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Collective coordinates and BRST symmetry
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The quantization of a particle which moves in the neighborhood of a Newtonian path is investi-
gated as a model with typical characteristics of a field theory with classical finite energy configura-
tions. The transformation to collective and fluctuation coordinates results in a singular Lagrangian.
It is shown that the associated first class constraints generate a gauge group under which the first-
order Lagrangian is invariant. It is then shown that in the BRST extension also the Hamiltonian is
invariant and allows the complete quantization of the theory. Finally various gauge-fixing conditions
are discussed as well as the integration of the path integral and the derivation of Schwinger-Dyson

equations.

PACS number(s): 11.10.Ef, 11.10.Lm, 11.15.Kc

I. INTRODUCTION

In very general terms a gauge field theory can be looked
at as a theory with constraints. But the converse seems
also to be true: A theory with constraints is a gauge
theory in the sense that it possesses a gauge symmetry
which is generated by the constraints. Constraints arise
naturally with a large class of field transformations. In
particular, the quantization of a field theory in the neigh-
borhood of some classical configuration with finite action
or energy (depending on whether time is Euclidean or
Minkowskian, respectively) requires a transformation to
collective and fluctuation variables and thus to a larger
number of degrees of freedom, which has the consequence
of the immediate appearance of constraints. Since in-
stantons, solitons, bounces, and other such topological or
nontopological classical configurations play an important
role in many field theoretical considerations, the quanti-
zation of such theories is of considerable interest. Quan-
tization in the background of a classical configuration im-
plies also a perturbation expansion in its neighborhood
and specifically the loop expansion if the path integral
method is employed. One is therefore confronted with
the problem of developing such a perturbation theory for
a system with constraints. It is well known that this
is a complicated task which involves in particular also
the problem of gauge fixing. One way to achieve the ef-
fects of gauge fixing without breaking the invariance is to
reformulate the gauge transformation as a Becchi-Rouet-
Stora-Tyutin (BRST) transformation [1], the symmetry
of which is now generally regarded as a fundamental re-
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quirement of any theory with local gauge invariance [2].

Frequently, there is a considerable difference between
what can be done in principle and what can be done
in practice. In the following we therefore consider in
detail as a prototype of a theory with finite action or
energy classical configurations the manageable problem
of the quantization of a particle which is constrained to
move in the neighborhood of a classical Newtonian path
(or orbit). We later indicate briefly how an analogous
procedure of gauging a theory by using collective fields
can be applied to solitonlike or Skyrme-like models with
topological vortex solutions.

The problem of a particle which is constrained to move
in the vicinity of a classical path has been considered pre-
viously with the intention to develop a Schrédinger-like
theory as an alternative to the path integral method [3,4].
Its formulation as a gauge theory has not been consid-
ered previously to our knowledge. There are, of course,
sonie similarities with the treatment of the circular path
in Ref. [2].

In Sec. II we define the basics of the theory of a parti-
cle which moves in the neighborhood of a classical orbit,
and we emphasize the importance of starting from the
first-order Lagrangian. In Sec. III we discuss the ne-
cessity of gauge fixing and evaluate the Dirac brackets
[5] for a convenient choice. We also point out the rela-
tionship to the method of Faddeev and Jackiw [6]. In
Sec. IV we define the gauge transformation generated by
the constraints and point out the noninvariance of the
Hamiltonian. In Secs. V-VII we define the BRST trans-
formation and show that even with gauge fixing both the
Lagrangian and Hamiltonian are invariant. We also show
that with BRST and anti-BRST invariance of the Hamil-
tonian the physical states are precisely those which are
projected out by the constraints. In Sec. VIII we discuss
various choices of gauge-fixing conditions. In Sec. IX we
go to the path integral and derive the Schwinger-Dyson
equations. In Sec. X we make some concluding remarks
and point out how the method described here may be
applied to the quantization of field theories with, e.g.,
classical soliton or vortex configurations.
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II. PARTICLE NEAR A CLASSICAL ORBIT
AND ITS FIRST-ORDER LAGRANGIAN

We consider the Lagrangian [3,4]

L=1R?’-V(R),

=3 (2.1)

where R is an N-dimensional Euclidean vector with
canonical momentum P = R. We assume that the path
R of the particle of mass m = 1 can be approximated
by some path r(f(q)), e.g., a classical trajectory, where
f (classically time) is a given arbitrary function which
fixes the parametrization of the curve and ¢ is an ap-
propriate parameter which plays the role of a collective
coordinate. R itself is then written

N
R =r(f(9) + ) 0a(f(2))7a , (2.2)

where {n,(f)} together with rs(f) = dr/df form a mov-
ing local reference frame at the point r(f), i.e.,
Ng Ny =0, Ng-Tf=0. (2.3)
In perturbation theory it is particularly convenient to
choose 7; = 0 so that the independent variables are ¢
and 7, and their respective conjugate momenta. In the
following, perturbation theory is not our immediate aim,
so that we shall make a different choice below.
It is essential to use a convenient notation. We write
therefore

R = R;(f(g))e: = Qana(f(9)) ,

where {e;} are the unit vectors of the fixed frame and
{nq} those of the moving reference frame, with i,a =
1,...,N,and n; =rs/ry. Then

Rfi = (ez|R> = MiaQa s

(2.4)

(2.5)
Qo = <na|R> = WuR; ,
where
Mia = (eilna> = 'aaq% 3
(2.6)
Wai = <na|ei) = 2%‘: 3
and
WaiMig = bap, MiaWa; = 6ij , (2.7)

the latter being the normalization and orthogonality rela-
tions of the unit vectors in the moving and fixed reference
frames, respectively. Now

oL AL OR;
Pa = =

_ 9L _OLOR: _ pip = (Plng) =Pt =P,
80. OR; 0Q. (Plna)

(2.8)
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and
p;:‘z_’;z%aa—}:":m‘,-, (2.9)
where
T = %’z— - 6%<e,-|nacza> = f'(eilna)Qu ,  (2:10)

where n, s = 0n,/df. From (2.8) we obtain P, =
PaWai. Inserting this into (2.9), we obtain the constraint

p:=p—paWail; =0. (2.11)

Since

0Qa
g = Weili= (nale;) f'(eilng,£)Qp

= f'TapQp , (2.12)

where
Fop = (nalng,s) = —Tga , (2.13)

we can write the constraint

¢=p— fPalapQp - (2.14)

This is a primary constraint [5] which is indicative of the
singularity of the Lagrangian [7] expressed in terms of col-
lective and fluctuation coordinates. Since the constraint
involves momenta, we have to start from the first-order
Lagrangian expressed in terms of coordinates and mo-
menta and not from the momentum-integrated second-
order form in the path integral formulation. In the orig-
inal variables the first-order form is given by

=PR,—H, 2.15
L=PR,—H
where H = 1P? + V(R) = lpapa + V(R), with R;

in (2.15) given by R, = OH/OP; in the first-order La-
grangian. Now

. OR; - OR; .
R; = E;Qa + 3—qu ,
so that
P;R; = P;(M;aQa + T:4)
= paQa + P4 (2-16)
and so
L=pj+paQa—~H, H=jpapa+V(Q) . (2.17)

This is the new first-order form of the Lagrangian on
which all subsequent considerations will be based. It may
be observed here that H = H(pqa, Qo) is independent of

g since V =V (R) = V(4/Q2%) and
dQz _ dQa _ dQq dR;
dg = 2Qq dg = 2Qa dR; dgq
= 2QQWQiT‘i = 2learaﬂQﬁ =0.

(2.18)

III. GAUGE FIXING AND DIRAC
QUANTIZATION

The canonical quantization of the theory is achieved
with Dirac’s method [5]. In Dirac’s terminology, ¢ of
(2.14) is a primary constraint. Before one can proceed
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one has to check the presence of further constraints. We
define therefore the total Hamiltonian

H)=H+ A\p (3.1)
and evaluate the Poisson bracket {p, Hy}. A somewhat
lengthy calculation yields

{p,Hr} =0, (3.2)

so that ¢ = 0; i.e., the constraint is stable, and there
is no new, i.e., secondary, constraint. The first-class na-
ture of ¢ (and, in fact, p = OL/OA = 0) is indicative
of the gauge symmetry of the theory and implies, in the
procedure of Dirac, that the symmetry has to be bro-
ken by imposition of a further constraint or gauge-fixing
condition which makes the set of constraints and gauge-
fixing conditions second class. In the present context it
is convenient to choose, as a gauge-fixing condition,

X =Q:1=0. (3.3)
Demanding that this condition be maintained in the
course of time, i.e.,

Q1 ={Q1,H\}=0, (3-4)
we obtain, for the Lagrange multiplier,
4!
A= ——7—. 3.5
.flrlaQa ( )

Since {¢,x} = f'T'1aQa, the constraints {¢;}, ¥1 = ¢,
12 = X, are second class. The Dirac bracket of any two
quantities F' and G is defined by

{F,G}p = {F,G} + _Z{F, Vi i, %5} {5, G} .
(3.6)

Evaluation of this expression for the canonical variables
¢,p and Qq4,Pa, @ = 1,..., N yields the normal relations

{‘IaP}D = la {Qa’pb}D = tsab (37)
and the abnormal ones
1 _ f'palap,sQp
{q:pl}D = f’rlaQa, {P,PI}D = —rlaQa— 9
T,
{Ql’pl}D = Oa {Qavpl}D = 1-\_1:_8_: ) (38)
_ Pal'sa
{paaPI}D = _Plch .

We observe that the abnormal relations are related to
p1, the dependent variable. Especially, the bracket
{Q1,71}p = 0 shows that the canonical variables Q;,p;
can be simultaneously determined in quantum theory.
The Dirac brackets of @, with any variable are zero, so
that Q, is a classical quantity. Q; and p; can be fixed
by the conditions ¢ = 0, x = 0:
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_P—pPaWaili _p— F'palasQs
PE WG fTiQ.

In the reduced physical subspace of the independent vari-
ables p, ¢,Pq,Qq, @ = 2, ..., N, there are only the normal
type of Dirac brackets. As usual, quantization is effected
by the replacement

{Av B}D - [A,é]/zh ’
i.e., (with £ = 1),

[ﬁ, qA] = _iv [ﬁa, Qb] = _“iaab -

The method of quantization advocated by Faddeev and
Jackiw [6] is based on the idea of using the constraints
in order to go to a reduced phase space. Thus, if
0L(gq,Qa; g, Qa) is expressed in terms of g, dp, 6Qq, 6P
(where p and p, are the momenta associated with g and
Q.), one would use the constraint (2.14) in order to elim-
inate, e.g., p;. 6L will then be expressed in terms of
2N + 1 6 quantities, i.e., an odd number of phase space
variable increments. If one now proceeds as in the usual
derivation of Hamilton’s equations, one encounters a new
problem: The inverse of an odd-dimensional antisymmet-
ric matrix does not exist. It is therefore necessary to de-
mand a further condition (e.g., @1 = 0), the gauge-fixing
condition, in order to cure this problem. In the present
problem with one constraint, this condition suffices, and
the canonical commutation relations of the (then) inde-
pendent variables can be read off the inverted matrix.
The same results are obtained with Faddeev’s argument
[8], which is based on the initial conditions of the equa-
tions of motion. This method of going to a reduced phase
space differs considerably from the method to be dis-
cussed in the following sections, which is based on the
consideration of an enlarged phase space.

(3.10)

IV. GAUGE TRANSFORMATION

We have seen above that the theory possesses one pri-
mary constraint and no secondary or higher-order con-
straints. We incorporated this primary constraint into
the Hamiltonian by forming Hj of (3.1). We now con-
sider the corresponding first-order Lagrangian in the en-
larged phase space:

L(4,Qas A; P, Pas PA) = P4 + PaQa
—HA(q,Qm/\;P,PmPA)’
(4.1)
Hjy = 1p2 + V(R(f(q))) + A¢

This new first-order Lagrangian now has two constraints,
ie.,

Pr1r:=9=0, ¢h2:=py=0,
and we see that they commute: i.e.,
{¢ia¢j}=0’ ":aj=172'

Thus 1, and 4, are first class, and (4.2) expresses the

(4.2)
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fact that the gauge transformation can be constructed
from 1; and ;. We define the generator of this time-
dependent gauge transformation by

Qg = —ig(t)p — ig(t)px , (4.3)

where g(t) is an arbitrary real function of ¢ and the cor-

responding unitary operator is

Ug=exp(Qq) =1+ Qg . (4.4)

The infinitesimal transformation of an operator 2 is then
given by

80 =U,QU; ' -0 =(Q,,9 . (4.5)

With this we can compute the variations of all dynamical
variables. One obtains

0p = [Qq,p] = —ig[p,p) = —gM ,
6q = [Qq. 9] = —iglp,ql = —9 ,
JQa = [Qg’Qa] = _ig[‘/’a Qa] = gRa )

(4.6)
0Pa = [QgsPa) = —ig[@,Pa) = —gNa ,
oA =[Qg, A\ = -3,
51’)\ =0 )
where
M = f’zraﬁ,fQﬁpa 3
Ra = flraﬁQﬁ ) (47)
Na = flrgapg .
We also have
[‘pa q} = _i, [90717] =M )
(4.8)

[¢,Qal = iRa, [p,pa] = —iNa ,

and, since V' (R;(f(q)))is a scalar depending only on R? =
2

a?

o 2
5v=sq= 0V %,
dq Q% 9q
av
= @2QaflraﬁQﬁ5q
=0 ,

in view of the antisymmetry of I'. It is now straightfor-
ward to verify that

5L = [Quy L] = l90)e] (49)

i.e., the action is invariant under the gauge transforma-
tion (4.6). However,

0Hx = [Qqg, Ha] = —g(t)¢

Thus the Hamiltonian is only invariant for time-
independent gauge transformations. Of course, since the

(4.10)
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physical states must be gauge invariant, we must also
have a Hamiltonian which is gauge invariant. This is
exactly what we shall achieve with the BRST transfor-
mation below. Equation (4.10) allows us only to infer
that in the subspace of physical states |¢) with ¢|¢) =0
we have 0 H|¢) = 0, but Qg is not a conserved charge.

V. BRST TRANSFORMATION

As is well known, the BRST extension of phase space
allows one to maintain the gauge invariance in the sense
of BRST invariance in spite of the addition of a gauge-
fixing term to the first-order Lagrangian. The generator
of the BRST transformation is essentially defined such
that the function g(t) in the generator of the gauge trans-
formation Qg, i.e., (4.3), is replaced by the Grassmann
variable or anticommuting ghost field operator ¢(t). This
procedure then guarantees the BRST invariance of the
first-order Lagrangian. Thus the BRST charge Qp is
taken to be

QB = —ic(t)p —ié(t)pa + i(mz — €)b (5.1)
where c(t) and ¢(t) are ghost and antighost variables,
respectively, and b(t) is the bosonic Nakanishi-Lautrup
variable. The momenta canonical to ¢ and ¢ are m. and
7, which we define by directional derivatives: i.e.,
9 ]

&, e = —L .

e =1L (5.2)

The generator Qg is nilpotent: i.e.,
Qs =0,

with {c,¢} = 0.

We also assume here in the BRST quantization proce-
dure that all bosonic operators have canonical commuta-
tion relations and all fermionic operators have canonical
anticommutation relations. Thus, in particular, we as-
sume

[P: Q] = —iy [Pa’ Qﬂ] = —z‘saﬁ
for a,f=1,...,N and

(5.3)

{me,c} =1, {mzé}=—1i. (5.4)
Thus 7z in (5.1) has ghost number +1 like ¢, and hence
Q@ B has definite ghost number +1. Since we do not (here)
choose ¢ to be Hermitian and ¢ to be anti-Hermitian as
is often customary in the literature, the anticommuta-
tors {m¢,c} and {rz,c} here will not be independent (the
convention chosen here makes the Hamiltonian formalism
below more transparent), though ¢ and ¢ are independent
canonical variables.

The infinitesimal transformation of any Heisenberg op-
erator €2 under the BRST transformation generated by

QB is given by

50 = (@5, 95 , (5.5)
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depending on whether € is bosonic or fermionic.
We then find (with [} ={,})

é¢=[@B,q] = —c,
ép=[@B,p| = —cM ,
Qs = [QB, Qa] =cR, ,
0pa = [@B;Pa) = —cNa ,
oA = [QBaA] = _é )

dpr=0,

dc={Q@p,c} =0,
om. ={QB, 7} =9,
(5.6)
dc={Q@QpB,c} =b—i{¢,c}(pr+ D),
oz = {QB,WE} =0,

ob = [QB,b] =0,
opy = [@B,ps] = —(mz — ¢) .

Here M, R,,N, are the quantities defined by (4.7). It
will be seen below that with the use of the equations of
motion 6¢ = b and dp, = 0.

We now add to the first-order Lagrangian L of (4.1)
a trivially BRST-invariant gauge-fixing contribution,
which we choose as

Lgr = —68[¢(A + hg + 1b)]

= —b() + hq) — 1b? + & — hec (5.7)
where h is a constant with appropriate dimension, and
in the last line we dropped a total time derivative after a
partial integration in the action integral. Of course, one
could make a different choice, e.g., Lgr = —6[¢(A —p +
1b)], but then, in view of §p = —Mc, one would arrive at
a much more complicated Euler-Lagrange equation for c,
i.e., ¢ — ¢cM = 0, with further complications in the argu-
ments below. In fact, the choice (5.7) which corresponds
to the covariant gauge in QED results in free equations
of motion for the ghost fields ¢ and &, which then allow
one to build the physical states on a particular state of
the free ghost sector.

It is now a simple matter to verify that the overall
Lagrangian, i.e.,

LB =P+ PaQa — 3PaPa —V — Ap
—b(A + hq) — 1b? + & — hec (5.8)
is invariant under the BRST transformation (5.6); i.e.,
SLg =0.
Applying the directional derivatives of (5.2), we obtain
Te=& me=¢, (5.9)
so that, in (5.6),

épp =0.
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From (5.8) we obtain the Euler-Lagrange equation of b;
ie.,

b=—(A+hq), (5.10)
so that
Lp =P4+PaQa - %papa -V-2p
+3(X + hq)? + & — hec . (5.11)

From Lp we obtain
pr=A+hg=-b,
so that, in (5.6),

and, in (5.1),
Qp = —icp — iépy .

In (5.11) the gauge-fixing part (A +hg)? clearly violates
the invariance under the original gauge transformation
(4.6). We also observe that the ghost sector completely
decouples and its fields satisfy the free field equations

E+hc=0, ¢+he=0. (5.12)

We can therefore write the Heisenberg operators c, ¢ as

C(t) — eith + e~ wtp ,
(5.13)
&(t) = e Bt 4 ¢ivtDt |
with

h=w?,

where, of course, B, D, Bt, Dt are again fermionic oper-
ators.

VI. THE HAMILTONIAN AND ITS
DIAGONALIZATION

As in the standard procedure, we now pass from Lp to
the corresponding Haniiltonian Hp by defining the latter
as the complete Legendre transform of Lp; i.e.,

Hp = P4+ paQuo + P2\ + e+ éns—Lp .  (6.1)

Inserting Lg, we obtain

Hp = }paPa + V + Ap — hpxq + 1p} + ¢ + héc . (6.2)

With (5.13) we can check that Hp is Hermitian. In fact,
& + héc = 20*(B'B+D'D), h=w?>0, (6.3)

because {D,D'} = 1/2w, w real, so that w? > 0. We
observe also that this expression is time independent.

Considered as independent canonical variables, ¢ and
€ must satisfy the anticommutation relations
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{e,6} = 0 = {me, ms} = {6}, (6.4)
so that also

d - -

E{c, c} =0, {c,c}=-{¢c¢c}. (6.5)
Thus

{me, e} = —{me, ¢} .
This is consistent with (5.4) if
{&c} =14, {ée}=—i. (6.6)

We can also check the consistency of these relations with
Hamilton’s equations for ghost fields. Setting

thost = éc + héc

= m.¢ + héc,
we have, with (5.12) and (5.9),

OH _ . OH _
8c

—he=é=1,. (6.7)

—_— C
on, ’

These are the equal-sign Hamilton equations for
fermionic variables. One can also check the consistency
of these equations with the Heisenberg equations: e.g.,

[H,c] = —{¢,c}é = —i¢ . (6.8)

We shall require the physical states |¢/) to be BRST in-
variant: i.e.,

QBlY) =0

or
[ B(p + iwpa) + e “*D(p — iwpa)][¥) = 0 .

The set of states {|¢)} satisfying this condition contains
states with |¢) = 0 and py|¢ = 0, but also states |¢) =
|0), for which, instead,

B|0) =0 and DI|0) =0
(B£D)|0) =0,
ie.,
¢(0)|0) =0, ¢(0)|0)y =0 .

Since ¢, &,¢,¢ obey a number of relations, we can use
these in order to obtain relations between the operators
B, D, Bt, D' in (5.13). There are six different conditions.
Imposing these at t = 0, we obtain

(1)c? = 0 giving
B>+ {B,D}+D?*=0,

2)é? = 0 givin,
(2) giving
B*-{B,D}+D*=0,

(8)cé + éc = 0 giving
B*-D*=0,

(4)cE + ¢cc = 0 giving
{B,B'} +{D,D'} +{B, D'} + {D,B'} =0,

(5)é¢ + ¢¢ = 0 giving
{B,B'} +{D,D'} - {B,D'} - {D,B"} =0,

(6)cé + ¢c = ¢ giving
1

{BaBt} - {DaDT} - {BvDT} + {D7BT} = _; . (69)
Of these, (1)—(3) give
B?=D?={B,D}=0
and (4)—(6) give
{B,B'}+{D,D'} =0,
{B,D'} +{D,B'} =0,
(6.10)
1
t D.BtV = - —
{B,B'}+(D,B1} =~ .
1
Dt L
{D,D'}+{B,D'} = 5
The last set of equations has the solutions
{B,D'}=0,
1
= - — .
(BB} =~ (6.11)
1
ty— &
{D,D} 2w

With w > 0 and |0) as the vacuum state, for which as
above ¢(0)|0) = 0 and ¢(0)|0) =0, i.e.,

B|0) = D|0) =0, (6.12)

we have

(0lDD0)= = (0[0) ,
(6.13)
(0|BB1|0)= -%(o;o) .

For (0|0) positive, D|0) is a state with positive norm
and BY|0) one with negative norm. As a matter of conve-
nience, we could take (0|0) negative, in which case D*|0)
is the lowest (negative norm) state. We also have, from
(6.11),
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(0|BD' + D'B|0) =0
and so

0 = (0|BD'|0) = —(0|D'B|0) . (6.14)

Thus B'|0) is orthogonal to D|0). Moreover,

(0| BHgnost D|0) = 2w2(0| B(B' B + D' D)D'|0)
= —2w*(0|D'BDD'|0)
=0, (6.15)
since (0|D' = 0. Thus the ghost part of the Hamiltonian
does not lead to transitions between the states DY|0) and
Bt|0).

The occurrence of the negative norm states here is
quite similar to their occurrence in QED when a gauge-
fixing term of the form (8pA*)? is added. It is clear that
since the ghost sector is free and completely decouples
from the rest of the system its negative norm states lie
in that part of Hilbert space which is orthogonal to the
subspace of physical states. Thus, in view of (6.14), if we
choose D|0) at t = 0 we completely exclude the BT|0)
states for all time t.

VII. ANTI-BRST TRANSFORMATION
AND PHYSICAL STATES

We can verify that Hp of (6.2) is invariant under the
BRST transformation; in fact,

6Hp = §V — &(p — b) — AcM — A6(F'T'0pQpPa)

=8V —é(p - b)

=0, (7.1)
since 8V = 0 and ¢ — b = 0 is the Euler-Lagrange equa-
tion which results from variation of Lg with respect to
A and on using (5.10). Thus here Hp is fully invariant,
which is different from what we observed in the case of
the gauge transformation. Hence

[@s,HB] =0

and @Qp is conserved.
We require physical states |¢) to be BRST invariant:
ie.,

(7.2)

QslY) =0
or
{—ie**B(p + iwpx) —ie “*D(p — iwpx)}¥)) =0 .
(7.3)

This condition is obviously not only satisfied by ¢|¢) = 0
and py|¥) = 0, but also, as mentioned earlier, by states
built from |0), for which

Bly) =0, Dl|y)=0,
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i.e., states |0) multiplied by any functions of the bosonic

variables q,p, Qa’pa, A7 Dx.

However, the Hamiltonian is also invariant under the
anti-BRST transformation generated by the antighostlike
generator

Qp: = ie(t)p +ic(t)pa
= ie "Bt (p — iwpy) + et D (p + iwpy) , (7.4)

which generates the variations

dg=c¢,
Sp=¢eM ,
Qo = —CR, ,
8po = €Ny ,
A=¢,
opr=0,
dc=b,
. =0,
bc=0,
s = (7.5)

Again, one can show that Hp is anti-BRST invariant so
that @ p is conserved, i.e.,

0Hg =0, [Hp,Qp]=0. (7.6)

One can easily verify that the trivially BRST-invariant
gauge-fixing term LgF of (5.7) is, in fact, also anti-BRST
invariant, i.e.,

§Lar = 8[—b(A + hq) — 1b? — hec + &
= —b(8A + hdq) + hébc — &8¢
= —bc+ &b
=0.
The operator Qg is, of course, the adjoint of Q. Hence

we have to demand not only (7.3) for physical states |v),
but also

{ie7*tBY(p — iwpy) + ieT Dt (¢ + iwpy)}|¥) =0 .
(7.7)
Since the states B|y) = 0, D|y) = 0 obviously do not sat-
isfy this condition, the only way both (7.3) and (7.7) can

be satisfied is by states projected out by the constraints,
i.e., those satisfying

pl$) =0 and prly) =0.

Hence the additional anti-BRST symmetry is needed here
in order to recover only the physical states projected out
by the constraints.

VIII. COMMENTS ON GAUGE-FIXING
CHOICES

A particular choice of the gauge-fixing term which has
occasionally been favored in the literature [9]-[11] is de-
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scribed as gauge fixing the collective coordinate to zero.
An advantage of such a choice would seem to be that
when it is inserted into the appropriate partition func-
tional, it is easy to recover the original theory after in-
tegrating out the auxiliary field b. The gauge-fixing part
of the Lagrangian is taken to be

Lgor = —6(cq) = —(bg + cc) - (8.1)
The BRST-invariant Lagrangian is
Lp =L — (bg+ &) , (8.2)

where L is given by (4.1). However, it is necessary to
reexamine the BRST transformation itself. Thus we now
consider the BRST generator in the form

Qp := —icp — iépy + imsh . (8.3)
Then
6c = {Qp, ¢} = —i{¢,c}pa + i{ms, C}b
= —i{é,c}pr +b . (8.4)

We cannot identify ¢ with 7z since now
me=0, m.=0.
From the equations of motion of ¢, ¢, we obtain
c=0, ¢=0,
and so

c=0.

Thus ¢ and ¢ are not even dynamical variables, but as
before

de=1b.
We also have
oL
=—=0
Dx X
and now
6\ = [@B, A] = —i¢[pa, A]
= —¢
=0. (8.5)
Further,

8¢ =[QB,q] = —i[p,qlc=—c=10

and similarly ép = 0 = dp, = SQC,; Thus, without the
dynamics of velocities of ¢ and € in LgF, the transforma-
tion becomes trivial. The choice (8.1) therefore is mean-
ingless in the present example.

Another interesting choice of the gauge-fixing part of
the Lagrangian is

I-/GF = —5[E(A + Q. + %b)]
= —b(A+ Q1) — 1b% + & + Siec, (8.6)
where
' O¢
Sl = f FlaQa =—FG5 = {‘PaX}Poisson . (87)

9p:

This expression is equal to the Poisson bracket of ¢ and
X = Q1 = 0. Thus it corresponds to the gauge-fixing
condition @1 = 0. Then

Lp=L+ Lgr
=pg + PaQa — %Pa?a -V -2¢
—b(A + Q1) — 6% + &+ Sic . (8.8)
The BRST transformation is again given by (5.6). Now

Mg=¢ Mc=C.

Also, 8Lp/8b = 0, and so

b=—-(+Qu). (59)
The equations of motion of ¢ and ¢ are
é—S1c=0,
(8.10)
é - 516 =0.

These equations express a coupling of the ghost and
antighost fields to Q. and g. Thus the ghost sector does
not decouple as in the earlier case. One can now quan-
tize the theory in terms of the free part of the Hamil-
tonian and consider the effects of interactions perturba-
tively. Then one begins from an eigenstate of the free
part of the ghost Hamiltonian and builds all states |1))
with Q B|Y) = 0 by tensoring this with arbitrary func-
tions of q, p, Qu,Pas A, P as described in Ref. [2].

For perturbation theory the gauge-fixing condition
Q1 = 0 is not the most convenient. In that case the
calculations become easier and more transparent if we
use the gauge-fixing condition

X =Q1—-r1=m=0, (8.11)
where
ry = r-rf/\/r?, .
We set

Q=r+n

and treat n as small perturbative fluctuations about r.
The derivative ry = dr/df is the zero mode of the prob-
lem as can be seen by differentiating the classical equa-
tion

rpp=—VV(r),

which gives
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[%226"" + (51%3%;)'] (rs); =0. (8.12)
We choose the normalization
firi=1,
so that
rforpr=0. (8.13)

For the Poisson bracket {¢, x} which determines the mass
of the ghosts c and ¢, we now obtain (from differentiations
with respect to ¢,p and Q1,p1)

{¥s X}Poisson = —f'(rs7 - na)(ng - 1)

HfFET)+0m) . (819

Using (8.13) and the completeness relation |n,)(n,| =
1 — |r¢)(r¢|, we obtain

{‘py X}Poisson = fll.; + O(T]) =14 O(’l']) , (815)

with appropriate normalization. Thus the effective mass
of the ghosts is determined by the lowest-order approx-
imation of the Poisson bracket {¢,x} and this is, effec-
tively, the Faddeev-Popov determinant. In lowest order
this determinant is given by the normalization of the as-
sociated zero mode as is well known in the context of
soliton considerations. This normalization, of course, can
also be looked at as the finite kinetic energy of the clas-
sical particle with zero total energy. The gauge-fixing
condition (8.11), i.e., 7 - ry = 0, means that the fluc-
tuations 7 are orthogonal to the zero mode. This, of
course, is precisely the condition for the existence of the
Green’s function required for the perturbation expansion.
We can conclude from the above that if we consider the
functional integral

z = | dadplldQudpe]idh dpyde dnc][dednel exp [%SB]
and if we write
Lgr = —J[E(A + X)] ’

the integration with respect to A gives §(y), the integra-
tion with respect to px gives §(%), X = A+, the integra-
tions with respect to ¢ and ¢ give det{x, ¢} =det{x, ¢},
and the integrations with respect to 7. and m; give a
constant. One then obtains the well-known form [8]

- _ 1
7 = [ladblldQudno13(0et (%, }o(0)exp | 5] -
IX. RESIDUAL BRST INVARIANCE
AND SCHWINGER-DYSON EQUATIONS

Schwinger-Dyson equations are equations which (when
supplemented by appropriate boundary conditions) are
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identities for arbitrary functionals (specifically Green’s
functions) which provide quantum mechanically exact
statements about a theory, so that the theory is given
equivalently completely by the solutions of these equa-
tions. Schwinger-Dyson equations as the Ward identities
associated with BRST symmetry have been considered
previously in Refs. [9-11]. Here our approach is some-
what different, and of course, we apply it to our present
example.

We started with variables (Qq,pq), @« =1,...,N. In-
troducing the collective variables (g, p), we increased the
number of degrees of freedom to 2N + 2. Considering the
Lagrange multiplier A and its canonical momentum p) as
dynamical variables, the number of degrees of freedom
becomes 2N + 4. The four ghosts (c,m.; ¢, 7z) precisely
cancel the spurious degrees of freedom so that the orig-
inal number of 2N is recovered. Thus the canonical dy-
namical variables are (g, p; Qa;Pas; A, PA; C; Te; €, Te). The
auxiliary variable b is related to p) (as we shall see be-
low), so that db does not appear in the path integral.

The path integral or partition functional for the theory
with first-order Lagrangian (5.8) is given by

Z[¢,p; Qa;s Pai A, Pa; €, Me; €, e
- / [dg dp)[dQudpe][dA dpa][de dm.)[de dme]

xexp{%s + %/dt[—b(A + hq) - %bz + cé— héc]} )
(9.1)

where
5= / dtL, L=pi+paQa—H(paQa)—Ap . (92)

The expression Lg = L + Lgr, where LgF is the gauge-
fixing part given in (9.1), is the first-order Lagrangian
expressed in terms of coordinates q,Qg, ... and momenta
PsPas--- - The velocities appearing in Lp are to be re-
placed by the expressions given by Hamilton’s equations:

e.g.,

8H . _8H

=22 Q=22 9.
q ap’Q op. (9:3)

The Hamiltonian Hp associated with the first-order la-
grangian Lp is defined by the appropriate Legendre
transform: i.e.,

Hp = pi+paQa +PAA+ e+ éme—Lp . (9.4)
Here we first replace A by b and p using
_0Lp _OLp _ .
pA_—-a—X—_—b’ O—E———b (A+hq),
(9.5)
oL
=—=0.
Py o
Then
Hp = H + Ap + 1pi — pahq + & + héc . (9.6)
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Thus, with (9.3),
g=A and Q.

= Ppa — Af'TapQp . (9.7)

Inserting these expressions into Lp, we obtain
= | 42 dpl(dQudpaidx dpside drc)ide dne]

X exp l /dt{ P2 -V +1ip+ée— héc}] . (9.8)

With Wick rotations and various integrations and drop-
ping the appropriate phase space volume factors, we ob-
tain

Z[Quyc,d] = / [an][dc][dc]exp[ ﬁse,t] . (9.9)

where (with Seg[Qa] = [dt{-V})

Sext = Seﬁ'[Qa] o h/dt cc . (910)
Under the BRST variation (5.6) we obtain
6Sext (SSext -
JSext = 6Q 6Qa 5c 50
0Sex
= 6Q: f'TapQpc — hbe . (9.11)

This vanishes and demonstrates the residual BRST in-
variance after the integrations if

1 ‘SSext

=%

fTapQp - (9.12)

In order to obtain such an equation, we consider the in-
variance of the action of (9.8) under variation of the in-
dependent variable g: i.e.,

S
E}-—bh—o
i.e.,
b_léﬁ_lsseﬁ'_léseﬁ'éQa
T hég h 8q héQ. &g

Since, from (2.12), 8Q4/8q = f'TopQp, this verifies
(9.12). In view of the assumed flat measure of the path in-
tegral (i.e., its variance under arbitrary local shifts of the
variables), we see that the entire path integral is invariant
under the residual BRST symmetry. In the present case
this result may be trivial, but the reasoning is applicable
to more complicated field theory examples.

The residual BRST algebra is given by the variations
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6Qa = flraﬁQﬂcv d0c=0 )
(9.13)
10S.q

leaﬁQﬂ .

The Ward identities which follow from this symmetry
are the Schwinger-Dyson equations. Thus, for averages
(---) with respect to the path integral (9.9), the most
general Schwinger-Dyson equation for an arbitrary func-
tional F[Q,] can be taken to be given by

0 = (§[F(Qa)eE]) , (9.14)

where § means the variation (9.13). Inserting the varia-
tions (9.13), integrating out the ghosts, and remembering
that §Q, are independent since the collective coordinate
has been integrated out, we obtain the Schwinger-Dyson
equation

<6F(Qa) + F(Qa)55ext> =0. (9.15)

6Qa

X. CONCLUDING REMARKS

In the above we considered a quantum mechanical ex-
ample in order to demonstrate in a relatively simple con-
text how a theory with constraints, specifically field the-
ories in the neighborhood of some classical configuration,
may be quantized in a way which is very similar to meth-
ods applied to theories with gauge fields. The constraints
of the theory which result in a singular Lagrangian de-
termine the generators of a gauge group under which
the first-order Lagrangian is invariant (it is essential to
consider the first-order Lagrangian in terms of coordi-
nates and momenta and not the second-order Lagrangian
with the momenta integrated out since the singularity of
the Lagrangian has its source in a constraint of the mo-
menta). This shows clearly that a theory with constraints
becomes a theory with a gauge symmetry. The BRST
extension of phase space preserves the invariance of the
Lagrangian, but in addition allows the Hamiltonian to
become invariant. One can then diagonalize the Hamil-
tonian and demonstrate that with the help of the anti-
BRST symmetry it is only the constraints which project
out the physical (BRST and anti-BRST invariant) states
of the theory.

The considerations presented here can be applied to
theories with classical configurations with finite energy.
Thus, in the (1+1)-dimensional scalar field theory for a
double-well potential, one has the well-known static kink
solution ¢.(z — xg). Here ¢ is the position of the kink
which becomes a dynamical collective coordinate if we
allow it to depend on time ¢. Thus the transformation

d(xz,t) = de(x — zo(t)) + n(z,t) ,
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where 7 is the fluctuation is a transformation to a larger
number of degrees of freedom. This transformation leads
to a constraint very similar to (2.11); for details, we refer
to Ref. [12]. In the case of a vortex theory in 142 di-
mensions, one has three collective coordinates and hence
three constraints; for details, we refer to Ref. [13]. It is
clear that all such theories including those with Skyrme
interactions or with topologically unstable sphaleron con-
figurations can, in principle, be quantized in a way anal-
ogous to the method developed here.
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