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Energy correlation and asymmetry of secondary leptons in e+e: tt
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Top quarks produced in the reaction e e —+ tt are predicted to have a strong spin-spin cor-
relation. We show that this correlation rejects itself in a strong energy correlation of the charged
leptons produced in the decays t m M+v& (t m bl v&) An. alytical expressions are given for the
two-dimensional distribution do/dzdz' where z and z' are scaled energy variables of l+ and l

In the presence of a CP-violating term in the e+e —+ tt amplitude, this correlation acquires an
antisymmetric component which is also calculated. Our formalism yields compact expressions for
the single-particle energy spectra of /+ and l and the asymmetry between them.

PACS number(s): 13.65.+i, 13.20.Jf, 13.88.+e, 14.65.Ha

I. INTRODUCTION where

Top quarks produced in the reaction e+e m tt are
predicted to have strong polarization and spin-spin cor-
relation [1—3]. A question of great interest is to what
extent these spin properties will refiect themselves in the
spectrum of the secondary leptons l+ and l produced
in the decays t ~ bl+v&(t —+ bl v&). In a recent paper,
the authors described a technique (based on a proposal of
Kawasaki, Shirafuji, and Tsai [4]) for obtaining the angu-
lar distribution of the secondary leptons in the e+e c.m.
kame and the angular correlation between them. In this
paper, we show that this procedure yields analytical ex-
pressions for the energy spectrum and the energy-energy
correlation of the secondary particles.

The calculation involves two ingredients. (i)
The 6rst is the differential production cross section
(do/dOt)(s+, s ) for e+e -+ tt, for arbitrary polariza-
tions 8+, 8 of the t, t quark. This cross section was ob-
tained by Kiihn, Reiter, and Zerwas [5], assuming p and
Z exchange, and is reproduced in the Appendix. (ii) The
second is the diH'erential decay rate for an unpolarized
top quark [6]:

1 dl'~ 12B(
I' dsq/(2qp)

(t(pt) -+l+(q) + ) = 4W(~t —2p«)
1l mt

(2)

B~ is the branching ratio for t m l+ +, and we neglect
the final fermion masses. [The decay t m l+ + is
here treated as a sequence of two-body decays t ~ bW+,
W+ + l+v~, employing the narrow width approximation
for the W. This is in accordance with evidence that the
mass of the top quark is considerably higher than that of
the W [7].]

In the final section of the paper, we consider the efFects
of CP violation, introduced in the e+e ~ tt amplitude
through electric-dipole-type couplings. This leads to an
antisymrnetric term in the energy-energy correlation of
the secondary leptons and an asymmetry between the l+
and l spectra. These results are compared with those
in previous work [8]. Some of the essential steps in the
formalism of Kawasaki, Shirafuji, and Tsai [4] are reca-
pitulated in Appendix A.

II. ENERGY SPECTRUM OF A SINGLE LEPTON

As an illustration of our formalism, we begin with the
inclusive distribution of a single decay lepton I,+ in the
reaction e+e w l+ -- . This is given by

(e+e m t+ y ) = 4 do, (n0) — (t(p, ) ,-& t+(q) +. )I,d q 2qp

where (do'/dAt)(n, 0) is obtained from (der/dOq) (s+, s )
by replacing

p,"p, ) m,
m,' ~p~q" (4)

and setting 8 = 0. To obtain the energy spectrum of

]

the l+, we write

EdEdAi = — —dzdp
2qp 2 4 P

(5)

where p = (p&
—q) is the missing mass squared in the

decay t a l++. . ., P = gl —4m'/s, and z is the reduced
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energy of the lepton, defined by ounded bywhile the reduced energy z is oun

Z/2
2E fl —P)

(6)

m~1 —P
m,' 1+P—

e ener of the lepton in the e+e c.in. system.
db th i litiThe variable p, is constraine y e i

p2 mw20& &1—
m mtt

aiid

2'+P ( " (1-z1

iable then yields the followingIntegration over the varia e p
r distribution ofthesecon ary epnormalized energy ri

originating in the reaction e+e -+ tt:

1 do(+ +
)Bio (e+e mt-t) dz

4ReDv~
( )

(3 —p2)Dv + 2p DA

f(x)
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2 ]
( )

mph )
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f(z) = 2~
3 1+P

2mw mw 2 1+p 2 1+p
m4 1P 1 P

t

, S —2xg~':I&,

~mw ~ ~21+0 p1—P
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: I2,

where the intervals I; are given by
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—x ~x + yz ln —x lnz~
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with the intervals I;:

. m2wl P m2w
4 2 1+P

Is. 2 &z&. mw 1 —P
m2 1+

1—Is. &z& l.1+
Note that f and g satisfy

These functions are plotted in Fig. 1 for mt ——150 and
170 GeV. The term proportional to g(z) describes ex-
plicitly the spin-dependent part of the lepton spectrum
and would be absent if, for instance, the t quark were
to be depolarized by hadronization effects prior to decay.
The predicted energy spectrum is shown in Fig. 2, where
the case of no spin correlation [g(z) = 0j is also plot-
ted for contrast. Of particular note is the fact that the
spin-independent part of the spectr»m is characterised
by a plateau in the interval (1 —P)/(1 + P) & z
miw/m, . This plateau changes to an incline when the
spin-dependent effects are added.

III. ENERGY CORRELATION OF l+ AND l

g(z)dz = 0 .

We now consider the joint energy distribution of two
charged secondary leptons l+ and l originating &om
t ~ bl+vt and t ~ bl Pt The .differential cross section
for e+e + l+(q)l (q') + is given by

der + + I do 1 dFt
,

)
(e+e ~ l+l + ) = 4 dAt

~d&
(n, m)pds /( )

(t(pt) ~ l+(q) + )

x —. . . (t(p,-) ~ l (q') + .-")F dsq' 2qo

Here (do/dQt)(n, m) is obtained from the differential cross section (dtT/dAt)(s+, s ) by replacing the spin vectors of
the top quark (s+) and the top antiquark (s ) by

p, gv pt pt( ~ -~ m,
pq'"''i '

sy ~my= gyv t t
q

p-"p-"i m,
mt ptq'

(14)

Carrying out an integration over the angular variables as described above, we obtain the following normalized two-
particle spectrum in the energies of l+ and l

1 do, 1 (1+P )Dv + 2P Dx
B'o(e+e ~ tt) dzdz'( P' (3 —P')Dv+ 2P'D~

+ 3,)D +"2,D [f(z)g(z')+f(z')g(z)j

where z and z' are the reduced energies,

2E (1-P)
m, 1+P)

in the e+ e c.m. system. Equation (15) shows explic-
itly that the energy spectra of the two leptons are corre-
lated because of the presence of the function g(z) which
reBects the spin dependence of the reaction e+e —+ tt.

2E' (1-P)
mt (1+P

(17)

E and E' being the energies of the Bnal leptons l+ and l

A form sinai&ar to Eq. (15) was obtained in Ref. [9] for
e+e ~ ff -+ l+l + ~ ~ ., in the case that the fermion f
is light compared to mw. However, the functions f and g,
which involve the dynamics of the t decay, are difFerent &om
those in Ref. [9].
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Integrating over x or x' and using the normalization con-
ditions (12), we get back the energy spectrum of a single
lepton.

In Fig. 3(a) we depict the normalized two-particle
energy distribution for the process e+e m tt
I+(x)l (x') + . . for a top mass mq ——150 GeV and for
an e+e c.m. energy +s = 500 GeV. In the case of com-

piete depolarization of top quarks prior to decay, the two-
particle distribution is given by the first term f (x)f(x')
in Eq. (15) alone. This case, which corresponds to un-
correlated spectra of /+ and l, is exhibited in Fig. 3(b).
Estimates of depolarization due to hadronization [10] in-
dicate that such effects will be very small for a top quark
as massive as 150 GeV or more. The importance of spin-

energy —energy correlation
CP —conserving part

e erg' —energy cor;cia I, ; {b)
( lepolar izatiori, '

7—

5—

3—

0—
0.5—

0.8
0.9

0.8
0.9

energy —energy correlation
C—V,'Qja~'t ig

FIG. 3. Normalized energy-energy correlation of two charged secondary leptons for m~ ——150 GeV and Ps = 500 GeV. (a)
represents the CP-conserving part of the two-particle spectrum. (b) shows the energy-energy correlation if the top quarks are
completely depolarized before their decay. The CP-violating antisymmetric part of the tmo-dimensional energy distribution
A(x, x') is given in (c).
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dependent effects may be judged from the fact that in
the domain of reduced energies,

m2w 1—
& z, x' & 026,1+P

the &action of events is about 30%%up higher than in the
case of depolarization.

IV. ENERGY CORRELATION AND ENERGY
ASYMMETRY IN THE PRESENCE OF CP

VIOLATION

We consider in this section the infiuence of a CP
violating modification in the amplitude of e+e + tt

on the energy spectr»m and energy correlation of the sec-
ondary leptons. Such a modi6cation has the consequence
that the tt state is no longer an exact CP eigenstate and
accordingly can have unequal probabilities for the helic-
ity con6gurations tl.t~ and t~tI, . This in turn can lead
to an asymmetric term in the two-dimensional distribu-
tion (1/o) s, and a difference in the energy spectra of
f+ and l 8].

The speci6c CP-violating term we introduce is an elec-
tric dipole moment coupling of the p and Z to tt:

tdpofgv $5(pt + pt)

Ztt: idzfr~—vps(pt +pt)" .

This modification produces a new term in the two-
dimensional distribution d d, which now reads

1 der + +, 1 (1+P )Dv+2P Dyt

B o(e+e m tt) dzdz' P (3 —P )Dv + 2P2D~

+ 3,D +"2,D V(x)~(x')+f(z')~(z)j

+, , D "+, ,D l&(z)g(z') —f(*')g(*)j (20)

with

Edipole = 4m,

(s z) + z z 64»n ~wcos ew

S S —mZ VeVg egVe+ 2 2 2 2 ' ' 2(a —mz) +mzFz 16 sin Hwcos2ew 4»ntf'wco»wIm, + . ' Imdz

The term proportional to Ed;~,i, is antisymmetric in z
and x', a hallmark of CP violation. Rewriting Eq. (20)
as

1 do'
(e+e + l+t

B2o(e+e -+ tt) dx—dz''

= S(x, x')+],A(z, z'), (22)

Edipole

(3 —P2)Dv + 2P2D& '

&(» x') = f(x)~(x') f( )ux( )x—
the functions S(x,x') and A(x, x') represent the sym-
metric and antisymmetric parts of the two-dimensional
distribution. These are plotted in Figs. 3(a) and 3(c).
Integration over x or x' yields the single-lepton energy
spectra

1 do—e e
Bio (e+e m tt) dz—

= f(z) +
(3 ,;D 2 » g(x) W ]!a(x) (24)

Consequently, the asymmetry in the energy spectr»m of
l+ and t, as a function of the energy x, is

~(e+e +l +. .) —d (e+e +3++- )
(e+e —}l + )+d (e+ ~1++ . )

~(x)
f ( ) + (3—]S&)g)tc+2p&D~ g( )

(26)

which is plotted in Fig. 4. The results contained in
Eqs. (21) and (24) agree with those obtained by Chang,
Keung, and PhiHips [8j using a different method.

Finally, our results for the energy correlation and en-
ergy asymmetry of leptons originating &om e+e + tt
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(a)d-."=,~l(X( ), -ITI1, 2)l'(2 )'h'(p + p -p- p-)

1 d px
( )

dXLgps(a)
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dl'" =
M l(blTIX( )) I'(2 )'b'(p - p )dX (b)

(A4)

The differential cross section for the reaction 1+2 ~ a+b
reads

dox b
— i(a, biTi1, 2) i (2s ) 8 (pg + p2 —p —pg)4I'

x dXLgps (a)dXLgps (b) . (A5)

0. 1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

FIG. 4. Asymmetry a(z)/$ in the energy spectrum of l+

and l for ~s = 500 GeV.

can be transcribed to the process qq + tt by switching
off the Z couplings in the production matrix element and
replacing the photon by a gluon [11].

As noted in Ref. [8], the energy asynunetry a(z) is a
CP-odd, but a T-even observable and requires an imag-
inary part in the form factors d~ or dz. Explicit calcu-
lations of Imd~ and Imdz in a simple Higgs model have
been carried out by Bernreuther, Pham, and Schroder
[12] and the results confirmed in Ref. [8].
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i(biTiX(s))i =2MB. ™+"I B~. (A9)
)-~

The matrix element for the combined process is

APPENDIX A (ab/T/1, 2) = B . Ap ./+M
(A10)

1+2 m a+X, (Al)

X —+b.
The differential cross section for the reaction (Al) and
the difFerential decay rate for the process (A2) are given

In this appendix we repeat some fundamental steps in
the formalism of Kawasaki, Shirafuji, and Tsai [4] in the
notation of Bjorken and Drell.

Consider a process in which two particles 1 and 2 with
four-momenta pq and y2 scatter to give a system of par-
ticles a and an unstable spin-2 particle X. X, which has
mass M, four-momentum p, and polarization vector s,
then decays into a system of particles b:

Using the narrow width approximation for the short-lived
particle X (I' (( M),

1 K 2 2

p —M + Mr
= I'M (" (All)

(which can easily be verified in the X rest frame), we find

and the identity

2[AA (p)B][BA (p)A] = [AA (p)A][BA (p)B]
+ry„„[AA+ (p)ps'" A]

x [BA+(p)q, q B] (A12)
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](a, b[T]1,2)]' = (2M)' 6(p —M )[BA+(p)B]

(A13)

JpJv
gpV ggV + M2 o

The "polarization vector"

(A14)

where A+(p) = (P+ M)/2M is the projection operator
for positive energy states and g„„is de6ned by

(A15)BA+(p) Vsz"B

BA+ (p) B
satis6es p. n = 0 and n2 = —1. Finally, one obtains

do'x~b = 6(p —M )i(X(n), a]T]1,2)i ) i(biTiX(s))] (2z) 6 (pi+ p2 —p —pb)dXr, rps(a)dXr. rps(b)

d3= 2 x i(X(n)) aiT]1, 2) ] (2m) 6 (pi + p2 —p —pb)

x dXi rps (a) I, 2M 2 ):I (blT IX(s))I'(2ir)'6(p —pb)dXi »s(b) (A16)

or symbolically (b'iTiX'(3')) = /2Mv (p', 3')C (A24)

dox(n) 5

r ' (A17)

where dI'b =
3 g, dl'b' is the initial spin-averaged dif-

ferential decay width for the process X -+ b.
Using the identity (A12), Eq. (A13) can also be writ-

ten as

We denote the spin-dependent differential cross section
I

for the reaction (A21) by do ~~'x, l and the difFerential de-

cay rates for (A22) by dl'&~'l and dl'z~', l. In analogy to the
above disscusion, one finds, for the combined process,

i(a, b]Til, 2)] = (2M) 6(p —M ) [AA+(p)A]

(A18)

with

with

(„, ) dI'b dl'b
d&xx'ebb' 4doxxii (A25)

AA+ (p)ps'" A

AA (p)A
(A19)

dlb=-', ).dr&'l, drb, =-, ).dry l. (A26)

This gives for the combined process the alternative for-
a

dr(")
do'x~b = do'x b

r (A20)

dox is the final spin-surrrrned production cross section for
1+2 -+ a+X. Equations (A17) and (A20) are equivalent
ways of deriving the distribution of the secondary particle
b.

We now discuss production and subsequent decays of
an unstable spin-2 particle X and the corresponding an-
tiparticle X' with four-momenta p and p' and polariza-
tion vectors s and s'.

(n m) ~

doxx, is the production cross section for the process
1+ 2 ~ X + X' in which the spin vectors 3 and 3' are
replaced by

BA+ (p) p5p" B
sp ~ np —gpv

BAi(p)B
(A27)

CA (p')7sp" C
SP + mP /~V )CA (p')C

(A28)

I I

with@„„= gi,~+ Mi andy„'„= g„„+I,".A (p'—) =
(—/ + M)/2M is the projection operator for negative
energy states.

1+2-+X+X', (A21)

X w b, X' -+ b' . (A22)
APPENDIX B

(b]T]X(s)) = /2MB u (p, a), (A23)

The matrix elements for the decay processes (A22) are In the presence of CP-violating couplings of the top
quark, the matrix element for the reaction e+e m tt
reads
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2
M = (v, vtd —eq)u(t) p„v(t)9(e+)p"u(e ) + a,vqdu(t) p„v(t)v(e+) p5p" u(e ) + v, a~du(t)ps'„v(t) v(e+) p"u(e }

dz 6(~+a,atdu(t)ps'„v(t)v(e+)ps'"u(e ) + 4 sin 8~ cos 8~v, d —— u(t)0'„„P"p5v(t)v(e+)p"u(e )
C C

dz+4 sin 8~ cos 8~a,d—u(t) o'„P"psv(t) v(e+)ps'" u(e )e
(BI)

with

S 1

8 —mz+&mz~z 16sin Hgr cos Hgr
'

v f ——2I3 —4ey sin 8~, t2 y
——2I3f 2 f

(82)

I3 + 2 for up or down particles, and e y is the electric charge in units of the electric charge of the prot on.
Neglecting the terms proportional to d~ and dz, the diH'erential cross section for e e -+ tt in the Born approxima-

tion is given for unpolarized e+e beams as a function of the four-mornenta P—:p, —+p,+, /—:p, — —p, +, Q = p|, —
pq

and of the top quark (antiquark) spin vectors s+(s ) by [5]

3(1
(s+, s ) = (Dv(2[s + (lQ) ]+ 2m, (ls+ ls —Ps+ Ps )dO, ' 883

+2sm,' —2[(lQ) —s +4m, s]s+s —(s —2m, )(Ps+ Ps —ls+ ls )

+LQ(Ps ls+ —ls Ps+)) + D~(2[s + (/Q) ] + 2m, (/s+ ls —Ps+ Ps )
—2sm, + 2[(lQ) —s +4m, s]s+s + (s —2m, )(Ps+ Ps —ls+ ls )

lQ(Ps —Ls+ —ls Ps+)) + 2ReDvg[smt(Ps —Ps+) + m|, /Q( —ls —ls+)]
+2IrnDv~[ 2ls s(/, P—, Q, s+) —2/s+e(/, P, Q, s ) + 2/Qs(/, Q, s, s+)]
+Ev2smt(ls + ls+) + E~2/Qmg(Ps+ —Ps )

+2ReEv~[ lQs —2m—
~ (ls Ps+ —ls+ Ps )]

+2 ImEv~[ —m&s(s+, l, Q, P) —mt'(s, l, Q, P)]) .

Qs is the center-of-mass energy, and P = gl —4m~2/s is the velocity of the t quarks in the c.rn. system. The symbol

s(a, b, c, d) means e„„~ a"b"c~d, with sp]2s = +l. In the standard model, one finds, for the constants D and E,

Dv = Iv.v~d —«~'+ ~o.v~d~',

D~ = /v, u, d/ + Ja,a,d[

Dv z ——v, a&d(v, v&d —e&)" + a,a&d(a, v &d) ',
Ev = 2Re[(v, vied —e|,)(a,vied)'],
E~ = 2 Re[v, a&d(a, a&d)'],

Ev~ ——v, a&d(a, v&d)'+ a,atd(v, vtd —et, )' .

The |P-violating part of the differential cross section is

da 3pn2
(s+, s ) ~c~ = s (IrnF&([(/Q) + 4sm~]P(s+ + s ) —LQsl(s+ —s ))2 2

4Og
' Ss3

+ 2ReFg [3m~/Qs(s+, s, l, P) + 3sm, e(s+, s, Q, P)
—m&/s s(s+, /, Q, P) + m, /s+e(s, /, Q, P)]
+2 imF2sm&(Ps . ls+ + Ps+ ls ) + ReF2s[e(s, l, Q, P) —e(s+, /, Q, P)]

2 IInF3mtlQ(Ps . ls+ + Ps+ ls ) —ReFs/Q[e(s, l, Q, P) —s(s+, L, Q, P)]
ImF4[/QsP(s+ + s—) —(s —4sm~ )l(s+ —s )]

—2 ReF4mz [Ps e(s+, L, Q, P) + Ps+a'(s, l, Q, P)]),
with
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d~ dz
Fq ——(vevqd —eq)' ——4 sinH~ cosHvsv, d —(a,vied)'4 sinH~ cosH~a, d

e e e

. (d, dz
F2 ——(a vied)' ——4 sinHgr cos 8~v d —(v vied —eq)'4 sinH~cos 8~a d

e e e

d~ dz
Fs —(v,atd)' ——4 sin 8~ cos H~v, d —(a,aqd)'4 sin 8~ cos H~a, d

e e e

. t'd, dz.F4 ——(a,aqd)' ——4 sin 8~ cos Htt v, d —(v,aqd)'4 sin Hgr cos H~a, d
e e e

(B6)

[1] G. L. Kane, G. A. Ladinsky, and C.-P. Yuan, Phys. Rev.
D 45, 124 (1992); C.-P. Yuan, ibid. 45, 782 (1992); C. A.
Nelson, ibid 41, 2.805 (1990).

[2] R. H. Dalitz and G. R. Goldstein, Phys. Rev. D 45, 1531
(1992);Int. J.Mod. Phys. A 9, 635 (1994), and references
therein.

[3] T. Arena and L. M. Sehgal, NucL Phys. B$9$, 46 (1993).
[4] S. Kawasaki, T. Shirafuji, and S. Y. Tsai, Prog. Theor.

Phys. 49, 1656 (1973); S. Y. Tsai, Phys. Rev. D 4, 2821
(1971);see also A. Pais and S. B.Treiman, ibid. 14, 293
(1976).

[5] J. H. Kiihn, A. Reiter, and P. M. Zerwas, Nucl. Phys.
B272, 560 (1986).

[6] M. Jeiabek and J. H. Kuhn, Nucl. Phys. B$20, 20
(1989).

[7] Direct evidence for top production, recently reported,
gives rn~ ——174 6 10+~s GeV [CDF Collaboration, F.

Abe et aL, Phys. Rev. D 50, 2966 (1994)]; indirect limits
from the CERN e+e collider LEP analysis of data yield
rn~ ——162+~r+z~ GeV [J. Lefrancgis, in Proceedings of the
International Europhysics Conference on High Energy
Physics, Marseille, France, 1993, edited by J. Carr and
M. Perottet (Editions Frontieres, Gif-sur-Yvette, 1993)].

[8] D. Chang, W.-Y. Keung, and I. Phillips, Nucl. Phys.
B408, 286 (1993).

[9] S. Matsumoto, K. Tominaga, O. Terazawa, and M. Biya-
jima, Prog. Theor. Phys. 85, 631 (1991).

[10] L. H. Orr and J. L. Rosner, Phys. Lett. B 246, 221
(1990);248, 474 (1990);I. Bigi, Y. Dokshitzer, V. Khoze,
J. Kiihn, and P. Zerwas, ibid. 181, 157 (1986).

[ll] C. R. Schmidt and M. E. Peskin, Phys. Rev. Lett. 69,
410 (1992).

[12] W. Bernreuther, T. N. Pham, and T. Schroder, Phys.
Lett. B 279, 389 (1992).


