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A method is investigated which enables exact solutions to be found for k = 0 Friedmann cosmo-
logical models with a perfect fluid satisfying the equation of state p = (v — 1)p, where « is constant
and 0 < v < 2, in scalar-tensor gravity theories with an arbitrary form for the gravitational cou-
pling function w(¢), which defines the theory. A number of explicit solutions are investigated for
p = 0 universes and inflationary universes, including those for theories in which w(¢) has a power-
law dependence on the scalar field ¢. When p = —p new varieties of inflation arise in which

a(t) o« t™ exp (Hot™).

PACS number(s): 98.80.Hw, 04.50.+h, 98.80.Cq

I. INTRODUCTION

Scalar-tensor gravity theories [1-3] have become a focal
point of interest in many areas of gravitational physics
and cosmology. They provide the most natural general-
izations of general relativity (GR) and thus provide a con-
venient set of representations for the observational limits
on possible deviations from GR. They are required for
a complete evaluation of the cosmological implications of
any “fifth force” variation in the behavior of gravity in the
weak-field limit [4,5] and associated ideas of “oscillating
physics” [6]. The evolution of extra dimensions of space
in quantum cosmologies produces behavior characteristic
of scalar-tensor theories [7,8]. Any variation of the New-
tonian gravitational “constant” with time may produce
unusual physical effects if black holes are formed in the
very early Universe [9]. It has also been shown that a
scalar field responsible for time variation in the gravita-
tional coupling can drive new forms of inflation [10,11].

In order to evaluate these effects in scalar-tensor grav-
ity theories it is necessary to have exact cosmological
solutions for the entire span of cosmological evolution.
Only in this way is it also possible to constrain the the-
ory by simultaneously imposing the observational lim-
its arising from different epochs in cosmic history (pri-
mordial nucleosynthesis [12], contemporary cosmologi-
cal expansion dynamics) and the weak-field solar system
tests [5,13]. In the past this has been impossible because
exact cosmological solutions of scalar-tensor gravity the-
ories, characterized by a scalar coupling w(¢), have only
been available in particular cases. In the most studied
(special) case of Brans-Dicke theory [1], where w(¢) is
constant, particular solutions are known for the Fried-
mann cosmological models with perfect fluid equations
of state when k = 0. When k # 0 only vacuum, radia-
tion, and stiff fluid solutions have been found. Recently,
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it has been shown by one of us [14] that Friedmann cos-
mological models of all k£ can be found in w(¢) theories
by a suitable choice of variables, but this method works
by exploiting the conformal invariance of the theory and
is successful only when the energy-momentum tensor is
trace-free, that is, for vacuum and radiation-filled mod-
els (incidentally, this method also applies to stiff fluid
solutions because they can be reduced to the vacuum
case [15]). No exact solutions appear to be known for
w(¢) cosmologies with other perfect fluid equations of
state, for example, that of zero pressure (although an ap-
proximate study of some inflationary models was given
by Barrow and Maeda [11] and other qualitative stud-
ies have been made by Damour and Nordvedt [16]). In
this paper we show how an appropriate choice of vari-
ables permits an integration of the gravitational field
equations for k¥ = 0 Friedmann models in w(¢) theo-
ries with a general p = (v — 1)p equation of state and
~ constant. Two classes of solutions are of particular
interest: those for dust (v = 1) models, which describe
the post-recombination history of the Universe to a very
good approximation, and those with v = 0, which de-
scribe an era of inflation dominated by a slowly evolving
scalar field with p = —p. The exact solutions obtained
in the latter case enable us to evaluate the forms of infla-
tion that arise from a wide class of w(¢) gravity theories.
The p = 0 solutions, in conjunction with the radiation
solutions studied earlier [14], will allow us to construct
complete histories encompassing both the radiation era
and the dust-dominated era up to the present and to dis-
cover which variations of G(¢) are ruled out by a com-
bination of primordial nucleosynthesis and solar system
gravity tests.

In Sec. II we introduce the field equations for the
scalar-tensor gravity theories. In Sec. III we give the
equations defining cosmological models in w(¢) theories
in terms of new variables, which reduce them to inte-
grable form after the choice of one free “generating” func-
tion of one variable, which is equivalent to defining the
theory by specifying w(¢). In Sec. IV we give a number
of explicit dust (p = 0) solutions and discuss their asymp-
totic forms. In Sec. V solutions are given for the p = —p
case appropriate for simple inflationary universes. We
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find that new forms of inflation are possible. In Sec. VI
we discuss the behavior of the cosmological models for
general v for some interesting forms of w(¢) where the
asymptotic behaviors are simple. In Sec. VII we consider
the radiation models in order to relate the methods in-
vestigated in this paper and in Ref. [14]. Finally, in Sec.
VIII we provide a brief discussion of the results.

II. SCALAR-TENSOR GRAVITY THEORIES

Scalar-tensor gravity theories [2,3] can be derived from
the Lagrangian

Ls=¢R — “’—ff—) 8a$0°¢ + 167G N Ly (1)

where R is the Ricci curvature scalar of the spacetime, ¢
is a scalar field, w(¢) is a dimensionless coupling param-
eter, and, finally, £,, represents the Lagrangian for the
matter fields. It is apparent that the scalar field plays
a role which in Einstein’s GR is taken by the gravita-
tional constant. Since ¢ is now a dynamical variable,
these theories exhibit a varying gravitational “constant.”
The archetypal case of Brans-Dicke theory arises when
we specialize w(¢$) to be a constant in the Lagrangian
Eq. (1).

Taking the variational derivatives of the action Eq. (1)
with respect to the two dynamical variables g,, and ¢
yields the field equations

Rov = 3R = 2D (.00 - J gust ot
+ % [¢;ab - gab¢;c;c] +87GN % ’
(2)
D¢ = m [87I'GN T - wl(¢)¢;c¢;c] ’
@)

where T = T.€ is the trace of the energy-momentum ten-
sor T,® of the matter content of space-time and Gy is
a dimensionless normalization constant which fixes the
present-day value of the gravitational constant G (in
what follows we set units so that Gy = 1). Note that a
further relation T2, = 0, establishing the matter con-
servation laws, holds true. This ensures that the princi-
ple of equivalence is satisfied. We see from Eq. (3) that
the matter acts as the source of the scalar field ¢, which
helps generate the space-time curvature associated with
the metric. Matter may create this field, but the latter
cannot act back directly on the matter, which responds
only to the metric [17].

The strength of the coupling between the scalar field
and gravity is gauged by the parameter w(¢), which here-
after will be termed the coupling function. When w ap-
proaches infinity (w — oo) the scalar-tensor theory ap-
proaches Einstein’s general relativity provided that we
also have w’/w® — 0 in this limit [3]. This is necessary
for light-bending, perihelion precession and radar echo-
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delay phenomena in the solar system to lie within the
bounds imposed by observation.

III. FRIEDMANN UNIVERSES

Consider the Friedmann-Robertson-Walker universes
with the metric in (¢,7,0,%) coordinates given by the
usual line element with the curvature parameter k:

ds?® = —dt* + a?(t) + r2(d6? + sin? 0dy?) | .

(4)

When the matter content of the universe is a perfect fluid
obeying the general equation of state p = (y — 1)p with
v constant and 0 < v < 2, the field equations become
(where an overdot denotes differentiation with respect to

£)

T
1—kr2

¢ w@) P  k 8

P
H2+H$—T'¢—2 ;—“3—5, (5)
7 w(4) ; __ 8mp B
¢+ 3H+——2w(¢)+3 ¢————2w(¢)+3(4 3y), (6)
: w(g)$* ¢
H+H2+—3_?_H$
_ 8mp (3y-2w+3 1 & 22(7)
T 3¢ 2w(d)+3 22w()+3 ¢’
p+3vHp=0, (8)

where the Hubble parameter H = a/a. These equations
differ from the corresponding equations of Brans-Dicke
theory through the presence of additional terms involving
w in Egs. (6) and (7) and reduce to those of GR when
¢ is a constant.

It is important to appreciate that the solutions of
these field equations are defined by four integration con-
stants while the GR solutions only depend on three [18].
In addition to the present values of a(tp), @(to), and
#(to) < 1/G(to), we also need ¢(to) [or p(to)]. In Brans-
Dicke theory this extra freedom was eliminated by some
authors by imiposing that ¢a® should vanish for a ap-
proaching the initial singularity at ¢ = 0 [1,19]. This
ensures that the solutions are of a power-law type, with
exponents which are mildly different from their general
relativistic analogues, and represent universes where the
matter fields dominate the free ¢ field during the entire
expansion. Such solutions are to be contrasted with the
general (k = 0) Brans-Dicke solutions found by Gurevich
et al. [20] where this restrictive assumption is not made.
The general solutions exhibit two distinct regimes: an
early period during which the expansion is dominated by
the scalar field and approximates the vacuum solution of
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Egs. (5)—(7) and a late period during which the solutions
asymptote towards the matter-dominated power-law be-
havior. In what follows no restrictive assumption will be
made regarding the boundary conditions satisfied by ¢(¢)
at £t = 0 and so our analysis will be kept fully general.

The system of equations (5)—(8) allows considerable
simplification in the cases where the trace of the energy-
momentum tensor vanishes and the w(¢) theories are con-
formally related to general relativity [11]. In these cases,
the wave equation (6) is sourceless and the general rela-
tivity solutions always arise as a particular (¢ = const)
case of the general solutions. By exploiting this situa-
tion, exact vacuum and radiation cosmological solutions
for scalar-tensor gravity theories for all values of k have
been found by one of us [14].

To address the remaining nonvacuum fluid cases (v #
4/3) we resort to a generalization of the method of in-
tegration used by Gurevich et al. [20] in their study of
Brans-Dicke (BD) theory to the more complicated cases
where w depends on ¢. Our procedure will be applied
to the £k = 0 models.

We introduce a new time variable n via

dt = g30—1) /@ dn (9)

(we assume 2w +3 > 0) and two new dynamical variables

o= [@Mkﬂ%aﬁ*] , (10)

y= [a3(2_7)dii-¢:| . (11)
n
The k = 0 field equations (6) and (7) reduce to
y' =M (4-3y) (12)

and

wl

' _ 3(2 W
o =3M[2-Yw+1]+5(3z+y 7073 (13)

where the prime denotes differentiation with respect to
1 and M is defined by 87p = 3Ma~3". In addition to
these equations, the Friedmann equation (5) yields the
constraint

2
(§w+y) = (2w;—3> [y2+4M¢a3(2_7)] . (19)

It is straightforward to integrate Egs. (12) and (13). The
solutions are

y=MA-3y)(n—m) , (15)
$=g |:—y+\/2w+3(C+M(2—7)

4]
X / V2w + 3d17)
m

where 7, and C are integration constants.
Now we differentiate y using the definition (11) and

ad (¢, (¢)e
e T e T ey (17)
to get
o\ [3r-4_ f() (g’)zz 1 (g)
<¢>+[ 2 +17—m] ¢ n—m \¢ )’
(18)

where we have defined the function

s = [ g VA + 3

1

[C’+M2—7)

\/2w(¢ dn] di . (19)

By introducing another function g(n) we can absorb f(7)
into

3y —4

(- m)? + D, (20)

g(n) = f(n) +

where D is the integration constant arising from solving
the Bernoulli equation (18). The solutions to Eq. (18)
can be cast into the particularly simple form

o (qi) [ nng;)h o 21)

a® =a} (%) o ) (22)

which follows from Eq. (17). In terms of f(n) the be-
havior of the coupling w(¢), which defines the theory, is
given by

and

4 — 3y (,f’)2
3(2 — )2 [f + s fo]

20(p(n)) +3 = (23)

where fo is another arbitrary constant. The w(¢) depen-
dence is obtained by solving Eq. (21) with respect to ¢,
whenever this is possible. In practice a theory can be
chosen by specifying the generating function g(n) from
which ¢(n) follows from Eq. (21) and hence a(n) from
Eq. (22), f(n) from Eq. (20), w(¢) from Eq. (23), and
n(t) from Eq. (9) if all the integrals can be performed.

It is worth noticing that the constant 7;, which was
introduced in Eq. (15), can be set equal to zero without
loss of generality. This merely amounts to a translation
of the origin of the time variable. Henceforth, we use this
freedom and take n; = 0 =t.
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The various constants’ C, D, and f, are not inde-
pendent. In fact, evaluating the Friedmann constraint
Eq. (14) we derive

_ 4-3y
ag® o = M (4 - 37) . (25)

Consistency between Egs. (15), (21), and (22) imposes
that ¢9 = 1, and so we see that ¢ = 1 defines 7;. From
the requirement that the BD theory be recovered when
w = wop is a constant we obtain the further condition

2 (2M(4-37)\? ,
c —(——3(2_7) ) fos (26)

hence fo > 0 and setting one of C, D, or f, to zero
implies the simultaneous vanishing of the others unless
v = 4/3. However, if this is done, it restricts the solutions
to be matter (rather than ¢) dominated at early times.
For instance, the solutions which arise in the BD case
are of the form ¢ « 7, a®2~7 « 5, which lead to Nar-
iai’s [19] power-law solutions upon integration of the time
transformation (9). To retain the regime of scalar-field
domination it is necessary to keep one of the integration
constants nonvanishing and to express the other two in
terms of the first. In what follows we shall use fo [which
can be absorbed into f(7) if desired] to parametrize the
solutions. The nonvanishing of the integration constants
alters the expression yielding a(n) and affects the situ-
ations where f(n) — (37 — 4)n?/4 is small compared to
fo.
The BD case provides a point of reference from which
to infer the asymptotic behavior of other models where
w(¢) is not constant. It arises when both f(n) and g(n)
are quadratic polynomials in 7 since

fop(n) = %‘_—73)7—) V2o T3
x Cn+mn2\/2wo+3 . (2

2

If a theory is characterized by a function f(7) [or equiv-
alently by a choice of g(n)], which grows faster than 7?

!The integration constants we have introduced define at 7,
the following quantities: a, a®$, and ¢d(a®)/dt. In fact, we
have

a® = DM(4 - 37),
a*$= lim VAM(4~3) (1~ m) //2(9) + 3,
¢(a3)' = 3\/§C/2 .

Thus we see that as n — 71 (which we set 5 = 0), a®¢
depends on whether /2w + 3 vanishes and, in that case, also
depends on how it approaches zero. We further see that the
vanishing of a is defined by D being zero.
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when 7 increases, then 2w(¢) + 3 increases with time,
while 2w(¢) + 3 decreases if f(n) grows slower than fgp.

To facilitate comparison with the BD solutions of
Gurevich et al. [20] we give their solutions using their
time variable £. Since in this case w is a constant,
our time variable 7 is simply proportional to ¢ [dn =

v 3/(2wo + 3) d€]. For v # 4/3 one has

al€) = ag (6 — &) TV (£ - £)°CHVED | (29)

B(€) = do (€ — &) TV (£ — &) “EVITY | (29)

and for v = 4/3,

30F —bz) 302 —ton)
a@) =a0E—&) VIR ((—&) VR
(30)

1 i 1
BE) =do(E—&) VIR (6-&) VR . (31)

In these solutions ; 2 are the roots of ggp(n) defined by
Egs. (20) and (27) and 0 = (2 — y)wo + 1.

We see that these solutions (28)—(31) exhibit two
branches which differ in the sign of ¢’. Futhermore,
assuming without loss of generality that £ > &, they
have a curvature singularity at &;, where a = 0 and
p — co. When approaching this singularity (from £ > ;)
the solutions asymptote towards the vacuum solutions of
O’Hanlon and Tupper [21]. Similarly, when ¢ becomes
much larger than §; — £, the solutions approach the
power-law behavior of the solutions derived by Nariai [19]
under the assumption ¢a® — 0 when a — 0 (note that
this condition amounts to requiring that A = §; —¢; — 0,
or equivalently that D — 0). This asymptotic behavior
reveals an important feature of the solutions. At early
times they are dominated by the scalar field (vacuum)
energy while at late times matter dominates.

In addition, it is important to notice that the Fried-
mann constraint equation imposes a relation between the
integration constants ag, ¢o, and po:

8mpoag” " fo

Po 2w+ 3

) (32)
where (3, is the coefficient of the (n — 7;)? term in g(£)
given by Eq. (20). Because the proportionality constant
in this expression is positive, the sign of ¢g is defined by
the sign of By. Since

ﬂo = (3/(4.20) (0'2 —-1- 2(4)0/3) 3

the sign of By changes when

7=’Y*(W0)=2+1_m’ (33)
Wo

which is always bounded by v.(wp >~ +00) ~ 2. If we re-
quire 7y > 0, this sets a lower bound of wy > —6/5. Thus,
for v > ., the solutions have a singularity (a = 0) in the
future for the fast branch [that with a minus square root
in the exponent of the ({—¢&;) factor], where ¢ approaches
zero. Gravitation becomes effectively repulsive, but this
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only occurs when y > 4/3, because only for these values
of 7 is the sign of the right-hand side of the scalar-field
equation (12) reversed. A similar result holds for the so-
lutions of the more general scalar-tensor theories. From
Eq. (25), we see that ¢p < 0 when v > 4/3.

Let us now consider a number of cases of interest which
illustrate the behavior of the solutions of general scalar-
tensor theories for the v < 4/3. The dust and p = —p
models stand out as cases of particular relevance and we
shall then consider them separately.

IV. PERFECT FLUID FRIEDMANN UNIVERSES

All known exact cosmological solutions to scalar-tensor
gravity theories require the energy-momentum tensor to
be trace-free [14] or the equation of state to be p = p. It
is of considerable interest to study solutions with other
equations of state. The post-recombination history of
the universe is well approximated by a p = 0 state and
pressure-free cosmological solutions of scalar-tensor the-
ories other than Brans-Dicke would enable entire cosmo-
logical histories to be constructed. Strong limits could
be imposed on deviations from general relativity by con-
sidering phenomena such as baryogenesis, primordial nu-
cleosynthesis, galaxy formation, and the present-day ex-
pansion dynamics in conjunction with weak-field tests of
gravitation theories. It is also of great interest to examine
the class of w(¢) theories which can create inflationary
expansion (@ > 0). So far this has only been examined in
Brans-Dicke models by means of exact solutions [10] or
through approximate analyses in a class of w(¢) theories
by Barrow and Maeda [11].
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We shall consider a number of representative w(¢) the-
ories created by choices of the generating function g(n).
This choice is sufficient to produce an exact solution of
the field equations.

A. Case g(n) = hn? Inq

We consider first perfect fluid solutions with 3y < 4
generated by the choice

g(n) = hn* Inn, h > 0,const . (34)

If we substitute this into the system of equations (21)-
(23) then we obtain the following form for the cosmolog-
ical solution:?

¢(n) = ¢o In* 0, o const (35)

_ _ o h . b
a7 (n) = g(n) ¢~ (m) = ag® ™ s

ao const (36)

4-3y [2hlan+h+2-%)°
(2-7)2 [hlnn+1- 3]

The t(n) relation is

t:/a3("‘1)\/~——2w3+3dn; (38)

2 3=
w + 3

hence

where A is given by

_ 3(v-1) V4 —3v _11_ =
A= ag 32=7) (%) . (40)

L /. nﬂ;'_—*—:l 2h (ln'r))H’(%) (#3) + (h+ 2 — i%) (lnn)(iil)(g‘}é) dn | (39)
(hlnp— 32 +1)°
[
toc 227 gt (43)
. vy

a(t) o t2/37 (Int)"% | (44)

$(t) o< (Int)*/™ (45)

p=poa~3, poconst . (46)

The solutions (35)—(40) admit further mathematical
simplifications if y = 1, v = 0, or h = 1. If we consider
the general behavior of Egs. (35)—(40) as n — oo, so that
¢ — oo according to Eq. (35), then since h > 0, we
obtain a late-time asymptote for scalar-tensor theories
with power-law variation of w(¢). We have

t ~ 2\h3 /7,3%—g (Inn) St ) dn, (41)
4h (4—3 h
2w(¢) +3 5 2—2—_7')73 (%) . (42)

Thus we have to leading order as n — oo, for 0 < v < 4/3,

There is a logarithmic approach to the Friedmann models
of GR with the same equations of state. The deviations
from GR are relatively mild for the form of w(¢) produced
by the choice (34) and this can be seen explicitly by con-
sidering the time variation that is created in the Newto-
nian gravitational coupling Gy (t) x ¢! (lnt)_l/ R as
t = oo. The deviations produced by theories defined by
Eq. (37) permit agreement with the solar system tests of

2Although ¢ = 1, we shall keep reference to ¢o in our results
to make explicit their dimensional consistency.
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GR since the correction terms they add to the GR pre-
dictions are all of order w'(¢) w™3 ~ ¢~ '72* and tend to
zero as (lnt)_(1+2h)/ " as t — co. Hence these theories
can produce acceptable weak-field consequences.

It is clear from Eqgs. (39)—(46) that, for general v < 4/3,
a simple special case occurs when h = 1. Also, it is
necessary to choose h so as to ensure the positivity of
a(t) at early times. This is guaranteed if (h — 1)/h is an
even integer, for example.

B. Case g(n) = En"

Another interesting choice of generating function is
given by

gm)=En",

The restriction n > 2 has been imposed in order to re-
cover solutions which do not approach Brans-Dicke the-
ory at late times. In this case we obtain the general

E >0, n>2const. (47)

solutions
nz—n
#(n) = do exp [m] , (48)
@ (py = 321 E o n* "
a®>?M(p) = a) ¢077 exp [E(n—2)] , (49)
_ (4-3y) [nEn"~?—(3y—4)/2?
2O +3= 300 Er - @y-a/a
When n — oo, we obtain
toc nTE-D (51)
Hence, at late times, we have
o(t) o exp [—Ctgb—:-)éﬂ] , C const (52)
a(t) oc t3v , (53)
w(P) (4= 3v) 1 (54)

(2-n) In(¢/¢o)

Thus we see that the solutions approach the GR so-
lutions. This could be expected since the coupling w
asymptotes to infinity at late times since ¢ — ¢¢. This
behavior naturally guarantees that these theories survive

the scrutiny of weak-field solar system tests. In fact,
w'(¢)/w® ~ In(¢/do)/¢ — 0 as t — oco.
C. Case g(n) = 7* (" + a”)
If we choose
g(n) =n* (1" +a"), « const (55)
then we obtain the solutions
#(n) = do (——L) " , (56)

Pt ) n 141
a* () = L —n* V" (" o) TR (57)
)
4-3y [(1+n)"+a"—(3y—4)/2]
2 3=
“OITI=3e0r prar- Gy 9/
(58)
For large 7, we have
&(n) ~ const , (59)
a(n) ~n**", (60)
and
1+ (¢/¢o)
In the same limit, we obtain
tocn'ts, (62)

which means that, beside ¢ being constant, we also re-
cover a(t) oc t¥(7) and hence approach GR in the late
time limit for this choice of g(n).

V. INFLATIONARY MODELS

We consider exact solutions for £ = 0 Friedmann mod-
els when v = 0. This corresponds to a matter source
which is created by a potential-dominated scalar field.
It is the standard matter source generating a wide vari-
ety of inflationary models. We recall that in Brans-Dicke
models the 4 = 0 source produced an example of power-
law inflation [10] in contrast to the exponential, de Sit-
ter behavior obtained in general relativity with the same
matter source.

A. Case g(n) = hn? Ing

Again, we consider the form of g(n) defined by Eq. (34).
The exact form of the solution is

é(n) = ¢o In*/" n (63)
a®(n) = a$héy* (lnm) * (64)
[2h (¢/d0)" + h + 2]2
2w+3= - . (65)
3 [h (6/d0)" + 1]
If we set
u=hlnnp+1, (66)
then

t= —‘/:)_oh_zgtl / |:2'u.% (u— 1)12__: du

+hu~% (u— 1)%] du . (67)
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There are simple integrable cases whenever (lz;hhl is a

non-negative integer. For example, when A = 1 we have

t= 2 [ann+ )2 4 (mn 4 )V (68)
$(n) = ¢o Inn , (69)
a’(n) = g; : (70)

So t € (—o0, +00) for 1 € (0, +00).

Rather than list the complicated catalogue of exact
solutions that can be generated by the allowed choices
of h, it is more instructive to derive the general form of
the solutions for all h as  — oco. These display some
new varieties of inflation that can arise in scalar-tensor
theories. We have

toc (Inmp) =, (71)
a n% (Inn) = (72)

Hence

h—1 2h
a « t3G@F+) exp [Atm] , A const (73)
with
b(t) o tamFT | (74)
ah (o \"

~— | — . 75
2(d)+3~ 5 (£) (75)

These solutions display new varieties of inflationary
universe. When h = 1, we have a(t) o exp [At?/3]. This
is the particular example of the “intermediate inflation”
proposed in [22,23]. It is especially interesting that this
form of the scale factor, which arises when h = 1, is pre-
cisely that which generates the exact Zel’dovich-Harrison
spectrum for the density and gravitational wave fluctu-
ations produced during inflation to first order in pertur-
bation theory [24].

To establish the nature of inflation in models with h #
1 we need to examine the general conditions under which
a scale factor evolving as

a(t) o< t* exp [Atﬁ] , A>0 (786)
is inflationary as t — oo. Inflation occurs if @ > 0 and
we find that, as t - oo,

é ~ £t20+ﬂ—2 >0.

o 9 (77)

So inflation will always occur (and continue indefinitely
unless other physics intervenes or v changes with time),
but the acceleration increases with time (ultimately pro-
ducing a scalar curvature singularity to the future) if
2a + B — 2 > 0, that is, in our model, if h > 7.

From Eq. (44) we see that when h = 1 the inflationary
models which arise when 0 < v < 2/3 are the same as
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the power-law inflationary models of general relativity for
these equations of state, but when h # 1 they give rise to
a logarithmically moderated form of power-law inflation.

B. Case g(n) = En"

For this choice of the generating function we derive a
solution

2—n
n
= 7
o) = o exp | 51— (78)
6 7"
= ™ ex , 79
) = o 31" exp | 51— | (79)
1 (nEq™ 2% +2)
= - 80
20(n) +3 = 5 (prmr ) (30)
So, when n — oo, we obtain
txlnn. (81)
Hence the late-time behavior of the solutions is
1
#(t) o exp [—m exp [—Ct]] ; (82)
C
a(t) o exp [—m t] . (83)

This shows that the exponential inflationary behavior is
rapidly attained since ¢(t), and hence G, approaches its
asymptotic constant value very quickly.

VI. THE DUST CASE

The importance of the dust models arises from the fact
that they provide a very good description of the present
thermodynamic state of matter. The only known exact
cosmological solutions are for zero-curvature Brans-Dicke
models. In what follows we give a number of solutions
which cover a wide range of realistic models.

A. Case g(n) = hn? Inn

Inserting this generating function into the general so-
lution (35)—(40) derived above, we obtain

#(n) = ¢o Ink 1, (84)
@(n) = P 2 1" (85)
bo
and
h 2

3[h(¢/P0)" +1/4]

From Eq. (84) we see that ¢ increases with n and from
Eq. (86) it follows that 2w(¢) + 3 asymptotically ap-
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proaches a power dependence on ¢, with 2w + 3 o< ¢".
A special case where simplifications arise is when h =
1. We obtain
#(n) = ¢o Inn, (87)

n?
a®(n) = b0 (88)
0
Defining v = hlnn + 1/4, we derive

t= 2 [2uth exp (u—1/4) du . (89)

3 Ju h

Now we consider the asymptotic behavior of these so-
lutions at large . We immediately have u ~ hInn, which
implies

txn. (90)

Since a o 7?/3 (Inn)*~1)/3k  we obtain the asymptotic
behavior

a(t) « t3 (Int)5» | (91)

o(t) Inkt, (92)
and also

h
4h [ &
2w +3x — | — . 93
@+ (2) (99)

Note that this result for the late-time behavior is consis-
tent with the results derived for general . It corresponds
to a mild deviation from GR behavior.

B. Case g(n) = En"

With this generating function the solutions are

2—n
n
= T Y 94
8tn) = o exp (5o ) (04)
E ,,,2—71
a®(n) = — 7" ex (———) . 95
() poU gy (95)
At late times we have a «x 757 t8'2-?, ¢
2(2-n)(3—7v
exp [—C’tﬂ(—")é_l], where C is a constant, and

(4-=3v)

2w+3am.

(96)

VII. THE RADIATION MODELS

Exact solutions for radiation models (3y = 4) of all
curvatures can more easily be found by exploiting the
conformal invariance of scalar-tensor theories [14]. How-
ever, it is instructive to see how the method considered
in this paper applies to radiation models.

From Eq. (12) we see that y = yo =const when vy =

4/3. Repeating the derivations of Sec. III, using this
result, we obtain

¢ 1
¢ D+f(m)’ ®7)

where f(n) is now defined by

f(n)s/n V2w +3 [C+ %/" \/2w+3d1‘7] .
0 Yo 3 Jo
(98)
If we further define
g(n)=Ff(m)+D (99)

the solutions take formis similar to those given by
Egs. (21) and (22) with v = 4/3, with

@)L
a? =al (%’)) , (101)

and
2w+3=3ﬂ—————f—,2—. (102)

M (f+ H3fo+ D)

From the Friedmann equation (14) we obtain the con-
straints

. 2/3 AMD
y0—¢0a0 _3f0_1

(103)

upon the integration constants yg, ¢o, a0, D, and fo.
Consistency between Egs. (100) and (101) and the defi-
nition of y further require that yo = a2 = 3/ 2,

In order to understand how the present method of in-
tegration compares with that arising from the conformal
invariance of the radiation models [14], note that our time
variable 7 relates to conformal time 7 [defined as usual

by dt = a(7) d7j] as

2w+ 3

dn =
" 3

dn. (104)
Hence substitution of n by 7 in (97) yields

d¢ _ dp dn
Vw3 — =1 = T
¢ g() ¢a?
which is precisely one of the equations in Ref. [14]. When
restricted, the k¥ = 0 models, the other fundamental equa-
tion of that work [14], establishes that

(105)

d%g
— = 2M. 106
= (106)
This yields the 7 behavior of the generating function.
However, the use of this latter result in the present case
is restricted to the situations where the relation n = n(%)
can be explicitly solved.
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We now consider some specific choices of the generating
functions g(n) which transpose to the radiation models
the particular solutions investigated above.

A. Case g(n) = hnplnn

This choice of the generating function g(n) yields

¢ =¢o In¥ 7, (107)
azzaghnlnh-'_-“ln, (108)
and
3 2
2w+3= 4?’]‘\’: (h"’: DN (109)
nlnn+ %3 (%)

B. Case g(n) = Eqn"

With this choice for g(n) we obtain the solutions

1-n
_ n
b = go exp <—E(1——n)) n# 1, (110)
E nl—n
a?® = a? (—)n 17" ex (—) , 111
o % # 17" exp E(n=1) (111)
and

3yoE n2n2(»—1)
2w +3 = L/ (112)

M 7 — ()
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VIII. DISCUSSION

In this paper we have shown how to derive exact cos-
mological solutions for the Friedmann k£ = 0 models with
a perfect fluid characterized by the equation of state
p = (v — 1)p, where v is a constant and 0 < v < 2, in
general scalar-tensor gravity theories. By an appropriate
choice of variables we have shown that the solutions can
be defined in terms of a generating function g(n), which
amounts to the specification of the w(¢) dependence of
the theories. We have provided a number of specific ex-
amples of dust solutions and inflationary universe theo-
ries for theories with power-law w(¢) dependence. The
p = —p inflationary models provide examples of a new
form of inflation in which the scale factor evolves in pro-
portion to t™ exp (Hot™), 0 < m < 1. The derivation
of p = 0 scalar-tensor cosmological models will allow
complete histories to be constructed in such theories and
these will be studied elsewhere. The availability of new
exact solutions allows cosmological tests of gravitation
theories to be combined with weak-field and laboratory
limits on allowed deviations from general relativity to
constrain the permitted depertures of w™! and w'w™3
from zero.
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