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We present the general ansatz, the energy density, and the Chern-Simons charge for static axially
symmetric configurations in the bosonic sector of the electroweak theory. Containing the sphaleron,
the multisphalerons, and the sphaleron-antisphaleron pair at finite mixing angle, the ansatz further
allows the construction of the sphaleron and multisphaleron barriers and of the bisphalerons at finite
mixing angle. We conjecture that further solutions exist.
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I. INTRODUCTION

In the electroweak theory several types of classical so-
lutions are known. A decade ago the sphaleron solution
of the electroweak theory was discovered [1] and con-
structed in the limit of vanishing mixing angle [2]. In this
limit the sphaleron is spherically symmetric and parity
reflection symmetric. Much later the sphaleron was con-
structed for the full electroweak theory with gauge group
SU(2)®U(1) [3,4]. At finite mixing angle the sphaleron is
only axially symmetric, but it retains its parity reflection
symmetry. At the physical mixing angle the spherical
approximation for the sphaleron is excellent [3,4].

Recently further solutions of the electroweak theory
have been constructed, which are axially symmetric and
symmetric under parity reflections. These are, on the one
hand, the multisphaleron solutions [5] and, on the other
hand, the sphaleron-antisphaleron pair [6,7]. The mul-
tisphaleron solutions carry Chern-Simons charge N¢s =
n/2, where n is an integer counting the winding of the
fields in the azimuthal angle ¢. The sphaleron has
winding number n = 1. Like the sphaleron the multi-
sphalerons are thus associated with fermion number vi-
olation [5]. In contrast the sphaleron-antisphaleron pair
carries Chern-Simons charge Ngcs = 0 [7]. The ansatz
for the sphaleron-antisphaleron pair can be generalized
by realizing that it involves a winding of the fields in the
angle 6. Denoting the corresponding winding number
m, the sphaleron-antisphaleron pair has winding number
m = 2, while the sphaleron has m = 1.

When constructing noncontractible loops in configura-
tion space, the intermediate configurations between the
vacua and the sphaleron, representing the sphaleron bar-
rier, have fewer symmetries than the sphaleron, even for
vanishing mixing angle [1,8]. Indeed in the limit of van-
ishing mixing angle the construction of the sphaleron bar-
rier involves configurations which do not retain the dis-
crete symmetry of the sphaleron, parity reflection sym-
metry. For finite mixing angle the sphaleron barrier has
not yet been constructed.
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Furthermore, for high values of the Higgs boson mass
new classical solutions appear in the electroweak theory,
the bisphalerons [9,10]. These solutions, constructed so
far only for vanishing mixing angle, where they are spher-
ically symmetric, are not invariant under parity, but oc-
cur as parity doublets. Like the sphaleron, at finite mix-
ing angle they will retain only axial symmetry. The bi-
sphalerons are lower in energy than the sphaleron [9,10].
This was demonstrated also in a perturbative analysis for
finite mixing angle [11]. Therefore at large Higgs boson
masses the lowest bisphalerons represent the top of the
energy barrier between neighboring topologically distinct
vacua. The construction of the bisphalerons at finite mix-
ing angle is an outstanding problem.

In this paper we develop the formalism for the con-
struction of general classical static configurations of the
electroweak theory with axial symmetry. In Sec. II we
present the general ansatz for the fields and the energy
density obtained with this ansatz. Further we discuss the
four residual gauge symmetries of the energy density and
several choices of gauge. In Sec. III we discuss the clas-
sical solutions obtainable with this ansatz, the sphaleron
and multisphalerons, the sphaleron-antisphaleron pair
and their generalizations, as well as the bisphalerons and
the barriers. In Sec. IV we present the Chern-Sinions
charge for the general ansatz. Further we evaluate the
Chern-Simons charge for the multisphalerons and for the
solutions which may be obtained with the generalized
sphaleron-antisphaleron pair ansatz. We present our con-
clusions in Sec. V.

II. ANSATZ AND ENERGY DENSITY

Let us consider the bosonic sector of the Weinberg-
Salam theory:

1 a v,a 1 v
L=—JFLF" — 2 fu f*
’Uz 2
+(D,®)}(D*®) — A (<I>f<I> - ?) , (1)
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with the SU(2) field strength tensor
Fp, =8,W; —3,W3 + ge”™*WiWe , (2)
with the U(1) field strength tensor
f;l.v = apAu - 6IIA[A ) (3)

and the covariant derivative for the Higgs field
i o i
D,® = (3# - S9TW - 5g'A,,)<1> . (4)

The gauge symmetry is spontaneously broken due to the
nonvanishing vacuum expectation value v of the Higgs
field,

@=2(1) 5)

leading to the boson masses

1
_2_ \ /(92 + gIZ),U ,

1
MW=‘gU, MZ=

2 Mg =vv2\.

(6)

The mixing angle Oy is determined by the relation
tanfw = g'/g and the electric charge is e = gsin Oy .

A. Axially symmetric ansatz

Let us introduce the set of orthonormal vectors
[12,13,5]

u{”(4) = (cos ng, sinng,0) ,

u{™(4) = (0,0,1)

u{”(¢) =

and the matrices

(sinne, — cosng, 0) (7)
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G (9) =W @), (8)
where 7% are the Pauli matrices and ¢ is the azimuthal

angle defined via

("E’ Y, z) = (PCOS¢»PSin¢s Z)

= (rsinfcos @, rsinfsin ¢, r cosf) . (9)

The static axially symmetric ansatz for the SU(2) gauge
fields, the U(1) gauge field, and the Higgs field is then
given by
Wi(r) = Wa(r)r® = &,V (#)GY (9)wh(p, 2)
Wo(r) = Wg(r)r* =0, (10)

Ai(l') = U;(l)(¢)aj(p’z)a
Ao(r) =0, (11)

3(e) = 2= [halo2) +im(e 6] (1) 0 a2)

where the indices %, j,k, and a run from 1 to 3.

This ansatz contains 16 arbitrary real functions of the
variables p and z. The ansatz is axially symmetric; i.e., a
rotation around the z axis can be compensated by a
gauge transformation. [For the Higgs field the compen-
sating gauge transformation is an element of the diagonal
group U(1)®U(1), the first U(1) being the subgroup of
SU(2) generated by the matrix G{" ]

B. Energy functional
The resulting axially symmetric energy functional E,
1
=3 /(E.,, + Eo + v*Ey) d¢ pdpdz , (13)

then has the contributions

1 1
Ey, = (c')pwé + ;("’“’g +w3) — g(wiwi — wswl)) ( pw3 + pw3 g(wiwi — w3w1)>

1
+ («%w: + 1w — nub) - g(wiu?

1
w
+1o.uf ~ gudu} — ufud) + (0§ ~n"2 -

+[azw§ - apwg - g('w:liw% - wiwg)]z + [8;’111%

g(wiwy

1
— O,w;

2 3 2
w
_ wiw;‘;)) + (6,111; + n—;)g — g(wiw} — w?w%))

2
- wiw;)) 1 (B} — B — glwiw} — whwd)]?

- g(wgwl w2w1)] (14)

2
1
Ea = (apa;, + ’—)0.3) + (8:(13)2 + (apaz - 8;&1)2 y (15)
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2
Eh = (8 ho + = (h1w1 + hz’wl + h3'w1) - —(hzal)) (3 hl + = (h3w1 hz'wl - ho‘wl) + = (h3a1)>

T2

’ 2
+ (%(—hlw;} - h2w§ - h3w§) + %hzd@) + (%(h;;’w; - ho'w3

g g * (s
—(hlwg — how§ - h3’w§) + Ehoﬂ@) + (5(h0w3

4177
2
g g : g ?
(aphz + E(hlwi’ — h3w% — ho'wf) + E(hoal)) + (aph3 + i(hz‘wi - h]_’wl - howl) - (hlal))
g g ? g ?
+ (azho + E(hl’w; + hz’w% + hawg) - —(hgaz)) + (Bzhl + §(h3w§ d h2w2 ho'wz) + = (h30,2))
2
+ (a,hz + ‘%(hlwg — haw} — how?) + L (hoaz)) (a,ha + g(hzwz hyw? — how3) — —(hlaz))
h
( haw} + hywd) + Z h1 as — %)
h2w3) + = h3a3 — n_h;;)
p
{16)

Av? 2 2 2 2 2
+T(h0+h1+h2+h3—1) .

C. Residual gauge symmetries

The energy functional is invariant under a large class
of gauge transformations, which keep the ansatz form
invariant. These gauge transformations are given by

Uo(r) = exp[iTo(p, 2)] ,
Us(r) = explil1(p, 2)G{™ (9)] ,
Uz(r) = explil2(p, )G (9)] ,
Us(r) = exp[iTs(p, 2)GS™ (9)] -

17)

1. Transformation properties of the fields

Considering first the transformation Uy, the compo-
nents of the Abelian gauge field a; transform as

577£:, ag==a3 UB)

and the Higgs field components

() (k) 19

transform as doublets with angle I'g, and the SU(2) fields
are invariant under Up.

Considering next the three Abelian transformations U;
generated by GE"), the Abelian gauge field is invariant
under these transformations, while the components of the
non-Abelian gauge fields w? and of the Higgs field ho and
h; form various multiplets.

Under the transformation Us = exp(il'sG{”) the
SU(2) gauge field components

1 1 1
wi wi w3
) () (w%5)

transform as doublets with angle 2I'3, w3 is invariant,

[

and the two remaining components (w},w3) transform
as a two-dimensional gauge field

(o) =t 2 (ut) =+ 2

The Higgs field components

() (&) &

transform as doublets with angle I's.
Analogously, under the transformations U; =

exp(iT1G{™) and U, = exp(iT2G{™) similar schemes oc-
cur with

2 2 2_n
w% w% w3 3 gr w
3 b 9
’ll)l Wy w3

W
//
g 8
[SEYe
N—"

(24)

respectively, for the SU(2) gauge field components, and

(i) () )
(k) (&) )

respectively, for the Higgs field components.

and

2. Choices of gauge

In order to comnstruct classical solutions, the four resid-
ual gauge degrees of freedom need to be fixed. There
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appear to be many different ways to fix these four gauge
degrees of freedom. However, from our experience in con-
structing the sphaleron at finite mixing angle, we know
that care must be taken to choose a gauge where the
classical solutions are regular [3,4,14].

(a) Coulomb gauges. For the single residual gauge de-
gree of freedom present for the sphaleron at finite mixing
angle U; [15], we chose the Coulomb gauge for the two-
dimensional gauge field

3 3
w;  Ows;

p 9 = 0 (27)

since it lead to regular classical solutions [3,4,14]. We
therefore suggest as a probably good choice of gauge the
Coulomb gauge for all four two-dimensional gauge fields,
i.e., in addition to Eq. (27),

ow} Ow}
8p | 8z
Oa; Oa,
Bp ' 8z

2 2
owi  Owj

=0 —
’ op 0z

=0,
=0. (28)

In the general case such a choice of gauge leaves 16 un-
known functions to be determined numerically.

(b) Other gauges. Another way of fixing the gauge
consists of eliminating one or more functions, leaving a
smaller number of unknown functions to be determined
numerically. Appearing attractive at first sight, such
gauge choices may prove to be singular [14].

Let us nevertheless consider such choices briefly. For
instance, setting the angular part of the Higgs field in
a canonical position, we could obtain the physical gauge
or the hedgehog gauge. In the physical gauge the Higgs
field is specified only by hg, while hy = hy = hz = 0.
In the hedgehog gauge the Higgs field is specified only by
the function h, defined via h; = hsinf, hy = hcos#f,
while hg = hs = 0. Fixing three of the four degrees of
freedom, both these gauges are known to be singular for
the sphaleron at finite mixing angle [14].

Another possibly better choice could be to only as-
sume hs = 0 and supplement this gauge choice with the
Coulomb gauge for the remaining three degrees of free-
dom. Note that k3 vanishes in all known classical solu-
tions.

III. CLASSICAL SOLUTIONS

All known static (three-dimensional) classical solutions
can be obtained from the general static ansatz. This
ansatz further allows us to construct the sphaleron bar-
rier at finite mixing angle, to generalize the bisphalerons,
known at vanishing mixing angle, to finite mixing angle,
and to possibly construct new solutions.

A. Barriers and bisphalerons

Until now, vacuum to vacuum paths passing the
sphaleron have been constructed only at vanishing mix-
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ing angle. Since they involve parity-violating configura-
tions, the general axially symmetric ansatz must be taken
to obtain such paths at finite mixing angle. The general
ansatz is also necessary to obtain the barriers associated
with multisphalerons, as well as for the construction of
bisphalerons at finite mixing angle.

1. Parametrization of the general ansaiz

In order to compare with the known spherical barrier
and to take out the trivial angular dependence (on the
angle 0) we parametrize the axial functions in spherical
coordinates as follows:

) 2 .
wi’ = EFI(T’O) cos@ , wS -g—rF2(r,0) sinf ,

2n 2n .
wé = —-g—rF3(7',9)C050 , wg = g—TF4(7', 0)sin@ ,
2
w? = = H,(r,0)sinfcos b ,
gr
wy = —2~H2(r, 0) sinf cos
gr

2
w! = g—r[Hg(r, 6) sin® 0 + Hy(r,9)] ,

wg = ;%‘-[H:;(’I‘, 0) COS2 0 + H4(7‘, 9)] )

(29)
2n
wg = 'g—rHs(T, 0) ,
hy = Fs(r,0)sin@ , hy = Fg(r,0) cos @ ,
h3 = Hs('l", 0) sin 6 5 ho = H7(’I‘,0) ;
2
a; = ——Hg(r,0)sinfcosf , az= ~?—H9(r,0) ,
gr gr
2 .
az = EF7(7‘,0) sinf .
This parametrization is a generalization of the

parametrization used for the sphaleron at finite mix-
ing angle, containing in addition to the seven functions
Fi(r,0) the nine functions H;(r,0). The factors of sinf
and cos @ in the above parametrization are chosen in ac-
cordance with the known spherical configurations, the
sphaleron, the sphaleron barrier, and the bisphalerons,
where the functions F;(r,6) and H;(r,0) reduce to func-
tions of the radial coordinate r alone, as shown below.

2. Recovering spherical symmetry

In the limit fw = O the sphaleron, the configura-
tions along the sphaleron barrier, and the bisphalerons
are spherically symmetric. The Abelian gauge potential
can consistently be set to zero, i.e., in terms of the above
parametrization (29),

F: 7(7‘, 0) =0 y

Hg(r,0) =0, Hy(r,0)=0. (30)

The general spherically symmetric ansatz, necessary
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to obtain the sphaleron barrier and the bisphalerons, is
given by

Wia 1- fA(r) az] _1 + — fB(r) (6:'0 - ‘iﬂa) + fc_(r)f'if'a ’
gar T
vm=o, (31)

&= %[H(r) +ir £K(r)] ( ’ ) . (32)

Comparing with the general axially symmetric ansatz we
find n =1 and

Fi(r,6) = Fy(r,0) = Fy(r,0) = Fa(r,0) = 23400
Fy(r,0) = Fg(r,0) = K(r) ,

Hl(’f‘, 0) = Hz("', 0) = H3(‘I', 0) = M%LB—(T—) y (33)
H4(1‘, 0) = H5(7‘, 0) = LB;Z(L) y

Hg(r,0) =0, Hy(r,0)=H(r).

The functions fg(r), fc(r), and (in the usual
parametrization) H(r) represent the parity-violating
terms, present in the configurations along the sphaleron
barrier and the bisphalerons, which generalize to seven
functions H;(r,0) in the axially symmetric ansatz. The
spherically symmetric ansatz has a residual gauge sym-
metry, which can be fixed, for instance, by requiring
fe(r) = 0. The spherically symmetric parity conserv-
ing sphaleron solution has fg(r) = fc(r) = H(r) = 0,
corresponding to the vanishing of all functions H;(r,6).

B. Solutions with mirror symmetry

Besides being axially symmetric, the sphaleron at fi-
nite mixing angle [3,4], the multisphalerons [5], and the
sphaleron-antisphaleron pair [6,7] have discrete symme-
tries. Supplementing the axial invariance of the fields by
the discrete mirror symmetry

sz RC® (—1)custodia1 3 (34)
where the first factor represents reflection through the zz
plane and the second factor denotes charge conjugation

c T c * c
Wi=-W,, =2, A4; A, (35)
leads to the simplifying conditions [1,13,3,4]
wi=wl=wl=wi=wi=0, (36)
hy=ho=0, (37)
a) =az = 0 y (38)
corresponding to H;(r,0) =0, ¢ =1,...,9. The known

axially symmetric solutions are additionally invariant un-
der parity.
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1. Sphaleron and multisphalerons

The sphaleron at finite mixing angle and the multi-
sphalerons are described by the seven axial functions
F;(r,0) of Eqgs. (29) [3-5]. The sphaleron and multi-
sphaleron functions satisfy

F,(r,0) = F,(r,m—90) . (39)

The solutions are invariant under P ® —1cystodial, Where
the second factor is necessary because the classical Higgs
field is parity odd in the gauge used.

The Higgs fields of the sphaleron and of the multi-
sphalerons (S) assume the asymptotic forms

%Us(w) ( (1) )

—17[51n0G(")(¢)+cos€G(")(¢)]( ) .

The gauge fields become pure gauge configurations at
infinity:

&5 =

(40)

Wi(oo) = —%B;Us(oo)Ug(oo) . (41)

Thus the boundary conditions for the functions F;(r,8)
are [3-5]

r=0: F(r,0)|;=0=0, i=1,...,7
r—o00: Fi(r,0);=e0 =1, i=1,...,6,
F7('I‘, 9)'1‘:00 =0,
42
6=0: 69F,-(r,0)|9=0=0, i=1,...,7, ( )
0=1I'/22 39F,‘(1',0)|g=,r/2=0, i=1,...,7 .

2. Sphaleron-antisphaleron pair

The sphaleron-antisphaleron pair [6,7] is also axially
symmetric and parity invariant. But in contrast with
the sphaleron the Higgs field is even under parity.

Klinkhamer denoted the field components as

w:15=__ap_1, wg:‘%’ w:}x=g:" wg:%’

hy =B, hy = -0, (43)
_9a

T g

He parametrized the gauge field components in terms of
the angle § analogous to Egs. (29), leading to the rela-
tions for the gauge field functions

i
F1—2 f Fzzzzfo )
(44)
r? Kl
Fy=2" f ) F4=2;f3

with @ = r2 4+ 72 and 7, an arbitrary scale parameter,
while he parametrized the Higgs field components differ-
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ently:
7.2
hy = ;hi" sin20 , hy =hX. (45)

This parametrization lead to #-dependent boundary con-
ditions for the functions fX!, fX! and h¥X!

The Higgs field of the sphaleron-antisphaleron pair
(5*) assumes the asymptotic form

Bg. = %Us. (00) ( ’ )

A 0
= z\—/—i[sm 20G(11)(¢) + cos 2909)((1;)] ( 1 ) ,
(46)
while the gauge fields become pure gauge configurations:
9%

Wi(o0) = —;ZaiUs-(oo)U;.(oo) . (47)

Therefore another parametrization appears to be natural:

4 4 '
wh = g—T—Fl(r, 6)cos8, w3 = —g—ng('r, 0)sin@ ,

4 -
w3 = —— F3(r,0) cos 6 cos 26,
gr
2 4 - .
w3 = g—rF4(r, 0) cossin 26 , (48)

h, = Fs(r, 0)sin260, h, = ﬁ‘e(r, 0) cos 26 .
In terms of this parametrization the functions

Fy(r,0), i =1,...,6, approach one at infinity (16].

3. Generalization of the sphaleron-antisphaleron
pair ansatz

Generalizing the ansatz for the sphaleron-
antisphaleron pair to arbitrary integers m, we require
for the Higgs field the asymptotic form

v 0
®5. = —Usg» (0
S \/5 S,,,( ) ( 1 )

= i%[sin mbG) (¢) + cosmbG (¢)] ( ‘; ) ,
(49)

and for the gauge fields the pure gauge configurations

9%

Wi(o0) = —-—gza,-Us;"(oo)UT;‘(oo) , (50)

leading to the general parametrization
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2—mﬁ‘1(r, 0)cosd, w3 = ~g$ﬁ'2(r, 0)siné ,

gr
2m - inmé
wi = —;?Fg(r, 6) sm:mo cosmé,
2 2m - sinmb
w; = — Fy(r,0) sinm@ , (51)
gr msin

hy = Fy(r, 0)sinmb, hy = F’e(r, 8) cosmb .

In terms of this parametrization the
functions Fj(r,60), i = 1,...,6, approach one at infin-
ity [17]. One further step is to include both integers n
and m in the ansatz; i.e., use the gauge transformation
Us,, ,. for the fields at infinity:

®s,. .. = *\/%Us,.,m (o0) ( (1))

= i%[sin mfG™ (9) + cos mOGS™ (¢)] ( (1) )

(52)
and

Wi(o0) = —%a,-Us"_m(oo)Ugm(oo) : (53)

IV. CHERN-SIMONS CHARGE

The Chern-Simons current K, is not conserved; its
divergence 8*K, represents the U(1l) anomaly of the
baryon current. Classical configurations are character-
ized by their Chern-Simons charge. The SU(2) part of
the Chern-Simons charge is given by

NCS = /d31'K0
2
= —szz /ds'l'eijkTr(F,‘jWk +i%WinWk)
1
= on2 d37‘Q(P, z) . (54)

The proper gauge for evaluating the Chern-Simons
charge is the gauge where the gauge field is given by

Wi(oo) = —?gia,-U(oo)UT(oo) , (55)

with U(co) = 1. Then this Chern-Simons charge of
the configurations corresponds to their baryonic charge,
when the U(1) field does not contribute to the baryon
number [5].

A. General axially symmetric ansatz

The general axially symmetric ansatz leads to a Chern-
Simons charge characterized by

4 n n
_ 1,2 3 2,3, 1 3 1f.2_ M\ _1.3( 2 MY 3.2 31 213
—g*;,Q(P,Z) = WjWaW3 + WjWaw3 + WiwW, | w3 — ap wywy | w3 9 W WyW3 — WiWaW3

1

n
2w @rwt - ) + (w3 = 25 ) Qe — Opud) + ui@owd ~ Byu)] (56
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This expression must be supplemented by the appropriate gauge transformation to obtain the Chern-Simons charge of
the configurations forming the sphaleron barrier at finite mixing angle and the multisphaleron barriers and to obtain
the Chern-Simons charge of the bisphalerons.

B. Sphaleron and multisphalerons

For the sphaleron and multisphalerons the Chern-Simons density is proportional to

sin? Q 90 a

Qp,z) = L Bz( —F sm(ZQ))
sin2 8 9 1 8 /zp
o (Feein®) + 225 (55

where, analogous to Ref. [2], we incorporated the effect
of a gauge transformation of the form

Us(r) = exp[iQ(r,0)(sin6G{™ + cos G (58)

and kept all derivative terms. The proper boundary
conditions are 2(0) = 0 and Q(o0) = =/2 [2]. Only
the first term of Q(p, z) determines the Chern-Simons
charge since the derivative terms do not contribute due
to the boundary conditions for the functions F;(r,8) [see
Egs. (42) [3-5]] and for Q(r, ).

We find, for the multisphalerons the Chern-Simons
charge,

Nes =n/2 (59)

independently of the Higgs boson mass and of the mixing
angle, reproducing the well-known Chiern-Simons charge
of the sphaleron, Ncs = 1/2. This Chern-Simons charge
of the sphaleron and of the multisphalerons corresponds
J

6—p (:TZFZ sin(2Q))

w5 - 2 (X

o cos26 O

428

(B - F) YY), (57)

—[F3sin(29)]

2p dp

to their baryonic charge Qg = n/2 since the U(1) field
does not contribute to their baryon number [5].

C. Generalization of the sphaleron-antisphaleron
pair ansatz

For the sphaleron-antisphaleron pair another gauge
transformation must be chosen to evaluate the Chern-
Simons charge:

Us-(r) = expliQ(r, ) (sin 20G" + cos 20GV)] , (60)

with boundary conditions £2(0) = 0 and Q(o0) = 7/2,
since this solution approaches infinity differently. In the
following we present the Chern-Simons density directly
for the generalized pair ansatz Eqgs. (49)—(51), using the
gauge transformation

Us: (r) = exp[iQ(r, 0)(sinm0G§1) + cos mOGgl))] . (61)

The Chern-Simons density is proportional to

m sin m@ sin? Q 80 8 /msinmb cos b -~ 1 8 /msinmfsin?8 -
Q(r.0) = sin @ r2 or az( sinf  4r?2 FERd s1n(29)) pa_p( sinf 4r o 2 m(2Q))
msinm# [ cos®>mé 8 sin® m0 o
e ( 2 [F3 sin(2Q)] + ——— [F4 sm(2Q)])

19 an 18
+—2—p py (cos mé sin m0(F3 - F4)—p) - 5;3— (cos m@ sin m0(F3 - F4)——

where we kept all derivative terms. With the proper
boundary conditions for the functions Fj, and for the
gauge function 2(0) = 0 and Q(co0) = =/2, again only
the first term of Q(p,z) determines the Chern-Simons
charge since the derivative terms do not contribute. We
find the Chern-Simons charge

Ncs =

1 —cosmm _ { % if m odd (63)

4 0 if m even.

V. CONCLUSIONS

We have presented the general ansatz, the energy den-
sity, and the Chern-Simons charge for static axially sym-

89) , (62)

[
metric configurations in the bosonic sector of the elec-
troweak theory. The ansatz contains the known axi-
ally symmetric solutions with parity reflection symmetry,
the sphaleron, the multisphalerons, and the sphaleron-
antisphaleron pair at finite mixing angle. It further al-
lows for the construction of configurations without par-
ity reflection symmetry, such as the sphaleron and mul-
tisphaleron barriers at finite mixing angle and the bi-
sphalerons at finite mixing angle. The leading correction
to the spherical bisphalerons was obtained in a perturba-
tive calculation in @w [11]. The change of the sphaleron
barrier due to the finite mixing angle as well as the bar-
riers associated with the multisphalerons have not yet
been obtained. The construction of the multisphaleron
barriers will allow the investigation of the fermion level
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crossing phenomenon for vacuum to vacuum transitions
via multisphalerons.

The numerical construction of these barriers or of the
bisphalerons at finite mixing angle now appears to be
straightforward, at least in the Coulomb gauges, but nu-
merically involved, because a large system of up to 16
partial nonlinear differential equations must be solved si-
multaneously.

The multisphalerons are characterized by an integer
winding number n, describing the winding the fields with
respect to the angle ¢. Their Chern-Simons charge is
given by Ncs = n/2. The sphaleron has winding num-
ber n = 1. Since the bisphalerons bifurcate from the
sphaleron at large Higgs boson masses, we expect that
corresponding n bisphalerons exist, bifurcating from the
multisphalerons with winding number n. Using the for-
malism derived in this paper, these solutions can numer-
ically be searched for. A stability analysis of the mul-
tisphaleron solutions may be helpful in determining the
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critical values of the Higgs boson mass.

Besides the winding in the angle ¢, a winding in the
angle # with winding number m can be considered. The
sphaleron-antisphaleron pair represents a solution with
winding number m = 2. We have generalized the ansatz
for the sphaleron-antisphaleron pair to allow for arbi-
trary integer winding number m. The Chern-Simons
charge of solutions with odd m is Ngs = 1/2, while the
Chern-Simons charge of solutions with even m vanishes,
Nc¢s = 0. The sphaleron has winding number m = 1. We
conjecture that solutions with winding number m > 2
exist. Further there may be solutions with both wind-
ing numbers excited, n > 1 and m > 1. The numerical
construction of such solutions may turn out to be com-
plicated, though only seven functions are involved.

Finally, all these solutions may bifurcate and general
bisphalerons with m > 1 and with n > 1 and m > 1 may
exist for large Higgs boson masses. The construction of
such solutions provides a great numerical challenge.
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