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Dynamic black hole spacetimes are studied by examining the evolution of apparent horizons
surrounding the holes. We performed numerical evolutions of three &iR'erent initial data sets: non-
rotating black holes distorted by time symmetric (Brill) gravitational waves, distorted rotating black
holes, and the time sy~~etric two black hole Misner data. Although the initial data sets represent
difFerent physical problems, the results for these systems are strikingly sinai&ar. At early times in the
evolution, the apparent horizons may be very distorted and nonspherical (or disjoint in the case of
two black holes), but the systems quickly settle down to a nearly spherical or oblate (in the case of
rotating holes) configuration and the horizons are then seen to oscillate at the quasinormal &equency
of the final black hole. In the case of two black holes with disjoint horizons, we see the appearance
of a larger horizon surrounding both holes as they collide. From this point the horizon dynamics is
very similar to the single distorted black hole systems. The wavelength and damping time of the
quasinormal modes and the rotation parameter in the rotating cases can be read ofF directly &om
oscillations in the geometry of the black hole horizons. The apparent horizon is thus shown to be a
powerful tool in the study of black hole spacetimes.

PACS number(s): 04.30.Db, 04.20.Ex, 04.25.Dm, 04.70.Bw

I. INTRODUCTION

The event horizon is the defining characteristic of a
black hole. It marks the boundary separating the region
where information is trapped inside the black hole &om
the region that is causally connected to future null in-
Gnity. For analytic black hole spacetimes, such as the
Schwarzschild and Kerr solutions it is possible to com-
pute the exact location of the horizon. However, these
spacetimes are static or at least stationary, and therefore
the horizons do not change in time. For more general
spacetimes, Hawking has proved a very general principle
that the surface area of the horizon must be a nondecreas-
ing function of time [1],so that in dynamic situations the
horizon will tend to grow as the hole swallows matter and
energy. However, this powerful theorem does not provide
any details of the specific dynamics of a black hole that
has been distorted in some way. Therefore, an important
issue to investigate in detail is how horizons of dynamic
black hole spacetimes evolve in time.

The apparent horizon is defined to be the outermost
trapped surface surrounding a black hole, and can be
computed on any given Cauchy slice of the spacetime
(see Sec. IV for more details). It is therefore more con-
venient for numerical computation than the actual event
horizon which can be known only by considering the fu-
ture evolution of the spacetime. The apparent horizon is
known either to lie inside or to coincide with the event
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horizon. In a recent paper [2] we compared the dynam-
ics of event and apparent horizons for a number of black
hole spacetimes. Here we wish to pursue the use of the
apparent horizon as a powerful tool for studying numeri-

cally generated black hole spacetimes. Detailed studies of
the event horizons in these spacetimes will be discussed
elsewhere.

As we detail below, studies of the apparent horizon of
a black hole can reveal its oscillation kequency, mass,
and angular momentum. Even very strongly distorted
black hole horizons are seen to quickly settle in to config-
urations that oscillate about an equilibrium shape at the
lowest quasinormal &equency of the black hole. The in-
trinsic geometric shape (as distinct from the less relevant
coordinate shape) of the equihbrium apparent horizon has
a fairly sensitive dependence on the angular momentum
of the. hole. It is spherical for a nonrotating black hole
and progressively more oblate for black holes with more
and more angular momentum. The horizon itself can be
used as a probe to determine the rotation of the hole even
in the regime where the wavelength and damping time
of the quasinormal mode are virtually indistinguishable
kom a nonrotating black hole. These properties of the
horizon are shown in detail in the sections below, and are
the main results presented in this paper.

The work reported in this paper is drawn &om several
projects that have been developed over the last several
years by the NCSA group. The first results for the time
evolution of apparent horizons of distorted, nonrotating
holes were found by Bernstein [3,4]. Similar tecbuiques
were subsequently applied to the two black hole colli-
sion [5—7] and the rotating black hole case [8,9]. Early
results of this work for the distorted, nonrotating black
hole and the two black hole collision, along with color
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images of the black hole horizons, have appeared with a
nontechnical exposition in [10]. In other related work,
Abrahams and Evans [11] have investigated the forma-
tion of black holes from imploding axisymmetric gravita-
tional waves. In their studies the coordinate position of
the apparent horizon undergoes a deformation &om pro-
late to oblate in a time scale that is consistent with the
period of the lowest E = 2 quasinormal mode, confirming
the result of Bernstein [3]. The fact that similar behav-
ior has been seen in four rather diHerent spacetimes, with
different topologies (the NCSA work is based on one or
two Einstein-Rosen bridges and the work of Ref. [11] is
based on Rs topology), indicates the generic nature of
these results.

We have developed a number of two-dimensional gen-
eral relativistic numerical codes to solve the fully nonlin-
ear Einstein equations for axisymmetric vacu~~m space-
times containing gravitational waves and black holes.
The results we present in this paper were obtained by
numerically evolving three distinct families of black hole
initial data sets. The first initial data set consists of a sin-
gle Einstein-Rosen bridge [12] in the presence of a time-
symmetric gravitational wave of the form Grst described
by Brill [13].Properties of this data set and its construc-
tion have been described extensively in Refs. [4,14—16].
For our purposes the data set corresponds to an axisym-
metric black hole that has been distorted by a ring of
gravitational radiation of essentially arbitrary shape and
amplitude (up to certain boundary conditions and size
restrictions [4,14]). The second family of problems is
an extension of the first and includes distorted, rotat-
ing black holes, based on a generalization of both the
Bowen and York [17] and the Brill wave-black hole con-
structions described above. The third initial data set
we consider is the time symmetric, two equal mass black
hole set of Misner [18]. This family of initial data sets was
evolved by Smarr et aL [19—21] in their pioneering studies
of black hole collisions, and more recently in Refs. [5—7].
The various families of initial data sets possess diHer-
ent geometries and coordinate systems that are uniquely
adapted to these geometries. However, the format of the
data and the methods we use to analyze it in both cases
are similar and, for the most part, the discussions pre-
sented in the following sections are applicable to all three
cases with few modifications.

The general &amework and a brief outline of the difer-
ent initial data sets discussed in this paper are presented
in Secs. II and III. Section IV provides an overview
of apparent horizons in general relativity and introduces
measures of mass and geometry that will be used in the
following sections. A number of case studies for each
family of initial data sets are presented in Sec. V along
with a discussion of the dynamical behavior of apparent
horizons found in those spacetimes. We summarize our
results in Sec. VI.

itive definite three-metric p g and an extrinsic curvature
tensor K i, . (In this paper greek indices will range from
0 to 3, latin indices &om 1 to 3. We work in geometrized
»nits in which Newton's constant t and the speed of
light are equal to unity. ) The spacetime metric takes the
form

ds = —(a. —P P )dt +2P dx dt+p gdx Ch, (1)

where a (the "lapse function" ) determines the foliation
of the spacetime and P (the "shift vector") speci6es
three-dimensional coordinate transformations &om slice
to slice. In numerical relativity calculations it is common
to choose the initial data and shift vector to eliminate
certain components of p g and here we have chosen p12
and p13 to vanish. The F3 term is present only in the
rotating case, carrying information about the odd-parity
radiation modes present in that system. The resulting
hypersurface line element is

(Ail + Bd8 + Dsin 8dg + 2Esin8d8dg) .

(2)

(g, 8, P) are spherical-polar-like coordinates, g is the loga-
rithmic radial coordinate, and (8, P) the standard spher-
ical polar coordinates on the g = constant two-spheres.
The spacetime is ass»med to possess an axial Killing vec-
tor (8/8$). All the variables we will work with are in-
dependent of P. In addition we choose not to evolve the
conformal factor 4'; hence this is a function of g and 8
only.

We specify the topology of the t = constant hyper-
surfaces in the following way: The single nonrotating
distorted hole and the single rotating distorted hole are
given the "single Einstein-Rosen bridge" (S~ x lk) topol-
ogy familiar from the Schwarzschild and Kerr spacetimes.
The two black hole data sets of Misner possess the "dou-
ble Einstein-Rosen bridge" topology obtained by identi-
fying the bottom sheets of two single bridges. In all three
cases we compute each three-metric such that there is an
isometry between the top and bottom sheets. The two-
surface invariant under the isometry operation is called
the throat and consists of one two-sphere in the single
bridge case and two disjoint two-spheres in the double
bridge case. In all cases we choose the throat to lie on
a constant g surface specified by g = go. This provides
accurate boundary conditions for the numerical metric.

The Einstein equations are simplified when a confor-
mal factor is introduced into the extrinsic curvature in a
manner similar to that in Eq. (2). We adopt the following
conformal form for K g..

Eg ——40g

IX. COMPUTATMNAI FRAMEVVORK
H„ HEsin 8

Hy sin 8 (4)

We use the 3+1 formalism whereby spacetime is viewed
as a foliation by three-surfaces each endowed with a pos- ( c sin 8 H~ sin8 H~ sin 8 )



50 DYNAMICS OF BLACK HOLE APPARENT HORIZONS 3803

The conformal three-metric components and their cor-
responding conformal extrinsic curvature components are
evolved according to the 3+1 decomposition of the Ein-
stein equations. The lapse function o. is determined by
using the maximal slicing condition trK = 0. In the
two cases where rotation is not present, the shift P is
chosen to make all the oH-'diagonal components of the
three-metric to vanish. For the more general rotating
case the shiR is chosen to eliminate pi2 and pi3. It is not
possible to eliminate both pi3 and F3 in general radiat-
ing spacetimes (because they contain information about
the odd-parity modes) and we choose to maintain a non-
vanishing p23.

Finally, we choose each spacetime to be equatorially
plane symmetric as well as axisymmetric and isometric
through a throat. The computational domain is thus
bounded by the axis (8 = 0), the equator (8 = z/2),
the isometry surface (g = gp), and an outer bound-
ary, usually around g = 6, but due to the logarithmic
nature of this coordinate this is far enough that static
outer boundary conditions are adequate for the simula-
tions carried out here. The n»clerical code to evolve the
time-symmetric (nonrotating) single bridge data sets has
been described extensively in Refs. [15,22] and so we will
not discuss our n»clerical methods here. Modifications
to those methods for evolving the single bridge with ro-
tation and the Misner two black hole initial data sets are
detailed in Refs. [9] and [6], respectively.

q(q, 8) = Qpg(g) sin"8,

where we use the "inversion symmetric Gaussian"

g(g) = exp —
I I

+ exp
le+ apl

' t'g —qp&

E ~ j (8)

4' = /2m cosh(g/2),

where m is a length scale parameter which, in this case,
is equal to the mass of the hole [and also the Arnowitt-
Deser-Misner (ADM) mass of the spacetime].

Some properties of the apparent horizon in these initial
data sets are discussed in Sec. V A. For a more thorough
discussion the reader is referred to [4,14].

for the radial function g. Symmetry considerations re-
quire n to be a positive, even integer. For these initial
data sets the throat is located at g = 0 and the isometry
operation is g -+ —g.

The function q has three parameters which, roughly
speaking, specify the amplitude (Qp), range (gp), and
width (o') of the wave. (We note that in other papers
related to this work [14,15] the amplitude is denoted by
a, but here we use Qp to avoid confusion with the usual
angular momentum parameter a that is used in describ-
ing rotating black holes in this paper. ) One regains the
Schwarzschild spacetime by setting Qp

——0 in which case
the Hamiltonian constraint has solution

III. INITIAL DATA SETS

Each of the initial data sets we discuss will contain
either one or two black holes, the number being deter-
mined by the topology of the t = constant hypersurfaces
of the spacetimes. In this section we briefly describe some
of the geometrical and physical characteristics of each of
the data sets.

A. Black hole plus Brill wave

B. Distorted rotating black holes

We extend the discussion of the previous section to
include rotating black holes. The interested reader is
referred to Refs. [8,9] for a more detailed treatment.

Our discussion begins by writing the Kerr metric [23]
in a form that is free of coordinate singularities and
which is enough like the form of Eq. (5) that we can
make direct comparisons between rotating and nonrotat-
ing spacetimes. The transformation that achieves this
is

Initial data for the single bridge, nonrotating case is
obtained by setting K p

——0 and putting p p in a form
similar to that studied by Brill [13]

r = r+ cosh (g/2) —r sinh (g/2),

r~ =m+ gm2 —a2,

(»)
(11)

ds =4' e p(dg +d8 )+sin 8dgP (5)

In other terms, A = B = e2P, D = 1, and F = 0 in (2).
The function q(g, 8) is arbitrary up to boundary condi-
tions, a fallofF rate, and a possible restriction in magni-
tude [14]. One obtains initial data by specifying q and
solving the Hamiltonian constraint for the conformal fac-
tor @. On a time-symmetric slice the Ha~i&tonian con-
straint reduces to the statement that the scalar curvature
of p s vanishes and using Eq. (5) this becomes

ds =4' e P'(dg +d8 )+sin 8dg (12)

where

e' = g~(~&/sin'8,

where a is the standard Kerr angular moment»~ param-
eter and m is the mass of the Kerr black hole. With this
transformation the spatial part of the Kerr metric can be
written as

O'0 8'@ 84 4 @ (8'q 8'q)
8 88 88 4 4 BrP 88

2—2qo (~) i(dr 'l~ (K)
a'g j (14)

We choose the function q(g, 8) to have the form (K) ~ ~and g„„is the Kerr metric in Boyer-Lindquist coordi-
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nates [23]. Notice that if u = 0, then qo
—0 and we

recover the Schwarzschild three-metric.
We can now generalize the metric (12) to include a Brill

wave by adding a function q(g, 8) in a manner similar to
Eq. (5):

ds =@ e ~ 'l(drI +d8 )+sin 8'

This solution is topologically two Euclidean sheets joined
by two throats representing nonrotating equal mass black
holes colliding head on along the z axis. The two throats
are defined by (zqh + zo)2 + p~2h ——1/sinh p, where z =
+zo ——+ coth p are the black hole centers.

The Bee parameter p is related to the ADM mass of
the spacetime,

824 824 84
/~2 A/2 gg 4

4 ( 8' 8'= —
4 I ~, (e —~o) + ~8, (~ —e) IBq2

—7

csin 8+ HzI, '

4 )

(16)

In this context, the parameter qo is interpreted as the
Brill wave required to make the spacetime conformally
Hat. This rotating spacetime can be distorted by setting
p = Qog(g) sin" 8 + qo where g(i1) is given by Eq. (8).

A consequence of adding the function q to the metric
is that 4 is no longer the analytic form given by Eq. (13),
but must be calculated from the Hamiltonian constraint

M=4 1

sinh(np)
'

and the proper distance along the spacelike geodesic con-
necting the throats:

I =2 1+2@)
sinh npn=1

(23)

y(() = g+i8

Increasing p, sets the two black holes farther away &om
one another and decreases the total mass of the system.

Our calculations of colliding black holes are performed
using the Cadez coordinates [24] x' = (g, 8, $), defined
by the complex transformation

where we have introduced HE ——4 HE and Hy ——4 H~
as a procedure to decouple the Hamiltonian and momen-
turn constraints [17].

Because we use (t, P) -+ ( t, —P) sym—metry instead
of t —+ —t symmetry on the initial slice, the extrinsic
curvature components H@ and H~ are defined to satisfy
the momentum constraint

1= —[in(& + &o) + »(& —&o)]2

(24)

3gH + 2gH P
Bg gg E

Solutions to this equation include H@ = 3J, H» = 0 (i.e. ,

the Bowen- York [17] solution, where J is the total angu-
lar momentum of the spacetime) and the Kerr solution.
We note that the quantity determining the presence of
rotation in our spacetimes is HE. The angular momen-
tum about the z axis in maximally sliced spacetimes is
computed from Eq. (37) to be J = p~ ——$ HE dS"/(87').

where ( = z + ip is the complex combination of cylin-
drical coordinates and go ——zo defines the black hole
centers. The coefBcients C„aredetermined by a least-
squares method to fix the initial throats to lie on an g =
constant coordinate line. To maintain a clear comparison
with the other data sets discussed in this paper we have
chosen to use 8 in place of the usual (, which appears in
Refs. [6,7,24], to represent the "angular" coordinate

The metric in this set of coordinates can be written in
the form of Eq. (2) as

C. Two black hole Misner data ds =@ (drI +d8 +Dsin 8dg), (25)

ds =@M(dp +dz +pdP)

where

@M=1+ . I
+1 ( 1 1

sinh(np) ( +r r )
(20)

p2+ z+coth nl (21)

Misner [18]derived the following single parameter fam-
ily of time symmetric (K s = 0) solutions

where @4 = 44M/J, D = Jp /sin 8 and J = (Brj/Bp) +
(Bg/Bz) is the Jacobean of the two coordinate systems.

The advantage of Cadez™ coordinates is that they are
boundary-fitted coordinates designed to conform natu-
rally to the spatial geometry of two black holes. They
are spherical near the throats of the holes and further
out in the wave zone, thus allowing us to handle throat
boundaries and asymptotic wave form extractions in. a
convenient way. Their disadvantage is a singular point
introduced by the coordinate transformation [Eq. (24)]
at the origin (p = z = 0). This presents certain numer-
ical difBculties that will not be discussed here. Instead,
we refer the interested reader to Ref. [6] for a thorough
discussion of our numerical methods.
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IV. APPARENT HORIZONS

V4k4 = 0 (26)

holds everywhere on S. (We will use 7'„for the covariant
derivative with respect to the spacetime metric g„„and
D for that with respect to p s.) The apparent horizon
is the outermost MTS and may consist of several disjoint
two-spheres (this is the standard definition, e.g., [25]).
Equation (26) expresses the condition that null rays emit-
ted normal to the surface have zero volume expansion and
it is well known that such a surface (if it exists) must lie
inside of an event horizon in any spacetime not contain-
ing a naked singularity [1]. Unlike the event horizon, the
MTS may be located on a given slice Z without comput-
ing the entire spacetime and in axisymmetry this makes
the location of apparent horizons a comparatively simple
exercise. A number of researchers have investigated the
existence, location, and physical properties of apparent
horizons in a variety of initial data sets [14,26—28].

To locate an MTS we write Eq. (26) in terms of the
extrinsic curvature of Z [29]

Let S be a two-sphere embedded in Z, a t = constant
slice of a spacetime M, and let s" be the outward-
pointing spacelike»~it normal to S in Z and n4 the
future-pointing timelike»~it normal to Z in M. Thus
Ic4 = n4+ s" is null and S is called a maryinally tmpped
surface (MTS) if

(gg) '
C„=4 O' A

~

—„~yB+ d8
0

(29)

and

C. = 2~%'V D,

evaluated at 8 = z/2, and we define C„to be their ratio

CpC„=
e

(31)

Calculation of the Gaussian curvature @ of the horizon is
performed in a similarly straightforward manner. It can
be computed on the horizon surface by the formula

resulting set of coupled nonlinear algebraic equations.
[The interpolation scheme used to compute the values
of the metric and extrinsic curvature components and
their derivatives at h(8) and other details of our numer-
ical methods can be found in Ref. [4].]

Once the horizon has been found we may compute sev-
eral standard measures of its intrinsic geometry in order
to understand its shape and how it changes in time. In
particular, we may compute the embedding diagram of
the horizon, its Gaussian curvature e, and its polar and
equatorial circ»mferences C„and C, . In axisymmetry
the latter two are well defined since the P = constant
curves and the curve 8 = z'/2 are geodesics of the sur-
face. The quantities are

D s +Kgs s —trK=O. (27)
2(BD —F )2 BD —F

The»~it normal s is a function of the first derivative of
the coordinate location of the horizon and so Eq. (27) is a
second order equation for these coordinates. Specifically
we ass»me the coordinate position of the horizon is of
the form (h(8), 8, P). This has tangent t = (dh/d8, 1,0)
and s may be computed from the conditions t s .= 0
and s s = 1. This form of the horizon is a restriction of
the general parametrization of an axisymmetric surface
(h(x), 8(x), P). Since the null normal divergence vanishes
on the MTS we should not expect it to be highly curved,
even in its coordinate representation, because this would
tend to make the divergence larger in the highly curved
regions. Hence requiring the surface to be single valued
in 8 is»~&ikely to prevent a solution of Eq. (27) and in
fact we have never encountered a situation in which this
appeared to be the case.

Using the above two conditions on s and the three-
metric (2) we may compute

,8
s

+ +D—+ ~e
(28)

Substituting this into Eq. (27) results in a lengthy sec-
ond order no~&meai ordinary AHerential equation for
h(8). We solve this by the method originally used by
Cook [28] which consists of finite differencing h(8) with
the usual second order centered operators and applying
the Newton-Raphson root-finding algorit&~ to solve the

where

F = 4 Fsin8,
D=4' Dsin 8,

2

B = %' B+A/ —
/(d8y

(33)
(34)

(35)

and primes denote derivatives with respect to changes
of 8 along the horizon surface [i.e., D' = Ds~„+
(dh/d8)D, „is].

Typically in our spacetimes the area of the apparent
horizon grows with time due to a neoterical e6ect which
is well understood but diKcult to circumvent [4] [an ex-
ample is the case of Fig. 10(a)]. This causes the Gaussian
curvature of the horizon to decrease with time (since for
a sphere the Gaussian curvature is just 4m divided by
the area) and we choose to normalize the curvature in
the following way. Let AAH and MAH be the proper area
and mass of the apparent horizon as defined below [see
Eq. (38)]. We compute the angular momentum param-
eter a/M~ frHom the known total angular momentum
J. From this we compute the Gaussian curvature of the
eq»i&ibri»m solution with that mass and angular momen-
tum parameter (i.e., from the Kerr solution; see Sec. V B
for details). With no rotation this is just 4m/AAH which is
(2M~H) . We then divide the Gaussian curvature of the
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P = — ~p(K g
—p strK) dS

s
(37)

(p = detp s) at the outer edge of our grid. As long as
gravitational waves do not propagate beyond the outer
boundary (36) will remain constant. In axisymmetry,
with 8/8$ the Killing vector, the component P~ is the
total angular momentum which we denote by J. Grav-
itational radiation cannot carry angular momentum in
axisymmetry and so J should be strictly constant.

As noted above, the apparent horizon will, in general,
lie inside the event horizon so that calculating the area
of the apparent horizon should provide a lower bound on
the area of the event horizon (this is strictly true on a
time symmetric slice). We follow Christodoulou [33] and
others by defining the mass of the apparent horizon by

AAH
AH 16 A

(38)

where J is the angular momentum of the spacetime and
A~H is the area of the apparent horizon. The mass of
the black hole, MBH) is defined by replacing A~H by the
area of the event horizon in Eq. (38). On a given slice
the difFerence between the mass of the apparent horizon
and the ADM mass provides a measure of the size of the
black hole(s) relative to that of the remaining gravita-
tional wave energy on the slice. Since we expect the final
state of the evolution of any of our initial data sets to
be a static or stationary hole plus gravitational radiation
propagating to future null infinity, we will have

horizon by this equilibri»m quantity normalized to 4m.
In spherical symmetry, therefore, the "area-normalized
Gaussian curvature" will take on the value 4m, indepen-
dent of the area of the horizon. Henceforth, when we refer
to Gaussian curvature, we have normalized it in this way.

We also compute the embedding diagram of the hori-
zon in a Bat three-space. We construct a two-surface in
the Bat space with the same intrinsic geometry as the ap-
parent horizon, thereby obtai~~ng a "picture" of the hori-
zon and its topology (which in this case is fixed). Once
it has been determined that the embedding exists, con-
struction of the diagram is obtained by standard meth-
ods [30,31]. The embedding diagrams are also "normal-
ized" in a manner similar to the Gaussian curvature, by
plotting the Bat-space coordinates in»~~ts of a charac-
teristic mass which we take to be the ADM mass M (36)
[or the apparent horizon mass M~H (38) when numerical
effects cause it to become larger than M].

The total mass and angular momentum of the space-
time are evaluated using the ADM integrals [32]

M= —— V @dS,1

2K S

the amount of gravitational radiation which reaches fu-
ture null infinity.

V. RESULTS

A.. Black hole plus Brill wave spacetime

case (la): Qp ——O.1,
case (1b): Qp

——0.1,
case (1c): Qp ——O.l,

go
——0

qo
——0,

go —3)

o. = 1.0,
o. = 1.0,
o. = 0.3,

n= 2
n=4 )

n= 2

We first discuss general properties of the apparent hori-
zon on the initial slice of the single bridge spacetimes
with no rotation. We will then select a few representa-
tive cases and examine their time evolution. For a more
detailed discussion of both the initial data and evolution
see [4,14].

The isometry surface (g = 0) is an extremal area sur-
face and if the amplitude parameter Qp is not too large
it is also the apparent horizon. For instance, if the range
parameter go is set to zero and the width parameter to
one, then the apparent horizon is located at the throat
if —0.65 ( Qp ( 3.03. For Qp in this range the apparent
horizon is prolate if Qp is positive and oblate if Qp is
negative. The deformation &om sphericity can be quite
extreme: For Qp

——2 the ratio of circumferences C„is
21.9 and for Qp

———0.5 it is 0.52 (this is lea8 than the
minimum possible value of 2/z for axisymmetric surfaces
in fiat space). If Qp is decreased below —0.65 or increased
above 3.03 the throat becomes an unstable minimal sur-
face and the apparent horizon occurs outside of it. In
these cases the correspondence between the shape of the
horizon and the sign of Qp is the same except that as

]Qp~ becomes larger the horizon becomes more spherical
rather than less. This is because the coordinate location
of the horizon moves further away from g = 0 as ]Qp] is
increased.

When the range parameter go is greater than zero the
"wave" part of the initial data moves away &om the
throat. In these cases, radiative variables such as the
Newman-Penrose quantities (in a tetrad aligned with our
coordinates; see [4,14]) and the York curvature tensor
components exhibit peaks near go. Other measures of
the curvature such as the Riemann invariant R„„pR"" ~

also have extrema near go. In these cases, as one would
expect, the Brill wave has to be larger in magnitude to
form an apparent horizon outside the throat. So, for in-
stance, in the initial data sets with go

——1 and 0 = 1
the throat is the apparent horizon unless Qp ( —1.42. In
this case the throat and the apparent horizon are mini-
mal area surfaces and there exists an unstable minimal
surface in between them.

For the evolution we look at five cases: the three "per-
turbation" spacetimes

M =MPH+M, g, (39) and the two "large amplitude" spacetimes

where M, g is the total time-integrated energy loss
through a two-sphere far from the throat(s). If MnH is
approximated by the apparent horizon mass [Eq. (38)],
then Eq. (39) can be used to obtain an upper bound on

case (ld): Qp = +1.0, gp = 0, a = 1.0, n = 2;
case (le): Qp

———1.0, gp
——2, o' = 1.0, n = 2.

Cases (la) and (1b) study the effect of a small ampli-



50 DYNAMICS OF BLACK HOLE APPARENT HORIZONS 3807

tude wave interacting with a hole. The wave is initially
centered on the throat, which is the apparent horizon for
these two data sets, and this causes a slight initial distor-
tion of the horizon. As discussed in Ref. [14] the n = 2
case contains predorniriantly the I. = 2 angular modes,
where Z is the index of the spherical harmonic Yg, while
the n = 4 case contains a stronger admixture of the S = 2
and E = 4 modes. Case (lc) explores the collision of a
low amplitude "wave packet" with an initially spherical
hole. Case (1d) is the high amplitude version of case (la)
and case (le) explores the collision of a high amplitude
wave with a hole.

In Fig. 1 we show the evolution of the ratio of cir-
cumferences C„for case (la). The solid lines represent
numerical results, while the dashed lines show a fit to the
fundaxnental and first overtone of the 8 = 2 quasinormal
mode frequencies known from perturbation theory [34]
using the least squares method to choose the phase and
amplitude of both modes. We see that the initially dis-
torted hole relaxes to a spherical shape in a damped
oscillatory fashion and the "wavelength" (16.8M) and
"damping time" (11.2M) of the ratio of circisrriferences
are very close to those of the fundamental 8 = 2 quasi-
normal mode frequency. [In cases (la)—(lc) the ADM
mass is very close to the final apparent horizon mass and
we use "M" for both. ] Note that the time in Fig. 1 is
the coordinate time of the t = constant slices on which
the apparent horizon is found. This corresponds to the
proper time at the grid edge, where the lapse function is
close to unity; in the region where the apparent horizon is
located the maximal slicing lapse is in the neighborhood
of 0.3. Note also that, strictly speaking, the apparent
horizon is a Spacelike hypersurface that can move discon-
tinuously in space. Hence on each slice it cannot actually
be causally connected to the horizon surface on the pre-
vious slice. However, in these spacetimes the apparent
horizons lie very close to the actual event horizons dur-
ing this oscillation phase, and so they are close to being
causally connected on each slice.

The fact that in these spacetimes the apparent horizon
oscillates with the quasinormal &equency of the black

hole (with respect to the coordinate time t) can be easily
understood. As a perturbing source approaches the hole
(in this case a gravitational wave), the background space-
time geometry is disturbed. The quasinormal xnodes
are excited, originating at the peak of the gravitational
scattering potential V(r), located outside the horizon at
r = 3M [34]. Gravitational waves at the quasinormal
&equency are then sent in both directions away from the
peak of V(r), towards the horizon on one side and to-
wards null infinity on the other side. Those waves going
across the horizon induce a shearing of its surface, caus-
ing its geometry to oscillate at the same &equency as the
waves. As the lapse function is essentially constant in
time &om the horizon out to infinity during this oscilla-
tion phase, the "background" spacetime is approximately
static and spherical. (Although coordinates are falling to-
wards the hole and metric functions are growing in time,
the horizon itself is a geometric structure that is static in
the spherical limit. Its coordinate location may change
as coordinates fall towards the hole, but its geometric po-
sition does not. ) Under these conditions we expect the
horizon to oscillate at the quasinormal &equency in co-
ordinate time as the ingoing waves cross it. Therefore,
under many circ»mstances we expect to be able to use the
apparent horizon as a probe to explore the dynamics of
the black hole spacetime. The same dynamics have been
seen in the geoxnetry of the event horizon, as reported in
Ref. [2].

The n = 4 case is much the same, and the ratio of cir-
cumferences with a sixnilar quasinormal mode fit is shown
in Fig. 2. Despite the significant 8 = 4 component of the
initial data the horizon damps down with approximately
the same wavelength and damping time, that of the E = 2
mode. We can, however, see the presence of the 8 = 4
mode in the horizon osciOations. In Fig. 3 we have plot-
ted the difference 4 between the numerically generated
C„and the Z = 2 mode fit. The residual is clearly re-
lated to the 8 = 4 modes, and a fit of the two lowest
such modes is shown. This shows that the oscillations
are a superposition of the various xnultipole quasinormal
modes excited when the black hole is disturbed.

i, isl

Ratio of Cp/Ce for Distorted Schwarzschild
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FIG. 1. We show the ratio of polar to equatorial circum-
ferences C„ofthe apparent horizon as a function of time for
case (la). The inset shows a least squares St to the two lowest
4 = 2 quasinormal mode &equencies.

FIG. 2. The ratio of circnmferences C„ofthe apparent
horizon is shown as a function of time for case (lb). The inset
shows a least squares St to the two lowest Z = 2 quasinormal
mode kequencies.
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FIG. 3. We plot the quantity A, which is the difference
between the ratio of circumferences C„and the X = 2 mode
fit for case (1b). The dotted line is a least squares fit to the
two lowest 8 = 4 quasinormal mode frequencies.

In Figs. 4 and 5 we show the "area-normalized
Gaussian curvature" of the apparent horizon, aormal-
ized to its equilibrium value 4n as described in Sec. (IV),
as a function of polar aagle 8 aad coordinate time for
the two cases (la) and (1b), respectively. Here the shad-
ing is such that the minimum curvature is mapped to
white, the maximum is mapped to black, and intermedi-
ate values are represented by scales of gray (the equilib-
rium value 4z is represented by a medium shade of gray).
This sensitive map is used to bring out the dynamics as
the horizon settles down to its equilibrium shape (which
is a sphere for the spacetimes discussed in this section).
The n = 2 spacetime [case 1(a)] in Fig. 4 has a distinct
"box" pattern iadicating that the normalized curvature
oscillates between greater than and less than 4x around
w'hat appears to be a 6xed line of latitude on the horizon

I

FIG. 4. Gaussian curvature of the apparent horizon is plot-
ted as a function of polar angle 8 and coordinate time for case
(la). As discussed in the text, the "box" pattern is typical
for the predomiaantly E = 2 distortion. The period of the
oscillation of 16.8M can be seen in the diagram.

which has a value close to s/3. Consequently there are
moments of time where the apparent horizoa is momen-
tarily spherical (has constant Gaussian curvature). The
n = 4 case presented in Fig. 5 is qualitatively di8erent-
here we see an "X" pattern: The curvature is not os-
ciQating around a fixed line and there are no moments
of constant curvature. Again, one can see that ia both
cases the characteristic oscillation &equeacy is close to
the E = 2 normal mode &equeacy, although ia Fig. 5
higher &equencies related to the E = 4 modes are also
visible.

These patterns are distinctive of the di8ereat oscil-
latioa modes. The box pattern of Fig. 4 is primarily
showing the 8 = 2 modes and the "X" pattern of Fig. 5
contains an admixture of both E = 2 and l = 4. We
have veri6ed that these patterns are to be expected for
these spacetimes by expanding the metric in terms of a

0
spherical background piece g p and a nonspherical per-
turbation piece h p, where

j o
t &~~ HoYio

Hg Ygp

hp Ygp„

Hg Ygp
0
& ~ H2 Yio

hx Yeo,.
0

hp Ygp,

h~ Yeo,.
0

R2 K+ |ggi Pep

0 B2 (%sin 8+ Gsi 8nc s8o—)sYs~p )

(40)

IC
Kg—2 = 2+—

R2 2
(41)

is expanded in terms of the Regge-Wheeler perturbation
functions (Hp, Hq, Hz, hp, hi, K, G), which are all func-
tions of the radial and time coordinates (ri, t) only, and
the Ygp = Ygp(8) are the usual spherical harmonic func-
tions of order E, m, with m = 0. We note that in our
perturbed spacetimes the apparent horizon lies on ap-
proximate constant radial coordinate lines and we can
easily compute the Gaussian curvature on such surfaces
&om the above expansion in terms of the functions G, K
aad the tensor spherical harmonics. If we ass»me the per-
turbation is a superposition of the various E modes, each
osciQating at the appropriate quasinormal frequency, we
obtain the following expressions for the Gaussian curva-
ture to lowest perturbative order:

Gaussian Curvature for Case ( lb)

16

Time (M)

48

FIG. 5. Gaussian curvature of the apparent horizon is plot-
ted as a functioa of polar angle 8 and coordinate time for case
(1b). The characteristic "X" pattern is expected for an ad-
mixture of E = 2 and E = 4 modes, as shown in the text.
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and Ratio of CpjCe for Distorted Schwarzschild

Kg=4 =
I
2+ (9+ 20cos28+ 35cos48) eR'

g 64~~

(42)

These expressions generate the characteristic "box" pat-
tern for a pure E = 2 perturbation and the "X"pattern
for an ad~ixture of E = 2 and Z = 4 perturbations, as
expected. From the 8 = 2 pattern, there is a line of con-
stant curvature at 8 = 0.5 arccos( —1/3) z'/3, which is
observed as noted above. Thus, these diagrams are very
useful in identifying the various oscillation modes present
in the horizon, as difFerent modes have qualitatively dif-
ferent patterns.

Figure 6 shows C„for case (1c). Here the initial
position of the wave maxim»m is centered at about
Schwarzschild radius r = 11M with width roughly equal
to 6M. From the figure we see that the horizon is initially
nearly spherical (with C„=1.0 at t = 0) and remains so
until the wave collides with it starting at about t = SM,
with the initial peak occurring at about t = 12M. The
initial wavelength of the oscillation is also about 7M-
SM judging &om the position of the first two peaks in
the figure. By about t = 20M the horizon has reached
its maximum distortion and begins to relax to a sphere
again with the 8 = 2 quasinormal &equency. This case is
similar to the example presented in Ref. [2] where both
the event and apparent horizons were shown to oscillate
at the normal mode &equency when hit by a gravitational
wave.

Case (1d) is the high amplitude version of case (la).
Figure 7 shows the corresponding C„and the least
squares Z = 2 mode fit. The hole is much more distorted
initially than case (la), but almost all of the initial dis-
t rt is shed by t = 5M oE the initial slice and byo ionzss e

el=2about t = 20M or so the hole is oscillating in the
mode like the others.

We can also construct a complete geometric embedding
of the two-dimensional (2D) horizon surface in a fiat 3D

t

0 20 40
Time (M)

FIG. 7. The ratio of circumferences C„ofthe apparent
horizon is shorn as a function of time for case,ld . The
amplitude of the vrave is stronger in this case, causing a much
stronger distortion of the hole.

60

Case ( 1d) Embedding

TW M
T=l M
T=2 M
T=3 MT~ M

space, as described in Sec. IV. Figure 8 shows the horizon
embedding for a sequence of time slices. On the initi
slice the horizon is quite prolate. The surface quickly
evolves towards a more spherical configuration, and then
be ins to oscillate at the quasinormal &equency about itsegzns
spherical eqm»brium shape, going &om slightly oblate to
slightly prolate and back, eventually settling down to a
sphere. At t = 40M the hole is quite spherical, as shown
in the figure.

Similarly, case (le) is the high amplitude version of
(1c). Here the wave is initially closer in and more spread
out than in (1c) (for numerical reasons this was neces-
sary). However it retains the basic features of the low
amplitude case. Figure 9 shows the ratio of circumfer-
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FIG. 6. The ratio of circumferences C„ofthe apparent
horizon is shown as a function of time for case (lc). Here the

Rom theinitial position of the gravitational wave was array &om
throat, but the hole begins to oscillate at its normal mode
frequency vrhen hit by the vrave.

-4-

0 1 2

FIG. 8. We show cross sections of the geometric embedding
of the horizon in a Sat 3D space, at various times, for case
(ld). Initially the hole is quite prolate, but it quickly evolves
towards a more spherical shape, when it begins to oscillate at
the quasinormal frequency of the hole.
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FIG. 9. The ratio of circumferences C„ofthe apparent
horizon is shown as a function of time for case (le), which is
si~ttar to case (1c) but with a larger amplitude gravitational
wave.
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Time (M)

Mass For Case ( le)

ences: The apparent horizon (again initially located at
the throat) is more or less spherical at t = 0; it then suf-
fers a collision with the wave, in the process absorbing
some of the available mass energy of the wave. This col-
lision excites oscillations in the horizon, again with the
8 = 2 quasinormal mode &equency, and then it settles to
a spherical state.

In Fig. 10 we show the mass of the horizon, de6ned by
Eq. (38), in units of the total ADM mass for the space-
times of cases (1d) and (le). The figure shows that in
these cases the mass of the horizon increases rapidly as
the wave is absorbed by the hole, 6nally leveling off at
approximately 0.993M for case (1d) and 0.87M for case
(le). Hence for these two cases about 0.7'%%uo and 13'%%uo of
the ADM mass escapes to null in6nity, respectively. We
note that ia cases like these we have been able to ac-
count for the energy lost through gravitatioaal radiation
via various energy flux formulas (e.g. , the Zerilli func-
tion and the Newman-Penrose scalar 4'4 [22]), providing
a consistent accounting of the total energy of the sys-
tera. As we are focusing on horizon dynamics here, full
details of these calculations will be discussed elsewhere.
Finally, aote that the time derivative of the mass appears
to be out of phase with the distortion of the horizon: Just

]
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' 0x
s 070-
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FIG. 10. %'e show the mass of the apparent horizon M~8
as a function of time for cases (1d) (a) and (le) (b). The mass
increases dramatically as the vrave is swallowed by the hole.

when the horizon is most distorted (e.g. , the peak near
t = 8M) the mass is momentarily constant.

B. Distorted rotating holes

Ia this section we discuss evolutions of apparent hori-
zons surrounding a single rotating black hole distorted
by Brill waves of varying amplitudes. VVe consider three
separate cases:

case (2a): Qo ——0.1,
case (2b): Qo ——1.0,
case (2c): Qo ——0.1,

n=2,
n=2,
n=2,

0 =1)
f7= 1)
0

gp
——0,

qp ——0,
gp

——0,

J =0.5;
J=55.
J = 3.5.

These cases represent black holes of progressively larger
values of J/M: 0.14, 0.39, and 0.61 for cases (2a), (2b),
and (2c), respectively. (We note that J/M2 is equivalent
to a/m in the standard Boyer-Lindquist notation [23].)

All of the simulatioas reported in this paper use the
conformal spatial metric defined by Eq. (15) and the
Bowen-York solution to the momentuiii constraint (18).
These data sets can be regarded as distorted versions of
the standard Bowen-York solution, as described above.

Because the differences in the maxiraum radiation loss
between the distorted Bowen- York solutions and the dis-
torted Kerr solutions are small (( 20% for all cases dis-
cussed in this paper), we expect similar evolutions from
both types of initial data sets. However, the distorted
Bowen-York data sets are somewhat more convenient to
work with because one does not need. to specify J/M on
the initial data set.

In Figs. 11 and 13 we show C„for cases (2a) and (2c),



50 DYNAMICS OF BLACK HOLE APPARENT HORIZONS 3811

Ratio of Cp/Ce for J/Ms*2=. 14

0.94-

Ratio ot'Cp/Ce t'or J/M~*2=. 6l

0.92-

0.98-

V

0.90-

0.97-

umerical Data
Equilibrium Ratio

wo Mode Fit 0.88

10 20 30 40
Time (M)

I

50
I

60
I

10 20 30
Time (M)

I

40 50

FIG. 11. The ratio of circumferences C„ofthe apparent
horizon is shown as a function of time for case (2a). This is a
rotating version of case (la). The long dashed line shows the
ofFset required by the quasinormal mode fit, which is related
to the rotation of the hole as discussed in the text.

FIG. 13. The ratio of circumferences C of the apparent
horizon is shown as a function of time for case (2c). This case
is similar to case (2a), but with a significantly larger rotation
parameter.

respectively. These are rotating versions of the case (la)
discussed in the previous section, with case (2c) having
significantly more angular moment»m than case (2a).
Solid lines represent n»merical results, while the short
dashed lines show the result of fitting the two lowest
E = 2 quasinormal modes. However, as we explain in
the following paragraphs, the holes are not oscillating
about C„=1, as they are in the nonrotating case, but
about some other equilibri»m value related to their rota-
tion. (We note that the slight upward drifting of C„at
late times is due to the n»merical difBculties in comput-
ing the area of the horizon as described in Sec. IV and in
more detail in Ref. [9].) The long dashed lines denote the
value of the constant offset or equilibri»m ratio required
by the 8 = 2 fit to C„.In Fig. 12 we show results for case
(2b) which is a rotating version of case (ld) discussed
above. Again, we have computed the fit of the numerical
results to the two lowest E = 2 quasinormal modes, in-
cluding the offset obtained by the fit. In fitting C„to the

Ratio of Cp/Ce for J/Mss2=. 39
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lowest two quasinormal modes we included corrections
for the wavelength due to rotation [35]. The quasinor-
mal frequencies of rotating black holes depend on their
angular momentum as well as their mass, but the de-
pendence on the angular moment»~ is extremely weak
except for large rotation rates in which a/m ~ l. As
a result, corrections due to rotation rates for the cases
that we have studied here are slight and they make no
significant impact to the fitted wave modes.

It is dHficult to determine the angular momentum of
the black hole from the wavelength of the quasinormal
mode except in cases of extreme rotation. However, one
can use the shape of the horizon itself as a much more
sensitive probe of rotating black hole spacetimes. For
holes with angular moment»m, the equilibrium shape of
the apparent horizon is not spherical [30], but rather
it is oblate. Therefore the equilibrium value of C„is
less than unity, as confirmed by the mode fits described
above. The exact value of this parameter for Kerr black
holes is a unique function of the rotation parameter
a/M = J/Mz [30]. The larger the rotation parameter,
the more oblate the horizon becomes, as is evident in
Figs. 11—13. This efFect provides a means to extract the
value of J/Mz from the apparent horizon. The procedure
for doing this begins by computing C„and its ofFset from
unity and then using the results of Ref. [30] to estimate
the rotation parameter, which we denote by (J/M2) c
We can also estimate the mass of the hole M &om C„
which allows us to solve for the angular momentum J
strictly in terms of measurements of the horizon geome-
try. Because C settles down to 4+M as the horizon ap-
proaches eqnihbrium, we can represent C, /4z' as M(c ).
Then J is computed by the formula

I

10
I

20 30
Time (M)

I

40 50 J = (J/M') (c ) M(c. ) ~ (43)

FIG. 12. We show the ratio of circumferences C„ofthe
apparent horizon as a function of time for case (2b). This is
a rotating version of case (ld). The long dashed line shows
the ofFset required by the quasinormal mode fit.

which works well throughout the evolution.
We find that the value of J extracted from the horizon

surface by using this procedure is identical to the input
parameter specified solving the moment»m constraint to
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Gau~~ian Curvature for Case (2c)
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FIG. 14. The Gaussian curvature e of the apparent horizon
is plotted as a function of polar angle 8 and coordinate time
for case (2c).

within a few percent for all cases studied. Therefore,
simply by making measurements of the geometric shape
of the horizon we can accurately estimate the mass and
angular momentum of the black hole. Alternatively, in
cases like this where we know the angular momentum
of the hole, specified in an initial value procedure, we
can measure the shape of the horizon, compute the offset
value of the oscillations, and compare with the analytic
results of Ref. [30]. However, in a more general three-
dimensional case, where angular momentum can be ra-
diated by gravitational waves, the angular momentum of
the hole cannot be known as an input parameter, but
could still be estimated in this way.

In Fig. 14 we show the evolution of the Gaussian cur-
vature K for the apparent horizon in case (2c). The oscil-
latory pattern is similar to the the nonrotating case (la),
but there are some differences. First, we note that be-
cause the rotating hole is not spherical, the equilibrium
curvature is not a constant over the surface as in the non-
rotating case. Next we note that because rotating black
holes are not spherical, the small numerically induced de-
viations of J/M2 from its initial value, due to the effect
described above, combined with the low amplitude of the
oscillations at late times, complicates the normalization
of K described in Sec. (IV) above. Therefore the oscil-
lations are difEcult to observe at late times. Finally, in
all of our simulations of rotating black holes the horizon
jumps discontinuously at an early time [ 10M for case
(2c) shown in Fig. 14]. As described in more detail in
Ref. [8], we use a lapse that vanishes on the throat of
the hole. For evolutions that use such a lapse the sur-
face g = 0 is always a MTS. This means that a second
MTS must form for two reasons. First, the hole will be
gaining mass energy as it absorbs gravitational radiation,
and its area must increase. Second, the horizon's shape
must change to that of the stationary Kerr hole when
it settles down [36—38]. The discontinuous jump in the
apparent horizon location indicates that a second MTS
surface has formed outside the g = 0 surface. This ef-
fect is responsible for the "frozen" Gaussian curvature at
early times.

Finally, in Fig. 15 we show the embedding of the hori-
zon for the case (2c) at the initial time and at t = 40M
when the hole has settled down. Initially, the hole is
somewhat prolate, whereas at late times it settles down
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FIG. 15. A cross section of the horizon embedding in a Bat
three-dimensional space is shown for case (2c) at the initial
time t = 0 and at a late time t = 40M. The hole settles to
an oblate state at late times, as discussed in the text.

to a visibly oblate state, as expected according to the
discussion above.

C. Colliding black holes

We conclude this section with a discussion of the re-
sults found in evolving the Misner initial data set for the
collision of two equal mass black holes. Here we focus
only on the dynamics of the apparent horizons. The re-
sults for the two black hole spacetimes presented here are
discussed in much more detail in Refs. [5,7]. There one
can also find more general discussions of the total ener-
gies radiated, observed gravitational wave forms, horizon
masses, ..., for a variety of initial configurations as de-
fined by the parameter p.

On the initial time-symmetric slice, the isometry sur-
faces in the Misner data sets are minimal area surfaces
and therefore marginally trapped surfaces. When the
holes are suKciently close together, another minimal area
surface forms to surround both throats and the evolu-
tions in these cases are that of single perturbed black
holes. To simulate the collision process, it is important
to know at what values of the parameter p we expect this
behavior to occur. Smarr, Cadez, and co-workers [19]
calculated the critical value p, that allows a single con-
nected minimal area surface to surround both holes to be
p, 1.362. For values p ( 1.362, the Misner initial data
represent single distorted black holes and for p )) 1.362,
two colliding black holes. Although for p ) 1.362 the
apparent horizons are separate initially, we expect a sin-
gle event horizon to surround both holes until the holes
reach some critical separation, which we estimate to oc-
cur at p 1.8, based on studies of the event horizons of
these spacetimes [2].

We present the results from two cases:

case (3a): p = 1.2 (L/M = 2.23);
case (3b): p = 2.2 (L/M = 4.46);

sampling both regimes of parameter space. L/M is the
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proper distance between the two throats in»its of the
total ADM mass of the spacetime. (We note that the
characteristic unit of mass used here cMers from that in
Refs. [5—7] where we normalize physical quantities rela-
tive to the "mass" of a single black hole M/2. ) We have
verified that case (3b) represents two distinct black holes
by integrating photons out along the equator (z = 0)
from the origin (z = p = 0), making certain they prop-
agate &eely to p ~ oo and are not trapped within the
event horizon that forms to surround both holes during
the merger process. The actual event horizon of this
spacetime has been traced out and discussed in Ref. [2].

In Figs. 16 and 17 we plot C, as a function of time
for cases (Sa) and (3b), respectively. We use solid lines
to represent the numerical results and dashed lines for
the 6ts to the two lowest 8 = 2 quasinormal modes. The
horizon begins in a highly prolate state [or in case (3b),
the first observed merged horizon is highly prolate]. But
in a very short time, much less than the damping time
due to the quasinormal ringing, the two holes evolve to a
con6guration that can be regarded as a perturbation of
the final, equilibri»m spherical black hole. At this point
the quasinormal ringing of the 6nal hole sets in.

We note that C„is computed using the "equatorial"
circumference at 8 = z /2. However, for the horizons sur-
rounding disjoint black holes such as case (3b) at early
times, the coordinate e = z/2 extends through the axis

(p = 0) of the two surfaces and not their equatorial plane
as would be the case for horizons that extend across the
equator to cover both black holes. As a result, C„as
we have defined it is infinite for disjoint surfaces because
C, = 0. For this reason we plot in Fig. 17 only the evolu-
tion for times greater than t 8M, which corresponds to
the time our code first computes a global horizon for case
(3b). The value of C„atthis time is 2.2. In general,
larger initial separations between the two colliding black
holes result in greater horizon distortions as evidenced in
the plots of C„.One can draw comparisons between these
colliding black hole calculations and the single black hole
distortions discussed in Sec. V A. For example, case (3b)
is intermediate between cases (la) and (1d) in terms of
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shows a least squares St to the two lowest E = 2 quasinormal
mode frequencies.
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the initial merged horizon distortions. A more relevant
comparison can be made with a Brill wave perturbation
of amplitude Qo 0.56 which displays similar behavior
in the initial horizon distortions, the damping time to
relax to the subsequent quasinormal mode ringing, and
in the amplitude of the mode ringing.

Figure 18 shows the embedding diagrams for case (3b)
at various times as the horizon evolves from an initially
disjoint con6guration to a nearly static spherical state.
The embeddings of case (Sa), not shown here, are sim-
ilar to the merged horizon embeddings of case (Sb) but
with less initial distortion. At the initial time slice, the
disjoint apparent horizons in Fig. 18 are the two throat
positions. Because we use a lapse that is zero on both
throats (as in the rotating black hole simulations), each
throat remains a MTS throughout the evolution with a
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FIG. 18. We show the cross section of the horizon embed-
ding for the two black hole collision case (3h). At late times
the Snal single black hole reaches a nearly static, spherical
state.
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"frozen" intrinsic geometry. Our code does not distin-
guish among the different MTS's that may form outside
the throats except where such surfaces intersect the equa-
tor (z = 0). As a result, the embedding diagrams remain
constant in time until t 8M when the disjoint surfaces
merge to form a single common horizon. The embed-
dings after the merger are normalized by the computed
mass of the apparent horizon MAH as described in Sec.
IV. However, to maintain a sense of the relative scale
of the initial two black holes to the final coalesced sin-
gle hole, we choose to normalize the coordinates of the
embedding diagrams before the merger (t ( 8M) by the
total ADM mass M. The amount of energy lost to grav-
itational radiation in this case is only a small &action
(0.06%) of the total ADM mass of the spacetime. Hence
we have M MBH MAH at late times after the holes
have merged and the normalization applied during the
infall phase using the ADM mass is a reasonable choice
as compared to using the mass of a single initial apparent
horizon, 0.79M.

We do not present figures of the Gaussian curvature
for cases (Sa) and (Sb), but merely note that they are
similar to case (la) as represented by Fig. 4. The dy-
namical evolution of the (merged) horizons is similar to
the moderately distorted, n = 2, Brill wave perturbation
of a single nonrotating black hole. The characteristic os-
cillation &equency is predominantly the 8 = 2 normal
mode &equency. There is very little E = 4 signal in the
oscillations.

VI. DISCUSSION

From the results presented in Sec. V, we can draw
striking similarities between the n = 2 Brill wave pertur-
bations of single rotating and nonrotating black holes and
the collision of two equal mass black holes. The features
common to the variety of spacetimes we have evolved
include the following: (1) the initially highly distorted
prolate and/or oblate horizon geometries quickly damp
away towards an equilibrium shape (which is spherical for
nonrotating holes and oblate for rotating holes), (2) the
horizon oscillates at a &equency that is predominantly
the E = 2 quasinormal mode &equency of the final state
(or mass) of the black hole, and (3) these oscillations
damp away in time as the black hole emits gravitational
radiation. The &equency and damping time of these os-
cillations can be found by examining oscillations in the
apparent horizon two-geometry. In fact, the consistency
in our results over a range of various spacetimes with dif-
ferent time slicings (although all cases are maximal, the
rotating and colliding black hole spacetimes use a lapse
that is antisymmetric across the throat while the non-
rotating single black hole spacetimes use a lapse that is
symmetric across the throat) suggests that all dynamic
horizon geometries should have some generic features in
common, particularly at late times when the dynamics
are dominated by the quasinormal ringing of the holes.

The fact that the horizons oscillate at the quasinormal
mode &equency can be understood &om the standard
picture of black hole perturbation theory. A disturbance
in the gravitational field of a black hole generates gravi-
tational waves at the peak of the gravitational scattering
potential V(r), which is located near r = 3M. These
waves, emitted at the quasinormal frequency of the hole,
propagate away from the peak, down the hole on one side
and away from the hole on the other side of the potential
peak. The ingoing waves cause both a shearing and ex-
pansion of the black hole horizon, causing it to oscillate
at the quasinormal &equency.

We have shown that the apparent horizon can act as a
powerful tool in understanding the dynamics of numer-
ically generated black hole spacetimes. Measurements
of its intrinsic geometry reveal not only the quasinor-
mal mode &equency of the hole, but also its mass and
rotation parameter. The latter eH'ect is particularly im-

portant, as the quasinormal mode &equency is so weakly
dependent on the rotation parameter that it is extremely
difBcult to extract &om the oscillations themselves. On
the other hand, the geometric shape of the horizon is
sensitive to the rotation parameter, and can be used to
extract information about the angular momentum of the
hole. Furthermore, the oscillations in the Gaussian cur-
vature of the horizon two-surface can be used to see at
a glance the various E modes present in the oscillation,
as diferent modes have qualitatively dHFerent visual fea-
tures.

The similarities between the colliding black hole simu-
lations and the distorted single hole spacetimes indicate
that the latter spacetimes are able to mimic the interme-
diate and late time behavior of the collision of two black
holes. The distorted single black hole spacetimes will
continue to be explored as a guide to the physics of black
hole collisions, without the complications introduced for
studying the head-on two black hole coDision.

We have also shown in Ref. [2] that the event horizons
of the various black hole spacetimes studied in this paper
behave in a similar manner to the apparent horizons. The
properties of event horizons will be explored in detail in
future publications.
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