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A bouncelike solution with nonzero energy is used for the explicit calculation of the decay rate
of an excited state of the inverted double-well potential. Three negative eigenvalues are associated
with the second variation of the action at the nonvacuum bounce which is different from the case of
the vacuum bounce. The imaginary part of the energy results only from the symmetry of the bounce
itself, and the additional negative eigenvalues do not present difficulties. In fact, it is shown explicitly
that only one negative eigenvalue contributes to the tunneling. The calculated imaginary part of
the energy of the excited state is in agreement with that of WKB calculations. The tunneling
effects are investigated for high and low energies compared with the barrier height. Finally the
Bogomolny-Fateyev relation is established, thus checking our results.

PACS number(s): 11.10.Ef, 11.10.Lm, 11.15.Kc

I. INTRODUCTION

The instanton method is by now well known as a pow-
erful tool for dealing with quantum tunneling phenom-
ena. Most of the calculations which have been given in
the literature are based on vacuum instantons, namely,
kinks, with nontrivial topological charge, and these kinks
are responsible for quantum tunneling between neigh-
boring degenerate vacua [1] of the double-well or sine-
Gordon potential. It was demonstrated long ago by Cole-
man and Callan [2] that the quantum tunneling process
for the decay of a metastable ground state (or “false vac-
uum”) as in the case of the inverted double-well poten-
tial, is, however, dominated by a nontopological pseu-
doparticle configuration named “bounce,” which is not
a minimum of the action but a saddle point. The sec-
ond variational derivative of the Euclidean action at the
bounce has one negative eigenvalue which leads to the
imaginary part of the energy. An explicit calculation of
the imaginary part of the energy based on such vacuum
bounces has recently been given in [3].

Instanton transitions which relate to the possibility
of baryon- and lepton-number violation in electroweak
theory have attracted widespread attention [4]. It has
gradually been realized that vacuum instantons and vac-
uum bounces which prescribe vacuum boundary condi-
tions may not be adequate for the description of tun-
neling at finite, nonzero energy [5]. The investigation
of quantum tunneling with a new type of instantonlike
configurations which are characterized by nonzero energy
and satisfy manifestly nonvacuum boundary conditions is
therefore of great interest [6—11]. Previously we extended
the calculation of quantum tunneling between vacuum
states by means of periodic instantons; this was the case
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of the double-well potential in which the Hamiltonian is
bounded from below and self-adjoint [8]. In this case the
tunneling effect gives rise to the level splitting. In the
present work we develop a procedure for dealing with
quantum tunneling away from an excited state of the in-
verted double-well potential, this being the case in which
the Hamiltonian is not bounded from below and is not
self-adjoint, so that the energy eigenvalues are complex.
In this case the tunneling is dominated by nonvacuum
bounces and leads to the decay of the excited state in-
stead of the metastable ground state as in the situation
with vacuum bounces [3]. The periodic case to be consid-
ered here is that related to a finite-temperature process.

The case considered here differs from the vacuum case
[3] in that the operator associated with the second vari-
ation of the Euclidean action at the nonvacuum bounce
(which one can also call a periodic bounce) has more than
one negative eigenvalue [11]. At a first glance this seems
to present a difficulty. However, we show explicitly that
the imaginary part of the energy results directly from
characteristic properties of the bounce itself, namely, the
antisymmetry of its first time derivative under time re-
versal. This is in agreement with a general argument
given by Coleman [9] that if there exist two or more neg-
ative eigenvalues of the second variational derivative of
the action at the bounce only one has to do with tunnel-
ing.

In Sec. II we recall from [11] the bounce with nonzero
energy for an inverted double-well potential, and the as-
sociated equation of small fluctuations about it. In Secs.
IIT and IV, we present the major part of the procedure
for the path-integral calculation of the tunneling process.
The tunneling behavior for the cases (a) of energy far
below the barrier height, and (b) of an energy approach-
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ing the barrier height is studied in Sec. V. Finally in
Sec. VI, the Bogomolny-Fateyev relation is established
for quantum tunneling through the central barrier of the
double-well potential.

II. BOUNCES WITH NONZERO ENERGY
FOR THE INVERTED DOUBLE-WELL
POTENTIAL

The Lagrangian for a scalar field ¢(t) in one time and
zero-space dimensions is

L=1 (%)2—%)

using unit mass and A = 1 throughout. The potential
V(¢) we use is the inverted double-well potential with a
local minimum at ¢ = 0 given by

(2.1)

% 2 2\2 2 u?
V(¢) = —52(¢" —a) +3m 022#2432—%?(234,

where p and a are real parameters. The classical solution
¢ which minimizes the action with Euclidean time 7 =
it, satisfies the equation

; (‘fl"i) ~V($e(r)) = —Ea .

(2.2)

The solution ¢. is the trajectory of the classical pseu-
doparticle. The integration constant E, > 0 can be
regarded as the energy of the classical particle. If one
wishes, one can look at the solution as describing the
motion of a real particle with energy —FE, in the poten-
tial —V'(¢). It is convenient to set

2,2, 2

1—k2
Ed:%ap,u,u <k<1.

BTN

This substitution defines the parameter k which varies
from 0 to 1 as E, varies between its extreme values: i.e.,

—1p?a® < —Eq<0.
We demand that ¢.(7) be periodic with period 7 so that
be(T) = ¢e(T+T) .
The solution of (2.2) is then given by
be(7) = 54 (k)dn[B(k)(T + 7o) ] ,

where dnu (like snu,cnu) denotes a Jacobian elliptic
function, 79, an integration constant, defines the posi-
tion of the bounce, and v is the modulus of the elliptic
functions which is related to k by

(2.3)

4k
V=

(1+k)?’

J.-Q. LIANG AND H. J. W. MULLER-KIRSTEN 50

The other k-dependent parameters in (2.3) are given by

Blk) =i (k)
9 1/2
a (m) =s54(7) -

a(l+k
s+ (k) = ( )
The Jacobian elliptic function dn[3(k)7|y| has period

S VIvkR

Bk)T =n2K(y), n=1,..., (2.4)

where KC(7y) is the elliptic quarter period or complete el-
liptic integral of the first kind. The pseudoparticle oscil-
lates from turning point @ to @’ and back in the barrier
as shown in Fig. 1. Setting 7 = 2T and taking n = 1,
we have

Bk)T = K(7)

where T is half the period of the motion of the pseu-
doparticle as indicated in Fig. 1. As the energy tends
to zero with k — 1, solution (2.3) reduces to the usual
vacuum bounce: i.e.,

(1) — aﬁsech[u\/i(T +70)] -

For the sake of a better distinction we dub the new so-
lution of Eq. (2.3) a “nonvacuum bounce” or periodic
bounce. On the other hand, as the energy approaches
the top of the barrier, i.e., E = %uzaz, with k£ — 0, the
solution becomes the trivial configuration ¢. = a since
[12] dnfu|y] = 1 for v = 0. This trivial solution is called
a sphaleron [10,11]. The nonvacuum bounce thus inter-
polates between the vacuum bounce and this sphaleron.

The small fluctuation equation about the classical so-
lution ¢.(7) is

M1/) = w?y (2.5)

with

N d? 6
M=-—2 22— 2¢2
d7'2+“ (2 a? C)

V@)

FIG. 1. Inverted double-well potential and trajectories of
bounces for n =1 and 2.
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and can be reexpressed as the Lamé equation

ﬂ + {w2 - 6723n2[z|7]}1/: =0,

= (2.6)

where z = B(k)7. It will be seen later that M is simply
the second variational derivative of the Euclidean action
at the bounce ¢.. The discrete eigenmodes %,,%2,...,¥s
of (2.6) are given in [11] as

sn[z|y]en[z]v], sn[z|y]dn[z]Y] ,
enfz|yldn[z]v] ,
and

1
sn®(z]y] — W[l +72 £ V1 —7%y? (2.7a)

with eigenvalues (expressed in terms of k): w? —

w? w2, ... w? given by
0 321 -k 3uP(1+k)?
’ 1+k2 1+ k2
and
V14 14k2 4 k4
2t Fout i —— .
nF2p T %2 ; (2.7b)

respectively. For k € (0,1) there are three negative
eigenvalues, their respective eigenmodes having periods
T = 4nK(v)/B(k). The topological charge of ¢. is zero
(as a consequence of the periodicity of ¢.) and therefore
¢. is an unstable, nontopological pseudoparticle configu-
ration.

III. QUANTUM TUNNELING FROM AN
EXCITED STATE

We let | E) be an eigenstate of the Hamiltonian H with
energy E. Because of tunneling and escape to infinity, F
becomes a complex number in the case under discussion,
with the imaginary part characterizing the rate of de-
cay of the state. The quantity we wish to calculate is
precisely this imaginary part of the energy E.

To begin with we consider the transition amplitude
from the state |E) to itself due to quantum tunneling in
Euclidean time 27'. When there is no tunneling this is

A= (E|leAT|E) = ¢ 2ET (E|E)=1. (3.1)
In general the amplitude can be calculated with the help
of the path-integral method. We rewrite it

A= [b@nvp@IK Gr7ridm)ddsdte (3:2)
with ¢f = ¢(’Tf), i = ¢(‘Ti), and TF—Ti = 2T.

Thus ¢; and ¢ denote the end points of the bounce
motion which tend to the turning point a with ¢(7;) =

¢: = ¢(77) = ¢y — a. The Feynman propagator from ¢;
to @7 resulting from the bounce motion is defined by

1]
K@prrigom) = [ PG} e(-5),  (33)

where

(3.4)

s=[ [g (%)+ V(¢)] ar

is the classical action. Here, i.e., in (3.2),

YE(#5) = (¢7|E) and ¥E(:) = (4| E)

are wave functions to be specified later.

IV. THE IMAGINARY PART OF THE ENERGY

We derive the imaginary part of the energy by consid-
ering the amplitude A as the sum of contributions from
any number of bounces. The first contribution A(® in
the sum is that of no bounces, and so of no tunneling. In
this approximation the shoulders of the inverted double-
well potential are infinitely high and the eigenenergy E of
(3.1) is the energy of that excited state of the harmonic
oscillator with minimum at ¢ = 0, which is closest to the
classical energy E.. Remembering that we assume unit
mass of the pseudoparticle and & = 1 this implies

A(O) — e—2E¢|T

with Eq ~ (2n + 1)(#/v2), n = 0,1,... . Next we con-
sider the various bounce contributions.

A. The one bounce contribution

The Feynman propagator or kernel K defined by
(3.3) can be evaluated with the standard path-integral
method. Considering fluctuations about the bounce
¢c(T) we set

é(7) = ¢e(7) + x(7) »

where x(7) denotes the small deviation of ¢ from the
classical trajectory with end points held fixed. Thus nec-
essary boundary conditions for x(7) are

(a.1)

x(rf) =x(n)=0. (4.2)
Substituting (4.1) for ¢(7) in Eq. (3.3), we obtain
K = exp[-S.(¢)]- I , (4.3a)
where I is the functional integral
x(T¢)=0
I= / D{x} exp[-45] . (4.3b)
x(i)=0

Here
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_ [ 1 (dgc\’ 2,0 14 4
s¢) = [ ar [5 (%) + 02 - 3 2z0t
PR IR
- [ | (%)
and up to terms of O(x?) (for weak coupling) 45 is given
by
1 [ d?x P T
=3 [, ol (=S

1 [ .
—/ dr xMx ,
2 /..

(4.4)

1]

(4.5)

J

J.-Q. LIANG AND H. J. W. MULLER-KIRSTEN 30

where M is the operator defined by (2.5). Choosing the
bounce position 7o = 0 and inserting into (4.4) the deriva-
tive of ¢.(7), i.e.,

do.
dr

= —s.(k)B(k)y*sn[B(k)7|v]en[B(k)7|] , (4.6)

we can evaluate (4.4) with the help of tables of integrals
[12] and find with 7; = —T, 7y = +T,and T = K(v)/B(k)

K(v)
W(o(15), d(1:), Ea) — 7451 (k)B(k) / du sn*[uly]cn? [ulv]
—-K()

Se(¢) = W(¢(75), 6(7:), Eat) + 2EaT , (4.7)
where for ¢(71;) = a, ¢(75) = a (cf. Fig. 1)
= 255 (k)B(k){(2 — Y EIK(7)] - 2¢"°K(7)} - (4.8)

Here E[K(7)] is the complete elliptic integral of the sec-
ond kind.

The traditional way of deriving the imaginary part of
the energy as described by Coleman and Callan [2] is to
expand x in terms of the eigenfunctions of M, i.e., those
of (2.5). The evaluation of I then leads to a divergent
Gaussian integral as a result of an associated negative
eigenvalue. By continuation into the complex plane the
integral acquires an imaginary part. One therefore needs
one and only one negative eigenmode. In our case, how-
ever, there are three negative eigenmodes. Nonetheless,
this does not lead to a difficulty here, since, as will be
seen, the boundary condition (4.2) selects precisely one of
these modes, namely the third of (2.7a), cn[z|y]dn[z]v],
which together with the zero mode sn[z|y]cn[z|y] con-
tributes to the path integral.

Instead of expanding x(7) in terms of the eigenmodes
of M, we resort to an alternative method in evaluating
the functional integral I for our purposes. We perform
the transformation to y(7) given by

T N(')

x(1) =y(7) + N(7) Nz (Tl)y(-,—’)dr' , (4.9)
where
N(r) = d"ﬁ;f)

is the unnormalized zero mode of the small fluctuation
equation (2.5). The evaluation of the path-integral I of
Eq. (4.3) can then be carried out by direct integration
[8,13,14]. The result is (as we show in Appendix B)

}1/2[ TF dr ]_1/2 (4.10)

= [%] N Eore N2 ()

withr, = -T,7y =T.

r

We observe that the bounce solution ¢, given by (2.3)
is symmetric under time reversal [since dn(u) = dn(—u)]
whereas its derivative N(7) = d¢./dr given by (4.6) is
antisymmetric [since sn(—u) = —sn(u) and cn(—u) =
cn(u)]. The square root of N(T')N(—T) therefore implies
that I is imaginary. In Appendix A, we show that in fact
only one of the three eigenmodes with negative eigenvalue
actually contributes to the quantum tunneling.

The propagator (4.3a) for motion from the turning
point ¢ = a and back to a (i.e., 7 = £T) is divergent
because of the vanishing velocity at turning points [i.e.,
cn(£K) = 0 in (4.6)]. This is unlike the case of vacuum
bounces which can reach the turning points asymptoti-
cally.

The transition amplitude, of course, has to be finite,
and hence the singularity of the propagator has to be
smoothed out by the end-point integrations of d¢; and
dps. To this end we use the following relations estab-
lished in Appendix C:

I [ 1 ]“2 [N(¢f)]1/2 [azsc(w,qﬁ.-;:r)

27 N(¢:) %
xA(pg, d:) , (4.11a)
where
3%Sc(ps,9:;T)
%%
L |2y ! (4.11b)

= Ny |9 T Niey) [ [dr/NE(T)]

and
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A(ds, ¢4)

. —1/2
["’—S‘g’—;"’ﬂ @) [ Nd—()] (4.122)

with

A= ¢lim- Aoy, i) = — (4.12b)
§ > a

¢ > a

Equation (4.11a) follows, of course, from (4.10), (4.11b),
and (4.12a).

We evaluate the amplitude A4 of (3.2) by replacing the
wave functions Yg(ds), ¥E($:) by their leading WKB
approximations, and by expanding the action S in (4.12)
(which is a function of the endpoints ¢; and ¢¢) in powers
of ¢5 — ¢c(T) up to the second power for the Gaussian
or one-loop approximation. Thus we write

Sc(¢) = Sc(¢f7 ¢ia T
= Sc[¢(T), ¢(-=T), T
1 8%s
+2 a¢(T)2 [¢f (T)]2 + (4'13)
We define
a=¢(-T) =¢(T), a’ = ¢(0)
as turning points. Inserting (2.3) here we obtain
. _a(l—k) _, a(l+k)
a= it a = Jire (4.14)

J

AW = / b5 (b5 bE () K (5,75 i, 7:)dbgdebi
= / b (65 (:)] expl—S.(4)ldbsde:

L d¢,d¢,-A( 82,
- m éi

~ —z2TC2 ~We2EaT
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These turning points are shown in Fig. 1. The WKB
approximations of the wave functions are given by

exp (- [* $do)
N
exp (- [ $do)

Vo

The normalization constant C is defined, as usual, by

Ye(ds) =C
(4.15)

Ye(d:) =C

1/2
12
f ___d¢ ’
2[E-V ()]

C= (4.16)

where the integration extends from turning point to turn-
ing point across the nontunneling domain (i.e., the region
of the harmonic-oscillator approximation). Evaluating C
one obtains

= [ p1+E) (4.17)

1/2
41+ sz:('y’)]

[using integrals given in [12] and the relation F[r/2,~'] =
K(v")]. The end-point integrations in Eq. (3.2) can now
be carried out for the one-bounce contribution A1), We
have, for 7 — T, 7; — —T, using (4.3), (4.11), (4.12),
and (4.15) and writing d¢; = didr,

N\ 12
sez)  cel-S.o)]

/ / ( 0%S. v —Sc[6(T),¢(-T),T]
d¢fe © ’ “lexp
9é(1 )2>

where in the last step we used (4.12b) and (4.7). Inserting (4.17) this becomes

AW = (=i)2Te~We=2BaT

3 pgals — KO
(4.18)
p(1+k)
WITRK(y) | (4.19)

B. Summing over an inflnite number of bounces

The path integral implies a sum over all possible paths. The one-bounce contribution is that of the classical

configuration (2.3) with period 7 = n2K(y)/B8(k) [Eq. (2.4)] with n = 1.

B(k)T

For n = 2 we have (since 7 = 2T)

= 2K(v), and so there are two bounces moving from —7T to +T with “positions” 79 = £K(v)/B(k) as shown

in Fig. 1. The contribution A(? to the transition amplitude arising from two bounces can be calculated in analogy to
the contribution of an instanton-anti-instanton pair to the leading instanton contribution as discussed in [1]. Thus
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T T 2
N2 — _ 1+k)
42 / dr/ dri(—i)2e—2W o —2BaT ( p( )
o r 1( ) € [ WG - kle('y’)

2

= (—i)? (2T)? pr(l+k) e=2W o —2EaT (4.20)
2! [4V1+ K2K(v") ’ '
The generalization to n bounces is now straightforward. We have
n) _ (_; n(2T)n /‘"(1 +k) " —nW _—2E,T

A = (—1) n eI R () e e Eal (4.21)

The total transition amplitude A which results from quantum tunneling dominated by bounces is obtained by sum-

mation: i.e.,

- . 1+k)
A=Y A" = ¢72BaT ex {—z2T-—#(——-e_W} : 4.22
Comparing this expression with (3.1) we see that the imaginary part of the energy is given by
u(l + k) -w
ImE = ————"—e¢ ,
V1+k2K(y")
where W is given by (4.8): i.e.,
u(1+ k) 25/ Ha 2 2
ImE = ————"—exp |- ———=={(2-7*)EK - 27K 4.23
ik P |73 (1+7,2)3/2{( Y)EK ()] — 29"K(7)} (4.23)

This expression is nothing but a WKB formula which is
similar to the well-known level-splitting formula [8,15,16]
for a double-well potential.

V. LOW- AND HIGH-ENERGY LIMITS

It is interesting to investigate the low- and high-energy
limits of Eq. (4.23). By “low” and “high” energies we
mean energies far below or near the barrier maximum,
respectively.

(a) For the energy far below the barrier maximum
Ey K %azuz and therefore k2 — 1 or v2 — 1. For
v — 1 the quarter period K(y) = oo and [12] E(K =
o00) = E(k = 1). The expansions of E(y) and K(v) in
this domain (or correspondingly for 7’2 — 0) are [12]

E(v)=1+ % {ln (%) _ %}712

3 4\ 13\ .,
16 {ln(?) - 12}7 +
and

’C(v)=ln($)+i [ln<%> —1]7’2+...

The parameters k or v parametrize the energy E.. The
latter is quantized either by reference to the harmonic
oscillator at the central well (with mass and % = 1) or by
using the Bohr-Sommerfeld condition

(5.1)

(5.2)

¢ d
/_&d—q:dq&:(n-{-%)?r

and keeping only terms up to those of O(y'?). In either
case one finds

Eqa=n+i)w, w= V2 (5.3)
and n =0,1,... .

Inserting E(vy) and K(y) into the exponent of (4.23)
we obtain, for W,

25/2 02 3 3 4
W = 1-2 22 _ Y 121 = .
3 7 T E\Y

Setting

(5.4)

gZ

Il

1
pa?
(a dimensionless coupling constant) then, since
2 _l-w W2
1+o — 4

~y

we obtain in the domain of weak coupling, i.e., for g% < 1,

42 3 , 3, (8
=ZVE o 222 2. 5.5
w 347 [1 16u 8u In (u)] (5.5)
Since E. = %azuzuz, we obtain, with (5.3),
u? = 2v2(n + 1% . (5.6)
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Inserting this into (5.5) implies

w = 4V2

=37 (5.7)

1 1 29 2
—(n+i)-(n+1 ln[——] i
( 2) ( 2) gz(n + %)
Inserting this into (5.7) [where in the domain under dis-

cussion k ~ 1 and K (') ~ K(0) = }n] we obtain

n+1/2

ImFE =

H e—4\/§/3gzen+1/2 16\/_2_ (58)
V2

T g?(n+ %)

The exponential suppression factor is seen to be iden-
tical with that for vacuum bounces [3]. An interesting
observation is that for the case of weak coupling under
discussion the tunneling effect described by (5.8) indeed
grows with energy (i.e., n) exponentially, of course in
the domain of validity of the expansions used in deriving
(5.8), i.e., for

2v2¢*(n+ 1) =ux1.

This observation is in agreement with common belief [17]
in the analysis of baryon- and lepton-number violation at
high energies or high temperature in models possessing
instantons. Using Stirling’s formula in the form

e n+l/2~ \/2_7l'
n+3 -

n!

[obtained with the help of €* = lim,_,(n + 2/n)"] we
can rewrite (5.8) as

= NS 5 (5.9)

This result agrees with the complex energy eigenvalue
of the Schrodinger equation for the inverted double-well
potential obtained by Bender and Wu [18] using a WKB
analysis, and by others [19] with an alternative method.
It also reduces to the result obtained from a calculation
with vacuum bounces for the metastable ground state [3].
(In the comparison with the literature, e.g., [19], it must
be remembered that here we take the mass of the particle
to be one, whereas in quantum-mechanics calculations
one frequently takes one half; thus in the comparison
with [19] E there is 2E here, h? there is 2v/2 here, and
C? is 2u?/a? here.)

(b) If the energy approaches the barrier height, i.e.,
E — 1a?p?® with k or v — 0, the complete elliptic in-
tegrals E(y) and K(v) in (4.23) have to be expressed as
power series in ascending powers of v, i.e.,

n+1/2
ImE = —£— [16‘/5] e=WV2/39"

EK()] = 50— 37" +--1,

™
Ky =50+ +-1,
and the argument of the exponential in (4.23) is

-W =0 withy?2 > 0. (5.10)
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Looking at (4.22) one might conclude that the transition
amplitude is then not suppressed by the typical vacuum
tunneling factor exp[—4+v/2/3¢%]. However, the prefactor
in (4.23), i.e.,

pl+k)  op (5.11)

4/T+EK(y) 4In(4/y)’

also approaches zero as k or v — 0, and thus the tran-
sition amplitude is again suppressed (though not by the
vacuum tunneling factor). This phenomenon might ap-
pear as a new observation for quantum tunneling at high
energy (where, one could think naively, the tunneling is
not suppressed), but this interpretation originates ob-
viously from a semiclassical point of view. When the
energy is very high the effect of anharmonic oscillations
becomes important for the inverted double-well poten-
tial, and the effective frequency, namely the number of
impacts per unit time at the turning points approaches
zero.

We close this section with a comment on the relation
of the present work in the high-energy limit to that of
[17]. We consider here principally the inverted double-
well potential. The uninverted double-well potential was
discussed in [8]. There we considered N to N transitions
between the wells whereas the authors of [17] consider
vacuum (0) to N transitions so that their penetration
length tends to half of that for the vacuum to vacuum
transitions as the energy approaches the barrier height.

VI. THE BOGOMOLNY-FATEYEV RELATION

In discussions of the large-order behavior of perturba-
tion theory in gauge theories Bogomolny and Fateyev [20]
estimated the behavior of the coefficients of the perturba-
tion expansion around a nonunique vacuum state. It is
pointed out that in general the classical vacuum state
does not coincide with the true quantum-mechanical
ground state. Therefore although the exact ground
state is stable, the perturbation theory vacuum is only a
metastable one due to the possibility of tunneling to the
other vacuum state. If one considers perturbation theory
around a local minimum, the perturbation theory state
is metastable. The imaginary part of the energy of the
metastable ground state can be calculated by the method
of steepest descent. For the double-well potential

2
1
Bogomolny and Fateyev [21] find the relation
AE = 27i(6E)? (6.2)

where AF is the discontinuity of the ground-state en-
ergy at the cut A2 > 0, while JE is the instanton con-
tribution to the real part of the ground-state energy,
namely, the level shift due to quantum tunneling [8]. Re-
lation (6.2) has been reconsidered [19] recently by solv-
ing Schrédinger equations using modified WKB methods.
Since there is no real decay in the system, the calculated
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imaginary part is the probability of tunneling away from
one minimum only. Therefore the potential is considered
in two forms in [19]. The first form considered, (6.1),
leads to the level splitting d E, while the second, shifted

form
2
o= { P # brest

6.3
132 (g2 - 71;)2 for¢>§, (6:3)

as shown in Fig. 2, results in the imaginary part of the
energy, ImF, for a “real” metastable ground state. Since
AFE = 2:ImE, one has the equivalent relation

ImE = n(6E)? (6.4)

which has been verified and extended to excited states
(low-energy case) in [19] by comparing ImE and §E for
the two systems. Formula (6.4) serves as a crucial test
of the validity of calculating quantum tunneling effects
with nonvacuum instantons [8] and bounces. In our ear-
lier paper [8] the level splitting for the excited states of
potential (6.1) was obtained with nonvacuum instantons
which we also called periodic instantons. The classical
solution which extremizes the Euclidean action is [11]

kb(k
ber) = o)+ o)), (69)
where
/2
N _ _ 2 71
k = {7 u = AV2E, b(k)—[————l-i—kz .

The Jacobian elliptic function sn[z|k] has period

T = 4nK(k) . (6.6)

The small fluctuation equation about ¢.(7) of (6.5) is
also a Lamé equation and the eigenmodes are the same
as for nonvacuum bounces (cf. Sec. II) but with different
eigenvalues [11]. In the calculation of the level splitting
the solution for a half period is regarded as an instanton
configuration, whereas the solution for a full period is a
pair of instanton and anti-instanton configurations. The
trajectory [for n = 1 and 79 = 0 in Eq. (6.5)] of one

®)

— -
e

-

N
AN

V(o)

L - 1.

/

FIG. 2. Motion of a single nonvacuum instanton (I) and
a single nonvacuum bounce (II) in the central barrier of the
double-well potential.
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nonvacuum instanton (or periodic instanton in [8]) is in-
dicated by the solid line in Fig. 2. The level shift (i.e.
half of the level splitting defined in [8]) is obtained as

0FE = B exp[-W'] , (6.7)
where the prefactor B is given by
B 1+ u]'/?
2K(k')
and W' by
W' = — (1 +u)"/?[E(k) — uK(k)] . (6.8)

3A2

If we regard the configuration over the full period as a
bounce configuration which returns to its original posi-
tion as indicated by the dotted line in Fig. 2 (for n =1
and 7o = 0) we can write it

de(r) = 2

This motion is allowed for a physical system with poten-
tial (6.3). The imaginary part of the energy is obtained
the way we obtained it in this paper. We then have

sn[b(k)(T + T0) + K(k)] . (6.9)

ImE = B exp(—2W’) (6.10)
and so
ImE = 513-(5}3)2 (6.11)

In the low-energy limit 1/B = 7, and the Bogmolny-
Fateyev relation holds exactly. In conclusion we point
out that many of the considerations given here could be
repeated with the method of complex paths [21-24] as
our agreement with WKB results affirms.
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APPENDIX A

Here we show that of the three discrete fluctuation
modes with negative eigenvalues, only one contributes to
the tunneling. The five discrete eigenmodes ; of the
fluctuation equation and their respective eigenvalues are
given by (2.7a) and (2.7b). The boundary conditions
which the fluctuations field x has to satisfy are

x(t==xT)=0 or x[z=xK(vy)]=0. (A1)

We set

(A2)

5
X = Z Crnn .
n=1
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Using sn[—uly] —snfuly], sn[K(7)}] L
en[K(y)|y] = 0, and dn[K(v)|y] = +' the two conditions

(A1) imply
A+ A, Ay — Az
—Cav +Cg (1 - =272 1-—— ) =
27 + 4( 3y? )+Cs( 3,7 ) 0,
(A3)
A+ A, A — Az
Coy' 1-——° - — ) =
+2’Y+C4( 3y? )+Cs(1 377 ) 0,
where
Ar=1+7% B2=+1-79%y2.

These conditions immediately imply C, = 0 and

A+ A\ A — A,
Cs (1 e ) = —Cs (1 o ) . (A4)
Now
Cy= /xz/qdz
AL+ A,

+K
/ xdz
-k

(A5)

+K
/ xsn?[z|y]dz —
-K

+K
/ xsn?[z|]dz
-K

3v2

since f x Xdz = 0 as a consequence of the periodicity of

Similarly Cj5 is found to be equal to the same result
(A5) Thus, C4 = Cs. From (A4) we therefore conclude
that
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Thus only v, with E; = 0 and 93 with E3 =
k)2/(1 + k?) contribute to the tunneling.

—3p?(1+

APPENDIX B

Here we evaluate the functional integral I defined by
(4.3b) and derive the result (4.10). From (4.2) and (4.9)
we see that y(7;) = 0,9(7¢) = 0 and

y(Ti) =0 )
(B1)
y(rs) + N(r) / Ty =0.
Substitution of (4.9) into (4.5) yields
= %/U drxMx
2%[5 d‘T{ +N/ N2 (r )y('r)dT}
{y + N/ Nz( " y('r")d‘r"} . (B2)
Using
. 2
W= van), o=z (- 20) . @)
and
MN =0, N=gN (B4)

and partial integrations, and dropping total derivative
contributions which vamish because N(7;) = 0 = N(7y),

Cy=Cs5=0. (A6)  we have
J
1 [ . 2N? d [ Ny
65_5/ dr{y+N/ }[—-y+gy—-—NTy—NE(]-V—2)]
[ ) N2 d . d [Ny
— ..— .o 2 e ——— — Y — — —
/ dr | —yj — yN +yg+Ngy/ N2 dT(Ny/ ) y dT( 2)]
1 | . . Ny N2y2 d (N N
Y T i == - —y’N—| = | —v=7
5 T |-y y(N/ -+ N)+y g+Nyy/ Nz dT(Nz) yNy]
[ N? N? d(N
drl=vyiji—yN | --- — 42— 2 . -
/ T|—yy—y / y N2+y g+Ngy/ Nzy yNdT( )]
[ N?2 N d (N
-1 d _yii—y2d o _ L Bl A
2 ), 7Y {2N2 NV (NZ)}]
Tf B
=2/ dr[-yij]
Tf
=§ d‘r[g)z]. (Bs)

T

Thus, the corresponding path-integral reduces to that of a free-particle propagator subject to the constraints (B1).
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We insert (B5) into I defined by (4.3b) with the help of the identity

= [austus + £
1 .
= /dyf-z—;r— /da exp{—talys + f(7¢)]} , (B6)
where
yr = y(7s)
and (B7)
— i I) ! /
f(rs) = N(74) S eTe y(r')dr
With a partial integration we can write
T 1 dy
yr + f(15) = N(7y) N T (B8)
We can therefore write I of (4.3b) in the form
y(7s) 1 (dy\? .
dy_f/ D y}’ ‘/ da exp / = —) dr| exp{—ialy(r¢) + f(15)]}
y(r:)=0 dr
dyy |0x| (Y7 1 dy . N\’ / _a? / dr
= / 3 /y(‘r,'):() D{y}exp 3 /; e +1 N(‘r) dr exp 3 N*(7y) : N () da . (B9)
[
We can write this 1 T odr 17Y?
I= o= [N(T,-)N('rf)/; N—z(r_)] . (B13)

Ko(ys,7759(:) = 0,73)

/dyf 6

By

X/exp [—7N2(Tf)/: N‘Z )]da,

where K is the configuration space representation of the
free nonrelativistic Green’s function with

(B10)

/’Co(yf,’ff;y(‘fi) =0,7;)dyy =1

[recall that for a free particle with energy E = jmuv?,

momentum p = #hk, confined between walls a dls—
tance a apart, the eigenvalues are given by k =
2n7/a so that ET/k = 2nm and the Green’s function

Y €5 T Mpn (y5)¥n (i) = (ys — v:)]. Hence

[ f’/ N2 ﬂ]m '

In the literature [14] it is shown that the Jacobian of the
transformation (4.9) is given by

- (N

1

I= (B11)

oz
oy

(B12)

Thus,

This establishes (4.10) of the text.

APPENDIX C

Here we establish relations (4.11b) and (4.12b). Our
derivation is based on the following formula which we
therefore prove first: i.e.,

62Sc(¢f’ d)ia T)
942

1 [(ee ]
= N#y) [(d) T Ny [ /N (7))
(1)

For 7;,7y = FT — Foo the corresponding formula was
derived in the Appendix of [8].
In demonstrating (C1) we start from

S(¢5,65T) = W(és,i; E) + 2ET (C2)

where

E = E(¢5,¢T) . (C3)



30 NONVACUUM BOUNCES AND QUANTUM TUNNELING AT ... 6529

From (C2) we obtain Now
as _ ow _ [T (de\?  _ [* do
0= g2 = S5 +2T (C4) W_/;i (dT) T_/m dp%? (C10)
and so that
0S O8W oW OE OFE oW .
86;  9¢r + BE 94, + 2Ta¢f o6; = (9)¢; = V2(V = E)lg, - (C11)
ow ) i;E
= ——(%f—qs;b-—) (C5) It follows that
2
with the help of (C4). Further, 33) ‘;/E = -—i , (C12)
s _ow  ow op ) e
d¢ ~ 04} ' OEdps d¢s
?f_vz = — ™ d_T (013)
Now from (C2) we see that 8E? [, 42’
oS
8(2T) FPW . (8V/9d)g, _ ¢ (C14)
z = ==
so that, with (C5), 9% V2V(es)—El 4|,
OFE a4 as where in the last step we used the equation of motion.
dp;  9¢s \ 8(2T) Inserting (C12)—(C14) into (C9) and setting ¢ = N(7),
9 oS o5 = ¢(75), we obtain (C1).
= —) We now consider the relation (4.11) which we rewrite
0(2T) \ 944 in the form
(7] ow
= —— s T, -1/2
o(2T) (ad’f) A=  lim 1+ dgs d*¢s [ _dr /
- 2 2
0 (OW)\ OFE 4;» - ¢§s(_1?;) dr dr? J. NZ%(7)
=—=— ] — —
oE (a¢,) 8(2T) !
2W 1 (C15)
= . Cc7
0E0¢5 6(2T)/OE (c7) From (4.6) we obtain
Using (C4) we can rewrite this dé. .
e = o (B smlB(k)rIlenlB (k)
8E ’w 3w
54; = ~oEd4; | 5F° ©) o
. =75 = —3+(k)B*(k)y*{cn®[B(k)T|7] — sn?[B(k)T|n]}
Inserting this into (C6) we obtain dr
#?s _ow ([ #w \? [ow xdnlf(k)ri] -
m - 6% B (6¢,6E) /BE2 ’ (C9) Using formula 361.10 of [12] we obtain
J
i dr 1 Ars 2 2
[s [@9/an)E = TR /Br.- duns®[u|y]nc®[uly]
1 -
= T RPEe [27%u — (1 +v"?)E(u) + dnlu|y]{tn[u|y] — 7'2cs[u|'y]}]gﬂ’ , (C17)

where tn = sn/cn and cs = cn/sn. In the limits 7; = —T, 75 — +T, ie., Br; = —K(v), By = +K(7) the
contribution of tnfu|y] diverges owing to the property cn[K(y)|y] = 0. However, the limit A is finite and since in this
limit

/"’f dr . 2dn[K(m)hlsnlK()l]

@ojdre ~ (B (k) Yy el () ] (C18)

and we obtain
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A = |1+ 52 (k)B%(k)v*sn[u|y]cn[uly]dn[u|v] (e

=[1-2]"Y% =~

since dn[K] = v’ and sn[K|y] = 1.

n?[uly] — sn?[uly))2snfuy]]
cn[ul1]s% (k) 5% (k)

u=K(v)
(C19)
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