qualitative agreement with
that of the annihilation term H4 in [5]. In the above,
a; and a, are phenomenological parameters to be fitted
below to the masses and flavor wave functions of , 7,
and 7’ mesons.

We now write down the Hamiltonian (for s waves only)
of the g23? systems, in a six-dimensional gluonic-spin ba-
sis [see Egs. (3.1) — (3.3)], resulting from our model:

H=K(f)+ V() + V() + Vo + S mi. (36)

=1

Apart from a constant spin-overlap factor appearing in
Eq. (Al), the X', X element of K(f) is given by Eq.
(2.11) and V*°(f) is [compare with Eq. (2.2)]

Ve(f) = Z F; - F;(f)vij, 3.7

with v;; given by Eq. (2.3); the F; - F;(f) operator is
defined, in our three-dimensional gluonic basis, to be the
same as the F; -F; operator resulting through the pertur-
bative approach, except for multiplication of off-diagonal
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elements by the f factor and addition of the $Df(1 — f)
term in its (3,3) element [i.e., the modifications changing
Eq. (2.5) to Eq. (2.12)]. V™P(f) is [compare with Eq.
(3.4)]

VRR(f) = =) Fi-F;(f)

8rat
2_§3(ri;) Si-S;, (3.8
e mim; (rJ) s (3.8)

3

and the annihilation part V¢ is a sum of terms given by
Eq. (3.5) above.

IV. KK SCATTERING

With quark contents of the g2 system such as that of
KK, the flavor wave function can be written generally as
l5ls, | standing for u or d (actual combinations depending
on isospin). We label these four particles 1,3,4, and 2,
respectively. In this way the two same-flavor pairs in the
KK systems are 14 and 23. Thus we will have

Ve=V5i+Vy, (4.1)
with V% and V3 given by Eq. (3.5). A look at Eq.
(3.2) should now suffice to tell why the 2.5 channel is sin-
gled out for the incorporation of annihilation effects; here
these effects are supposed to be responsible for the mass
difference between (pseudoscalar) isoscalar and isovector
mesons, i.e., 7, 7', and 7. The annihilation effects are
negligible in the vector-vector sector of the second chan-
nel (2T channel in our terminology), because of the small
difference in the masses of the spin-1 isoscalar and isovec-
tor mesons w and p.

With this labeling, the pair (1,4) is composed of a
light quark and a light antiquark, and (2,3) of strange
ones. Their mass ratio, equal to that of the strange quark
mass m, to the up (or down) quark mass m, is denoted
by s in this paper. Antisymmetrization of the total wave
function is not necessary. in the present case since we do
not have any two identical fermions.

So far no quark position dependence of the wave func-
tion has been talked about because of our adiabatic
assumption (implicit in any potential model) that the
slower quark motion can be studied separately under the
influence of a potential simulating the “faster” motion of
the gluonic field. Having written down a potential thus
arising [see Eq. (3.6)], we can in principle write down and
solve a Schrodinger equation for K K systems. But keep-
ing in mind the complexity of the system (having nine
degrees of freedom belonging to three independent vec-
tors connecting four particles), we use an approximate
method familiar in nuclear physics [24], and used now
in particle physics as well [25]: the “resonating group
method”. This corresponds to specifying parts of the
quark position-dependent wave function before solving
for the rest.

In the absence of annihilation effects, we can write
down the total state vector of the whole system as a
sum of six terms, each having the form of a quark posi-
tion part, referred to as the “quark wave function” in
the following, multiplied by a gluonic-spin base state.
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This quark wave function is a function of four vectors
r;,r2,r3, and rz. These can be replaced by their combi-
nations, with one of them as the center-of-mass coordi-
nate of the whole system R, and three others which are
taken here to be different in different channels. These are
the following.

In the first channel (with the gluonic part of the wave
function as |1),),

r; +8r3 —srp —rj

R, =
1 1 + s )

Y1 =r;—r3 and z; =r; —r;3. (4.2)
In the second channel,

R, = r1+r;—2-rg —rg,

y2 =r; —rz, and z; =rz —r;3. (4.3)
In the third channel,

_ r;+8rp —sr3 —rj
R, = 1+s ’
y3=r; —rz, and z3 =r3—Tr;3. (4.4)

R, R, and R; are shown in Fig. 1. These are actually
the vectors connecting the centers of masses of respec-
tive mesonic clusters. Other vectors in the above three
equations connect particles inside the clusters.

In this paper the quark wave function in any channel
is written as a product of two factors, one a function
of R; and the other of y; and z; only, for £k = 1,2 or
3. The former is denoted by xrr(Rx), with I telling the
spin state (singlet-singlet or triplet-triplet), and the lat-
ter by &x(¥x)Ck(Zk). The spatial dependence of these on
¥ and 2z, is taken to be Gaussian in consistency with
the choice of the quadratic form of the interquark poten-
tial in Eq. (2.3), but the xr’s are treated as variational
functions to be determined by solving the approximate
coupled Schrédinger equations.

With these forms of the quark wave functions, the total
state vector of the whole g2 system is written as

|‘I’(q11 g2, 173, ‘74;9)) = E |k>9|k1)a|k)f¢c(Rc)
kI
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1
&(yr) = W‘*"P[‘Y%Mdil]
*1
and (4.6)
1
C(z) = (—z;dz—);,/‘;exp[—zi/‘ldiz]-
%2

Neglecting annihilation, the mesons represented by
£1,(1,&3, and (3 have one light and one strange parti-
cle. On the other hand, that denoted by £; has both
particles as light ones (up or down) and (> has two heav-
ier particles. It follows thus from the properties of the
solutions of a three-dimensional (3D) harmonic oscillator
that dq1,d12,ds1, and dsz have a particular value, say, d',
d; has a different one d, and dj; differs from all these,
having a value denoted by d”. Quantitatively

d'? _ [s+1
@ - 2s

m(m, + m)
2mmy,

and (4.7)

d"? _ [2m \/T

a2z Vom, Vs
It is to be noted that here we are neglecting the spin
dependence of the size of a cluster. For the absolute
magnitudes of the sizes, the equation d*> = v/3R2/2 is
used relating the radius of a meson composed of the light
mesons to the rms charge radius R,,=0.6 fm of a nu-
cleon whose ggq wave function is generated by the same
quadratic confining potential.

Where the annihilation processes are incorporated,
things are a bit different: the flavor wave function gets
mixed with the quark position-dependent part. This
follows because the size of a mesonic cluster depends
upon the masses of the particles it contains. Thus in
the (pseudoscalar-pseudoscalar) 2S channel, where the
pairs (2,3) and (1,4) become actually mixtures of s3,
u@, and dd resulting in 7,7’, or 7, we have to use instead
of &5 and (; their corresponding mixtures (termed quark-
flavor wave functions in the following). Depending upon

X Xk1 (Rie) &k (Y1) Cie (Z1)5 (45)  the physical mesons taking part in the scattering process,
these are
J

|71a) £a|23) 74 ) for n'n' mesons,
|7I1Z>fq|7723)fq or |771;>fq|7723>fq for 7mM°  Imesons,

128)£q = § |ma)salnzs)se for  7m mesons, (4.8)
|712) 74|753) £4 for 7' mesons,
|712) £4|m23) £4 for 77 mesons,
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with
dd + ui . _
|7:5) fq = cos 9L._ﬁ_>£€2(w) — sin 0|s3) s (2(ri5),

‘d(i-" uﬁ.),

Ini;)sq = sind 73 €a(ri;) + cosB]s5) s Ca(ry5),
(4.9)
|713) g = I7) s€2(r12) = |m) s€2(y2)- (4.10)
Here
E2(rij) (2 a2 1)3/4 exp[ 1_1/4d 1]
and (4.11)

B. MASUD

|8

Ca(rij) = exp[—r; /4d3,],

1
(2md3,) 34

where d2; = d,dy; = d", and 0 (= 34.7°) is related to the
mixing angle §p = —20° of the flavor singlet and octet
resulting in 7 and 7’ (see pp. II1.68 and IIL.69 of [26]).

Now we write the Schrédinger equation for the system
in hand:

(H - Ec)lq’(qlaq%q—fi’qll;g)) = 0,

where H is the total Hamiltonian and E. is the total
center-of-mass energy of the ¢2¢® system. The above
equation also means that the overlap of (H — E.)|¥) with
an arbitrary variation |6¥) of the state vector |¥) van-
ishes. In |§¥) we consider, as in resonating group method
calculations, only the variations in xi; [see Eq. (4.5)].
Thus we write

(4.12)

(0U|H — E.|¥) =) / PR AP Rd®yd®zr e (Re)Oxir (Rie) i (Y ) Cr (21)

kIlJ

x ¢ {kla (kI|g (k| H — Ec|l)gl)all) sc(Re)x15 (R1)&1 (1) (1) = 0.

To do these four space integrations, any of the three sets
of vectors defined by Egs. (4.2), (4.3), and (4.4) can be
used. The choice Rg,yx, and z; has, however, a clear
advantage. The arbitrary variations dxkr(Ryg)’s for dif-
ferent (but continuous) values of Ry, are linearly indepen-
dent and hence their coefficients in Eq. (4.13) should be
zero. With the trivial R, integration performed to give
a finite result using, say, box normalization, this leads to

Z/d3kaszkEk(Yk)Ck(zk)
%]
X 5 (k| o (kI| g{k|H — Ec|l)g|lJ)s|l) s
xx17(R)&(y)G(z) =0, (4.14)

for k,l=1,2,0r 3 and I,J = S or T (except where anni-
hilation is considered).

(

—$(Vis+ Va1 ¥ (

Ve =

symmetric

Viz + Vi
—Viz — Va3
V-V /),

-3(Via+Vaz)z2 5

(4.13)

[
By Eq. (3.6), H in the above is K(f) + VP(f) + V¢ +
>3 | mi, with VP(f) = VI(f) + VP(f). Using Eqgs.
(3.7) and (3.8) for V°f(f) and V‘“’P( f), respectively, the
matrix elements of VP(f) in our spin basis are given by

=) Fi-Fi(f) (Vis)x.x:

i<j

(XIVP(£)IX"), (4.15)

with

(VtJ)X.,X’ = Vij J(X‘X’)O 8771. . 63( 'J)

X,(XIS,' . S,-lX'),. (4.16)

In this form, ,(X|V?|X'), is very similar to V°f ap-
pearing in Eq. (2.2). So its matrix elements between the
gluonic states are the same as those of Vef except for the
new spin-dependent coefficients V;; replacing v;;. Thus
VP(f) is [compare with Eq. (2.12)]

%lﬁ

‘2(V13 + sz) \
+Via+ Vv,
—Viz - VM 1,3
2(Viz + Va3)
+Vi2 + V33
~Vaa-Vis /,,
2(Viz + Va3)
+Vis + Vo
+Viz + Vo3 3,3
Df(1-f) ),

e

b (4-17)

uh—




in our six-dimensional gluonic-spin basis |1)4]15),,
1), I1T),, .., 3)/3T),.

As written above, VP(f) has only nine elements, rather
than 36. Actually, every term in the above is meant to
stand for a 2 x 2 matrix defined by

Vi)t = ( (Vis)rsas (Vij)sar )

(Vis)kzas (Vi)rar (4.18)

for k,l=1, 2, or 3. (V;j)kr,1s is given through Eq. (4.16)
J
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and I multiplying the D term in the (3,3) element of
Eq. (4.17) is a 2 x 2 identity matrix. To determine the
overlap of any two spin states and the corresponding ma-
trix element of S; - S;, the definitions given through Egs.
(3.1), (3.2), and (3.3) have to be used. The results thus
obtained are reported in Appendix A.

As far as the spin dependence is concerned, the other
terms in the Hamiltonian are unit operators. Using the
results from Sec. II for the matrix elements between the
gluonic states, we write Eq. (4.14) as

i=1

E/daR, [KIH,U(R;,,R;) + Vit (Re, Ry) + V,l:}'f;J(Rk,Rz) - (Ec - Zmi) N’kr,u(Rk,Rz)} x17(Ri) =0,

for I =1, 2, and 3 along with J = S and T. This gives
six equations, for the same three values of k¥ and two of
I. Here Ky, Viy 175 V,:'}',';J and Ni1,17, are defined by

/daRVCu,u(Rk,R;)XU(R;)

=/dsykdazkﬁk(Yk)Ck(zk)Ku,uXtJ(Rz)Et(YI)Cz(zx),

(4.20)

/ RYVEL 1 (Re, R)xus (R))

/dsykdszkfk(n)(k(zk) ot s (Ry)&(y) (=),

(4.21)

/daR ll:}";J(Rk’RI)XU(RI)

/ Ay (7)o (20 VI 00 (R (y0) G (1),

(4.22)

/ d*RiNier,17(Ri, R)) x1s(RY)

= / Ay ed®21e&ic (Y )k (2r) Ner o xas (R & (y1) G (z1),
(4.23)

with K17, Vi 15, and V,:’I’:f '; as the matrix elements of

the K(f),V<i(f), and V™P(f). Nir.s is the overlap of
the spin-gluonic states appearing in Eq. (4.14), calcu-
lated using the results mentioned in Sec. II along with
those in Appendix A for the spin overlap factor ,(kI|lJ),.

The spatial integrations appearing on the right-hand
side (RHS) of Eqgs. (4.20) — (4.23) were done differently

(4.19)

[

for the diagonal (k = !) and off-diagonal (k # ) terms.
In the former case, x;7(R;) is linearly independent of
the integration variables y; and z, and thus was simply
taken out of the integrations. In the case of off-diagonal
terms, the integration variables (yx and z;) were replaced
by their equivalent combinations with one identical to Ry,
and the other one independent of it. Integrating out the
vector independent of R; and expressing the remaining
one on the RHS in terms of R, and R;, we got results
for K117, Vﬁ‘}'”, V,l:}"‘;J, and N7, after comparing with
the LHS of the corresponding equation.

Where annihilation is considered, we have to use the
combined quark and flavor wave functions |2S), instead
of £2¢2. Thus in the 25 channel diagonal term we have,
in place of the k =l =2 and I = J = S term in Eq.
(4.14),

/ Pri2d%rss 14(28](25]g (2K + V< + VP

— (Ec - Zm,-) 12)g125)4|25) sgx25(R2)

i=1

+ / d®r13d’r23 £4(25|V?|25) sox25(R2)- (4.24)

As Eq. (4.8) shows, the form of |2S) s, depends upon the
physical content of the 25 channel. This would result
in different expressions for each of K35 25, V2 5,25 V;’gpz S9
and M35 25 for different pairs of mesons in the channel.
In the following calculations we restrict ourselves to just
some lower channels: 77 in the isoscalar, plus 7 and
n'm in the isovector sector. This is done because of our
special interest in the behavior of the K K system near
the threshold (see the next section).

The results thus obtained for the kernels appearing in
Eq. (4.19) are reported in Appendix B. Substitution of
these in Eq. (4.19) would give siz coupled equations.
However, we neglect all connections to the third gluonic
channel. This is justified to some extent by the absence
of any significant effect of removing the third channel in
the spinless case (see Fig. 4 of [11]), meaning that the
gluonic effects represented by the third channel are small
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compared with those incorporated through multiplying
the remaining off-diagonal elements (i.e., 1,2, and 2,1)
by the space-dependent f factor. This neglect leaves us
with just four equations [two of these are written below
as Egs. (4.27) and (4.28)]. The off-diagonal terms in
these equations tend to zero for large intercluster dis-
tances. Thus for consistency with the observed meson
spectroscopy we require the constant term in each of the
diagonal parts to be equal to the sum of masses of the
corresponding mesons. Fitting in this way to the masses
of K,n,7',7, K*,w (or p), and ¢ mesons, we get the fol-
lowing values of the above mentioned free parameters:

m =277 MeV, s=1955  C =456 MeV,
all = 1.583, al* =1.561, o =1.501,
a; = 272 MeV, and a, = 67.4 MeV. (4.25)
1 2
Mg + Mg — V&, — Ec| xas(Ry)
2pkr

m 6
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For C [see Eq. (2.3)], the equality of kinetic and potential
energies of a harmonic oscillator is used, giving

13, 3

- _ _ _ 2
2= T lemdd 270 MeV /fm*.

(4.26)

After this parameter fit (except for k to be discussed in
the next section), we write down two of the four coupled
equations mentioned above. The remaining two equa-
tions would involve vector mesons. These are not incor-
porated beyond this stage because of our above men-
tioned neglect of channels opening at energies signifi-
cantly higher than the KK threshold:

1
+eo / daRz{ [—%—(unf + q12R3 + q10) + C(Ry)| exp[—esR; — e1RY] — G(R1,Rp)H }XzS(Rz) =0,

and

1
[Ma + M, — —V&, - E] x2s(Ra)
2I—"a.b

(4.27)

+eo | dsnl{ [—51—%«;2133 + 2R3 + g20) + c(m)] expl-—e2R} — e1RY] ~ G(Ry, Ro)H }xlsml) =0,
m

for KK < ab, where a and b are the two mesons in the second channel (77,77, or n'm). Here

C(Rq) = 1 (b:1R? +bg) — L[Ec + 5C — 2m(s + 1)]

G(R1,R3) = ljpexp [—(e1 + €} — l31)R? — (e2 + l12) R3] [ exp (l1sR1 - Ra) + o't exp (—l13R1 - Ry)|

(4.28)
(4.29)
+l20 exp [—(61 + 6’1 + l21)R% - EzR%] [aff exp (lng%) + Sa:s exp (—lzzR%)]
+l30 exp [—(61 + 6’1 + l31)R% - (62 + l32)R§] [ai" exp (l33R1 . Rz) + ai" exp (—lggRl . Rz):l N (430)
(4.31)

1 81 (2r)%2
" 63m?2s (2nd?)3/2°

It should be noted that in the coefficients of th and V& .
the reduced masses of the corresponding mesons now ap-
pear. This is done so as to ensure that the terms involving
_V_ZRl or Y.%{, give the correct kinetic energy of the rela-
tive motion of the interacting physical mesons. Other
symbols appearing in the above equations are defined in
Appendix B at appropriate places.

The kernels in the off-diagonal parts in the above cou-
pled equations contain nonseparable parts exp(l13R; -
R;)--- exp(l33R; - Ry). The presence of these “nonsep-
arable potentials” makes the solution of these equations
rather involved. To avoid that complication, we can solve

f

our problem after replacing these terms by their trun-
cated expansions. This would leave us with an inexact
but manageable form of the equations. With that strat-
egy in mind, the above equations were solved first for
the case of no hyperfine interaction by setting H = 0 in
the above two coupled equations. The method used for
that is explained below for the full interaction case. The
resulting phase shifts for this no hyperfine case (some of
these are reported in the next section) are so small that
it would be a good approximation to take the variational
wave functions x15(R1) and x25(R2) in the absence of
hyperfine interaction as the wave functions correspond-



ing to a freely propagating plane wave. Using, initially,
this approximation for x;5(R;) and x2s(R2) even in the
presence of hyperfine interaction, we looked for a reason-
able separable approximation to our nonseparable ternis.
As far as exp(l;3R; - R2) and exp(—l13R; - Ry) are con-

]
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cerned, it was seen to be a very good approximation to
just replace them with the exponential expansion up to
the second power in /;3R;-R;. But the terms multiplying
I3 are not so easy to manage. For them we used

I exp [—(e1 + ey +131)RY — (e2 + 132)R§] {al: exp (—l33R1 - R2) + o’ exp (l3sR1 - R2)}

2, p2
~ nilzoal* {exp[—Ti(e1 + €] + la1 + e2 + la2 — l33) (R} + R3)] — [-ma(ex + €y +ls1 + €2 + laz + la3) (R + R)lh

in Eq. (4.27), ny and 7; being two new (energy-
dependent) parameters. In Eq. (4.28) two similar pa-
rameters, denoted by n, and 73, were used.

To check how good this approximation is, both sides
of Eq. (4.32), multiplied by RZx2s(R:) and integrated
over R,, were plotted as functions of R;. This showed
that by adjusting n, and 7, even the worst discrepancy
could be reduced to less than 10% of the total hyperfine
coupling for that particular value of R; and the on-shell
momentum p.(2). But that adjustment was done with a
rather poor (i.e., plane wave) approximation for x25(R2).
Equation (4.28) was treated similarly. So when, after cal-
culating the T' and S scattering matrices, the results were
checked for unitarity of the S matrix and synimetry of
the T matrix (required by “reciprocity” of inelastic scat-
tering; see, for example, p. 528 of [27]), the discrepancy
was for some cases as bad as 30%. This means that the
above approximation needs to be improved, for example,
by iterating it many times, before meaningful results for
phase shifts are obtained. This improvement remains to
be made, though this problem does not affect our main
results. This is because this readjusting of the values of
ny,Mn2,T1, and T2 [with improved functional dependences

J

_0(p—-pc(1) 1

X1s\p
sP="0m T mey
+Qg1)A2(7'1€1 + Ci + l31 + ez + l32 - 133) +Q((;1)A2(7'1€1 + C’l + l31 + e2 + l32 + l33)] ,
1
X = N3
25(p2) A2 (p2)

(4.32)

[
of x1s(R1) and x25(R2)] is not needed for the range
of energy where our immediate interest lies (i.e., below
the KK threshold in the first channel). This follows be-
cause the momentun1 space solutions [see Egs. (4.33)
and (4.34) below] of the above coupled equations for that
range of energy are of the form

x(p) = —ﬁ X const.

Changing values of n,,7,n2, and 72 in that situation
would just affect the constant coefficients of m and

KE%;T)’ leaving the momentum dependence of the solu-

tions x1s and x2s unchanged.

With the above replacement the integrands appearing
in Egs. (4.27) and (4.28) are products of two factors,
each of them a function of R; or R;. This means that
in this form the two coupled equations can be solved
exactly, using the method demonstrated in Appendix B
of [11]. So we first wrote Eqs. (4.27) and (4.28), in
the approximate form [see Eq. (4.32)], in momentum
space. For incoming waves in the first channel, the formal
momentum space solution of these equations would be

[le)Az(@) + Q3 By(e2) + QP Az(es + lz) + Q) Bs(es + li2)

(4.33)

[Q?)Al(el) + Q% By(er) + QY As(er + € + Iy — lag) + QP Ar(er + €} +lon + 1z3)

+Q§2)A1(el +el—ln)+ ng)Bl(el +ey — 1) + Q(72)A1(T261 +e} +131 + ez + I3z — I33)

+Q§2)A1 (261 + €} + 131 + e+ I32 + 133)] :

(4.34)

The new symbols appearing in these equations are defined in Appendix C.

It is to be noted that in the above equations p; and p, have been replaced everywhere by p,
a;ld P2, respectively, utilizing the spherical symmetry of our problem. Multiplying Eq. (4.33) by
PiFa (p1,e1), DP3Fy(p1,e1), PiF,(p1,er +ey +la1 —lz2), PiF,(p1,e1+ €} + 1o +132), PiFa (p1,e1 + €] — 1),
P2Fy (p1,e1 + e} — 1), PiF, (P1,7261 +ey +13 +ex+ 133 — 133), and p?F, (P1,7'2€1 +e)+ls+e2+ 13+ 133) in
turn and integrating with respect to p; gives us eight equations (Fa(p1,z) and Fy(py,z) are the Fourier trans-
forms of exp [—zR?] and RZexp [-zR?], respectively). Similarly, multiplying Eq. (4.34) by the Fourier trans-

forms p}F, (p3,e2), P3Fs(p2,e2), PEF, (p2, ez + li2), PiFy (p2,e2 + l12), p3F, (Pz,’rlel +e)+ls1+ex+ 13z — 133),

and piF, (pg, Tie; + e} + 131 + ez + 133 + l33) and integrating with respect to p, gives us six more equations. These
14 equations can be written as a matrix equation
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QU; = U,

with
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(4.35)

Fo (pe(1), 1)

F, (Pc(
Fa (pc(
F,(

Fy (pe(1),€1)
1),e1 + €} + 121 — l22)
1),e1 + €} +la1 + l22)
c(1),eq + €} — 111)
Fy (pc(1),e1 + ey — 111)

Fo(pe(l), m2e1 + €} + 31 + ez + 32 — I33)

Fo(pc(1),12e1 + €} + 131 + €2 + 32 + l33)

, (4.36)

0
0

oo oo

Q a 14 x 14 matrix containing many integrals, and U; a vector containing

Az(ez), Ba(ez), ... -,Az(‘flél + e + 131+ ex + I3z + l33)

and

Ai(er),Bi(er), ..., Ai(moer + €} + 131 + €2 + 3z + l33)

as its elements. Inverting the matrix Q gives these 14 elements of the U; vector. With these values in hand, all the
quantities in the expressions for x;s(p1) and x2s(p2) are known. So these can now simply be obtained by making in
Eqs. (4.33) and (4.34) the usual replacement of p; and p, by their on-shell values p.(1) and p.(2), defined by Egs.

(C9) and (C10).

From Egs. (4.33) and (4.34) the two T matrix elements T; ; and T3 ; can be read off as (apart from a constant)
coefficients of the nonrelativistic Green operators — m and — m. These are reported in Appendix D. Similarly,

for incoming waves in channel 2, the use of U, as

U2=47T

Fa (pC(Z), e2)
Fy (pC(Z),Ez)
F, (pc(2),e2 + l12)
Fy (pe(2),e2 + li2)

oo Cc oo o

0
0 (4.37)

F, (pe(2), €1 + €} + a1 + ez + 132 — las

gives the two T matrix elements T3> and 772 also re-
ported in Appendix D.

For the total energy in the center-of-mass frame above
the higher threshold, both of the channels would be open.
Thus for incoming waves in either of them, there would
be a loss of flux in the incoming channel. Representing
this inelasticity by a factor €, for k = 1 or 2, we can
write

F, (pe(2),me1 + €} + 31 +ea + l32 + 133

51,1 =1- 2’I:T1,1 = Elezisl, (438)

52 2 = 1- ZiTz,z = 6262162.

)

(4.39)

For elastic scattering, ¢; or €z would be unity for incom-
ing waves in channel 1 or 2, respectively.

Below the lower threshold the situation is qualitatively
different as, with both p.(1) and p.(2) being imaginary,
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TABLE I. Increases in the couplings necessary to get binding. BE denotes binding energy.

Hyperfine coupling Increase Increase

k Increase to BE in the BE in the in the total without
(fm~2) get binding isovector isoscalar coupling to hyperfine to
channel channel get binding get binding

(MeV) (MeV)

0 1.926 <1 35 2.715 3.06

1/6 3.00 <1 53 4.26 6.57

1/2 6.43 <1 87 8.89 19.13

0(p1 — pc(1)) and 8(p2 — p.(2)) do not contribute to the
integration over all the real values of p; and p, performed
to arrive at Eq. (4.35). Thus all the terms collected in
the vector U, would be absent, leaving us instead with

QU; =0. (4.40)
A nontrivial solution of this equation for the elements of
the vector U; requires

det Q =0, (4.41)

giving us a condition for the existence of a bound state
of the whole system.

V. RESULTS

The formalism presented in this paper can describe a
number of meson-meson systems. Amongst these sys-
tems we have chosen KK, keeping in mind that it has
been investigated by other groups using different models
for the quark-quark interaction. An important issue is
whether the whole K K system has a bound state just be-
low the K K threshold or not. According to our method,
this depends upon whether or not Eq. (4.41) is satisfied.
The Q matrix there is actually a complicated function
of the parameters of the formalism and the total energy
of the whole system. These parameters are fitted above,
except k [see Eq. (2.7)] which is the parameter of our
model of the gluonic effects. Our numerical calculations
were done for three values of k in turn. The value k = 0
corresponds to a two-body potential model Hamiltonian.
On the other hand, k = 1/2 fm~? is emerging from the
lattice gauge theory calculations [22] for rectangular con-
figurations of quark positions. For other configurations,

indications [23] are that the spatial decrease of gluonic
topologies overlap may be slower, and thus we have also
used an intermediate value (k = 1/6 fm~?). Which of
these, if any, would simulate the “experimental” (lattice-
gauge-theory-based) behavior of the gluonic overlap is
yet to be seen.

Our numerical calculations showed that, for any value
of k, the above condition for the existence of a bound
state [see Eq. (4.41)] is not satisfied for any value of en-
ergy below the KK threshold. This is the situation in
the isoscalar as well as in the isovector sector, whereas in
the latter case all connections to the nn channel are ne-
glected as those would not affect the answer to the main
question being discussed here. On the other hand, using
a closely related model Weinstein and Isgur [7] get KK
bound states in both the isoscalar and the isovector sec-
tors, and conclude that the two scalar meson resonances
f0(975) and ao(980) can be explained as loosely bound
KK states. Their model corresponds, in some approxi-
mation (see the first paragraph of the next section), to
ours in the limit k = 0. Therefore it is interesting to see
if, in the corresponding limit, we can get their results by
varying our parameters. Our calculations showed that
for £ = 0 we need to multiply our total couplings of the
two channels by a factor of 2.715 before we can get bound
states in both the isoscalar and isovector sectors. Alter-
natively, we can get these bound states by multiplying
only the hyperfine couplings by a factor of 1.926. We get
bound states without hyperfine interaction as well, but
for that an increase by a factor of 3.06 in the remaining
couplings is needed. This is one of the indications in our
work that the hyperfine coupling is the main interaction
arising through quark exchange, and that the hyperfine
and other couplings have opposite signs.

Our modification to the two-body potential model pro-

TABLE II. Isovector phase shifts.

Full coupling

Without hyperfine

E,: E 51 €1 62 61 €1 (52
(total c.m. energy) (fm™2) (deg) (deg) (deg) (deg)
(MeV)

0 91.49 0.719 3.05 1.00
1042.0 1/6 17.10 0.972 0.59 1.00
1/2 1.96 1.00 0.06 1.00

0 91.74 155.94 3.94 1.35

1142.0 1/6 30.84 179.46 0.83 0.27

1/2 4.15 1.25 0.10 0.03
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TABLE III. Isoscalar phase shifts.

- Full coupling Without hyperfine
E. k o1 €1 02 01 €1 62
(total c.m. energy) (fm™2) (deg) (deg) (deg) (deg)
(MeV)
0 125.92  0.804 6.56  1.00 )
1042.0 1/6 50.39 0.821 1.18 1.00
1/2 4.18 0.998 0.12 1.00
0 112.10 142.78 9.26 4.38
1142.0 1/6 86.34 151.52 1.86 0.90
1/2 9.28 3.83 0.21 0.10

posed in this paper (equivalent to using nonzero values of
k) implies a decrease in the KK coupling. That means
that we need to increase the couplings even more so as to
get binding. The factors so needed for the different values
of k are reported in Table I, along with the corresponding
energy values for the resulting binding.

In addition to these main results, we report below for
completeness (in Tables IT and III) the K K elastic phase
shifts for the three values of k, for the center-of-mass en-
ergy 50 MeV above the threshold. Moreover, we mention
some values of inelastic phase shifts for incoming waves
in KK and in the second channel (i.e., n7 in the isoscalar
and 77’ in the isovector one), along with all these phase
shifts in the absence of the hyperfine interaction (without
any increase in the remaining coupling). The full interac-
tion phase shifts reported here are for an interaction with
the hyperfine part increased by the above mentioned fac-
tor of 1.926. With this increase we get bound states of
the whole K K system for k = 0 in both the isoscalar and
the isovector sectors, and what is explored here is just the
effect of our proposed modification to the potential. The
numerical procedure to get these phase shifts was based
on Egs. (4.38) and (4.39). Each of them is a complex
equation and hence can be solved for the two quantities
€x (the inelasticity factor) and ), (the phase shift), with
k =1 or 2, for each value of energy.

However, it must be emphasized that, because of the
various approximations which we have used, it would be
improper to take these phase shift values as the precise
results of our model. One of the indications of this inac-
curacy is the violation of unitarity resulting from our sep-
arable approximation to the actual nonseparable terms in
the coupled equations (4.27) and (4.28). As mentioned in
the paragraph following Eq. (4.32), this approximation
badly affects our results for the phase shifts, although not
our main conclusions, i.e., those regarding K K binding.
For the elastic region this unitarity violation manifests it-
self in the reported (see Tables II and III) deviation from
unity of the inelasticity factor ;. Keeping this in mind,
the phase shifts reported here are just meant to demon-
strate further the appreciable weakening of the interac-
tion because of the gluonic effects, but the only quanti-
tatively significant results of our model for this decrease
are those reported in Table L.

VI. CONCLUSIONS

In this paper a lattice-gauge-theory~motivated formal-
ism has been developed to deal with meson-meson sys-

tems with quark-exchange dynamics and applied, as a
first application to a realistic case, to KK systems. Here
we had to increase our resulting coupling by some nu-
merical factor before we could get a bound state of the
whole system, even in the two-body potential limit. The
variational calculations based on the two-body potential
reported in [7] claim to get bound states of the whole
KK system, concluding that the two scalar meson reso-
nances fo(975) and ao(980) can be explained as loosely
bound K K states in the isoscalar and the isovector sec-
tors, respectively. Our detailed model of meson-meson
dynamics, even in the two-body potential model limit,
is different to theirs, mainly because of our restricted
(i-e., only in the 2S5 diagonal term) incorporation of the
annihilation effects. This neglect of the annihilation ef-
fects may have appreciably decreased the KK binding
arising through our model. This is expected because
the quark-antiquark annihilation, incorporating the pro-
cess KK < mm, was [28] a major contribution towards
the KK binding reported in [7]. Moreover, we might
be underestimating the hyperfine interaction by treating
this interaction partially as a perturbation, although in
our work as well the hyperfine coupling turned out to be
the main interaction arising through the quark exchange
mechanism. It is difficult to say more about this problem
unless a more refined treatment of the hyperfine interac-
tion, along with the annihilation effects, is carried out.
On the other hand, the fitting of the model parameters
in [7] includes adjusting the ranges and normalization of
their effective meson-meson potentials in an ad hoc way,
and it is not clear how that affects their results.

Leaving these issues to some future work, we looked for
any possible change in one of our parameters so as to get
KK bound states in the k¥ = 0 limit (where our model
would roughly correspond to that used in [7]) and then
determined the effects of going beyond that limit, i.e.,
of using our theoretically improved four-body potential.
This investigation showed the same trend as observed in
the spin-independent case reported in [11]: increasing k,
i.e., decreasing the gluonic states overlap, results in a sig-
nificantly weaker meson-meson interaction. This means
that, if we get a K K bound state in the two-body poten-
tial model limit, we do not necessarily get one with our
QCD-inspired refinement of the ¢2§% potential.

Much improvement in the calculations can be made by
going beyond the approximations we have used, giving
more precise results. But even without this being car-
ried out, this work clearly indicates that the theoretical
refinement of the four-body potential results in an ap-
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APPENDIX A: THE SPIN BASIS

In the main part of this paper, we use the spin basis given through the Eqgs. (3.1), (3.2), and (3.3). The notation
used in these equations is that of the Appendix D of [7]. In this notation, an orthonormal spin basis is |S;2533), and
|A1z - Asz),, defined through Eqs. (D3) and (D4) there. Our remaining spin base states are given in terms of these
by Egs. (D5)—(D8) of the same. These equations give easily the overlaps of our spin base states, written as ,(kI|lJ),
in the results mentioned in Appendix B, as elements of the overlap matrix

10 Vi/4 —/3/4 V1/4 /3/4
1 —/3/4 —\/1/4 /3/2 —./1/a

A= 1 0 —-v1/4 /3/4 , (A1)
1 —\/3/4 —\/1/4
1 0
symmetric 1

in the basis [15),,|1T),, ..., |3T),.

For the matrix elements of the S; - S; operators, for different values of the indices i and j, in our spin basis, we also
used the results expressed through Egs. (D9)-(D11) of the Appendix D of [7]. Some of the results obtained in this
way are reported here:

[ S1-S2 ] S;-S; 0
S;:S;3 S,-S;3 _%
S:-S; S:-S; 0
s(15] S; . S; [15), = o(P13 P2l S; _s; |P13Pa3)s = 'R (A2)
Sz ° ST; Sz Sa —4§
| S3-S3 | S;3-S; 0
r _ l 9
rS,-S, S, - S, 016
S:-8;3 S:-S3 e
S:-S; S, - Sz 1
(18| s; _ s§ [1T), = (1T s: ) S; [15), = ek (A3)
SZ * SZ Sz . S; 16
L S§ : SZ _ S§ . S; 0
3
| "V 16 |
-_1
S;-S; ] S:-S, +§ ]
S; Sg S; S§ ‘}
- S S_ _——
7] | 3118 | NT) = (Vi Vil | b g [ Vas-Vaade= | [ | (A4)
Sz S; Sz S; +%
S3- 83 | S3- 83 -1
- +§ -
—Sl Sz- 51 Sz _g
S;-S; S, -S3 g
S:-5; _ S:-S3 _ | "8 A5
+(15| S, - S |25), = 4(25]| S, - S |1S), = _% , (A5)
S,-S; S,-S;3 _%
[ S3-53 S3-S;3 | +2 ]




6796 B. MASUD 350
S:-S2 S:-S; 0
S, - S3 S, -S;3 o
S;: - S;3 S;-S3 T3
251 | g, st | 128)e = o(PuaPusl | g, g, | [PraPasde = | 5 (A6)
S, -S3 S2-S; 0
S53-S; S;5-S;3 0
[
APPENDIX B: THE KERNELS OF THE Wia = 9k and w hi (B3)
INTEGRODIFFERENTIAL EQUATIONS M7 2mdz, ¥~ 2mdz,’
The results for (in general, nonlocal) kernels appearing along with
in Eq. (4.19), calculated using the procedure outlined in )
the two paragraphs following this equation, are fi=fs= s+1
Nirks = 0176(Re — RY) (B1) g1 =gs=hy =hs =" 1‘ 1’
for all values of k, I, and J and fo = s+1
2s '
' 3 fk 2 gs =2
Ker s = 6156(Re — Ry) | Jlwia +wre] = 5 - Vg, | 9
hy = =. (B4)
(B2) s

for all values of k, I, and J, except those corresponding
to the 25 diagonal term. Here

dr1 and dgz, for k = 1, 2, or 3, are the same ones which
appear in Eq. (4.6):

Vil = 81s6(R: — RY) (—8C — 4C(d}, + d,)) (B5)
for I,J = S or T. Similarly,
Vst20 = 6158(R2 — R}) (—5C — 4C[d3, + d3,)) , (B6)
Vit a7 = 8156(Rs — RY)
2
x {—%c’ ~ 4CRZ - 6Cd"™ — 2Cd" (5 " 1)
s
+§ D [s +1]3
2 (1 + 4kd'2)3/2 [8kd'?(s2 + 1) + (s + 1)2]3/2
- 4kd'? 1
X 4k(s —1)2R2 [ — -
P [ e =R (éskd’z(s2 D+ (+1)? (s- 1)2)]
5 D [s +1]3
2 (1 + 8Kkd'2)3/2 [16kd"2(s2 + 1) + (s + 1)2]3/2
- 8kd'? 1
x 8k(s — 1)2R2 _ _
exp [ SR (mkd'z(sz T+ (st (s- 1)2)] } (B7)
[see the discussion before Eq. (4.7) for d'],
87 [ q13 o2
thP R (R, — RI 8 8
e e [ A (2wdfz)3/2] | o
b
vl%?lT = "%vrg})ls’ (B9)
1 8w [ sald a??
Vhyp - - §(R., — R/ s s
2T2T — 3 3m2s (R, 2) _(27"1%1)3/2 + s(27rd§2)3/2:| ’ (B10)
b 1 8« 1 53
Vi¥is = =5z, (R ~ ) iy [ + o (B11)
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1 8r 1 11 [(s+1)271%*? R2 (s + 1)?
byp _ yhyp _ _ _R' 13 23 _ 3
Vas,sr = Var,as 4/3 3m236(R3 Ra)(zﬂ,d/z)s/z {[a, ta, ] [(32 + 1)] €XP | T5q2 42 +1
3/2 2 2 23 213/2 2 2
it [+ 1)? _RI(+1)*] o [(s+1) _Ri(s+1)
5% [ 257 P | "oz 22 s 2 P | Tog7 T 2 : (B12)
h: 1 8« 1
Vtiar = =5 35t (Re = Bs) oy
3/2 2 2
_[.12, 33 3, a4y [(8+1)° _R5 (s+1)
x{ [a, +a,]+[a, +a,][(32+1) XP | ~o 21
3/2 2 2 23 213/2 2 2
1 [(s+1)? _RI(+1)?], o [(s+1) _R3(s+1)
toa, [ 242 *P|72q7 22 | T s 2 XP | Togz T : (B13)
Nir,27 = eo,(kI|2J), N , exp [—e1RZ — ;R3] for k=1 or 3, (B14)
Naris = eq, (2I|lJ),N§,, exp [—elR,z - ezRg] for l=1 or 3, (B15)
/2
: o (8+1)° 1 3
Nieris = o(kIILT)a Ny 64s% | 7d'2(1 + 4kd"?)
2 _
s+1 1+8kd?\ [s2+1 s2-1
xexp{—( 3 ) ( 17 )[ 22 (R,Z,+R,2)+2 2 Rk-Rl] for k,l=1 or 3, (B16)
but with k£ # l. Here,
eo = (s + 1)%/45715/823/4 (7l'h‘,d2)—3/2 , (B17)
2
1 (s+1 A2
el—@(—z ) [ ‘7]’ (B18)
= 1 2s
es = 4k + 232 m, (B19)
with
-2 [s?+1 _ (s +1)2
k= 8kd? |2 ]+1+33/2 - 31|, B20
| $? V2(s+1) (B20)
- o823 -1 s2—1
A = 8kd? s—]+1+s_3/2 2 - 1], B21
| $? V2(s +1) (B21)
v = 8kd? -82+1] + 145732 ﬂ+1 (B22)
| s? V2(s+1) '
Krr27 = —2231— (kI|2J),N,?,2 [un,zw +q12R2 + qm] exp [—ele - ezRg] for k=1 or 3, (B23)
e
Karir = —ﬁ (2I)1J), N3 [a21R? + q22R} + qz0] exp [—e1R} — e2R3] for I=1 or 3, (B24)
1 o (s+1)° 1 3/
Kiras = =g I Nii 60 7d'2(1 + 4kd’2)

NN AT G +12 1+ 4kd?]? L 82 (s+1)* [1+8Fd? 2
2 s+1 kL (s+1)3 |[(s—1)2 " s 2d" (s+1)3 s* 8d'2
s—1 8(s—1)21[ 4 17 [1+ 4kd?]?
2($57) Re R ( e [ B>
4 328 (s+1)® [148kd] 1 [(s+1)%+ (1 + 5%)8kd"
(s+1)3 2 8d'? 82 8dr?

L ge (B0 1 [1+4Rd? 7325 1 [(s+1)%+(1+5s%)8kd?)?
P\ (s+1)3 s2 2d"? (s+1)3s 8d'?
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e[t r8(s—1)2 4 1+ 4kd"
4 (s+1)3 (s—1)2 24"
N 32s 1 ((s+1)*+ (1+5%)8kd?\] _ g1} [L+ 4kd"
(s+1)3s2 8d'? 2s 2d"?

s+1\2 /1+8kd?\ [s2+1 s2 -1
o (5 (58 5 e 7

for k,l=1 or 3, (B25)

but with k # l. Here,

we ()T (G5 (5 o79) - (-353) (5 v )]
|

_ k _ o2 —3/2 2
n 32s s—1 2j.:+ 1 (A s—1 75 +1+s +1 ’ (B26)
(s+1)3 [\s+1 s 2d%\/s(1+ /s) £ s+1 52 442
2
s+1 - 1 2s
Dz 4( 2s )[2k+2d2 s+1| (B27)
2 2 7 2 —3/2
3/s+1 8(s—1 8k 14+ 4/s 32s -s°+1 s +1
qi0 = —5 ( )3 z T \{2 + s\t 2
2 2 (s+1) (s—1) (s —1)2d (s+1) s 4d
3d? 8(s—1)? 2k 1 Po32s [-s241 s’
- 1)2 (222 2 (=%
o et [(s+1)3 <s +2012\/‘5(1+\/§)) MPFE (k 2 A )
s+1 1 2s
-6< )[2 +2d2 sTil (B28)

g21 = 2(s +1)2

QZ2=4( )
s+1 % 2442 P L 2+ £+s—3/2 2
120 = (+12 442 \sz " Taa2

AN/ 1)? AN E s\
(1—;) <k+m) +s(1+;> (;§+W> , (B29)

2
2s
2d2 s+ 1} ’ (B30)

s+1 -1 ko s73/2 s+1 1 2s
x "—‘—<s+1)2 (T ) [(“Z&’) +s(§+_"_4d2 )] ‘6< 2 ) 2kt 2ey s+t (B31)
8 _
ka = ——50/\/1‘1111 +5 (kI|lJ>3V,:,fl, (B32)
with
Vit = V5T, = eo[b1R3 + bo] exp [—e1R? — e2R3] (B33)
of _ygef _ 2 (s +1)* 2 A? 2 A 2 2
V273—V3,2—m6'eo 557 (s +s+1)g—2(s —1);+(s —s+1)| R}
(s 4+ s+ 1) 24d?
ez (@ [Tk - el (B34)
/2 2 12
o _yef _ 2 (s+1)° 1 L1 (s+1 B 2 9d
Vis =Vsn = 3\/§C 6453 | 7wd'2(1 + 4kd"?) 22\ 2 ) [(ET DR+ (= DRI+ o
. _
s+1 1+8kd?\ [s2+1 ., 2
e (3) () [2 o 27w m -
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Here the new definitions used are

4 _ 2
bl____éc(s+1) [é_s 1] ’

9 452 Kk s+1
2
d2
bg=~§C<s+1) @
3 s K
h h _ € 87 (2/4,)3/2
Vlgf’zs = vzg,pls = 6 3m2Zs W [Lu + L12 + L13] exp [—(61 + e'l)Rf - 82R§] N

eo 8m (2k)%?
6+/3 3m?2s (2nd2)3/2

h h eo 8t (2k)%?
Vites = Voshr = T 63 3m?s (21rd)2)3/2 [L11 — 3L12 + Lis)exp [—(e1 + €] )R — e2R3]

hyp hyp _
vlS 2T — va,1s =

h eo 8m (2k)%/?
Viter = Vathr = 18 3m?s (2rd?)572 [L11 + L1z + 5L13] exp [—(e1 + €1)RT — e2R7]

vhyp _ phyp eo 8w (2’9)3/2

35,25 = V25,35 = " 43 3m?s (2nd?)o2 [L21 + 2L22 + Las) exp [—(e1 + €})R3 — e2R3]

eo 81 (2k)%?

v;gpzT va 38 = T 1522 (0-12°\3/2 [—LZI - 2L22 + 3L23} exp [—(61 + e;)Rg - €2R§] )

h h eo 8w (2x)%/2 2 2
Vatias = Vasar = ~ 153,75 @rd?)2 [L21 — 6L3z + Las] exp [—(e1 + €1)R3 — e2R3]

vhyp hyp e 8w (2"‘)3/2

3T,2T = VoT 3T = [5La1 + 2L22 + Las] exp [—(e1 + €} )R3 — e2R3],

12+/3 3m?2s (2wd?)3/2

phve _php _ L 8w 1 2 \*?(s+1)°
15,35 — ¥35,15 — "4\/3 3m?s (2rd'2)3/2 \ 7d"? 643

[2L31 + L3z + Las],

2 _
s+1 1+ 8kd'?\ [s2 41 1
xexp{—( 5 )( 1272 ) o (R2+R3)+2 R; ‘R3],

3/2 6
n 1 8 1 2 (s +1)
Vishr = Varhs = T 12 3m?s (2nd2)32 \ xd? Yo [6L31 — L3z — Las]

2 z
s+1 14 8kd?\ [s2+1 1
xexp{——( 2 ) ( 1372 ) (R2+R2)+2 R, -R;| ;,

yhe = yhe o 2 \** (s +1)° —2L3; — L3z + 3L33)
17,35 = Y3517 = 7 13 3m2s (2nd'2)3/2 \ nd’? oass | 2La1 L 33

2 z
1 1 + 8kd'? +1 -1
xexp{—(s-; ) ( 107 )[ss (R2+R2)+2 RI.R3]},

1 8 1 2 \3¥2 1)8
yhye _ hyp ™ ( ) (s+1) (2Ls1 + 5L + Lss]

17,37 = V3r1T = " 12v/3 3m?s (2rd2)3/2 \ nd’? 6453

2 _
+1 1+ 8kd'"? +1 -1
><exp{—(32 ) ( 137 )[s (R2+R3)+2 RI.R3]}.

[—3L11 + le + L13] exp [—(81 + e;)Rf - €2R§] N

6799

(B36)

(B37)

(B38)
(B39)
(B40)
(B41)
(B42)
(B43)
(B44)

(B45)

(B46)

(B47)

(B48)

(B49)

Here

Ly = lhioexp [111R1 —112R3] {aB exp [l13R1 - Ry)

Lq3 = l3gexp [—lalRf - 132R§] {aiz exp [—l33R;1 - Ro]

+a3% exp [lasR; - Ra] {, (B52)

+a?texp[~lisR; - R4}, (B50) pllaaRa 2]} .

Lyz = lyo exp [~ R] {ai‘—* exp [l22R?] Ly = lzoexp [—ls1R} — Is2R3) {Ot:3 exp [—I3sRa - Ro]
+ saf§ exp [_lzzRﬂ } ) (B51) + a':"_‘ exp[lss R - Rz]} ’ (B53)
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Loz = Lo exp [l RE] {a:’* exp [lzR2] o & ( s )2 (Be2)
5 Td2\s+1)
+ sazf3 exp [—lzzRg] } s (B54) 51
12 hs =57 [/\ -K ( )] , (B63)
Las = ligexp [InR} — 112R3] {01, exp [l13R3 - Ro] 2d s+1
s
33 lag = -, B64
+atexp[~l13R3 - Rz]}, (B55) 207 g ( )
2
_ K s+1
3 i s+1)* 1+ 4kd? Iy :-—( ) , (B65)
Ly, = [ozi3 + af'*] exp{—( 1632) 72 17 4q2 2 i
A [s+1
s—1 2 lzzzﬁ( 2 ) s (B66)
X R;+R; , (B56)
s+1 s 3
= B67
s rd'? 3/2 9 { 1215(R + Ry l30 (s — 1) ) ( )
= = s
3 [1+4kd’2 s+ 1) 7% OT T l 1 (s+1>z(s+1)[ o)t ( )}
= 31 = 55 - )
+al®6(Ry — Ra)} : (B57) 4?2 \ 2 s—1
( )4 Edzz (BGS)
_ [ 12 33 s+1)°1+4 ) 2
L33 = [a, + aj ]eXp{— 1652 72 lyy = _I‘% ( s ) ’ (B69)
d2 \s—1
2
x [R1+(S_I>R3} } (B58)
s+1 ’ s [s+1
_ s _ B7
. laa 2d2 (s—l)[ /\+K(s— (B70)
with
2 \2 As mentioned in the text, in the case of the diagonal
e = 1 (S + 1) L’ (B59) term corresponding to the 2S channel, the expressions
L 4d? 2 K depend upon the physical content of this channel. Thus
s \?2 we have
ho=(157) - (B60) ,
s+1 Nas2s = §(Rz — RY) (B71)
I s -1 [2 — K (s — 1)] , (B61) (irrespective of the physical pseudoscalar mesons
1642 s+1 present),
Kas2s(mm) = 6(Rz — R){§[(why + whs) cos® 6 + (w3) + w3,) sin® 6]
—51;( Pcost 0 + 2f1° cos® @sin® 0 + f3°sin* ) VR, }, (B72)
with
] 1 8 3
1 _ 92 _ 9 s _ 92 _ 92 B73
Yn = 2md2, ~ 2md?’ Y21 2md%,  2md"?’ (B73)
Rt R} h$ h$
1 _ 2 _ "2 5o _2 2 B74
Yoz = 2md2,  2md?’ and wp, 2md3, 2md'"? ( )
[Here
=1 fF=30+1/s), f3"=1/s
gh=h, =2, and g5 =h}=2/s]. (B75)
3 . 1 .
K2s,25(mn) = §(R2 — RY) {Z[wél + why cos? 0 + w3, sin® 0] — %(fél cos? 0 + f4 sin® O)Zznz] , (B76)
3 . R 1 . s
Kas2s(mn') = §(R2 — Rj) [Z[wél + wéz sin?6 + w3y cos? 0] — —;n—(fél sin? 0 + fé cos? O)Zgz} . (B77)
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Vst 25(m) = 6(Rz — R}) ([-8C — 2 x 4C[d3, cos® 0 + d3, sin4]) (B78)
Vst 2s(mm) = 6(R2 — R’ (—8C — 4C[d%, + d}, cos® 0 + d3, sin’ 6]) (B79)
Vs§2s(m’) = 6(R2 —RY) (—8C — 4C[d3, + d3, sin® 0 + d, cos? 0]) . (B80)
VI (o) = _my [0+ oD cost0 | (oaT) 4 i) in? 0] ’ (Bs1)
(2md3,)%/2 s(2md3,)3/2
F o 1aq 23(1) 2 23(s) . 2
Vihs(m) = -3 ’Zsa(Rz - R}) (23,‘;‘31();,2 + }’;,,;))/” + Z‘@iéjlﬁ] : (B82)
[ 14(l 23(1) . 2 23(s
Vs () = "zsa(R2 ~R}) (2::;%1()‘)" 5+ sé;;;:)lz/ze + ‘:(‘2;;;;:/2} (B83)
Vis2s(mm) = 2 x 6(Rz — R}) [2a; ;:os2 0 — 2v/2a;a, cosfsin 6 + a, sin” ] , (B84)
Vis.25(mn) = 6(Rz — R}) [2a; cos? 6 — 2¢/2a,a, cossin 6 + a, sin? ], (B85)
Vss.2s(mn') = 6(Rz2 — R) [2a;sin” 0 + 2v/2a,a, cos fsinf + a, cos® 4] . (B86)

APPENDIX C: THE DEFINITIONS USED IN THE MOMENTUM SPACE SOLUTIONS

The following definitions are used in writing the momentum space solutions (4.33) and (4.34) of the coupled
equations.

w_[_1a b _lao b E]pL
1= [ 3m 6 + 2]F5(P1,€1)+[ 2m 6 + = 5 6 a(p1,€1)
—Ha ly0F,(p1,e1 + €} + la1 — laz) — Hsa%*l30Fo(p1, €1 + €} + l21 + l32),

o__1 lth
2 2m (pl,el)

:(;) = —2Ha',’lloFa(P1, er+ey —lu),
gl) = —%Hai’llolf3Fb(P1a e+ ell - 111)’

§1) = —Hn1a¥l30F,(p1, €1 + €} + la1 + ez + I3z — l33),

((51) = Hnla',’lsoFa(pl,Tlel + e'l + l31 + €9 + l32 + 133). (Cl)
@_ _ 1 g2 1 g0 b0 E;

Q; 2m 6 Fy(p2,e2) + [—%—é— + 2" 6 F,(p2, e2),
2 _ 1 g2 b

Q" = [‘2—m?+ ]F (p2, e2),

QP = —HolpoFa(pa, e3),

D = —Hsa?*l;0F,(p3, e2),

gz) = —2Ha’l10Fu(pa, €3 + ha),
QY = —1Hak 1ol Fy(ps, €2 + bu2),

(72) = _Hn20£'l30Fa(p2a T2e1 + ei + 131 + €2 + l32 _ 133),
gz) = Hnpal*l30F,(p3, T2€1 + €, + l31 + €3 + lag + l33). (C2)
B, =B+ 3C —2m(s + 1), (C3)
Ar(z) = e /.daR;e exp [—:zR,Z,] xks(Rg), (C4)
By (z) = e / d’R; exp [—wRZ] RiZxks(Re), (C5)

3
Xks(Pr) = / (‘21—7;{3’/07 exp [ipx - Rie] xks(Rx), (C6)
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for k = 1,2. Fo(pPk, ) and Fy(pk,z) are similar Fourier transforms of exp [——a:Ri] and RZ exp [-zRi] , respectively.
Moreover,

2

Av(p1) = =22~ + My + Mg — E. — i, (C7)
2ugg
2
Ag(ps) = 22— + M, + M, — E. — ie, (C8)
2Mab
pe(l) = V2pgg(E. — Mk — Mg), (C9)
pc(2) = \/Zﬂab(Ec - Ma - Mb) (CIU)

APPENDIX D: THE ELEMENTS OF THE T MATRIX

Consistent with our definition of the T matrix [see Eqgs. (4.38) and (4.39)], the four elements of the 2 x 2 T' matrix

are [these can be read off from Egs. (4.33) and (4.34)]

™
Ti1 = 2k g 5 Pc(1) [Q(f)Az(ez) + Q3 Ba(e2) + Q5" As(ea + hia) + QY Ba(ez + li2)

2

+Qg1)A2(T161 + e} + 131 + ez + 32 — l33) +Q§;1)A2(7'161 +el +lz+ex+ 132+ lss)} ,

m v
T2,1 = zpab'ipc(l) ;]E [ng)Al(el) + Q(22)31(€1)
1

(D1)

+Q:(;2)A1(e1 +e) 41l — o) + QEZ)Al(el +ey+lan +la2)

+Q(52)A1(61 +ey —lin)+ ng)Bl(el +e} —li1)
+Q$2)A1(7'2f31 + e} + 131+ ea + I3 — l33) +Qg2)A1(7'2€1 +el +lz +ex+1lz2+ 133)} ,

(D2)

s
Teo = 2ﬂab§pc(2) [Q(lz)Al(€1) + Q§2)31(61) + Q;(32)A1(61 + ey + 121 — l22) + ng)Al(ﬁ +ei + 1o + 122)

+Qé2)A1(€1 +el — )+ QéZ)Bl(el +ey —la)+ Qszz)Al(Tzel +e) + 131 +ex + I3z —la3)

0 Ao £ ]

(D3)

e v
T2 =2pkr —pc(l),/ i [Q(ll)AZ(ez) + Q5 Ba(e2) + Q3 Az (ez + liz) + QY Ba(ez + l12)

2

+QM Ay(mier + €, + ls1 + ez + lsz — las) +Q5” Az(tier + €] + a1 + ez + lag + 133)] ,

(D4)

with p; and p; in le) . --ng) [see Egs. (C1) and (C2)] replaced by p.(1) and p.(2), respectively. It was checked
numerically that T} , = T5 1, satisfying the requirement of “reciprocity” in an inelastic scattering (see p. 528 of [27]).
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