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The integrated Sachs-Wolfe (ISW) effect can be an important factor in the generation of cosmic mi-

crowave background anisotropies on all scales, especially in a reionized curvature- or A-dominated

universe. We present a simple analytic treatment of the ISW effect, which is analogous to thick last

scattering surface techniques for the Doppler effect, that compares quite well with the full numerical cal-

culations. The power spectrum of temperature fiuctuations due to the small scale ISW effect has a wave

number dependence k ' times that of the matter power spectrum.

PACS number{s}: 98.70.Vc, 98.80.Hw

I. INTRODUCTION

It is well known that several effects contribute to cos-
mic microwave background (CMB) fluctuations, e.g., the
difference in the gravitational potential between the last
scattering surface (LSS) and the present combined with
the intrinsic Suctuation due to adiabatic or isocurvature
initial conditions (the ordinary Sachs-Wolfe effect} [1,2]
and Doppler shifts from moving electrons on the LSS [3].
The gravitational redshift induced by a time-varying po-
tential, i.e., the integrated Sachs Wolfe (ISW-) effect [1),
gives another important contribution to CMB Buctua-
tions, although it vanishes in linear theory for an 00=1
Bat universe. This effect is dominant on very large scales
[4], but only the nonlinear effect is usually considered im-
portant on small scales [5]. For example, Kofman and
Starobinskii [6] perform a comparative study at large
scales for a A-dominated adiabatic Harrison-Zel dovich
spectrum, but do not consider the relative contribution of
the ISW efFect at small scales. This is particularly
significant in curvature or A-dominated models with ear-
ly reionization, since the Doppler contributions are
severely canceled on scales below the thickness of the
LSS [7]. Such early reionization is actually required for
open primeval isocurvature baryon (PIB) models [8,9].
We provide a simple, unified, and model-independent an-
alytic method of treating the cancellation behavior of all
three effects. Furthermore, we prove in Sec. II that the
IS% efFect contributes temperature fluctuations with the

same scale dependence and amplitude as the cancelec
Doppler effect in reionized models. In Sec. III, we show
that the analytic treatment compares quite favorably with
exact numerical solutions.

II. ANALYTIC FORMALISM

The full first-order Boltzmann equation [2,10] for the
evolution of temperature perturbations 8(x,y, sl} in
gauge-invariant notation [11]is given by

[8+V](x,y, sl )
d

d sj

=q —i +~(8 —8+y'v;+ —,', y'y~li; ), (1)

where v, is the electron velocity (c =1), II," is the aniso-
tropic stress perturbation, y; (=dx;/dpi) are the direc-
tion cosines for the photon momentum, overdots
represent derivatives with respect to conformal time
ri =Idt /a, 8o is the monopole component of 8, and 4 is

the Newtonian potential. The last term in Eq. (1) ac-
counts for Compton scattering, where ~=x,n, o &a is the
differential optical depth, with x, the ionization fraction,
n, the electron number density, and o.z the Thomson
cross section. The perturbation to the intrinsic spatial
curvature 4 is given by the Poisson equation

(V —3K)4=4srGa pb, r,
=—', QoHo(b, z./a ), (2)
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where a = 1/( 1+z }, the curvature constant
K= —Ho(1 —Qo —Q~), the Hubble constant H0=100h
km s ' Mpc ', the scaled cosmological constant
Qz =A/3HO, and the total density fluctuation, taken here
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in the matter-dominated limit, Az-=5p/p. If anisotropic
pressure is negligible, then qi = —4 [10].

In a Bat Qo=1 with adiabatic initial conditions, the
fact that hT ~ a after last scattering implies 4=4'=0. In
this case, the right-hand side of (1) vanishes and the
quantity 8+4' is conserved. This is merely the ordinary
Sachs-Wolfe effect, i.e.,

6(x„y„~p)=6(x„y.,q. }+[e(x.,~. ) —q (x„&p)],

b T(k, g) =D(7))b T(k, r)p},

u(k, g) =—D(g)b, r(k, qp),

%(k, ri}=——,0~2+(ri)b, r(k, qp),
3 1

where D(ri) is the growth factor in linear theory [14]
such that b T(k, q)=D(ri)AT(k, rip). In this case, Eq. (4)

has the formal solution

where the subscripts 0 and e refer to the present and last
scattering epochs, respectively. The temperature pertur-
bation today has a contribution from the difference in po-
tential between last scattering and the present and an in-
trinsic fluctuation on the last scattering surface. For adi-
abatic initial conditions at large scales, this intrinsic fluc-
tuation is 8(x„y„ri,)= ——', %(x„ri,), whereas for iso-

curvature fluctuations, it is %(x„ri,) [2]. We refer to the
combination of intrinsic and potential difference terms as
the ordinary Sachs-%olfe effect. Since the quantity
e+%' automatically includes this contribution, it is con-
venient to express our results in terms of this quantity.

In more general cases such as open and (flat) A-

dominated universes, isocurvature initial conditions, or
topological defect models, 4—4 does not vanish and an
additional effect, the ISW effect, arises. Furthermore, we
must correct Eq. (3}for the Doppler effect and the finite
thickness of the LSS at small scales. On small scales, we

may drop the curvature terms implicit in y, and express
Eq. (1) in terms of Fourier modes:

6+q+iki (6+e)
=4' 4+r[6,—8+ —,', 6,P, (p, )+pu ] (4)

where k y=kp and the multipole moments are defined
so that 6(k, p, ri) =+81(k, g)P&(p ). For an analytic
treatment which is applicable at large scales, see [2].

It is possible to obtain a simple approximate analytic
solution to Eq. (1) by analogy to thick-LSS techniques
[12,13]. Small-scale contributions to the temperature an-
isotropy are suppressed since contributions from opposite
sides of a perturbation cancel each other. For plane wave
perturbations, this implies that only if the wave vector is
parallel to the line of sight k~~y, so that the fluctuation is
uniform along the line of sight, will the contribution sur-
vive. This sort of cancellation suppresses fluctuations by
(kqp) ' and applies even to the ISW effect. However,
since the Doppler and ordinary Sachs-Wolfe effects are
proportional to p, they su8'er an additional cancellation
of (krip} . This is because v~~k in hnear theory, and
there is no gravitational redshift if the potential is uni-
form along the line of sight. Only residual effects, such as
the time variation of these sources across the LSS and
feedback, survive. This additional cancellation in the
Doppler and ordinary Sachs-Wolfe effects is the reason
why the IS% effect is important at small scales.

After Compton drag has become negligible,
z & z„=160(Qph ~)'~5x, ~~', the Sachs-Wolfe and Doppler
sources can be solved independently of the radiation and
merely follow the linear theory predictions

[8+4](k,}u,, r))=[6+%](k,p, rid)e
" "e

+eDsw+ ebs~

where r(ri, , riz)= f „'r'(ri)dpi, 8Dsw is the Doppler and

ordinary Sachs-Wolfe (DSW) fluctuations generated on
the new LSS, if last scattering occurs after the drag epoch
as is the case in reionized scenarios, and 8rsw is the ISW
effect. Explicitly, these terms are given by

8Dsw(k p ri)

eo+ 4'+PU ~e "'"'e' "'" "'d g'
td

8„„(k,p, ~)= f "24(k,~ ). "~''"-"~~' ~~d~ .-
"Id

We have dropped the ez quadrupole term from the angu-
lar dependence of Compton scattering since its contribu-
tion can be shown to be negligible in this limit [15].

Note that Eqs. (6) and (7) and the following argument
are valid for any ionization history. In particular, for
standard recombination x, (z & zd ——1000)=0 and

r(rid, rip)=0=8Dsw; i.e., only the ISW effect adds to
6(k, p, , rid ), the primary temperature fluctuations after
standard last scattering. On the other hand, for reionized
scenarios, the primary fluctuations are damped by e
under the horizon scale [15]. This is because streaming
under the horizon scale converts radiation fluctuations to
anisotropies which are destroyed by the isotropizing
effect of scattering. In no-recombination scenarios, the
primary fluctuations may therefore be ignored since
r(rid, rip})&1.

Before we can employ Eq. (6), we have to solve for 8p
to determine the feedback from the isotropic elect
[12,15]. Taking the isotropic component of Eq. (6}, we
obtain

[8 +4'](k, ri)

eo&++&+2+ o k
gd

+iud, [k(g' —g)] j .

For small scales, kg &&1, and the integral only gets con-
tributions from g'=g. This represents the fact that, at
small scales, streaming over many wavelengths of the
perturbation tends to cancel out the contributions. We
can therefore take the slowly varying quantities out of
Eq. (8) to obtain [12]
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[8 +%'](k,ri)=ik '[vT+O(%'i)+O(4)] .

Ordinarily, these feedback efFects are negligible since they
are proportional to the optical depth and change in po-
tential across one wavelength. We shall see that cancella-
tion in the Doppler term itself makes them important.

I

Note also that the residual ordinary Sachs-Wolfe effect is
much smaller than the residual Doppler effect at small
scales since they are canceled in the same manner and
4 ~ v /k, as seen in Eq. (5). We will hereafter drop these
terms from the calculation.

Employing Eq. (9) and integrating by parts, we can
now express Eq. (6) as

[8+4](k,rto)= J dr}[i(vr'+vV)/k+24]e '
e

'gd

—ikpro 1 ikp. pox

z AT(k rto)e dx[Gosw(x)+Gisw(x)]e
(kyoto) xd

(10)

where
~ ~ ~ —'7( 'Q 'g )

Gosw(x) =rto(a~+mr)e

Gisw(x) =3a rtoHoQo(Da Da—)e

with x =rtli}o. Note now that both the ISW and DSW
Doppler contributions have the same k dependence
despite the fact that v and 4 do not. This is because the
Doppler effect is proportional to p and suffers additional
cancellation since it only contributes to the p=O mode
through feedback and residual effects. The ISW effect
contributes directly to the @=0mode and does not suffer
this additional cancellation.

The integral in Eq. (10} is approximately a Fourier
transform if the integrand is localized in between the
drag epoch and the present. This is a good approxima-
tion for the DSW contributions in a11 cases as a result of
the form of visibility function (r'e '). It is also a good ap-
proximation to the ISW term for curvature-dominated
universes where (%e ') peaks around (I+zs ) =1/Qo —l.
The approximation technically breaks down for A models
where (1+z )= [1/Qo —1]' since (4e ') gets
significant contributions near the present epoch. We
shall see, however, that because of the nature of the can-
cellation, the approximation remains valid even in this
case. We can think of this crucial epoch z~, or more
specifically (4e '), as defining a gravitational "last
scattering" surface (GLSS}. That the LSS and GLSS are
thick compared with the wavelength of the fluctuation
implies that the Fourier transform in Eq. (10}has width

kyrie, ~1 [12]. Since kil. &&1, this implies that 8+4
only has significant contributions in the @=0mode, as a
result of cancellation along the line of sight, as expected.

We can therefore approximate the temperature fluctua-
tion power spectrum, using Parseval's theorem, as

k P (k)
2

k'8', = k'l8+q l',

k' 'J' dpl8—+el'
277 2 —1

J lGosw(x)+Gisw(x)l dx &
(12)

1 V P(k)
o (kgo)'

where P(k)= lhr(k, rto)l is the usual matter power spec-
trum and 8,(k, rio) »%(k, bio) if kilo» l. Therefore,
in reionized scenarios where the DSW term is suppressed
as a result of cancellation, the ISW term not only contrib-
utes significantly at small scales, but also mimics the scale
dependence of the canceled Doppler term. These two
effects can actually interfere if the LSS and GLSS over-
lap.

III. COMPARISON WITH NUMERICAL RESULTS

For comparison, we solve Eq. (1) numerically up to the
present by the method outlined in [16]. It is instructive
to examine first the time evolution of the quantities in Eq.
(1). In Fig. 1, we have chosen a representative no-
recoinbination model (see caption) to illustrate the evolu-
tion of %', v, and l8+0'l, in (a) an open and (b) a A
(Q~= 1 —Qo) model. After the drag epoch z & 100, v and
%' evolve in linear theory. Since the universe at early
times is nearly fiat, the potential thereafter remains
roughly constant until the curvature or A-dominated
epoch. At this time, 4' starts to decay, marking out the
GLSS. More precisely, whereas the LSS is defined by the
visibility function ~e ', the GLSS is given by +e
(dashed lines, arbitrary normalization).

We have plotted the resultant temperature fluctuation
l8+%l, with (thick line) and without (thin line) the
ISW term in Eq. (1). Note that the ISW has a negligible
effect during the last scattering epoch; only in the A- or
curvature-dominated epoch and after suppression
through the LSS does the ISW effect become important.
In these no-recombination scenarios, the LSS and GLSS
have comparable width, and the ISW effect is important
across the spectrum.

We plot the fu11 present-day power spectrum of tem-
perature fluctuations with a o.

8
= 1 normalization for vari-

ous models in Fig. 2. In panel (a}, the results for no-
recombination isocurvature open (top lines) and A mod-
els (bottom lines) of Fig. 1 are shown. The analytic calcu-
lations (dashed line) with (thick) and without (thin) ISW
agree quite well with the full numerical solution on small
scales. Deviations on large scales are expected since the
analytic formalism is only valid below the thickness of
the LSS and GLSS. We calculate the ratios of the power
spectrum of temperature fluctuations with and without
the ISW contribution for other baryonic no-
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recombination models in Table I. Note that the IS%
effect gives a contribution of the same order as the
Doppler effect for low-Qo models.

In Fig. 2(b), we examine the ISW etfect in an open (top
lines) and A model (bottom lines) with standard recom-
bination. Here we take an adiabatic cold dark matter
(CDM) model for which this ionization history is more
natural. Although this model overpredicts fiuctuations if
normalized to o.8, we choose it to demonstrate that even

in this extreme case the ISW effect plays no role on small
scales. For standard recombination, the LSS is relatively
thin, and the IS%' effect is masked until the Silk damping
scale. Furthermore, since the GLSS is much thicker than

the LSS, cancellation of the IS% effect begins at a much
larger scale and therefore is negligible at the Silk damp-
ing scale. Note, however, that the ISW efFect itself does
not depend sensitively on the ionization history. Only
the damping of the other terms is affected by the ioniza-
tion. Moreover, even in these models, the ISW still plays
an important role on large scales (where the analytic for-
malism breaks down). It is interesting that the analytic
formalism nevertheless predicts the correct scale for
dominance of the ISW effect. Finally, we should mention
that the IS% does contribute significantly to open or A
adiabatic CDM models with suSciently early reioniza-
tion or no recombination.
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FIG. l. Evolution of O', U, and !8+0'l, with and without

ISW from numerical calculations for a specific small-scale mode
(k =0.03 Mpc '3 in (a) an open model (QA =0) and (b) a A mod-

el (Q&=1—Qo) for an QO=Q&=0. 1, A=0. 5 universe with no
recombination and isocurvature initial conditions. Overall nor-
malization is arbitrary. Through the LSS, temperature fluctua-

tions, originally of 8(u), become increasingly suppresed as a re-

sult of cancellation and rescattering. We have also plotted the

shape of the LSS [~rexp( —~)] and the GLSS [ ~ 1pexp( —r))
from linear theory for reference (dotted lines). In A models, the
IS% effect contributes strongly near the present epoch, and the
GLSS is not well defined. Nevertheless, the analytic approxima-
tions still work quite well.
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FIG. 2. Power spectra for the temperature fluctuations

Pz(k ) where k =kz+X [4) from analytic and numerical calcu-
lations: (a) no-recombination; open (upper set) and A (lower set)
baryon isocurvature models with spectral index n =0 and pa-
rameters QO=Q& =0.1, h =0.5 where the initial entropy fluc-

tuations !S(k)l k ". The sohd lines represent the numerical

results with (thick) and without {thin) IS%'. The dashed lines

represent analytic calculations in an analogous manner. (b)

Standard recombination; open (upper set) and A (lower set)
CDM models with adiabatic initial conditions P(k) ~ k" aud

parameters Q0=0. 1, Q~ =0.03, h =0.5, n =1. On large scales,
the power spectra fall of since we have subtracted the unobserv-

able monopole dipole.
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0.1

0.2
0.4
0.6
0.8
1.0
0.1

0.2
0.4
0.6
0.8

0.0
0.0
0.0
0.0
0.0
0.0
0.9
0.8
0.6
0.4
0.2

R num

2.6
2.1

1.6
1.3
1.2
1.0
1.9
1.5
1.2
1.1
1.1

R,„
2.2
1.9
1.5
1.3
1.1
1.0
1.7
1.4
1.1
1.1
1.0

TABLE I. Ratios of the power in temperature fluctuations
with to without ISW R =P'„'"'/I'~"' ' ' given by the numerical

(R„„) and analytical (R,„) computations for an 0&=QO,
h =0.5 universe. R„„ is calculated for k=100h Mpc ', but
does not vary significantly on small scales. The ISW effect is
less significant in A models, since A domination occurs at a rela-
tively late epoch. Analytic predictions agree quite well with nu-
merical results at small scales ( & 20% in power, & 10%%uo in tem-
perature fluctuations).

developed an analytic formalism which compares quite
well with detailed numerical solutions. From this formal-
ism, we Snd that the power spectrum of temperature fluc-
tuations behaves on small scales as Pr(k} ~ k P(k} for
both the Doppler and ISW contributions, despite the fact
that the scale dependence of v and 4 themselves are not
similar, as a result of a difference in their cancellation
behavior. The amplitude of the temperature fluctuations
can be predicted to 10% accuracy by the analytic approx-
imation. In standard recombination models, the small-
scale ISW effect is masked since the LSS is relatively thin
compared to the GLSS, and thus cancellation of the
Doppler effect does not occur until a very small scale.
The analytic approach derived here is a potentially
powerful yet simple tool for understanding and calculat-
ing the ISW effect. It is independent of the detailed model
and is thus applicable to all scenarios which have a time-
varying potential, e.g., even topological defect models
[17] for which the ISW effect is essentially the only im-

portant contribution to CMB fluctuations.
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