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Various theoretical uncertainties in the standard solar model and in the Mikheyev-Smirnov-
Wolfenstein (MSW) analysis are discussed. It is shown that two methods give consistent estimations
of the solar neutrino flux uncertainties: (a) a simple parametrization of the uncertainties using the
core temperature and the nuclear production cross sections; (b) the Monte Carlo method of Bahcall
and Ulrich. In the MSW analysis, we emphasize proper treatments of correlations of theoretical
uncertainties between flux components and between different detectors, the Earth effect, and mul-
tiple solutions in a combined x? procedure. In particular the large-angle solution of the combined
observation is allowed at 95% C.L. only when the theoretical uncertainties are included. If their cor-
relations were ignored, the region would be overestimated. The MSW solutions for various standard
and nonstandard solar models are also shown. The MSW predictions of the global solutions for the
future solar neutrino experiments are given, emphasizing the measurement of the energy spectrum
and the day-night effect in Sudbury Neutrino Observatory and Super-Kamiokande to distinguish
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the two solutions.

PACS number(s): 96.60.Kx, 12.15.Ff, 14.60.Pq

I. INTRODUCTION

The solar neutrino experiments of Homestake (chlo-
rine) [1,2], Kamiokande [3,4], and the gallium experi-
ments of SAGE [5,6] and GALLEX [7] show deficits of
the neutrino flux from the Sun when compared to the
standard solar model (SSM) predictions [8,9] as summa-
rized in Table I. Numerous theoretical proposals have
been made to resolve the discrepancy between theory and
experiment. Astrophysical solutions in general are, how-
ever, strongly disfavored by the data [10,11,7,12-16]. A
recent model-independent analysis [16] concluded that,
since astrophysical processes cannot significantly distort
the neutrino energy spectrum [17], the lower observed
Homestake rate relative to the Kamiokande rate ex-
cludes essentially all astrophysical explanations. Even
with the Homestake experimental error tripled, the com-
bined observations are in contradiction with the explic-
itly constructed nonstandard solar models [16]. On the
other hand, among many particle physics solutions, the
Mikheyev-Smirnov-Wolfenstein (MSW) mechanism [18]
gives an excellent description of the data, and is taken as
a strong hint of neutrino mass and mixings [12,19]. (See
also [20-26].)

When constraining the parameter space from the ex-
perimental data in the MSW analysis, it is necessary to
include relevant theoretical uncertainties properly. In
the SSM, the theoretical uncertainty in the initial B
flux quoted by Bahcall and Pinsonneault [8] is 14%,
and is comparable to the experimental uncertainties of
Homestake (10%) and Kamiokande (14%). In the Turck-
Chiéze-Lopes SSM [9], the 8B flux uncertainty is 25% and
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dominates the experimental uncertainties.! The omission
of the theoretical uncertainties underestimates the uncer-
tainty of the MSW parameter space constrained from the
experiments.

Equally important, but often ignored, are the corre-
lations among the theoretical uncertainties. Especially,
a correct treatment of the 8B flux uncertainty is signifi-
cant since it is the largest among the theoretical uncer-
tainties and also strongly correlated from experiment to
experiment. When one considers the combined fit, for
example, it is not legitimate to allow a smaller ®B flux
for Homestake and a larger 8B flux for Kamiokande. If
the correlations were ignored in the MSW two-flavor os-
cillation analysis, one obtains a larger parameter space
in the large-angle solution and even finds a third allowed
region around Am? ~ 1077eV 2 and sin?20 ~ 0.7 at
90% C.L.2 Moreover, the uncertainties are also correlated
among different flux components. For instance, if the
opacity were lower than the standard value (or equiva-
lently the core temperature were lower), both the "Be and
8B fluxes would be reduced. Since the MSW mechanism

1We use 1o errors for the Bahcall-Pinsonneault SSM by di-
viding their quoted 30 errors by three. The uncertainties
estimated in Turck-Chiéze-Lopes model are not statistically
well-defined quantities, but combined numbers of the mea-
surement errors and the most probable errors [9].

2Krauss et al. found a third allowed region around Am? ~
10~7eV 2 and sin%?20 ~ 0.7 at 90% C.L., but this is due to
the omission of the correlations and also the use of old ex-
perimental input [24]. Also the uncertainties used in [24] are
larger than the estimation of Bahcall and Pinsonneault [8].
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TABLE 1. The standard solar model predictions of Bahcall and Pinsonneault [8] (BP SSM) and
of Turck-Chiéze and Lopes [9] (TCL SSM). The Bahcall-Pinsonneault model includes the particle
diffusion effect for the first time in the SSM calculation. Also listed are the results of the solar
neutrino experiments. The gallium experiment is the combined result of SAGE and GALLEX I

and II.

BP SSM TCL SSM Experiments
Kamiokande® 1+0.14 0.77 £+ 0.19 0.51 £+ 0.07 BP SSM
Homestake® (SNU) 8+1 64+14 2.32 £+ 0.23 (0.29 + 0.03 BP SSM)
SAGE*® & GALLEX? (SNU) 131.5 *7 1225+ 7 81 + 13 (0.62 + 0.10 BP SSM)

2The result of the combined data of 1040 days of Kamiokande II [0.47 + 0.05 (stat) & 0.06 (syst)
BP SSM] and 514.5 days of Kamiokande III [0.57 & 0.06 (stat) & 0.06 (syst) BP SSM] [4].

>The result of run 18 to 124 (through May 1993) [2].

“The preliminary result of SAGE I (from January 1990 through May 1992) is 70 + 19 (stat) + 10

(syst) SNU [6].

9The combined result of GALLEX I and II (including 21 runs through April 1993) is 87 & 14 (stat)

+ 7 (syst) SNU [7].

often affects each neutrino flux component differently ac-
cording to the neutrino energy, the flux uncertainties and
their correlations affect nontrivially the allowed parame-
ter space of the combined observations.

Two methods have been proposed to incorporate the
flux uncertainties in the MSW analysis. The first method
utilizes the Monte Carlo SSM’s constructed with ran-
domly chosen input parameters distributed around the
mean values [27,28]. Those 1000 SSM’s were incorpo-
rated in the MSW analysis of Bahcall and Haxton [20],
and, recently, of Shi, Schramm, and Bahcall [21]. Krauss,
Gates, and White calculated 100 000 Monte Carlo fluxes
from the power-law dependence obtained by Bahcall and
Ulrich, generating randomly the SSM input parameters
with Gaussian distributions, but ignored the uncertainty
correlations for different flux components and different
experiments [24].

The second method, which we have used in our pre-
vious analysis [12,19], parametrizes the SSM flux uncer-
tainties with the central temperature and nuclear reac-
tion cross sections, distinguishing the flux uncertainties
due to purely astrophysical effects, such as the uncer-
tainties from the heavy element abundance and other
uncertainties in the opacity, from those due to the nu-
clear cross sections. The astrophysical uncertainties are
parametrized by the uncertainty of the central tempera-
ture AT, which is chosen to reproduce the uncertainty
of the "Be flux. This AT¢ correctly reproduces the un-
certainties of the other major fluxes (pp and ®B), and
also is consistent with the variation of T¢ shown in the
plots of the Bahcall-Ulrich Monte Carlo SSM [29]. This
scheme, describing the flux uncertainties and their corre-
lations with AT and the cross-section uncertainties, is
calibrated by the 1000 Monte Carlo Bahcall-Ulrich fluxes,
and relies on the assumption that those uncertainties are
normally distributed, which is true for the Bahcall-Ulrich
model. This simple parametrization is useful since it can
easily be generalized to other SSM’s just by changing
those parameters. (On the other hand the Monte Carlo
fluxes are not necessarily calculated for every SSM. For
example, the Monte Carlo fluxes are not yet available
for the latest SSM by Bahcall and Pinsonneault, which
uses the most updated input parameters and incorporates

the helium diffusion effect for the first time in the SSM
calculation.?) Also the parametrization method gives a
simple physical picture of the flux uncertainties, and can
be generalized to the nonstandard solar models that are
in most cases characterized by a lower T¢c. We found
that the parametrization method reproduces the Bahcall-
Ulrich Monte Carlo uncertainties with a surprising accu-
racy that is sufficient in the solar neutrino analysis.

This parametrization of the uncertainties, however,
was questioned on the grounds that such a simplifica-
tion can lead to errors in describing the nonlinear rela-
tions among the neutrino fluxes, which are the output of
solving the coupled partial differential equations of stel-
lar structure with nontrivial matching conditions [30,10].
It was argued that a Monte Carlo study is necessary to
estimate the uncertainties reliably. Later we will show
numerically that, in fact, the uncertainties obtained by
the parametrization method are essentially identical to
the Monte Carlo results.

In this paper we discuss various technical but impor-
tant issues concerning the theoretical uncertainties in the
solar neutrino data analysis. In Sec. II we show that the
parametrization method reproduces the SSM uncertain-
ties obtained by the Monte Carlo method. The compar-
ison is made for both the uncertainties of flux compo-
nents and their correlations. We also compare the two
methods for the uncertainties and their correlations of
the predicted rates for different solar neutrino detectors.

Once the equivalence of the two methods is established
for the SSM we compare them in the MSW analysis in
Sec. III. The allowed regions calculated by both meth-

30mne could construct the Monte Carlo SSM’s for the
Bahcall-Pinsonneault model by (a) using the 1000 Bahcall-
Ulrich fluxes by rescaling the central values and their uncer-
tainties to the Bahcall and Pinsonneault model or (b) creat-
ing one’s own Monte Carlo fluxes by using the power laws of
Bahcall and Ulrich with the updated input parameters. Since
these do not include the effect of the particle diffusion, there
is no guarantee that those methods provide more accurate
estimation of the flux uncertainties than the parametrization
method.
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ods are shown. The effect of the theoretical uncertainties
and their correlations are displayed for the global MSW
analysis. Other theoretical issues are also considered in
Sec. III. Analytic approximations for the MSW transi-
tions by Petcov, Parke, and Pizzochero are compared
and the associated uncertainties are discussed. Another
issue involves the estimate of confidence level (C.L.) in
the presence of multiple fit solutions. We emphasize that
there are several possible definitions of the C.L. contours,
leading to slightly different allowed regions, and give a
statistical definition of the C.L. contours of the most con-
servative (and we believe the best) prescription. We also
compare the allowed MSW parameter space for the SSM
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with increased uncertainties and the SSMs of different
authors.

We conclude Sec. III by presenting the current results
of our MSW fits for transitions into both ordinary (v, v-)
and sterile neutrinos, incorporating the theoretical is-
sues and uncertainties discussed above. These also in-
clude the regeneration in the Earth (Earth effect), which
is important for some regions of the MSW parameters
for both time-averaged data and day-night asymmetries
[31,19]). We find that the data is fit extremely well by the
MSW effect for transitions into ordinary neutrinos for
Am? ~ 6x107%eV 2 and sin? 20 ~ 7 x 10~ (the nonadi-
abatic) solution, although there is a second (large-angle)
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FIG. 1. The distributions of the (a) pp, (b) "Be, and (c) ®B flux of the 1000 Monte Carlo SSM’s by Bahcall-Ulrich (histograms)
are fit with the parametrized method (solid curves) that assumes Gaussian distributions of the central temperatures and the

nuclear reaction cross sections around their central values.
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solution with Am? ~ 9 x 107%eV 2 and sin?20 ~ 0.6
which is marginally allowed at 90% C.L. There is also a
poorer but acceptable fit for transitions into sterile neu-
trinos in the nonadiabatic region.

The MSW effect can be also considered in the non-
standard solar models, and the combined fits to explic-
itly constructed nonstandard solar models are shown in
Sec. IV. The results of the MSW fit using the core tem-
perature and the 8B flux each as a free parameter are

displayed. In Sec. V, the prospects for the future solar
neutrino experiments are considered. We discuss in detail
the predictions for the energy spectrum measurement and
the Earth effect in Sudbury Neutrino Observatory (SNO)
and Super-Kamiokande to distinguish the two solutions
obtained from the global analysis: a spectrum distortion
is predicted for the nonadiabatic solution, while a char-
acteristic day-night effect is expected for the large-angle
solution.
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FIG. 2. The distributions of the experimental rates obtained from Bahcall-Ulrich Monte Carlo fluxes for the (a) Kamiokande,
(b) chlorine, and (c) gallium experiments (histograms). They are compared with the rate distributions obtained from the
parametrized fluxes (solid curve). In both cases the detector cross-section uncertainties are not included.
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II. COMPARISON OF THE PARAMETRIZED
UNCERTAINTIES AND THE MONTE CARLO
RESULTS

A. The flux uncertainties

In our parametrization method [12,19], the basic as-
sumption is that the SSM flux uncertainties are expressed
by a few parameters that have physical meanings, and
that those uncertainties are approximated by Gaussian
distributions. If the flux uncertainties and their correla-
tions are found non-Gaussian by the Monte Carlo estima-
tion, our parametrization method cannot be used. First
we studied the distributions of the 1000 Monte Carlo
SSM fluxes calculated by Bahcall and Ulrich with ran-
domly chosen input parameters [27,28], and confirmed
that they indeed have Gaussian distributions. In Fig. 1,
the histograms are the distribution of the Monte Carlo
fluxes of the pp, "Be, and ®B neutrinos; the solid lines are
our fit with the Gaussian form. The rate predictions for
solar neutrino detectors were also studied and are dis-
played in Fig. 2, which are also fit with the Gaussian
form. In both cases, the fits are excellent.

Second, we utilize the observation that the neutrino
fluxes are well described by a power law in the central
temperature [29]:

o(pp) ~ Tg™?, $(Be) ~ T¢, and ¢(B) ~T¢%, (1)

where our units are such that T = 1 = 15.67 x 108 K for
the central value of the SSM. We express the astrophys-
ical uncertainties of the major fluxes (pp, "Be, and B)
with the uncertainty of the central temperature times the
exponent in the power law. We identify the main sources
of the astrophysical uncertainties as the heavy element
abundance and other uncertainties in the opacity. The
other uncertainties, independent of such astrophysical ef-
fects, are from the nuclear reaction cross sections, espe-
cially for the cross sections of p+"Be and *He+*He. Those
cross sections are expressed by S factors Sy7 and Ssg,
respectively.? Our choice of the relevant cross sections is
based on the fact that the 8B flux is directly proportional
to Si7, and the "Be and ®B fluxes are proportional to S,
[32]. The flux uncertainties and their correlations are ex-

“While the p +7 Be cross section has little effect on solar
conditions other than the ®B flux, other cross sections such
as p + p (S11) and 3He +3He (Ss3) directly affect the energy
generation and cannot be separated from the astrophysical
uncertainties. In particular, the p + p reaction is the main
source of the energy production, and a change of Si; leads to
a change in Tc. We therefore consider that the effects of the
uncertainties in S11 and Sa3 are included in ATc.

TABLE II. The parameters of the SSM flux uncertainties.
n is the exponent in the T¢c power law, and s, = ASk/Sk
(k = 34,17) are the fractional flux uncertainties due to the
nuclear reaction cross section *He+*He and p-+"Be. We quote
sk from Refs. [27,8]. We determine ATc to be 0.0057 for
Bahcall-Ulrich SSM and 0.0060 for the Bahcall-Pinsonneault
SSM.

n 834 817
Bahcall-Ulrich SSM (AT¢ = 0.0057)
j44 -1.2 0 0
"Be 8 0.02 0
8B 18 0.02 0.07
Bahcall-Pinsonneault SSM (AT¢c = 0.0060)
pp -12 0 0
"Be 8 0.032 0
8B 18 0.032 0.093

pressed by those three parameters® (AT¢c, ASy17/S17, and
AS34/S534). Their contribution to each flux is displayed
in Table II. The magnitude of the uncertainties of the
major fluxes® are the quadrature sum of those uncertain-
ties:

1/2

= [mATe)? + Y (02| (2)

k=34,17

a%
¢i

where ¢ = pp,”Be,®B. n; are the temperature expo-
nents (¢° ~ T5'), and s, are the fractional uncertainty
in ¢¢ from AS;7/S17 and AS34/S34 listed in Table II
for both the Bahcall-Ulrich and Bahcall-Pinsonneault
model. AT¢ is not explicitly given in the SSM calcula-
tion. We determine AT¢ so that the uncertainties defined
above correctly reproduce the "Be flux uncertainty given
in the Bahcall-Ulrich or Bahcall-Pinsonneault SSM. We
obtained AT¢c = 0.0057 for the Bahcall-Ulrich model,
and AT¢c = 0.0060 for the Bahcall-Pinsonneault model.
The resulting AT¢ is consistent with the flux uncertain-
ties of pp and 8B assigned in those models. For the
Bahcall-Ulrich SSM this choice of AT¢ is also consis-
tent with the T distribution plotted for the Monte Carlo
SSM’s [29]. The Monte Carlo SSM’s of the Bahcall-

5We could extend this parametrization method by taking
into account all nine SSM input parameters using the partial
derivatives of the neutrino fluxes obtained from the Monte
Carlo SSM’s [32]. This should completely reproduce the
Monte Carlo results. We will show, however, that our mini-
mal choice of the parameters is sufficient to describe the SSM
uncertainties.

SWe similarly parametrized the minor fluxes ['*N, '°O,
R p+ e+ p (pep), and *He + p (hep)] using Tc expo-
nents n = 22,28.5,28.8,2.8, and 4.5, respectively, and re-
produce the amplitude of the uncertainties. However, the
Tc exponents for these fluxes except hep are not obtained in
Refs. [27,28], and we do not reproduce the correlations of the
pep and hep neutrinos with others properly. In the MSW
calculations, the effect of the correlations among the minor
fluxes is completely negligible.
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FIG. 3. The distributions of the "Be and ®B flux of the
Bahcall-Ulrich SSM’s (dots), and the 90% C.L. contour of
our parametrized SSM (solid curve). The magnitudes and
the correlations of the fluxes are in excellent agreement for
the two methods.

Pinsonneault model are not yet available.

The correlation matrix of the flux uncertainties is given
by

o, A¢' Ag
Cii = 'n,,-n-(ATC)2 + st sl / ( : ——) y
4] k=§17 k°k ¢) W

3)

where 4, j = pp,”Be,®B.

The result of those uncertainties are compared to the
Bahcall-Ulrich Monte Carlo SSM’s, whose flux uncertain-
ties are calculated by

. . 1/2
— = | % E . - y (4)
¢z [N = ¢1

where ¢!, are the ith fluxes of the Monte Carlo SSM’s
(m=1,...,N =1000); i[= (SN _, ¢i.)/N] is the mean

TABLE III. The magnitudes of flux uncertainties (A¢/¢
at 10) quoted from the Bahcall-Ulrich SSM [27], of the Bah-
call-Ulrich Monte Carlo SSM’s (Gaussian fit), and of the
parametrized Bahcall-Ulrich SSM using the central temper-
ature and the nuclear reaction cross sections. Also listed are
the uncertainties of the Bahcall-Pinsonneault SSM and of its
parametrized fluxes. (The Monte Carlo study of the Bah-
call-Pinsonneault model is not available.)

pp "Be .B

Bahcall-Ulrich SSM 0.0059 0.050 0.12
Bahcall-Ulrich SSM (Monte Carlo) 0.0067 0.05 0.17
Parametrized (ATc = 0.0057) 0.0069 0.05 0.13
Bahcall-Pinsonneault SSM 0.0067 0.06 0.14
Parametrized (AT¢c = 0.0060) 0.007 0.06 0.15

TABLE IV. The correlation matrices of flux uncertainties
obtained from the Bahcall-Ulrich Monte Carlo SSM’s and the
parametrization method. The agreement between the two
methods is good, especially for the pp —~ "Be element.

P 8B "Be

Bahcall-Ulrich SSM (Monte Carlo)

pp 1

B —0.73 1

"Be -0.92 0.74 1
Parametrized with AT¢c and As

pp 1

B —0.81 1

"Be —-0.92 0.80 1

value of the Monte Carlo fluxes. The correlation matrix

is obtained by
(2 (F)/ ()
Ci-:——- __—1 -————1 = T = ]
=72 (s & F
(5)

The results of the two calculations are compared in
Table III for the magnitudes of the uncertainties and Ta-
ble IV for the correlations. The agreement of the mag-
nitudes are excellent. The correlation matrices are also
in good agreement especially for the pp-Be element. In
Fig. 3, we display the distribution of Monte Carlo fluxes
and our parametrization in the ¢(Be) — ¢(B) plane; the
agreement of the two methods are remarkable.

B. The rate uncertainties

The comparison of the two methods is also carried out
for the predictions for different solar neutrino detectors.
The fraction of contribution f¢ of the ith flux component
to the dth detector (d =Kamiokande, Cl, Ga) are listed
in Table V. The SSM uncertainty of the rate R (in units

TABLE V. The fractional contribution from flux compo-
nents for the predicted SSM rates for the different solar neu-
trino detectors. The total SSM value is normalized to one.

Kamiokande Cl Ga

Bahcall-Ulrich SSM

pp 0 0 0.536
"Be (I) 0 0 0.009
"Be (II) 0 0.139 0.251
’B 1 0.772 0.106
pep 0 0.025 0.023
13N 0 0.013 0.029
50 0 0.038 0.046
Bahcall-Pinsonneault SSM

pp 0 0 0.538
"Be (I) 0 0 0.009
"Be (II) 0 0.150 0.264
B 1 0.775 0.105
pep 0 0.025 0.024
13N 0 0.013 0.023
150 0 0.038 0.037
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TABLE VI. The comparison of the magnitudes of rate uncertainties for the Bahcall-Ulrich
SSM, Monte Carlo SSMs, and the parametrized SSM. Also listed are the uncertainties in the
Bahcall-Pinsonneault SSM and its parametrized SSM. The detector cross-section uncertainties are
included in the chlorine (Cl) and gallium (Ga) uncertainties.

Kamiokande Cl Ga
Bahcall-Ulrich SSM 0.12 0.11 +0.05 — 0.04
Monte Carlo 0.12 0.11 0.05
Parametrized (AT¢ = 0.0057) 0.13 0.11 0.05
Bahcall-Pinsonneault SSM 0.14 0.13 0.05
Parametrized (AT¢c = 0.0060) 0.15 0.13 0.05

of the central values of the SSM) for each detector is a
quadratic sum of the flux uncertainties and the detector
cross-section uncertainties Ac? / o?, which is 0.033 and
0.04 for the Cl and Ga detector, respectively [27,28]:

i\ 2 dy 2
> (#55) +(57)

i=fluxes
Those uncertainties are correlated by the ATc and s
through the fluxes; the error matrix is

Vaa=. Y fff;’<n"nf(ATc)2+ > sisi;),

7,j=fluxes k=34,17

1/2

AR? = [ (6)

(7

where ¢,d = Kamiokande, Cl, Ga. Here (and below) the
correlation matrix D4 is related to the error matrix by

Vcd

Dy= —22
4~ AR°AR?

(8)

Among the correlations, the 8B flux uncertainty is most
significant because of its large amplitude and strong cor-
relation between the experiments, especially between the
Kamiokande and Cl rate.

For the Monte Carlo method, the rate for the mth
Monte Carlo SSM for the dth detector is given by

R = Y fd";'"

(9)

i=fluxes

TABLE VII. The comparison of the correlation matrices of
rate uncertainties for the Bahcall-Ulrich Monte Carlo SSMs
and the parametrized SSM. The agreement is excellent.

Kamiokande Cl Ga

Bahcall-Ulrich SSM (Monte Carlo)

Kamiokande 1

Cl 0.997 1

Ga 0.92 095 1
Parametrized with AT¢c and As

Kamiokande 1

Cl 0.996 1

Ga 0.90 094 1

The rate uncertainties for the dth detector is

N 1/2
1 d 2
m=1

The error matrix element between the cth and dth detec-
tors is

AR = (10)

N
Vo= 3 (Re, — (RS, — 1), (1)

We compare the uncertainties and their correlations
for the rates in Tables VI (magnitudes) and VII (cor-
relations). The parametrization method reproduces the
Monte Carlo results with remarkable accuracy.

ITII. THE THEORETICAL UNCERTAINTIES IN
THE MSW ANALYSIS

A. The SSM uncertainties

We incorporate the SSM flux uncertainties described
above in the MSW analysis using a x? method. The
MSW calculations of the theoretical rate predictions for
each experiment are described in Refs. [12,19]. (See also
Refs. [33-40].) The MSW rate for the dth detector (d =
Kamiokande, Cl, Ga) is

Rf,[sw(sin2 20, Am?) = Z f Pid(sinz 260, Am?),

i=fluxes

(12)

where PZ is the MSW survival probability of the fluxes
[¢ represents nine flux components, pp, "Be(I), "Be(II),
B, 13N, 150, 1"F, pep and hep] after integrating over
the neutrino production site and the neutrino energy in-
cluding the detector cross sections; for Kamiokande the
detector resolution and efficiency are also included when
integrating over the recoil electron energy. The formula
is also valid with the time-averaged Earth effect (but not
with the Kamiokande II day-night data with six time
bins). We calculate a x? value for each point in the
sin® 20 — Am? parameter space:
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x%(Am?,sin® 20) = Z
c,d=Kam, Cl, Ga

where Rexpt are the experimental values listed in Table I.
V is the 3 x 3 error matrix and its diagonal elements
are the quadratic sum of the experimental uncertainties,
the detector cross-section uncertainties, and the SSM flux
uncertainties:

2
Vaa = (ARexpt)2 (—RMSW)

+ Y ) (14

i=fluxes
The off-diagonal elements describe the correlations of the
flux uncertainties described by AT¢c and sj:

(Pd fd

Vea = Z Pt P]?‘ ff f]d |:'n,i n? (ATC)2

i,j=fluxes
+ Y s;si]. (15)

For the Monte Carlo SSMs, the x? is defined by a
Monte Carlo average of the probability function:

exp(—x*/2) = Zexp( Xon/2), (16)

where x2, is the x? value calculated for the mth Monte
Carlo SSM (m =1,..., N = 1000),

(Rgxpt - Iz‘rin,MSW)2
(ARgxpt)z + (R:in,MSW Aad/ad)z '

Xm =
d=Kam,Cl,Ga

(17)

with the MSW predicted rate for the mth Monte Carlo
simulation,

Ry msw= ) pigiln - (18)
i=fluxes

We compare” the Monte Carlo result and the
parametrized method for both the Bahcall-Ulrich model

"The 95% C.L. allowed regions in Figs. 4-9, 11, 15-20,
and 26 are defined by x?(sin® 20, Am?) < xZ,;, + Ax? with
Ax? = 6.0 for both combined fits and individual experiment
fits, which corresponds to Gaussian errors in two parame-
ters. Improved definitions for Ax? in the combined fits will
be discussed later. For the individual experiments we use
Ax* = 6.0 (2 DF) instead of 3.9 (1 DF), since it is a more
conservative estimate of the uncertainties and also easier to
compare with the combined fits. (The latter would corre-
spond to mapping a one-parameter confidence region onto a
band in a two-parameter space.)

( Rexpt

Ssw) (V" Dea (Reyp — Rysw)» (13)

[

and the Bahcall-Pinsonneault model in Fig. 4 when the
Earth effect is ignored. The agreement between the
Monte Carlo SSMs and the Bahcall-Ulrich model with
our parametrization is excellent.

It is important to include the possibility of v, regenera-
tion in the Earth [31,19]. This affects the time-averaged
rates and in addition, Kamiokande has searched for a
day-night asymmetry by binning their data with respect
to the angle between the nadir and the Sun. No asym-
metry was observed.

One can easily generalize Eqgs. (14) and (15) to include
the Kamiokande day-night data point [41] by expand-
ing the error matrix to 9 x 9, representing the time-
averaged rates of Homestake, gallium, Kamiokande III,
and the six Kamiokande II day-night data points [19].
We have scaled the normalized Kamiokande II day-night
data taken from Ref. [41] to the quoted Kamiokande II
average value. Also we have added to each of the six
bins the overall systematic uncertainty (15%) from the
energy calibration, the angular resolution, and the event
selection, which are factored out in the quoted normal-
ized data. (We checked consistency by combining the six
bins and reproducing the quoted average Kamiokande II
rate.) The systematic uncertainty as well as the SSM
flux uncertainties are properly correlated among the six
bins and the other uncertainties.

Figure 5 shows the MSW allowed regions for the dif-
ferent uncertainty estimations when the Earth effect is
included. Again we conclude that the two methods yield
essentially the same results, although the obtained large-
angle region is slightly smaller in the parametrization
method.

We demonstrate the effect of the theoretical uncertain-
ties by comparing the allowed MSW regions calculated
without the flux and detector cross-section uncertainties.
Figure 6(a) is the result without the theoretical uncer-
tainties using the Bahcall-Pinsonneault SSM. When com-
pared to Fig. 5(c), the nonadiabatic allowed region is no-
ticeably smaller; there is no large-angle solution at 95%
C.L.

The omission of the correlation of uncertainties among
the experiments can lead to a overestimation of the al-
lowed parameter space in the large angle solution. To
demonstrate the effect of the correlations, we have cal-
culated the allowed regions without the correlations of
the theoretical uncertainties between the different exper-
iments [i.e., the off-diagonal elements in the error ma-
trix in Eq. (15) are set to zero]. The result is shown in
Fig. 6(b). The correlations are most significant in the
large-angle region where the predicted Homestake rate
is larger than its experimental central value, while the
Kamiokande rate is smaller than its experimental central
value, and the 8B flux uncertainty does not enlarge the
allowed region if the correlation between the two experi-
ments are properly taken into account. Without the cor-
relations, the allowed parameter space become larger. In
Fig. 6(c) we display the allowed region ignoring both the
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correlations and the Earth effect, and also using the same
experimental values used in Ref. [24]. The large-angle so-
lution stretches to Am? as small as about 10~7 eV? even
at 90% C.L. Thus, the claim in Ref. [24] that the allowed
region is very large was in fact due to their neglect of the
correlations.

The allowed parameter space is significantly enlarged if
the Turck-Chiéze-Lopes SSM is used (Fig. 7), which does
not include the particle diffusion effect and predicts the
smallest ®B flux and has the largest uncertainties among
the recently calculated SSM’s [8,9,27,42,43]. The flux
uncertainties in this model are not statistical quantities
but are the combined numbers of the measurement errors
and the most probable errors [9]. Therefore the allowed
regions should be taken as qualitative. We display Fig. 7
to illustrate the allowed regions when the fluxes are as
low as in the Turck-Chiéze-Lopes SSM.

We have also carried out the MSW calculations
with doubled theoretical uncertainties [Fig. 8(a)], and
with a tripled the Homestake experimental uncertainty
[Fig. 8(b)].

The neutrino production distribution in the core and
the electron density distributions in the Sun and in the
Earth are potential sources of the uncertainties that are
not included in the MSW calculations above. The MSW
allowed regions were calculated using the electron den-
sity distributions and the neutrino production profiles
of three different SSMs: the Bahcall-Ulrich SSM and
the Bahcall-Pinsonneault SSM with and without the he-
lium diffusion effect. (We used the Bahcall-Pinsonneault
flux magnitude for all three calculations.) The combined
allowed regions are completely indistinguishable in the
three cases. We have also changed those quantities more
drastically by varying the peak location of the neutrino
production profile in the solar core, the electron density
scale height in the entire Sun, and the depth of the core-
mantle boundary in the Earth each by + 10%, and have
repeated the calculations. Again no change was observed
in the combined allowed parameter space.

B. Analytic approximations in the MSW calculations

Instead of solving the MSW differential equation
numerically,® we have calculated the neutrino survival
probability with an analytic approximation proposed
by Petcov [37] that is obtained from an exact solu-
tion of the equation, assuming an exponential form of
the electron density distribution in the Sun, which is
a good approximation except for inside the core region
(< 0.15 x Ry, where Rg is the solar radius). The
Parke formula [33], another approximation that is the
simplest and assumes a linear electron density, yields es-
sentially the same MSW plots as Petcov formula except
for Am?/E < 3 x 1078¢V2/MeV [see Fig. 9(b)], where

8The exact numerical integrations were calculated recently
by Fiorentini et al. [26]. See the Note added at the end of this

paper.

the density variation is no longer well approximated with
a linear function within the neutrino oscillation length.
The adiabaticity proposed by Pizzochero assuming the
exponential electron density also gives a good approx-
imation except for Am?/E < 7 x 1079V 2/MeV [see
Fig. 9(c)], where the approximation fails because the os-
cillation length becomes larger than the density scale
height at large angles. The three approximations are
compared for the Kamiokande rate in Fig. 9; differences
are noticeable in the large angle with small Am?2.

One limitation of the Petcov formula (as well as the
other two) is that it fails to describe nonadiabatic level
crossing when the neutrino production point is at or close
to the resonant point.® As discussed by Krastev and Pet-
cov [23], however, both of the global solutions shown in
Fig. 5 are safe from this limitation. For the "Be and ®B
neutrinos with energies relevant for the experiments, the
resonance takes place at ~ 0.15Rg and ~ 0.4Rg, respec-
tively, while most of those neutrinos are produced within
0.1Rg. The pp neutrinos are potentially dangerous since
their energy corresponds to the resonance at or close to
the center of the Sun, and there is a substantial overlap
with the production site; however, in the allowed param-
eter space of the global fit, the MSW transitions of the pp
are adiabatic and well described by the Petcov formula.
We estimate that the uncertainty for the global fit due
to the analytic approximation is < 1%.

C. Confidence level definitions

There are differences of the combined allowed MSW
regions in the literature. Especially the large-angle re-
gions shown in Refs. [21,23,24] are larger than our calcu-
lation, and even a third solution is allowed at 90% C.L.
for Am?2 ~ 10~ 7eV? and sin®20 ~ 0.7. The possible
sources of the difference are treatment of the SSM flux
uncertainties and their correlations, the treatment of the
Earth effect, the MSW analytic approximations, and the
experimental input data, some of which have been dis-
cussed above. The most significant difference, however,
comes from the statistical definition of the confidence lev-
els, rather than the details in MSW calculations.

In the joint x? analysis above, we have used

x2(sin? 20, Am?) < x2,. + Ax? (19)

with Ax? = 6.0 as the 95% confidence level (C.L.) re-
gion in the two-dimensional logsin® 26 — logAm? plane,
where x2,; is the global x? minimum. This definition as-
sumes a Gaussian distribution of the probability density
around the global minimum, which is only an approxima-
tion in our case, particularly when we have multiple x?2
minima. Another definition used in the literature is to
take the combined allowed regions simply as the overlap
of the different experiments as shown in Fig. 10. (See also

®An analytic prescription when the neutrino production site
overlaps with the resonance point is discussed by Haxton [35].
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Ref. [23].) This definition can, however, overestimate the
allowed regions. Consider, for example, the parameters
that are marginally allowed at 95% C.L. by two exper-
iments; if we take the overlap as the combined fit, the
parameters are allowed. But the total x2 can be very
large: x2 should be about 12 (= 2 x 6.0) at the edge
of the two allowed regions and is allowed only at 99.8%
C.L. by the x2 analysis. Taking the overlap of the allowed
regions of the different experiments displayed in Fig. 10
clearly overestimates the uncertainties when compared to
the x2? analysis shown in Fig. 5, especially for the large-
angle solution. Also the overlap procedure by definition
ignores the correlations of the uncertainties between dif-
ferent experiments.

Another C.L. definition used in the literature [20,21]
utilizes the 1000 Monte Carlo SSM’s. The 95% C.L.
is, for example, defined by calculating a x? value for
each Monte Carlo SSM and for each sin®26 and Am?,
including only experimental uncertainties and the detec-
tor cross-section uncertainties. If 50 of the 1000 Monte
Carlo SSM’s satisfy

x?(sin® 20, Am?; Monte Carlo) < x2;,(central) + 6.0,
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This C.L. definition overestimates the uncertainties, allowing
a parameter space which is marginally allowed by different
experiments, but, in fact, its x? is large and the combined fit is
poor. As aresult the obtained parameter space is significantly
overestimated compared to Fig. 5, especially in the large-angle
region; even a third allowed region appears in large-angle,
small Am?. Also this overlap procedure ignores uncertainty
correlations between different experiments.
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this parameters space is allowed. [x2;,(central) is the
global minimum of x? when the central values of the
SSM fluxes are used.] This method is, however, sta-
tistically incorrect since it essentially takes the overlap
of experimental uncertainties and theoretical uncertain-
ties. It therefore overestimates the allowed region for the
same reason as the overlapping of the allowed regions
from different experiments. We believe the most statis-
tically rigorous usage of the Monte Carlo SSM’s is given
by Eq. (16). The allowed regions obtained by Egs. (16)
and (20) are shown in Fig. 11.

Before improving the statistical definition of the un-
certainties of the obtained parameters, we consider the
goodness-of-fit for each MSW solution under the MSW
hypothesis: if one of the MSW solutions is true, then
how likely is it to obtain the observed (or a larger) x?
The goodness-of-fit is calculated from the x? minimum
for each MSW solution. Without the Earth effect, the
X2 minimum of the nonadiabatic and large-angle solu-
tion are 0.5 and 4.9, respectively. For 1 degree of free-
dom (= 3 experiments — 2 parameters), the probabilities
of obtaining the x? values equal to or larger than those
x2 values by chance are 48% and 3%, respectively. That
is, the hypothesis that the nonadiabatic solution is the
true solution yields a good fit, while the large-angle solu-
tion hypothesis is possible statistically only at 3%. When
the Earth effect and the Kamiokande II day-night result
(6 data points) are included, there is a third x? mini-
mum in the large-angle region with sin®26 = 0.76 and
Am? = 1.2 x 1077 eV 2, because of the regeneration of
the electron neutrinos in the Earth at night in the pp and
"Be energy range. The x? values are 3.1, 8.1, and 13.1 for
the nonadiabatic, large-angle, and new large-angle solu-
tion, respectively. For 7 degrees of freedom (= 9 data -
2 parameters), the probabilities of getting x2 larger than
those values are 88, 32, and 7%. The fits for the first
two solutions are reasonable, while the third fit is some-
what poor but not excluded. The small x? contribution
from the Kamiokande day-night data is responsible for
the improvement of the large-angle, large Am? solution.
The results are summarized in Tables VIII and IX and
the corresponding results for sterile neutrinos in Tables X

and XI.

TABLE VIII. The best fit values of the MSW parameters
when the Earth effect is ignored. The SSM uncertainties and
their correlations are included by the parametrized method.
P is the goodness of fit, i.e., the probability of obtaining by
chance a x? equal to or larger than the obtained X2. Phelative
is the relative probability between the different solutions when
the probability distribution is Gaussian for each solution. The
improved definition of 90, 95, and 99 % C.L. correspond to
Ax? = 5.9, 7.3, and 10.6 [see Fig. 12(a)].

Nonadiabatic Large angle I
sin? 260 6.4x1073% . 0.71
Am? (eV?) 6.3 x107° 1.6 x 10~°
x* (1 DF) 0.5 4.9
P (%) 48 3

Prelative (%) 89 11

TABLE IX. Same as Table VIII except that the Earth ef-
fect and the Kamiokande II day-night effect are included. The
improved definition of 90, 95, and 99 % C.L. correspond to
Ax® = 5.5, 7.0, and 10.9 [see Fig. 12(b)].

Nonadiabatic Large angle I Large angle II
sin® 26 6.5x 1077 0.62 0.76
Am? (eV?) 6.1 x 107° 9.4 x 107° 1.2x 1077
x> (7 DF) 3.1 8.1 13.1
P (%) 88 32 7
Prelative (%) 94.9 4.6 0.5

The nonadiabatic solution gives a better fit than the
large-angle solutions, either with or without the Earth
effect, and this tendency can be quantified in another
way: suppose the two-flavor MSW is true and the proba-
bility density of finding the true parameter is distributed
throughout the log sin® 26 — log Am? plane, including all
the x2 minima. That is, we assume that the probability
distribution is

P(sin® 26, Am?) = N exp[—x*(sin® 20, Am?) /2], (21)

where N is chosen so that the total probability is unity.
Then what is the relative probabilities of finding the true
parameters in the different regions? We approximate the
probability distributions as an overlap of Gaussian distri-
butions, each corresponding to a different MSW region.
Then the relative probability of finding the true param-
eters in the sth region (¢ = nonadiabatic, large-angle so-
lutions) is calculated as

; _ 271’0’:.0';:" Vv 1- Piz exp(_xg,min/z)
lative = — =
relative EJ. 2nol i /1 — pi? exP(_X?,min/2)

where o, and o, are the standard deviations of log sin® 26
and log Am2, respectively, and p’ is the correlation pa-
rameter; j runs over each allowed region with the x?2
minimum x3 ;.. Without the Earth effect, the relative
probabilities of finding the true parameters in the nona-
diabatic and large-angle region are 89% and 11%, re-
spectively. When the Earth effect and the Kamiokande
IT day-night data are included, the probabilities for the
nonadiabatic and two large-angle solutions are 94.9%,
4.6%, and 0.5%, respectively. The nonadiabatic solu-
tion is strongly favored. The results are summarized in

» (22)

TABLE X. Same as Table VIII except that the oscilla-
tions are for sterile neutrinos. The Earth effect and the
Kamiokande II day-night effect are not included. The im-
proved definition of 90, 95, and 99 % C.L. correspond to Ax?
= 4.8, 6.5, and 10.6.

Nonadiabatic Large angle I
sin’ 26 74x107° 0.85
Am? (eV?) 4.7x107¢ 9.6 x 10~
x° (1 DF) 2.8 11.7
P (%) 9.4 0.06
Prelative (%) 98.9 1.1
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TABLE XI. Same as Table X except that the Earth effect
and the Kamiokande II day-night effect are included. The
improved definition of 90, 95, and 99 % C.L. correspond to
Ax? = 4.6, 6.0, and 9.1.

Nonadiabatic Large angle I Large angle 11
sin® 20 7.0x 1077 0.77 0.60
Am? (eV?) 4.5 x 107° 6.7 x 10™° 6.9 x 1078
x° (7 DF) 7.0 21.0 24.2
P (%) 43 0.4 0.1
Pelative (%) 99.59 0.03 0.01

Tables VIII and IX.

Finally, using the probability density approximated
with multiple Gaussian distributions, we improve the
confidence level definition of the MSW parameter un-
certainties. The confidence level P and Ax?2 are related

by
P(AX?) = Yi2moiony/1 — p2 Pi(Ax®) (23)
Ej 27 UZU'Zn \/1 - pj2 exP(_X?,min/z) ’
where
Xg,min“"AX2
Pi(AXZ) . /‘2 EXP[—%(Xg,min
X, min
X% = X min)] X (24)

with x3 i = min{ x? ;, | ¢ = all local minima}. With-
out the Earth effect, the 90, 95, and 99 % C.L. correspond
to Ax? = 5.9, 7.3, and 10.6, respectively. With the
Earth effect, Ax? = 5.5, 7.0, and 10.9. (These should
correspond with the values Ax? = 4.6, 6.0, and 9.2 for
a single Gaussian distribution.) We believe that the new
prescription is more reliable because it takes into account
the existence of multiple minima and our lack of a prior:
knowledge of which is the true solution. It is also a more
conservative estimate of the uncertainties. The allowed
regions with the improved C.L. definition are shown in
Fig. 12.

D. Results of the global MSW analysis

The results of the global MSW analysis for two-flavor
oscillations are displayed in Fig. 13 and the best fit pa-
rameters are listed in Tables IX. These include the
parametrized SSM uncertainties and their correlations,
the Earth effect and the Kamiokande II day-night data,
the improved statistical definition of confidence levels,
and the updated experimental input data.!® Between

There are additional Kamiokande II data of the en-
ergy spectrum of recoil electrons [3]. The spectrum
slightly disfavors a part of the adiabatic region (Am?® ~
107* eV ? and sin® 20 ~ 6 x 10™3), but the effect in the com-
bined fit is insignificant. The spectrum information is not
statistically independent and is therefore not included in our
analysis.
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FIG. 12. The allowed regions of the combined experiments
using an improved C.L definition that assumes a Gaussian
probability density for each solution. The 90, 95, and 99 %
C.L. correspond to (a) Ax? = 5.9, 7.3, and 10.6, ignoring the
Earth effect and (b) Ax? = 5.5, 7.0, and 10.9, including the
Earth effect.
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FIG. 13. The updated result of the combined MSW analy-
sis assuming the Bahcall-Pinsonneault SSM. The Earth effect,
Kamiokande II day-night data, theoretical uncertainties and
their correlations of the parametrized method are included,
and the improved C.L. definition is used.

the two allowed regions at 90% C.L., the nonadiabatic
solution with

Am? ~6x107%eV? and sin®20~7x 1073 (25)

gives an excellent description of the observations, while
the second (large-angle) solution with

Am? ~9x107%eV?2 and sin®20 ~ 0.6 (26)

is marginally allowed at 90% C.L. In the second region
the Earth effect and the uncertainty correlations between
the experiments are significant: the regeneration of v, in
the Earth during the night distorts and enlarges the al-
lowed region, while the absence of the day-night asymme-
try in the Kamiokande II data excludes a wide parameter
space [19,31,41]. The omission of the correlation would
result in overestimating the uncertainties. There is also a
third solution at large-angle and low Am? that is allowed
at 99% C.L. when the Earth effect, which in this region
is significant for the pp and "Be fluxes, is included.

One can consider the MSW oscillation to sterile neu-
trinos instead of v, or v,. In that case the survival
probability of electron neutrinos depends both on the
electron and neutron density in the Sun [18,27,44]. A
more important difference is the lack of a neutral cur-
rent contribution in the Kamiokande experiment, which
would amount to about 15% of the total signal for fla-
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FIG. 14. The updated result of the combined MSW
analysis for the oscillations into sterile neutrinos. The
Bahcall-Pinsonneault SSM is assumed. The Earth effect,
Kamiokande II day-night data, theoretical uncertainties and
their correlations of the parametrized method are included,
and the improved C.L. definition is used.

vor oscillations, requiring a larger v, survival probability
in the sterile neutrino case. As a result the MSW effect
now cannot completely resolve the larger Kamiokande
rate relative to that of Homestake, and the fit becomes
poorer, especially for the large-angle (with large Am?)
solution. There, x2;, is 21.0 for 7 degrees of freedom
including the Earth effect, and no allowed region exists
even at 99% C.L. (see Figs. 14 and 15, Tables X and XI).
The large-angle region for sterile neutrinos is indepen-
dently excluded by the bound on the number of neutrino
species in big-bang nucleosynthesis [44,45].

IV. THE MSW EFFECT IN NONSTANDARD
SOLAR MODELS

We have so far considered the MSW effect within the
SSM uncertainties. The SSM is, however, still a the-
ory that needs to be calibrated. Although the nonstan-
dard solar models alone cannot explain the solar neu-
trino data [16], it is possible that the MSW effect takes
place while the SSM is incorrect. We have examined con-
straints on the MSW parameter space with four different
nonstandard solar models that are explicitly calculated
and have neutrino flux predictions. (No flux uncertain-
ties are given in those models and we assume the stan-
dard values of the uncertainties in Ref. [8].) Each of
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FIG. 16. The experimental constraints assuming nonstan-
dard solar models that predict neutrino fluxes smaller than
the SSM: (a) the opacity is reduced by 20% at temperature
larger than 5 x 10° K [46], (b) S1, is increased by 30% [14].
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these models is ad hoc and assumes nonstandard input
parameters that are grossly different from those in the
SSM’s, addressing possibilities of our ignorance of the
astrophysical quantities such as the opacity or the pri-
mordial element abundances, or of the nuclear reaction
cross sections that have never been measured at ener-
gies equivalent to the solar temperature. Two of them
were constructed in attempts to explain the solar neu-
trino deficit, and predict smaller 8B and "Be fluxes than
the SSM’s: the low opacity model by Dearborn [46], in
which the opacity is reduced by 20% in the region where
the solar temperature is above 5 x 10® K, and the high
S11 model with the p + p cross section increased by 30%
[14]. The allowed regions are generally enlarged com-
pared to the SSM case, and even the adiabatic branch of
8B (Am? ~ 10~% eV 2 and sin® 26 ~ 10~*—1) is allowed.
The MSW parameters for the two models are shown in
Figs. 16(a) and (b).

The two other nonstandard solar models predict larger
neutrino fluxes: the high Y model [27,28] that assumes a
larger primordial helium abundance in the solar interior,
considered to solve problems with helioseismology data,
and the maximum rate model (8], in which S33 is artifi-
cially set to zero, yielding the largest prediction for the
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FIG. 18. The allowed regions of the combined observations
when the central temperature (T¢) is a completely free pa-
rameter. The combined data constrain T¢ to 1.02+0.02 (10),
which is consistent with the SSM (Tc = 1+ 0.006). Also dis-
played is the region excluded by the Kamiokande day-night
data at 90% C.L.; the exclusion comes from the comparison
between the different time bins, and is insensitive to the ab-
solute ®B flux or T¢.
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region from the Kamiokande II day-night data (90% C.L.), which is independent of the ®B flux magnitude.



gallium rate solar neutrino units [303 (SNU)]. With the
larger fluxes the combined allowed regions generally move
inward in the MSW triangle, as displayed in Figs. 17(a)
and (b).

The solar models with a nonstandard opacity value
or nonstandard heavy element abundance are gener-
ally parametrized by a nonstandard central tempera-
tures (T¢) [16,11,12], and the neutrino fluxes are de-
scribed by the power laws of Eq. (1). One can constrain
the MSW parameter space from the combined data for
these generic nonstandard solar models by allowing T¢
to change freely. The allowed MSW regions are displayed
in Fig. 18. The existing observations constrain

Tc = 1.02 £ 0.02 (1), (27)

with x2, = 2.1 for 6 degrees of freedom (DF); the T¢
obtained by observations allowing the MSW effect is con-
sistent with the SSM (T¢ = 1 £ 0.006). We note that
without the MSW effect there is no consistent T¢ to de-
scribe the observations [12,11,16].

Another major source of uncertainty in the SSM is
the p +7 Be cross section (S;7), which is poorly mea-
sured and has the largest uncertainty among the SSM
input parameters. Sy7 is directly proportional to the ®B
flux and is independent of the astrophysical uncertainties
parametrized by Tc. We have carried out MSW fits as-
suming two extreme values of S;7; a 30% reduction and
a 50% increase. (The ®B flux uncertainty is set to zero
in the calculation. The standard values are used for the
other uncertainties.) The results are shown in Figs. 19(a)
and (b). It is also reasonable to consider the ®B flux as
a free parameter, given the large uncertainties from both
astrophysics and nuclear physics. When the 8B flux is
used as a completely free parameter in the MSW fit, the
experiments constrain

#(B)/(B)ssm = 1.43 + 0.65 — 0.42 (10) (28)

with x2,;, = 2.1 for 6 DF, and the allowed regions are
displayed in Fig. 19(c). The larger values of ¢(B) and
Tc are preferred since a larger 8B flux can reduce the
relative difference in the survival probabilities for Home-
stake and Kamiokande, giving more freedom in the MSW
parameter constraint.

V. MSW PREDICTIONS FOR FUTURE
EXPERIMENTS

One can check the consistency between the current ob-
servations and the MSW theory by predicting the gal-
lium rate from the combined chlorine and Kamiokande
data [47]. The parameter space allowed by the two ex-
periments is shown in Fig. 20(a), along with the survival
probability contours for the gallium experiment. Assum-
ing the Bahcall-Pinsonneault SSM, the combined Home-
stake and Kamiokande observations predict the gallium
rate to be < 100 SNU; the MSW prediction is consistent
with the current result of SAGE and GALLEX albeit the
large theoretical uncertainty. By reducing the statistical
uncertainties, we estimate the allowed parameter space
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FIG. 20. (a) The combined result of the Homestake and
Kamiokande experiments. From the allowed regions we can
predict the gallium rate to be < 100 SNU at 95% C.L.,
which is consistent with the current observations of SAGE
and GALLEX. (b) The combined result when the gallium ex-
perimental uncertainty is reduced by a factor 1/+/2, which is
equivalent to the data set through the end of 1994. The cen-
tral value of the gallium rate is assumed to stay at the current
value. The present values are used for the other experiments.
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expected in the near future. Shown in Fig. 20(b) is the re-
gion allowed by the combined observations when the gal-
lium statistical uncertainty is reduced by a factor 1/v/2,
which is equivalent to the data set of the gallium experi-
ment by the end of 1994; the central value is assumed to
be the same as current data. Although the nonadiabatic
region shrinks somewhat and the large-angle solution is
no longer allowed at 95% C.L., no significant change is
expected unless the experimental values change drasti-
cally.

Although the current observations are consistent with
the two-flavor MSW hypothesis and strongly disfavor
the astrophysical solutions, a smoking gun evidence for
a nonstandard neutrino physics is still awaited. Theo-
retical questions yet to be answered are (a) distinguish-
ing astrophysical solutions and particle physics solutions
(e.g., the MSW effect), (b) calibrating solar models, and
(c) distinguishing the MSW nonadiabatic and large-angle
solution and extracting Am? and sin® 20 from the data.

For the next-generation solar neutrino experiments,
such as Sudbury Neutrino Observatory (SNO) [48],
Super-Kamiokande [49], BOREXINO [50], and Imaging
of Cosmic and Rare Underground Signals (ICARUS) [51],
the MSW mechanism can yield robust predictions and is
a verifiable hypothesis. The measurement of the charged
to neutral current ratio (Xcc/Xnc) in SNO and the mea-
surements of the neutrino energy spectrum and the day-
night effect in SNO and Super-Kamiokande should be
able to answer the questions addressed above.

The measurement of the neutral current in SNO is in-
sensitive to flavor oscillations and is a direct measurement
of the 8B flux. One can calibrate the core temperature of
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FIG. 21. The SNO charged current spectrum expected for
the nonadiabatic and large-angle solution. To compare the
difference, the large-angle spectrum is normalized to the the
nonadiabatic. The spectrum shape of astrophysical solutions
(i-e., no oscillations) is identical to the large-angle spectrum
at the scale of the figure. The charged current cross section
[52,53] and the detector resolution [48] are included. The error
bars indicate the statistical uncertainties from 6000 events
(equivalent to two years of operation).

the Sun at the 1% level given the power-law dependence
of the flux (¢(B) ~ T38) and allowing a 20% uncertainty
from the experimental error and the S;7 uncertainty.

The measurement of Xcc/Xnc in SNO would be the
most direct test of the MSW hypothesis. The up-to-date
global analysis predicts the ratio to be

0.2 — 0.6 (nonadiabatic solution) ,

Xco/Xne = { 0.2 — 0.3 (large-angle solution) ,

(29)

compared to the ratio expected if no oscillations occur.
This measurement is, however, insensitive to oscillations
between electron neutrinos and sterile neutrinos.

The measurements of the charged current spectrum
in SNO and the recoil electron spectrum in Super-
Kamiokande are important for distinguishing the two so-
lutions suggested by the global analysis of current obser-
vations. Should the nonadiabatic solution, which gives
the better fit for the data, be the case, we expect a deple-
tion of electron neutrinos in the lower end of the observed
spectrum, while little distortion is expected in the large-
angle solution (or for astrophysical solutions). In Fig. 21,
we compare the spectra of the two solutions, one in the
best fit solution in the nonadiabatic region, and one in
the large-angle region. The large-angle spectrum is nor-
malized to the nonadiabatic spectrum above the thresh-
old. The spectrum shape of the large-angle solution is
essentially identical to that of the astrophysical solutions
(i.e., no oscillations). The error bars indicate the statisti-
cal uncertainties assuming 6000 events, equivalent to two
years of operation. We have included in the calculation
the charged current cross section [52,53] and the detec-
tor energy resolution [48].1! In Fig. 22, the spectra of the
two solutions are shown for 16 000 events (two year oper-
ation) in Super-Kamiokande. The nonadiabatic solution
predicts more significant depletions of neutrinos at lower
energy, and therefore the detector sensitivity in the 5 -
7 MeV range is crucial in detecting the spectrum distor-
tion in both SNO and Super-Kamiokande. The spectrum
shape expected for oscillations to sterile neutrinos are al-
most identical to these.

Another MSW prediction that helps to distinguish the
two solutions is the day-night effect due to matter oscil-
lations in the Earth during the night. The effect shows
up not only in day-night differences of signals, but also
in the time dependence during the night and in seasonal
variations due to the obliquity of the Earth. The large-
angle solutions are quite sensitive to the Earth effect, but
the nonadiabatic solution is insensitive at the observable

"'In the spectrum shape analysis it is important to include
the effect of the continuous out-coming electron spectrum and
the effect the detector resolution. In particular the approx-
imation with a & function for the electron spectrum from
mono-energetic neutrinos (i.e., electron energy = neutrino en-
ergy — 1.44 MeV) significantly overestimates the sensitivity
for spectrum distortions and is inappropriate for the shape
analysis.
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FIG. 22. The Super-Kamiokande electron spectrum ex-
pected for the nonadiabatic and large-angle solutions. To
compare the difference, the large-angle spectrum is normal-
ized to the the nonadiabatic. The spectrum shape of as-
trophysical solutions (i.e., no oscillations) is identical to the
large-angle spectrum at the scale of the figure. The detector
resolution is included [49]. The error bars indicate the sta-
tistical uncertainties from 16 000 events (equivalent to a two
year operation).

level.!? The expected rates at night along with the day-
time rate are shown in Figs. 23 and 24 for SNO and
Super-Kamiokande, respectively. The night rate is di-
vided into six bins according to the angle between the
Sun and the nadir at the detectors, corresponding to
bin neutrinos with different path lengths in the Earth.
The effect yields such a noticeable variation in the large-
angle region that an updated Kamiokande day-night data
might be enough to confirm or rule out the large-angle
solution. The prediction for Kamiokande with error bars
equivalent to 200 events is shown in Fig. 25.

The spectrum distortions and the day-night effect are
particularly important for oscillations to sterile neutri-
nos, for which the charged to neutral current ratio is
unchanged by the oscillations and is therefore the same
as for astrophysical solutions. The distortion of the spec-
trum signifies the nonadiabatic solution, while the day-
night effect indicates the large-angle solution, which is
already excluded at 99% C.L. by the existing data.

When the SSM and two-flavor oscillations are assumed,
one can predict the rate in those experiments. In Fig. 26,
the combined allowed parameter space is displayed with
the survival probability contours of SNO (the charged

12 A possibility of detecting the day-night effect for the nona-
diabatic solution was discussed in Ref. [54]. While it is true
that the instantaneous enhancement of the nighttime sig-
nal can be ~ 20% with respect to the daytime signal, it is
hardly measurable when the signals are averaged over time
bins and the statistical uncertainties are taken into account.
See Figs. 23(a) and 24(a).

current mode), Super-Kamiokande, and BOREXINO.
Those high-counting experiments should be able to con-
strain the parameter space precisely and check the con-
sistency of the MSW predictions.

VI. CONCLUSIONS

Various theoretical uncertainties in the global MSW
analysis have been discussed in detail. It was shown that
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FIG. 23. The Earth effect expected in SNO for the (a)
nonadiabatic and (b) large-angle solution. The night rate
is shown with five bins according to the angle between the
direction to the Sun and the nadir at the detector. The error
bars indicate the statistical uncertainties equivalent to one
year of operation (3000 events).
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our parametrized SSM uncertainties yield essentially the
same result as the Monte Carlo estimation by Bahcall
and Ulrich. The direct comparison was made in the flux
uncertainties and their correlations, in the rate uncertain-
ties and their correlations, and in the MSW calculations.
The different MSW approximations of Petcov, Parke, and
Pizzochero were compared. Various confidence level def-
initions are discussed and a careful statistical treatment
in the global fit was emphasized.

There are two MSW global solutions at 90% C.L., one
in the nonadiabatic region and the other in the large-
angle, the former solution giving a considerably better
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FIG. 24. The Earth effect expected in Super-Kamiokande
for the (a) nonadiabatic solution and (b) large-angle solution.
The night rate is shown with five bins according to the angle
between the direction to the Sun and the nadir at the detector.
The error bars indicate the statistical uncertainties equivalent
to one year of operation (8000 events).
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FIG. 25. The Earth effect expected in Kamiokande for the
(a) nonadiabatic and (b) large-angle solution. The night time
rates are shown with five bins according to the angle between
the direction to the Sun and the nadir at the detector. The
error bars indicate the statistical uncertainties assuming the
total signals of 200 events.

fit. The proper treatment of the Earth effect and the
Kamiokande day-night data is significant in the large-
angle region. When the Earth effect for the "Be and pp
neutrinos are included, there is a third solution at 99%
C.L. in the large-angle, small Am? region. For the oscil-
lations to sterile neutrinos, the solution is limited to the
nonadiabatic at 90% C.L. In Fig. 27 the MSW solutions
are displayed with other observational hints of neutrino
mass: the oscillation interpretation of the atmospheric
neutrinos [55] and the cold plus hot dark matter scenario
to interpret the Cosmic Background Explorer (COBE)
microwave background anisotropy measurement and the
large-scale structure observations [56]. The seesaw pre-
dictions for neutrino mass and mixing are also displayed
in Fig. 27: v, ¢ v, oscillations in the SO(10) grand
unified theory (GUT) with an intermediate-scale break-
ing [11,57], ve < v, oscillations in the supersymmetric
SO(10) GUT [11,57], and v. ¢ v, oscillations in the
superstring-inspired model with nonrenormalizable oper-
ators [58]. In the SO(10) GUT, the v, mass is expected to
be in a range relevant to the cosmological hot dark mat-
ter. Assuming the Bahcall-Pinsonneault SSM, the MSW
solutions for Am? are generally in agreement with the
theoretical expectations, especially with the v, ¢ v, os-
cillations in the supersymmetric SO(10) model. However,
the mixing angles are not consistent with the expectation
of the simplest versions of the models that the lepton mix-
ing angles are similar to the corresponding quark mixing
angles [11]. (For the string-inspired model of Ref. [58]
there is no compelling prediction for the mixing angles.)

The global MSW was also carried out for various stan-
dard and nonstandard solar models; with the Turck-
Chiéze—Lopes SSM or nonstandard solar models a wider
range of the parameter space is possible. When the core
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FIG. 27. Shown are the constraints on the v > v, and
v, ¢ v, oscillations [59], the constraints on the oscilla-
tions into sterile neutrinos (ve < v, and v, + v,) from
big-bang nucleosynthesis (BBN) [45], and three observational
hints of neutrino mass: the MSW hypothesis for the solar
neutrino deficit, the oscillation interpretation of the atmo-
spheric neutrino deficit [55], and the cold plus hot dark mat-
ter scenario for the COBE and large scale structure data [56].
Also displayed are predictions from various theoretical models
(11,57,58].

temperature and the 8B flux each was used as a free fit-
ting parameter, the data constrained T¢ = 1.02 & 0.02
and ¢(B)/¢(B)ssm = 1.43 + 0.65 — 0.42 at 1o, respec-
tively.

The predictions of the MSW solutions assuming the
Bahcall-Pinsonneault SSM were discussed in detail for
SNO and Super-Kamiokande. We expect for flavor oscil-
lations the charged to neutral current ratio in SNO to be
0.2 - 0.6 and 0.2 — 0.3 of the SSM prediction for the nona-
diabatic and large-angle solution, respectively. The nona-
diabatic solution yields spectrum distortions measurable
in SNO and Super-Kamiokande, while the large-angle so-
lution predicts characteristic day-night differences. The
spectrum distortion and the day-night effect are indepen-
dent of solar models, and are particularly important for
the oscillations to sterile neutrinos because the absence of
the neutral current in SNO prevents one from distinguish-
ing neutrino oscillations from astrophysical solutions in
the charged to neutral current ratio measurement.

Note added. After having finished the first version of
the manuscript, we obtained a paper by Fiorentini et al.
[26], in which the MSW calculations were done with rig-
orous numerical integrations and the result was compared
to our previous work [12], which uses an analytic approx-
imation. The calculations of Ref. [26] do not include the
theoretical uncertainties, preventing the authors from ex-
act comparisons. Thanks to M. Lissia and D. Vignaud,
we obtained the computer-readable files of their results
and we could directly compare our calculations to their
Kamiokande contours (Fig. 1(b) of [26]) and their com-
bined allowed regions (Fig. 2(a) of [26]). The agreement
between the two calculations was excellent.
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parametrized Bahcall-Ulrich SSM, and (c) the parametrized Bahcall-Pinsonneault SSM. The comparison of (a) and (b) shows
that the Monte Carlo method and our parametrization method are essentially equivalent. The allowed regions are defined by
x*(sin® 26, Am?) < x2.. + Ax? with Ax? = 6.0 at 95% C.L.
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FIG. 5. Same as Fig. 4, except that the Earth effect is included. The Kamiokande day-night data exclude the region shown
with a dotted line (90% C.L.), and are incorporated in the combined fit.
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FIG. 6. The experimental constraints on the MSW parameters assuming the Bahcall-Pinsonneault SSM when (a) the theo-
retical uncertainties of the SSM fluxes and the detector cross sections are ignored, (b) the theoretical uncertainties are included,
but their correlations between the fluxes and between the experiments are ignored. Displayed in (c) is the result at 90% C.L.
calculated with the same condition in Ref. [24]: the correlations and the Earth effect are ignored and the same experimental
input parameters are used. The omission of the correlations overestimates the allowed large-angle regions.
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FIG. 7. The experimental constraints when the Turck-
Chiéze-Lopes SSM is assumed. The two figures are (a) with-
out and (b) with the Earth effect. No constraints are obtained
at 95% C.L. from the upper limit of the the Kamiokande
result, and the Kamiokande allowed regions are outside the

triangles with the solid lines.

The region excluded by the

Kamiokande II day-night data is shown with the dotted line
(90% C.L.) in (b).
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FIG. 9. The Kamiokande contours of the signal to SSM ratio (including the neutral current reaction in flavor oscillations)
for three different analytic MSW approximations of (a) Petcov, (b) Parke, and (c) Pizzochero. The Earth effect is not included.
The formulas by Parke and Pizzochero fail in the large-angle, small Am? region (Am? < 3 x 107%eV ?). Also shown are the
allowed regions of the combined observations including the Earth effect and the Kamiokande day-night data. We show the
Kamiokande contours without the Earth effect since they involve only the ®B flux and make a clean comparison possible. The
energy resolution and the detector efficiency of Kamiokande are included.



