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Energy correlation and asymmetry of secondary leptons in ete™ — tt
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Top quarks produced in the reaction e*e™ — tt are predicted to have a strong spin-spin cor-

relation. We show that this correlation reflects itself in a strong energy correlation of the charged
leptons produced in the decays t — bl*y, (f — bl™7;). Analytical expressions are given for the
two-dimensional distribution do/dzdz’ where x and z’ are scaled energy variables of [T and I~.
In the presence of a CP-violating term in the e*e™ — tf amplitude, this correlation acquires an
antisymmetric component which is also calculated. Our formalism yields compact expressions for
the single-particle energy spectra of [* and !~ and the asymmetry between them.

PACS number(s): 13.65.+i, 13.20.Jf, 13.88.+¢, 14.65.Ha

I. INTRODUCTION

Top quarks produced in the reaction ete™ — tf are
predicted to have strong polarization and spin-spin cor-
relation [1-3]. A question of great interest is to what
extent these spin properties will reflect themselves in the
spectrum of the secondary leptons [* and [~ produced
in the decays t — bl*uy;(f — bl 17). In a recent paper,
the authors described a technique (based on a proposal of
Kawasaki, Shirafuji, and Tsai [4]) for obtaining the angu-
lar distribution of the secondary leptons in the ete™ c.m.
frame and the angular correlation between them. In this
paper, we show that this procedure yields analytical ex-
pressions for the energy spectrum and the energy-energy
correlation of the secondary particles.

The calculation involves two ingredients. (1)
The first is the differential production cross section
(do/dS2:)(s4,5-) for eTe™ — tt, for arbitrary polariza-
tions s, s_ of the t,f quark. This cross section was ob-
tained by Kiihn, Reiter, and Zerwas [5], assuming v and
Z exchange, and is reproduced in the Appendix. (ii) The
second is the differential decay rate for an unpolarized
top quark [6]:
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B, is the branching ratio for t — [t +-- -, and we neglect
the final fermion masses. [The decay t — It + --- is
here treated as a sequence of two-body decays t — bW+,
W+ — Ity employing the narrow width approximation
for the W. This is in accordance with evidence that the
mass of the top quark is considerably higher than that of
the W [7].]

In the final section of the paper, we consider the effects
of CP violation, introduced in the e*e™ — tf amplitude
through electric-dipole-type couplings. This leads to an
antisymmetric term in the energy-energy correlation of
the secondary leptons and an asymmetry between the [
and [~ spectra. These results are compared with those
in previous work [8]. Some of the essential steps in the
formalism of Kawasaki, Shirafuji, and Tsai [4] are reca-
pitulated in Appendix A.

II. ENERGY SPECTRUM OF A SINGLE LEPTON

As an illustration of our formalism, we begin with the
inclusive distribution of a single decay lepton !™ in the
reaction ete™ — [t --.. This is given by
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where p? = (p; — q)? is the missing mass squared in the
decay t — [t +---, 8 = /1 — 4m?/s, and z is the reduced
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energy of the lepton, defined by

9B (1-8\""
=E(m) , ®)

E being the energy of the lepton in the ete™ c.m. system.
The variable p? is constrained by the inequalities
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FIG. 1. Functions f(z) and g(z), which appear in the en-
ergy distribution of secondary leptons for two different top
quark masses and for a center-of-mass energy /s = 500 GeV.
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while the reduced energy z is bounded by

m¥, 1-0
— _———<z<l1l. 9
m2 1+ﬁ‘m_ 9

Integration over the variable! u2 then yields the following
normalized energy distribution of the secondary lepton I+
originating in the reaction ete™ — tt:

1 do, .
_— . = - _) l+ e
Bjo(ete~ — tt) dz (eTe +eo)
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where the quantities Dy, Dy 4, and D 4, which depend on
electroweak couplings of the top quark and the electron,
are given in Appendix B, and the functions f(z) and g(z)
are defined as
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FIG. 2. Normalized energy distribution of charged leptons
I* from the reaction ete™ — tf including spin effects (solid
curve) and if the top quarks are depolarized before their decay
(dashed curve).

!Note that in terms of the variables z and pu® the decay
spectrum has the form

1_dn
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with the intervals I;:

2 2
my 1-0 myy
: — << —=
o Iy e g
.M o 18
5 m — T 1+8"°
1-4
T Pcr<
Is 1+ _.'17_1

Note that f and g satisfy
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Here (do/d;)(n,m) is obtained from the differential cross section (do/d€2:)(s4+,s-

the top quark (s;) and the top antiquark (s_) by
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These functions are plotted in Fig. 1 for m; = 150 and
170 GeV. The term proportional to g(x) describes ex-
plicitly the spin-dependent part of the lepton spectrum
and would be absent if, for instance, the ¢ quark were
to be depolarized by hadronization effects prior to decay.
The predicted energy spectrum is shown in Fig. 2, where
the case of no spin correlation [g(z) = 0] is also plot-
ted for contrast. Of particular note is the fact that the
spin-independent part of the spectrum is characterised
by a plateau in the interval (1 — 8)/(1+ 8) < z <
m%,/m?. This plateau changes to an incline when the
spin-dependent effects are added.

III. ENERGY CORRELATION OF It AND I~

We now consider the joint energy distribution of two
charged secondary leptons {* and !~ originating from
t — blty, and T — bl~7;. The differential cross section
for ete™ — I*(g)l=(¢') + - - - is given by

o (1) F oo (p) > 1@ +--)
1 dr,
Fda—,/(——)(t(lf) - 17(q") + )} . (13)

) by replacing the spin vectors of

s/J St = ny pt pt
+ (g Pt q )

M v
PP \ my
Pomk=—(g" -t —dq, .
my | Piq

Carrying out an integration over the angular variables as described above, we obtain the following normalized two-

particle spectrum in the energies of I* and I~

(14)
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where = and z’ are the reduced energies,
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E and E' being the energies of the final leptons [+ and I~

in the e™ e~ c.m. system.? Equation (15) shows explic-
itly that the energy spectra of the two leptons are corre-
lated because of the presence of the function g(z) which
reflects the spin dependence of the reaction ete™ — tt.

2A form similar to Eq. (15) was obtained in Ref. [9] for
ete™ — ff = I71” + ..., in the case that the fermion f
is light compared to mw. However, the functions f and g,
which involve the dynamics of the ¢ decay, are different from
those in Ref. [9].
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Integrating over « or z’ and using the normalization con-  plete depolarization of top quarks prior to decay, the two-
ditions (12), we get back the energy spectrum of a single  particle distribution is given by the first term f(z)f(z’)
lepton. in Eq. (15) alone. This case, which corresponds to un-

In Fig. 3(a) we depict the normalized two-particle  correlated spectra of [* and /™, is exhibited in Fig. 3(b).
energy distribution for the process ete~ — tf —  Estimates of depolarization due to hadronization [10] in-
I*(z)l=(z') + - - - for a top mass m; = 150 GeV and for  dicate that such effects will be very small for a top quark
an ete~ c.m. energy /s = 500 GeV. In the case of com-  as massive as 150 GeV or more. The importance of spin-
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FIG. 3. Normalized energy-energy correlation of two charged secondary leptons for m¢ = 150 GeV and /s = 500 GeV. (a)
represents the C P-conserving part of the two-particle spectrum. (b) shows the energy-energy correlation if the top quarks are
completely depolarized before their decay. The CP-violating antisymmetric part of the two-dimensional energy distribution

A(z,z') is given in (c).
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dependent effects may be judged from the fact that in
the domain of reduced energies,

mwl—ﬂ

< <
7155~ z,z’ <0.26 , (18)

the fraction of events is about 30% higher than in the
case of depolarization.

IV. ENERGY CORRELATION AND ENERGY
ASYMMETRY IN THE PRESENCE OF CP
VIOLATION

We consider in this section the influence of a CP-
violating modification in the amplitude of ete™ — t#

|
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on the energy spectrum and energy correlation of the sec-
ondary leptons. Such a modification has the consequence
that the ¢f state is no longer an exact C P eigenstate and
accordingly can have unequal probabilities for the helic-
ity configurations t;fr and tgty. This in turn can lead
to an asymmetric term in the two-dimensional distribu-
tion (1/0) 722 and a difference in the energy spectra of
It and I~ [8].

The specific C P-violating term we introduce is an elec-
tric dipole moment coupling of the v and Z to ¢t:

ytt : —idy 0,75 (pe + p7)”
(19)
Ztt : —idz0o,,vs(p: + pr)”

This modification produces a new term in the two-

dimensional distribution 3 "Zz, which now reads
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The term proportional to Eg;pole is antisymmetric in
and z’, a hallmark of CP violation. Rewriting Eq. (20)
as

1 do (
Bio(ete= — tt) dzdx’

ete” =1t~ +..1)

= S(z,z') + £A(z,2") , (22)

where

£ — Edipole
(3—p%)Dv +28°Da’
(23)

A(z,z') = f(z)g(z') - f(z')g(=) ,

the functions S(x,z') and A(z,z’) represent the sym-
metric and antisymmetric parts of the two-dimensional
distribution. These are plotted in Figs. 3(a) and 3(c).
Integration over = or z’ yields the single-lepton energy
spectra

16 sin® 0w cos? O

4 sin Ow cos Ow

St Imdz)] . (21)

1 d(T 4+ - +
- 7 =5 l
Bio(ete— — tt) dz (eTe” =

+ )

ReD
= 1@+ G Dy 3D, 9@ F o)

(24)
Consequently, the asymmetry in the energy spectrum of
I* and I~ as a function of the energy z, is

) —de(etem a1t +--)

:_:(e‘Fe— — l+ + ...)

2 ete” 1" +-
dz(e"'e =0l +--)+

= 9(z) 25
@) + e S (@) 29)

a(z) =

which is plotted in Fig. 4. The results contained in
Eqgs. (21) and (24) agree with those obtained by Chang,
Keung, and Phillips [8] using a different method.
Finally, our results for the energy correlation and en-
ergy asymmetry of leptons originating from ete~ — tf
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FIG. 4. Asymmetry a(z)/£ in the energy spectrum of I*
and I~ for /s = 500 GeV.

can be transcribed to the process qg — tt by switching
off the Z couplings in the production matrix element and
replacing the photon by a gluon [11].

As noted in Ref. [8], the energy asymmetry a(z) is a
CP-odd, but a T-even observable and requires an imag-
inary part in the form factors d, or dz. Explicit calcu-
lations of Imd, and Imdz in a simple Higgs model have
been carried out by Bernreuther, Pham, and Schroder
[12] and the results confirmed in Ref. [8].

ACKNOWLEDGMENTS

This work has been supported by the German Min-
istry of Research and Technology (BMFT). One of
us (T.A.) acknowledges the financial support of the
Graduiertenforderungsgesetz Nordrhein-Westfalen.

APPENDIX A

In this appendix we repeat some fundamental steps in
the formalism of Kawasaki, Shirafuji, and Tsai [4] in the
notation of Bjorken and Drell.

Consider a process in which two particles 1 and 2 with
four-momenta p; and p; scatter to give a system of par-
ticles a and an unstable spin- particle X. X, which has
mass M, four-momentum p, and polarization vector s,
then decays into a system of particles b:

1+25a+X, (A1)

X b, (A2)

The differential cross section for the reaction (A1) and
the differential decay rate for the process (A2) are given

T. ARENS AND L. M. SEHGAL 50

by
- 1
da‘(’() = EKX(S),alT]l, 2)|2(2m)*6*(p1 + p2 — P — Pa)
1 d3
X WﬁdXLIPS(a) ; (A3)
o 1
dry?) = S |(IT|X () (27) 8% (p — po)dXries (b) -

(A4)

The differential cross section for the reaction 1+2 — a+b
reads

1
dox-sn = 1l BTIL (20501 + £z — o~ o)
XdXLlps(a)dXLlps(b). (A5)
F? = (p1p2)? — p?p% is the invariant flux factor, and

dXyips(a) is the Lorentz-invariant phase space element
for a system of particles a. The matrix elements
(X (s),a|T|1,2) and (b|T|X(s)) for the processes (Al)
and (A2) can be written as

(X(s),a|T|1,2) = Wﬁa(p, $)Aa , (A6)
(b|T|X (s)) = VZMBoua(p, s) - (A7)

ua(p, 8) is the Dirac spinor of X normalized as Tu = 1.
One finds then

(X (), alT]1,2)]2 = zMza(";MM 1_1275_#) 2

(A8)

|(BIT| X (s))|? = 2MB., (”;MM 1—+-27_5—”) By . (A9)
ap

The matrix element for the combined process is

_ F+M
b|T|1,2) = —_— Ag . A10
(a,b|T|1,2) = Ba (pz ~MZ+iMT , B ( )

Using the narrow width approximation for the short-lived
particle X (T <« M),

2

~ " _§(p? — M?

1

——— All
p? — M2 +iMT (A1)

and the identity

2[AA 4 (p) B|[BA+(p)A] = [AA4(p)Al[BA+(p) B]
+Muw [XA+ (p)'YS'Y“A]
x[BA+(p)ysv” B]

(which can easily be verified in the X rest frame), we find

(A12)
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(e, bT|1,2)|? = (2M)? ——5(p? — M2)[BA., (p)B] = —gu, + Dby (A14)
’ ) - MT p +\P Nuv = —Guv M2 .
_ 1 The “polarization vector”
x (AM@)#A) (A1) P i
BA *B
b= T oy DL A(p )(7‘;; (A15)
where A, (p) = ($+ M)/2M is the projection operator +P
for positive energy states and 1), is defined by satisfies p-n = 0 and n? = —1. Finally, one obtains

1 =
dox s = 15 3
1
=2X iF (X (n),a|T|1,2)>(2m)*6* (p1 + p2 —
111 .
XdXLlps fm— Z' b'TlX 21I’) é

or symbolically

() 4Ty

dO‘X_,b - 2d0’X T (A17)

b
where dT', = 1Y, dl‘g’) is the initial spin-averaged dif-
ferential decay width for the process X — b.

Using the identity (A12), Eq. (A13) can also be writ-
ten as

(@, BITIL,2)]* = (2M)? 3 7=6(p — M?)[ A+ (p) 4]
(BA RS ) (A18)
with
. AA(p)1s7rA
y = '"'_—XA+(p)A (A19)

This gives for the combined process the alternative for-
mula

ar
T

dox is the final spin-summed production cross section for
1+2 — a+X. Equations (A17) and (A20) are equivalent
ways of deriving the distribution of the secondary particle
b.

We now discuss production and subsequent decays of
an unstable spin-} particle X and the corresponding an-
tiparticle X’ with four-momenta p and p’ and polariza-
tion vectors s and s':

dO'X—)b = (A20)

1+25 X+ X', (A21)

X b X' b,
The matrix elements for the decay processes (A22) are
(bIT| X (s)) =

2MB,uq(p,s) , (A23)

(A22)

p* — M*)|(X(n),a|T|1,2)]* Y [(IT|X (5))*(27)*6% (1 + P2 — Pa — pr)dXL1ps(a)d Xrips(b)

1 d3
y pb)( ) °E
(p — pv)dXLips(b) (A16)
[
(¥|T|X'(s")) = V2M54(p',5')Ca (A24)

We denote the spin-dependent differential cross section
for the reaction (A21) by do'f’s, and the differential de-
cay rates for (A22) by dI‘,(,’) and dT' ,(,,’ ). In analogy to the
above disscusion, one finds, for the combined process,

(n,m) dly dTy

dO’XXI_,be = 4dUXX’ —I‘_ T y (A25)
with

=3)dry?, dry =1y drg) . (A26)
doX’ ™) is the production cross section for the process

1+2 — X + X’ in which the spin vectors s and s’ are
replaced by

BA B

5. =My = n% , (A27)
—A_ ! v

s —m, = nw————c (p')1s7C , (A28)

CA_(p)C

with 'I’hu/ = guu""g&,}: and 7],“, = guu+_£2! A_ (p) =
(— #'+ M)/2M is the projection operator for negative
energy states.

APPENDIX B

In the presence of CP-violating couplings of the top
quark, the matrix element for the reaction ete™ — tf
reads
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with

102

M=
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(veved — e2)U(t) v, (E)B(e ™)y u(e™) + acvedu(t)vuv(T)o(e")vsv ule ™) + veardu(t)ysvuv(f)v(e” )y u(e”)

+acasdu(t)ysy,v(t)v(et)ysy u(e™) + (4 sin Oy cos Ow v, d~z - d—7>u( )0 PP ysv(8)T(e™ )y u(e ™)

e

. d -
+4 sin 0w cos fwa.d ezu( )T u P ysv(B)o (e )ysy ule )J , (B1)

s 1

d= .
s —m% +1mzI'z 16 sin® Oy cos? Oy

(B2)
v = 2[:{ — 4€f Sin2 0W , af = 2.[:{ .

I:{ = i% for up or down particles, and ey is the electric charge in units of the electric charge of the proton.

Neglecting the terms proportional to d, and dz, the differential cross section for ete™ — tt in the Born approxima-
tion is given for unpolarized ete~ beams as a function of the four-momenta P = p.- + pe+, | = pe- — P+, Q@ = Pt — D¢
and of the top quark (antiquark) spin vectors s (s_) by [5]

do
an, "+ = g

3a?

(Dv{3[s* + (1Q)%) + 2mZ(ls; - ls_ — Ps; - Ps_)

+2sm? — 3[(1Q)* — & +4m?s)sis_ — (s —2m?)(Psy - Ps_ — s, -ls_)

HQ(Ps_ -lsy —Is_ - Psy)} + Da{3[s* + (1Q)?] + 2m?(Is; - Is_ — Ps; - Ps_)

=2sm? + 3[(1Q)? — s* + d4mls|sys_ + (s — 2mi)(Ps; - Ps_ — s, -ls_)

—lQ(Ps_ -lsy —ls_ - Ps;)} + 2ReDy a[smy(Ps— — Psy) + mlQ(—ls_ —ls.)]

+2 ImDVA[—%ls_e(l,P,Q, S4) — %ls_},s(l,P,Q, s_)+ —;—lQ«ﬂ:(l,Q7 s_,84)]

+Ey2smy(ls— +ls;) + E42lQm(Ps, — Ps_)

+2ReEy a[-1Qs — 2mZ(ls_ - Psy —ls; - Ps_)]

+2ImEy a[—m¢e(s4,1,Q, P) — mee(s—,1,Q, P)]) . (B3)

\/3 is the center-of-mass energy, and 8 = /1 — 4m} /s is the velocity of the ¢ quarks in the c.m. system. The symbol
(a,b,c,d) means €,,,0,a*b”c?d’, with €123 = +1. In the standard model, one finds, for the constants D and FE,

Dy = |veved — et| + |aevtd|
Dy = |veard|? + |acaid|?
Dy 4 = veard(veved — €1)* + aeard(aevid)” |
Ey = 2Re[(vevid — €;)(aeved)*] ,
E 4 = 2Re[veard(acaid)?]
Ev 4 = veard(acvid)” + aeard(vevid — ;)" . (B4)

The CP-violating part of the differential cross section is

with

3,3a

{[(1Q)* + 4sm}|P(s4+ + 5-) — 1Qsl(s+ — 5-)}

+%ReF1 [3mlQe(s4,5-,1, P) + 3smue(s4,s—,Q, P)

—myls_e(s4,1,Q, P) + milsye(s_,1,Q, P)]

+2ImFysmy(Ps_ -ls, + Psy -ls_) + ReFasle(s_,1,Q, P) — e(s+,1,Q, P)]
—2ImF3mlQ(Ps_ -lsy + Ps, -ls_) — ReF3lQle(s-,1,Q, P) — e(s4,1,Q, P)]
—ImFy[IQsP(s4 +5_) — (s* —4sm?)l(s4 — s_)]

—2ReFym[Ps_e(s4,1,Q,P) + Psye(s_,1,Q, P)]) , (B5)

do
EQ_t(S’L’s_)lCP =
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F, = (veved — e4)* (‘-1-3 — 4 sin 0w cos Gwvedd?z) — (aev¢d)*4 sin Oy cos Gwaed? s

4381

dz

F; = (acved)* (d?"' — 4 sin O cos 0wv,dd7z) — (veved — €¢)*4 sin Ow cos t9waedide£ ,

F3 = (vead)* (d—“’ — 4 sin Ow cos OWUCd%Z—) — (aca:d)*4 sin Oy cos 0waedd7z

e

(B6)

F,; = (aea:d)” (d?" — 4 sin Oy cos owved%) — (veatd)*4 sin Oy cos 0waeddTZ .
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