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Analytic structure of the full fermion propagator in quenched and unquenched QED
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We study the analytic structure of the electron propagator in the entire complex p? plane, using
the Dyson-Schwinger equation. It is shown that in the usual ladder approximation there are two
complex conjugate branch points, both in quenched and in unquenched strong coupling QED. There
is, however, an essential difference between the quenched and the unquenched approximation: using
the unquenched approximation, the branch points seem to approach the real axis in the continuum
limit, in contrast with what happens in the quenched approximation.
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I. INTRODUCTION

The behavior of the full fermion propagator plays an
essential role in quantum field theories. Some aspects of
the fermion propagator can be studied in standard per-
turbation theory, but other methods have to be used in
order to study nonperturbative phenomena, such as dy-
namical symmetry breaking and confinement. One way
of doing this is to analyze the Dyson-Schwinger equation.
This integral equation is very useful for studying dynam-
ical chiral symmetry breaking and it has been used for
this purpose for a long time [1-3]. For a recent review
about dynamical chiral symmetry breaking, see [4].

In order to find nontrivial solutions of this integral
equation, several approximations have to be made. The
standard approximation is the ladder approximation, in
which the full gauge boson propagator and the full ver-
tex are replaced by the bare ones. Then the equation
is transformed to Euclidean space, and analyzed numer-
ically. This approach has been very successful in the
Euclidean ultraviolet region. Starting with a chiral La-
grangian, it leads to dynamical chiral symmetry breaking
if the coupling is above a certain critical value. Of course
different choices in approximating the Dyson-Schwinger
equation sometimes lead to slightly different results, but
the general behavior of the solutions is similar. There is
however at least one problem with this approach: it leads
to complex singularities in the full fermion propagator,
both in QED and in QCD [5-9].

A. The analytic structure of the propagator

The analytic structure of the bare fermion propagator
in momentum space is well known: it has a single pole
at the bare mass of the fermion. The integration path
one encounters in all kinds of calculations, goes around
this singularity, and therefore we can perform the usual
Wick rotation from Minkowski space to Euclidean space.
In perturbation theory, the full fermion propagator has
a similar structure, at least on the first Riemann sheet:
a single pole at the physical mass of the particle, and a
more complicated structure for momenta beyond some
threshold energy for multiparticle production. If we are
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dealing with massless particles, as in QED, where we
have massless photons, this single pole becomes a loga-
rithmic branch point. We therefore expect a full electron
propagator with a singularity at the physical mass of the
electron, which is located on the real axis in the timelike
region at pig, = ™Miyy,, and a logarithmic branch cut
along the real axis, beyond this singularity.

However, it turns out that in the ladder approximation
there are complex singularities: more than 15 years ago
there was a first analysis of the analytic structure of the
electron propagator in truncated four-dimensional QED
[5], which obtained complex singularities. The origin of
these singularities is not known, but they were generally
believed to be artifacts of the approximation, and they
are not taken very seriously. Therefore they have been
neglected for about 10 years. A few years ago this un-
solved mystery has attracted some more attention, espe-
cially in QCD [6-8]. The suggestion has been made that
they are not artifacts of the approximation, but a prop-
erty of the full theory connected with confinement [6, 10]:
if the quarks have no mass singularity in the timelike re-
gion, they can never be on mass shell, and thus never be
observed. In that case however, it should be possible to
find different analytic structures in confining and noncon-
fining theories. We have analyzed the analytic structure
of the fermion propagator in QED in more detail [9], in
order to get insight into the origin and physical meaning,
if any, of these complex singularities. In the next sec-
tions we will discuss the main results in four-dimensional
QED, first in the quenched approximation (Sec. II), and
then with the one-loop vacuum polarization (Sec. III).

B. The Dyson-Schwinger equation

The Dyson-Schwinger equation for fermions with a
bare mass zero is

-1 . 2 d*k v
S7Hp)= p—ie vas(k)l‘u(p, k)D""(q) (1)

with g, = (p — k)u. The full fermion propagator in this
equation, S(p), can be written as

57 (p) =B@*) [# - m(P?)] , (2)
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where m(p?) is called the dynamical mass function.

We use the so-called ladder approximation for the ver-
tex, in which the full vertex I'*(p, k) is replaced by the
bare vertex y#. This approximation is generally believed
to be reliable in the Landau gauge only, and therefore
we will use that gauge. Recently, it has been shown that
the ladder approximation in the Landau gauge gives al-
most the same result as a more elaborate vertex ansatz
in a general gauge [3]. The full photon propagator in the
Landau gauge is

uv _ _ q9uqv 1
D) == (g~ 22) i (3
The vacuum polarization II(g) can be expressed in terms
of the full electron propagator and the full vertex func-
tion; however we will start with the quenched approxi-
mation, in which the vacuum polarization is neglected.
Furthermore we will keep (3(p?) equal to one for all
momenta, not only in the quenched approximation, but
also if we take into account the effects of the vacuum
polarization. That means that we have to deal with only
one integral equation for the dynamical mass function of
the fermions:

d*k m(k?) 1 4
(2m)% k2 — m2(k?) ¢2 + II(¢g?) (4)
This integral equation can be analyzed by making a Wick
rotation from Minkowski space to Euclidean space, which
is of course only allowed if there are no complex singulari-
ties in the complex plane; for the moment we will assume
that that is the case.

In massless QED in four dimensions there is no intrin-
sic mass scale present in the Lagrangian, which means
that the mass scale has to be defined by something else.
Here we will use the (Euclidean) ultraviolet cutoff A,
which is needed in the integral, to set our scale. To study
chiral symmetry beaking it is more convenient to use a fi-
nite ultraviolet cutoff [2] rather than to work in the limit
A — oo. In the end however we are interested in this
continuum limit.

m(p®) = —3ie?

II. QUENCHED QED

In the quenched approximation we replace the full pho-
ton propagator by the bare one, and neglect all the ef-
fects of the vacuum polarization. With II(g?) = 0 for all
momenta, we can perform the angular integration ana-
lytically, which leads to

A* 1 m(y)
ym\y
m(z)=A / dy 2 (5)
o  max(z,y)y+m3(y)
with = —p? in the Euclidean region. We have absorbed
some numerical factors and the coupling constant in the
new constant A
3a  3€? ()
4 (4m)?’
This integral equation can now be converted to a non-
linear, second-order differential equation with boundary
conditions by differentiating twice with respect to z:

" ’ m(z) _
zm' (z) + 2m (z)+/\m—0. )
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A. Quasilinear equation

It is obvious that this differential equation, with
its boundary conditions, possesses the trivial solution
m(z) = 0 for all momenta, and it turns out that this
is the only solution for small values of the coupling.
If the coupling becomes larger than the critical value
Ae = %, a nontrivial solution bifurcates from the triv-
ial one, which can be studied using bifurcation theory [3,
11,12]. This leads to a quasilinear equation which is sim-
ilar to Eq. (5), the only difference being the replacement
y + m2(y) > y + m? in the denominator of this equa-
tion. The nontrivial solution of this linearized equation,
together with its boundary conditions, is the hypergeo-
metric function

m(z) =mFi(ay,a_,2; —z/m?) (8)

with a4 =%:i: %—/\,

This solution can be continued into the entire com-
plex plane, and its analytic structure is well known [13].
Around the origin the hypergeometric function is an an-
alytic function, which can be written as a hypergeomet-
ric series which converges for all values |z| < m?. Fur-
thermore, this function has two singular points: one at

z = —m? and one at £ = —oo; this last point however
is not interesting because we use a finite cutoff A. At
z = —m? the mass function has a branch point, and

there the linearized propagator

?+ m(-p?)
p? — m?

S(p) = (9)
goes to infinity, which means that this point corresponds
to the branch point at the physical mass of the electron.
This branch point is caused by the zero of the denomina-
tor z+m? of the linearized kernel of the integral equation;
for real values of m this only happens on the negative real
axis. So this quasilinear equation leads by construction
to the analytic structure of the mass function and the
propagator that we expect on physical grounds, and to
an electron with a physical mass m.

B. Nonlinear equation

After the reduction to a differential equation, Eq. (7),
we can easily solve the nonlinear equation numerically
[9]. It turns out that there is dynamical chiral symmetry
breaking only if the coupling is larger than the critical
value A, = '}i’ as expected from the bifurcation analy-
sis of the differential equation. Both the solution of the
quasilinear equation and of the nonlinear equation be-
have very similarly near the critical value of the coupling
constant, at least on the positive real axis.

Once we have solved the equation on the positive real
axis, we can make an analytic continuation into the com-
plex plane numerically. It turns out [9] that there is a
pair of complex conjugate branch points zp,Zp at which
points the denominator of the propagator goes to zero

xp + m2(xp) =0. (10)
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FIG. 1. The location of the branch points in massless

quenched four-dimensional QED: the absolute value divided
by m?(0) (left) and the phase as (right), both as a function
of the coupling; the critical coupling is A. = 0.25.

This means that the propagator goes to infimty at these
singularities, and it would correspond to a physical mass
m? = —x if these branch points were on the real axis.
The branch points are essentially caused by the nonlin-
ear structure of the Dyson-Schwinger equation: they are
located at the zero of the denominator and they will not
appear in a linearized approximation.

As the coupling tends to the critical value, the branch
points approach the origin (with a fixed ultraviolet cut-
off), because their absolute value is almost proportional
to the mass m(0), see Fig. 1 (left). However they do not
approach the origin along the real axis [14]: the phase a
of the branch point z; stays smaller than 7 for all values
of A > A, as can be seen from Fig. 1 (right). In the limit
Al Ac the phase goes toward 2.6985 rad.

Similar singularities can also be found using the ana-
lytical solution of the quasilinear equation. If we insert
that solution in the full propagator

$+m(-p?)

S0)= )

(11)
we find two complex conjugate points where the propa-
gator goes to infinity, located at the zeros of

z+ [szl(a+,a_,2;—:c/m2)]2=0, (12)

which can be calculated numerically. These complex sin-
gularities are located close to the ones found with the
nonlinear differential equation, and at the critical cou-
pling the phase of these points goes toward 2.7581 rad.
That means that not only on the real axis, but also in
the complex plane, the solutions of the nonlinear and the
linearized equation have a similar behavior.

III. UNQUENCHED QED

One way to improve the usual ladder approximation
is to take a dressed photon propagator instead of a bare
one. The full vacuum polarization is

ie2N d*k
np?) = ——1 [ o DhuS@M @, kSE),  (13)
3 (27)
where Ny is the number of fermion flavors. In order
to calculate the leading contribution from this vacuum
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polarization, we make the same approximation for the
vertex function as before: replace I'*(p, k) by v#. When
we take bare, massless fermion propagators instead of
the full ones we can calculate this vacuum polarization
exactly; its leading logarithmic contribution is

I(z) = —$ANszIn(A?%/z). (14)

The inclusion of this logarithmic part of the vacuum po-
larization leads to a correction of the bare propagator
and gives the following integral equation for the mass
function:

ym(y) 2 /" sin® 0 d§ (15)

A2
m(w)=/\/‘; dyy+m2(y); | Z—TI(2)

with z = z + y — 24/z,/ycosf. The limit Ny | O corre-
sponds to the quenched approximation discussed earlier.
This integral equation cannot be reduced to a differential
equation as before, and therefore we have to solve it as
an integral equation. Note that there is not only a radial
integration, but also an angular integration to perform
numerically. We first solve the integral equation on the
real axis. This leads again to a critical value for the cou-
pling, but with one fermion flavor its value is roughly
twice as large as in the quenched approximation:

Ac = 0.4948 . (16)

This critical coupling increases with the number of
fermion flavors, with two flavors it is

Ao =0.6733. (17)

These values for the critical coupling are in good agree-
ment with similar numerical and analytical analyses [15].

The analytic continuation of the integral equation is
not so simple as in the case of quenched QED, where we
have a differential equation. Now we have to solve an
integral equation, which means that we have to rotate
the whole equation into the complex plane over an angle
a. Because we have a finite cutoff A2 in our integral, we
also have to take into account the contribution from the
arc from AZe’® to A%2. Then we can solve the integral
equation along our new contour. In order to be sure that
we deal with the analytic continuation of the solution on
the real axis, we compare the value of m(z) at z = 0,
which is a common point for all our contours, with the
original m(0).

We have determined the phase of the branch points,
caused by zeros of z+m?2(z), as a function of the coupling
constant for both one and two fermion flavors, see Fig. 2.
Away from the critical coupling the branch points behave
like the ones we have found in quenched QED: the phase
increases with decreasing coupling and there seems to
be only a numerical difference: they are located much
closer to the negative real axis. However, in the limit
A | Ac there is an essential difference. In quenched QED
the phase goes toward 2.6985 rad (see Fig. 1), whereas
with the vacuum polarization the branch points seem to
approach the real axis. Although it is very difficult to get
accurate results close to the critical coupling, the results
strongly suggest that in the continuum limit the phase
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FIG. 2. The phase of the branch points as a function of
the coupling in unquenched QED: with Ny = 1 (top) and
with Ny = 2 (bottom).

goes to 7, the value which we would expect on physical
grounds.

IV. DISCUSSION

The analytic structure is qualitatively the same in both
quenched and unquenched QED, and at first hand it
seems that there is only a quantitative difference [14].
In quenched QED the phase of the branch point is of or-
der 2.4 to 2.6, and goes toward 2.7 rad if the coupling
approaches the critical coupling, see Fig. 1, whereas with
the one-loop vacuum polarization the phase is of order 3,
see Fig. 2.

In order to compare both quenched and unquenched
QED, in Fig. 3 we have plotted the phase of the branch
point versus the value of the mass function at the ori-
gin. From this figure we can see that the inclusion of the
vacuum polarization moves the branch points toward the
negative real axis, where we would expect them to be on
physical grounds; this indicates that the complex branch
points are indeed artifacts of the approximations. This
is also suggested by the behavior of the complex branch
points in the continuum limit: a closer look at Fig. 3
reveals that there is an essential difference in the limit
Al Ac between quenched and unquenched QED.

The physically relevant region in strong coupling QED
is the continuum limit A — oo and A | A.. In taking this
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FIG. 3. The phase of the branch points as function of
m(0) for Ny =0, 1, 2.

limit, we keep the infrared mass m(0) fixed, and in this
way we can remove the (artificial) ultraviolet cutoff from
the integral equation; the mass scale will then be set by
the (fixed) infrared mass. It has been argued that in the
broken phase the critical coupling acts as an ultraviolet
fixed point of the theory, at least in the quenched ladder
approximation [2]. It is therefore very interesting what
happens in this continuum limit: as the coupling goes
to the critical value and m(0)/A vanishes, the phase of
the branch points seems to approach = if one includes
the vacuum polarization, in contrast to what happens in
quenched QED, see Fig. 3. Thus in unquenched QED in
the continuum limit the complex branch points become
ordinary mass singularities in the timelike region.

This leads to the conclusion that the complex branch
points are indeed an artifact of the approximations, at
least in QED in four dimensions, and that the quenched
approximation is not very reliable. Of course we have to
study this in more detail, and there are several improve-
ments still to be made: we should make better approx-
imations for the full vertex function and we should also
use the full fermion propagator instead of the bare one in
the vacuum polarization. The gauge dependence of these
complex branch points is also a very interesting point,
which might be studied using a suitable ansatz for the
full vertex function.
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