
PHYSICAL REVIEW D VOLUME 50, NUMBER 1 1 JULY 1994
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Using heavy quark effective 6eld theory, exponentiation of Sudakov double logarithms, and perturba-
tive factorization theorems for exclusive processes, we calculate the amplitude for the semileptonic de-

cay of mesons with a single, very heavy quark into m and p for a large hadronic recoil momentum. A
formula for these large-recoil widths is obtained in terms of two-particle wave functions of the heavy and

light mesons and applied to semileptonic decays of the 8.

PACS number(s): 13.20.He, 12.39.Hg

I. INTRODUCTION

The semileptonic decays of B mesons are of special in-
terest for the measurement of Savor-changing couplings
in the standard model, and by implication for tests of the
standard model [1]. The evaluation of these decays in
terms of standard model parameters, however, is not
straightforward. In contrast to, say, the W and Z vector
bosons, the essential presence of strong interactions in B
meson bound states complicates the situation. On the
other hand, the b quark is moderately heavy [2], which
suggests that its decays might be perturbatively comput-
able [3], with the mass of the b quark acting as the large
scale, at least when the outgoing hadrons are very ener-
getic. The main obstacle is the treatment of light degrees
of freedom. In this paper, we combine the ideas of
heavy-quark eff'ective field theory [4], the exponentiation
of Sudakov double logarithms [5], and the perturbative
treatment of elastic scattering processes based on factori-
zation theorems [6] to study semileptonic decays of the
type B~(lv)+n. We argue that these decay amplitudes
are computable in perturbative QCD in terms of pion and
B valence wave functions. Thus, the light degrees of free-
dom in the B are represented only by its two-particle
wave function [7]. This is a striking simplification, given
that the b quark generally decays in a complex environ-
ment, which is not describable in terms of a single light
quark.

The methods we shall describe have a formal relation
to the perturbative description of the transverse momen-
tum distribution of Drell-Yan pairs [8]. As in that case,
the approach to a perturbative-dominated result is rela-
tively slow, and proceeds as a fractional power of the
heavy scale, in our case m&, the mass of the heavy quark.
Typical corrections will be of the relative size
ct, (CAm&), with C a number generally larger than, but
of order, unity. For Q =b, this is not such a small num-
ber. %'e believe, however, that it is useful to identify the

true asymptotic behavior for large m&, even if for

m& =mb corrections may be significant. In this spirit, we
shall present numerical results that can be compared to
experiment [9]. Perhaps not surprisingly, the perturba-
tive width is small at large recoil, rejecting the usual
suppression of exclusive amplitudes with large momen-
tum transfer.

Our method will apply in the kinematic region where
the produced hadron of momentum p' is very energetic in
the rest frame of the heavy meson, of momentum p. To
make this condition explicit, we introduce a variable x
through the invariant mass of the lepton-neutrino pair
(neglecting the mass of the final state hadron):

%e will be interested in x fixed away from zero, for large
m&=mb-p . In the region x-O, the leptons carry
away most of the energy, and the produced hadron is
soft. This kinematic region may be treated by soft-pion
theorems and related methods [10].

The physical basis for the simplifications discussed
above is relatively straightforward. Let us suppose that
the b quark decays into a nearly on-shell u quark. This u

quark propagates through the remaining hadronic medi-
um, picking up a light antiquark, to form an outgoing
pion, after some distance y. For an exclusive final state,
we demand that there be no radiation of gluons in this
process. But if y is large, of the order of hadronic sizes,
i.e., O(1/A), then QCD corrections iotll be large, like
those in the "Sudakov" form factor, which vanishes on
shell [6]. We thus expect exclusive processes to be associ-
ated with limited (y ( 1/A) distances of propagation be-
fore the light antiquark is picked up, forming a pair
which evolves into the pion. But in this situation, the
outgoing gluon is typically off shell by order
( &/Iy )-Arn&, which is substantial. This suggests the
applicability. of factorization theorems [6].
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The arguments given here will also have applications
to nonleptonic decays of B mesons [7,12]. We shall pur-
sue these extensions in a future publication.

II. SUMMARY OF THE ARGUMENT

Because the argument draws on a number of tech-
niques that are not usually combined, it may be
worthwhile to outline our reasoning in some detail. This
will also serve to organize the specific calculations that
follow, and to show why they have implications for arbi-
trary orders in perturbation theory.

Structure of perturbative B decay Ou. r discussion be-
gins with the diagrammatic description of B decay. We
identify the sources of long-distance behavior, which can-
not be successfully calculated in perturbation theory. We
shall see that they may be identified with (i) collinear
divergences due to virtual partons moving parallel to the
outgoing pion, and (ii) infrared divergences due to soft
gluons that interact with the incoming b antiquark and
the fast-moving partons of the outgoing pion. Our aim
will be to show that these infrared and collinear diver-
gences may be separated (factorized) from calculable
short-distance contributions, and organized into phenom-
enologically accessible nonperturbative functions.

Heavy quark e-+ective field theory As a .next step, we

apply the ideas of heavy-quark effective field theory,
recognizing that the b quark carries nearly all the
momentum in the initial state. By introducing an "eikon-
al" description of b-gluon interactions, we can systemati-
cally separate infrared divergent couplings of gluons to
the b quark in peturbation theory from short-distance
contributions. This procedure, however, leaves untreated
the collinear divergences found at each order of perturba-
tion theory, so that by itself it is not an adequate factori-
zation.

Higher-order corrections. We next show how higher-
order corrections regulate the behavior of perturbation
theory in momentum space regions that give rise to col-
linear divergences. We show that a gluon of virtuality
k, with energy 2 '~ xmb, moving collinear to the outgo-
ing pion, couples at higher order to softer gluons that
produce corrections of the form a, ln [(xmb ) /k ].
These leading logarithms exponentiate, and act to regu-
late collinear logarithms associated with the propagation
of color nonsinglet degrees of freedom at high energy.

Role of the valence states. The exponentiation of "Su-
dakov" double logarithms in QCD strongly suppresses
the propagation of the virtual gluon, of momentum k un-
less its invariant mass ~k ~

is substantial. In fact, for
k &xmbA, the perturbative amplitude vanishes due to a
pole in the running coupling. In the resummed perturba-
tive amplitude, then, this gluon is generally far off-shell.
It will, however, typically propagate without radiating
for a distance of order 1/A, the lifetime of a state that is
off-shell by order mbA with energy mb [13). Standard
parton-model and factorization considerations [11],how-
ever, show that such an off-shell particle interacts with a
minimum number of physical partons, up to corrections
that are suppressed by a power of its mass. This parton
must be the valence d quark that is necessary to form the

pion. Corrections due to states with more partons are
suppressed by order A/mb. Once the d quark picks up
the gluon's momentum, it forms a gauge singlet with the
outgoing u, produced at the decay vertex, which propa-
gates into the final state. Soft interactions of this com-
bination are suppressed by its color singlet nature.

The decay amplitude. The reasoning described above
suggests an expression for the form factor as an integral
of the B valence wave function with an exponentiated Su-
dakov factor. If the wave function is very soft (corre-
sponding to a "large" B meson), the Sudakov exponential
dominates the resulting integral, which, once it is
transformed to position space, depends only on the value
of the valence wave function at the origin. The resulting
expression is then proportional to fthm. In fact, we shall
show that this expression holds only for a very heavy
quark, due to the slow evolution of the Sudakov ex-
ponent. We give a more realistic result as an integral
over the B two-particle wave function.

We now begin our description of the details of our ar-
gument, starting with our analysis of perturbation theory.

III. PERTURBATIVE DESCRIPTION
OF BDECAY

The general process of B ~n ( 1+,v& ) decay is
represented in Fig. 1. To begin with, we may regard the
figure as a space-time picture of this decay. We think of
this process in the B rest frame. In the figure, B„
represents the wave function for the n-particle virtual
state of the 8 meson. The case n =2 is the "valence"
state, consisting of the b quark and a light (d) quark only.
At the point labeled h, the B quark decays, producing a
virtual 8'+, a u quark, and possibly some number of oth-
er partons, labeled G. As these partons propagate away
from the decay, they interact with the remaining n —1

partons of the B For th.e exclusive decay at hand, all of
the latter must be "picked up" on the way out, or they
will appear in the final state. The details of this process
are absorbed into the blob labeled J in the figure. Final-
ly, after a11 the remaining partons are absorbed, the pion
itself is formed, and emerges into the final state.

Our aim is to use perturbative methods to analyze
heavy-quark decay. Of course, any purely perturbative
picture of an exclusive process includes quarks and
gluons that are on or near the mass shell. For such mo-

n=2

P

FIG. 1. Space-time picture for the decay 8~(lv)+ ~.
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menta, higher-order corrections are guaranteed to be
large and uncontrollable. We must therefore succeed in
factorizing perturbatively incalculable long-distance in-
formation into universal functions or parameters. The
specific functions we will need are the wave functions of
the pion and the B meson.

The factorization process begins with purely perturba-
tive scattering amplitudes, suitably regularized in the in-
frared. Factorization consists of separating amplitudes of
this sort into long- and short-distance contributions, in
such a way that the long-distance contributions are for-
mally identical with definite nonperturbative quantities,
such as the wave functions mentioned above. The
remaining, short-distance ("infrared safe") functions are
constructed to be calculable in perturbation theory, ei-
ther order by order, or, as we shall do below, after a suit-
able reorganization ("resumtnation") of perturbation
theory. Once the short-distance functions are calculated,
they may be combined with phenomenologically deter-
mined long-distance quantities to derive predictions of
the theory.

Given this framework, we now turn to the case at
hand, and ask how long- and short-distance contributions
occur in a perturbative description of B decay. We there-
fore reinterpret Fig. 1 as a perturbation theory diagram,
and ask at what momenta the corresponding perturbative
amplitude receives contributions from long distances,
that is, from lines near the mass shell, which must be fac-
torized.

According to the analysis described, for instance, in
Ref. [14], infrared-sensitive contributions arise only when
the on-shell lines of the diagram actually describe a phys-
ical scattering process, with free propagation between the
initial and final states, and with every vertex represented
by a point in space-time. In this process, off-shell lines
are shrunk to points, so that the vertices of the resulting
"reduced" diagram may connect more lines than the ele-
mentary vertices of the theory. Let us thus again consid-
er Fig. 1 as a physical process, for the scattering of a b
and a d quark into a lepton pair, and a ud pair of light
quarks moving parallel into the final state. We consider
the (physically interesting) case where the b quark carries
essentially all the incoming momentum.

In the relevant physical process, the lines internal to
the subdiagram J, as well as the virtual u quark and the
set 6 of lines that attach to the decay vertex, are all on-
shell and collinear to the outgoing pion. In addition, the
n —1 partons coupled to the incoming b quark and to J„
are all "soft," that is, carry momenta that are small in all
four components compared to the mass of the b quark.
As such, they may be thought of as "long wavelength'*
lines, that connect to vertices widely separated in space-
time. Thus, they describe the production of partons by
the B meson far in the past. In perturbation theory, with
massless gluons and light quarks, these lines will be asso-
ciated with infrared divergences, while collinear lines wi11

be associated with collinear divergences.
The subdiagrarns that give infrared and collinear diver-

gences may be quite complex with increasing powers of
the coupling. Nevertheless, the processes associated with
these divergences have a universal underlying structure,

which will be the basis of the remaining analysis. The
most important point is that, to any order in perturbation
theory, the pion is formed from a connected set of nearly
on-shell energetic collinear lines. Until all the n —1 par-
tons are absorbed, this "jet" of virtual particles carries a
net color. Collinear divergences come only from such
lines. As we shall see, it is just this property that will al-
low us to reorganize perturbation theory in a useful
manner. We shall argue that Sudakov effects dynamical-
ly produce an off-shell process, which is not present at
lowest order in perturbation theory. First, however, we
shall discuss the immediate consequences of having a
very heavy quark in the initial state.

IV. IMPLEMENTING HEAVY-QUARK
EFFECTIVE FIEI.D THEORY

We now appeal to the basic tenets of heavy-quark
effective field theories [4]. To be specific, we split the
QCD Lagrange density XocD into terms involving the
heavy quarks (in this case the b quark only), and the
remaining terms, which involve the light quarks, denoted
collectively as q:

XqcD=L(q)+So(b) gby Ab

where A" is the gluon field (treated as a matrix in color
space), and Xo(b) is the b-quark free Lagrange density.
Here and below g will refer to the strong coupling. We
shall neglect the charmed quark, except as it appears in
the running coupling.

Consider the amplitude for the sernileptonic decay of a
bound state of quantum numbers (bq) Correcti. ons to
form factors and decay amplitudes that are due to heavy
quark /oops enter only as small (relative order A/mb)
corrections. We express this decoupling assumption [15]
in the form (J„"is the hadronic weak current)

M„(p',p ) = & ~(p')
l
I„'(o)l&(p) &g „

=
& ~(p')

I &[&„"(o)I' ( A ~) ] l&(p) &g(,),
where the operator Vi, ( A ") represents a single b-quark
line, connected to the weak vertex. Vb( A") consists of a
string of b-quark propagators connecting gluon fields
A "(x), and thus, V represents the full effect of the terms
Xo(b) gby Ab in Eq. (—2), up to loop corrections. The re-
sulting matrix element is then computed with the light-
quark Lagrange density X(q), as indicated by the suffix.

Once the dependence on the single b-quark line is made
explicit as in Eq. (3), it is relatively simple to separate the
part of the matrix element that is described by heavy-
quark effective field theory. To this end, we go to the rest
frame of the 8 meson (approximately the same as the rest
frame for the b quark) and introduce the non-Abelian
path-ordered eikonal phase:

0
U(A )=Pexp ig f A—(Ano)dA,

A is the component of the gluon field (treated as a ma-
trix in color space) that couples to the b quark at rest. no
is a unit vector in the time direction, n~0 =5„0. In Ref.
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(—rgb, no &
n k

the quark representation (defined here to be Hermitian).
Note that the eikonal propagator depends only on the
four-velocity ng of the heavy quark at rest [2,4]. We also
define a "subtracted" b-quark line and gluon vertex, as
shown in Fig. 2(b), and easily verify that infrared diver-
gences due to the divergence of the original propagator at
zero gluon momentum are canceled by subtracting the
eikonal line. This cancellation generalizes to arbitrary
order (see Appendix) and, as a result, we may define an
infrared-finite b-quark line by

FIG. 2. (a) Feynman rules for the eikonal phase. (b)
De6nition of subtracted b-quark line and gluon vertex.

V&(")(AP):—V, (AP)U '(Ao)

[16] phases like Eq. (4) were employed to study the ener-

gy and mass dependence of massive quark form factors.
The Feynman rules for the eikonal phase are shown in
Fig. 2(a), where t, is the usual color matrix generator in

I

A sum over color indices is implicit in this product.
We now insert unity in the form U U into Eq. (3),

and sum over the contributions of difFering virtual states
n, to get

M„(p',p)= g (n(p')~ T[J„"(0) Vg""'( A~)„U( A )]~B(p))~(q) .
7l =2

(6)

The notation "„" denotes integration over momenta
and summation of discrete indices for states with a b
quark and n —1 light partons, as in Fig. 3, which is relat-
ed to Fig. 1 by the replacement of the b-quark line by its
corresponding eikonal approximation. The original b-
quark propagators are absorbed into the modified decay
vertex, labelled f in Fig. 3, which is now free of infrared
divergences. We shall use this result below.

For the case n =2 we will find it useful to define a cor-
responding position-space wave function, which we ex-
press here as a matrix with Dirac indices a and P:

t~(x) p=(0iT(b "'(0) U(A )q(x)p)iB(p))~(q), (7)

with q& and b' "' the light-quark and free b fields, re-
spectively. All interactions of the b field have been ab-
sorbed into the non-Abelian eikonal phase, as shown.
The organization of the amplitude in Eq. (6) is analogous
to the usual organization according to "Fock states" in
the development of factorization theorems for elastic
scattering [6]. In this and the following, we shall assume
a trace over color indices. 4 and similar "wave func-

I

tions" can be defined in a gauge invariant manner by con-
necting the color indices of the quark fields with an addi-
tional ordered exponential of the gauge field in the color
trace. We shall suppress this standard factor below.

As it stands, Eq. (6) includes in its sum states of arbi-
trary particle content, including extra gluons and light-
quark pairs, relative to the "valence" states (b, q) We.
can, however, reorganize the perturbative sum in such a
way that the convolution (3)„describes the final two-
particle state before the b-quark decay. Such a reorgani-
zation leads to an expression of the form

M„(p',p)= f d kA„(p', k,p)%s(k),
1

(2m )

where %~(k) is the wave function (7) in momentum
space, and A&(p', k,p) is the rest of the amplitude. We
note that, in general, it includes interactions of gluons
from the eikonal phase. So far, this reorganization is
purely formal, but we shall show how the momentum
transfer in Az is dynamically short-distance dominated,
for the physical reasons described above. The two-
particle states of the 8 meson will then dominate the am-
plitude.

V. WAVE FUNCTIONS

Il=2

P

FIG. 3. Same as Fig. 1, with the replacement of the b-quark
line by its eikonal approximation.

To proceed further, we must develop a few relevant
properties of the 8 and pion valence wave functions. We
will work in a frame in which the 8 meson is at rest, and
the pion momentum is in the + direction. In this frame,
as we shall see, the only nontrivial dependence of the am-
plitude A on k, the internal momentum of the 8 meson,
is through k [V—=2 '~

( Vo+ V3)]. Note that, accord-
ing to heavy-quark effective field theory,

k~«mb .
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Taking this result into account, we de6ne a scalar wave function with k and kj integrated over, by

d2k~dk+
(2 2) '[y~(gf+mi, }]Pii(k )= f +~(k) p2 3 (2m)

+ —ik y 0Th'"0 U A qy+p Bp ~(). (10)

Denoting by b+ the coordinate conjugate to k, we denote the configuration space version of the scalar wave function
as

Ps(b+)= f dk e '" Ps(k ) .

With the matrix structure shown in Eq. (10), the wave function obeys the usual Ward identities at any vector current to
which the b quark attaches. This is required by current conservation in the electromagnetic form factor of the B
meson. In the limit that k is small compared to m&, amplitudes formed with this wave function are also color gauge
invariant, up to corrections of an inverse power of the heavy-quark mass.

We shall also make use of the standard pion wave function, which we may define, analogously to Eq. (10),

(1/2&2p'+)(yyf') P (g, Q )=f —e '~i' ~ (0~T[q(y ) q(0)&]~n(p')) .
+

Here Q sets the scale dependence due to the lightlike separation of the two fields. Note that P has dimensions of
mass, while P~ in (10) is dimensionless. The two wave functions satisfyd, = =—93 MeV

2 3

f dk Ps(k )=ps(0)= fs,1

2&3

(13)

and fs is the B-meson decay constant defined through the matrix element of the appropriate electroweak current be-

tween the 8 state and the vacuum:

(0~by„(1—y~)d iB (p) ) = &2f~p„. —

VI. LOWEST-ORDER AMPLITUDES

We now return to the analysis of the amplitude for our heavy-quark semileptonic decay, B ~m. l+vI, where I
denotes the lepton. In accordance with our comments in Sec. II, we will want to study behavior of the decay process
for the valence state of the B. Once we find (in the next section) a Sudakov suppression of collinear divergences, our
concentration on the two-particle state will be justified. Throughout, we work to leading order in 1/m& and neglect the
light-quark masses.

The decay is governed by the four-Fermi interaction (GF is the Fermi coupling constant),

Gz
—I'.s [by„(1 y5)~ ][—&iy"(1 ys)I ]—
2

and the effective amplitude is, in the notation of Eq. (3),

GF
~ (p', p ) = I'.i, very "(I y5)I ( ~(p') lby„—ii lB(p) & =I"M„,

2

with I, the leptonic and M„ the hadronic amplitudes. We are Snally ready to state the full factorized form of the
B~m. transition forin factor, M„= (n.~by„u ~B ). Assuming, as we shall verify below explicitly, that the pion emerges
from a short-distance region (in the B scenter of mass}, -we may write the amplitude as

M„(p',p)= f dg f dk [y (g, Q')H„(p', k,p, g)y~(k )] . (18)

In this expression, (1—g') is the longitudinal fraction of the pion momenta (p ) carried by the u quark in the pion, whose
wave function is P (g, Q }. Q will be taken as a typical momentum transfer in the problem, to be specified later. With
the Dirac structure of the wave functions shown explicitly, the hadronic amplitude becomes

M„(p',p)= f dg' f dk — —(yyf')ping (g, Q')H„ir p(p', k,p, g.)Ps.(k ) —[y,(gf+mb)] ~

1 1 1 1

0 2 3 2 3

We erst discuss this expression at lowest order in H, and then demonstrate the role of corrections. Our results will be
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seen to be valid in the kinematic regime in which xmb is large, with x defined in Eq. (1).
In the frame chosen above, p=2 ' (mb, mb, 0), p'=2 ' (xmb, 0,0) in the notation V"=(V+,V,Vi). At the

lowest order, there are two diagrams [Figs. 4(a) and 4(b)] that contribute to the hard decay amplitude. Consider Fig.
4(a) first. Consistent with the definition of the hard scattering amplitude using Eq. (5), we must perform a subtraction
on the b-antiquark propagator after the hard gluon exchange. This is represented by a slash on the propagator, as in
Fig. 2(b). This removes the infrared divergence at /=0 and gives the following expression for the amplitude
(throughout, we use the Feynman gauge):

H". . .(p', k,p, )=( )
(g )(y„)p Iy„((P')y„] .pN, C2(F)

(20)

In the above, a sum over external color indices has been performed. N, =3 is the number of colors. At this order, the
subtraction is equivalent to simply deleting the term —p'+mb from the numerator of the propagator that carries
momentum p —

gp . As mentioned earlier, the only significant dependence of H on k is through k: k is multiplied
by terms of O(mb ) while k+ is added to them, and hence may be neglected in view of (14). The expression for Fig. 4(b)
is similar, except that there is no subtraction for this graph, because the gluon cannot be considered part of the B bound
state. Thus, we get

(21)

(22)

(b)
(g'—)(y„)p [y„(P'+k)y„]p ~

PiP iP (2g +ki—)(2 z+k —
)

As mentioned above, these results, although IR subtracted, remain sensitive to the collinear (k ~0) region, through
radiative corrections.

The leading (double-logarithmic) one-loop corrections to Fig. 4 for large xmb are shown, respectively, in Figs. 5(a)
and 5(b). They involve interactions of the eikonal phase, which generates soft divergences, with the hard gluon, of
momentum gp'+ k. We recall that such interactions have been separated from P~, since they occur after the final two-
particle state that preceeds the decay [see the discussion Eq. (8) above]. Other, nonleading, corrections will cause the
coupling g in Eqs. (20) and (21) to run, with a scale set by the "off shellness" of the exchanged hard gluon, i.e.,
(gp'+k ) . We shall evaluate the coupling simply at g= 1; a more complete treatment of these nonleading contributions
in a related context may be found in Ref. [21].

The leading behavior of Fig. 5(a) may now be easily evaluated with the result

(g )(y„)p Iy ( gp")y„]—~N, C2(F) a, 2 (2k n)' C„ln'(2''+k )(x /mb ) 8n —k

(a)

p+k~

i'&&+k

(a)

p+k P+k q /
i (p'tk-q

a
i (p'+k

d ~k k

(b)
(&-Op~

I'

io Q+k

(b)
p+k-q (&-0)v

i Q+k-q

Oi
i @+k

k

FIG. 4. Lowest-order diagrams contributing to the hard
scattering amplitude for the decay B~(lv)+ ~.

FIG. 5. The leading one-loop corrections to Figs. 4(a) and
4(b).
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where we introduce the notation

k:—gp'+k .

The one-loop correction term in curly brackets is the
same for Fig. 5(b). Of course, there are a large set of
corrections that we have not considered here. However,
for x%0, in the double-logarithmic approximation, Fig 5.
gives the dominant effect. For example, double-
logarithmic contributions from diagrams in which the
gluon of momentum q attaches to the light quark or anti-
quark in the pion, instead of to the hard gluon in Fig. 5,
cancel pairwise. Other vertex and self-energy corrections
will not give double logarithms in the Feynman gauge,
except near /=0, where they contribute to an exponen-
tial sum that suppresses "end-point" contributions
[21,22]. Further, as we will now show, double-
logarithmic corrections force the gluon off-shell, while
the leading effect of the remaining corrections will be to
cause the coupling g to run.

VII. EXPONENTIATION

We now discuss the exponentiation of Sudakov double
logarithms [5,17], which organizes the large corrections
just identified. We can organize the logarithmic correc-

FIG. 6. The eikon form factor with external o6'-shell gluon
line.

tions to all orders to the hard scattering amplitude sho~n
in Fig. 4(a) into a scalar form factor
I (k /p, (2k n) /. p, a, (p, )), where p, is the renormaliza-
tion scale, which we will fix later, and where, as before,
k = gp'+ k is the momentum of the energetic gluon line in
the decay. In general, I contains large logarithms in ra-
tios of both k n = ,'xgm—b and k =xgm&k to p. It is
these logarithms that we would like to resum.

Sets of diagrams such as Fig. 6 have been studied for
external on-shell particles in discussions of the Sudakov
form factor based on factorization theorems [17]. The
discussion for an external, off-shell gluon is nearly identi-
cal. We first note that we may represent the set of dia-
grams in Fig. 6 as the perturbative expansion of the ma-
trix element

z«e'y('0«)= I dye '"'«(0 (,y«ezp f den d(zn) y d, (0)e d«(y) 0 x(UV),
QO tr

where tb is a group generator in the quark representation, where the factor "UV" is a renormalization factor, and
where the subscript "tr" indicates that self-energy diagrams have been truncated in both the external gluon and the
eikonal line in the n" direction. The vector e' represents an external polarization for the gluon field of momentum k.

We now appeal to the reasoning of Ref. [17] to recognize two properties of the scalar function I: first, that it is mul-
tiplicatively renormalizable, and second, that it obeys an evolution equation in 2k n of the Sudakov type [5]

dlnI (k, 2k n, p, a, (p)) k 2
2

— 2k n=E,a,'(p') +G,a, ((M') (25)
d(ln2k n ) p(2k n )

where the dimensionless functions E and 6 depend sepa-A
2rately on the ratios k /p(2k. n ) and 2k n /p, respective-

ly. Assuming that I is multiplicatively renormalizable,
the combination X+6 must be a renormalization group
invariant:

6= 6 (&)— 2k n
ln

2 p

s y(]. ) + s y(2)
K ~ K ~ E (30)

d(K+G)
p dp

(26) From Eq. (27), we find

E = ln
CKs —(&) CXs A k
7r 7t 2 p(2k n)

(28)

Now, because I( and 6 have only the dimensionless argu-
ment a, (p) in common, their p dependence is determined
by the relations

(M
= —yx(a, ) = —P

dK d(G)
(27)

dp dp

with yK a power series in a, . To one loop E, 6, and yK
can be found directly from the explicit one-loop results,
Eq. (22):

(1)—
K

(31)

We may note, however, another way of deriving this
quantity. As noted by Mueller [18],and by Kodiara and
Trentadue [19], the coeKcient of the lnN term in the
quark-quark entry of the anomalous dimension matrix
for deeply inelastic scattering gives the corresponding
anomalous dimension yK for the quark Sudakov form
factor. Here we have essentially "half" of a gluonic form
factor, with logarithms associated with a single gluon
which, although off shell, is much closer to the mass shell
than the scale of momentum transfer (whose role is
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played here by 2k n} . Because we do not have a singlet
form factor, we cannot simply read o6'our anomalous di-
mension in the same manner. We shall assume, however,
that the ratio of the one- to two-loop contributions to yz
are given by the lnN terms in the gluon-gluon anomalous
dimension. By inspection of one- and two-loop results
[20], we then find for r(x' the corresponding result

(2) Cx, 67
Vg 4 18

10 &y

9 2

where N& is the number of Aavors.
The solution to Eq. (25) is simple:

(32)

(k 2)2
lnl

p2(2k n)
,a, (p ) =lnI (k Ip, ,k Ip, a, (p ))

p

+—f , „2 K 2,u, (p) +G(ri /p, a, (p))
2 k' q gp

(33)

If we set p to k on both sides of this solution, use the renormalization group equation, (27), and the fact that from Eq.
(28) K ( l, a, [(k } /2)2]) vanishes, we get

lnl, ,a, (k } =lnI'(l, l, a, (k ))+—f , „2 G(l, a, (ri ))——f"..„. 2 rx[a, (A, )]

(34)

To derive leading and next-to-leading logarithms, we substitute the one- and two-loop coefficients of yz and the run-

ning coupling, and the one-loop coefficient of G. This gives

I (1,(k 2) /k 2, a, (p)) =I ( 1, l, a, (k ))exp[ —I(k)], (35)

where

I(k) = ' 2C(ln2C(+2p ln2p —2(p+ C( )ln(p+ C( )
(

[—,'ln 2C(e+ —,'ln 2pe —ln (p+C()e]
1

4y(2)
Iln2C(+1n2p —21n(p+C& ) J .

p2
(36)

In the above, we define

x(mbp=ln, C& =ln (37)

and we take

P( = —(11——', NI ), P2= —(102——", NI ) . (38)

In view of our decoupling assumption, we have N& =4.
We now observe that for k large, I (1, l, a, (k )}may be approximated by unity, and we derive the generalization,

within the above-mentioned approximations, of Eq. (22), for the resumed double-logarithmic corrections to Fig. 4(a):

('r }p' [rAP'rN] p 'N C2(+} I(k —
g

(2''+k )( —x gm(, )

with I(k, Q ) given by Eq. (36). Similarly the leading double-logarithmic corrections to Fig. 4(b) are

(g '}(r.}—Ir.[r„V'+ & }r.]a.N, C2(+}
(

—
gv a p v a c I(k g

p;P'a;Pa (2'' k }(2p'+k )

Then, for the complete hard scattering amplitude H =H"+H' ', we can write

1 1 1 1(rg')&&~, & &,(p', k,p, g) . [r5(P+m&)] ~ =h„(g',x)S(k,Q,x),v'2@3 "' ' ' ' ' v'2v'3

with

(40)

(41)



366 R. AKHOURY, GEORGE STERMAN, AND Y.-P. YAO

4g'
h„(g,x ) = (x —1)p„'+ C2(F)p„,

x~gmb " x mb

—I{k,g )

S(k,Q )=
k

In the above, we denote xmb by Q. When substituted into Eq. (19) this gives an expression for the amplitude in terms of
the B and pion wave functions:

M„(p',p)= f dg f dk [(t„(),Q')h„(g, x)S(k,Q')P s(k )] . (44)

We next discuss the evaluation of this integral.

VIII. LEADING BEHAVIOR

To proceed further, we need to make some assump-
tions on the nature of the B-meson wave function
Ps(k ). To this end, two approaches will be employed
in this section. In the first, which would be completely
justified for asymptotically large values of the heavy-
quark mass, it will be argued that one can replace
Ps( b+), —Eq. (11), by (I/2~3)fs. The short-distance
nature of the b+ integration which allows this will be dis-
cussed, and it will be seen that the approach to asympto-
tia is slow. However, even for realistic values of m& this
method serves to provide a test for our second, model-
dependent approach. In this second approach we employ
model wave functions (t}s(k ) to evaluate Eq. (43) and
hence the decay rate. Two such model wave functions
are used below. We will begin with a discussion of the
first approach, which employs only heavy-quark field
theory in combination with the perturbative resumma-
tion.

A. Asymptotic behavior

We begin by rewriting Eq. (44) as an integral over b

conjugate to k as in Eq. (11):

M„(p',p)= f dg f P ((,Q2)h„(g, x)

M„(p',p)= —f~ f dg„(g, Q')h„(g, x)

X J' S(b', Q') . (48)

in which the Sudakov resummation makes sense. At
k =A, I(k, Q ) diverges, and we assume the contribu-
tion from smaller k is negligible (in any case, it is non-
perturbative). Once k is larger than Q, on the other
hand, we are in the truly ultraviolet region, where
higher-order corrections are well behaved and relatively
small.

Using the vanishing of S for negative b+, Eq. (47), and
Eq. (43), we find

Of course, this replacement is possible only to the extent
that S falls off on a scale much smaller than 1/A. In fact,
this is not generally the case, as we shall see below. It
will be true, however, that the Sudakov resummation sta-
bilizes the perturbative contribution, making it unneces-
sary to introduce an extra infrared cutoff.

From Eqs. (46) and (43) for S, we have

S(b+ Q2) f dk
—

e tk b—+
e I(k,g~}—

k

with I(k, Q ) given by Eq. (36). We shall be concerned
only with the range

(50)

with

XS(b +,Q )Ps( b+ ), —

S(b+ Q2) fdk
—

~
—ik b S(k —

Q2)

(45)

(46)

f dk S(k QP)

i dk I{k—g~)

2~ o (k )2

Examination of Fig. 4 shows that at this order (and all
higher orders for positive x), the singularities of
S(k,Q, x ) In the k plane are all in the lower half k
plane. This implies

S(b+,Q')=0, b+ &0 .

To estimate the integral in Eq. (45), we appeal to heavy
quark effective field theory, and assume that the
configuration space wave function P( b+), Eq. (11), is-
essentially constant on scales b (&1/A. If this were not
the case, the light quark would carry more than a frac-
tion of order A/mz of the heavy meson's momentum.
Then in Eq. (45) we may replace Ps ( b+ ) by—
( I/2v'3)fs [Eq. (14)] and we get

Let us first obtain estimates for I(k, Q ) using only one
loop in the running coupling and yk. Then it is easy to
see that

—I{k je

has a saddle point at
K

For x =—1, A = 100 MeV, and m& =5 GeV, A: turns out
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to be 1.2 A and ~ about 0.03. Thus, the typical mass of
the gluon actually increases, and the distance covered by
the gluon decreases as a fractional power of the heavy-
quark mass. The power ~, however, is far too small for
this to be a significant effect at the B mass. Nevertheless,
the integral is cut off by the Sudakov factor at k =A, so
that the remaining, perturbative expression is Gnite. To
derive the asymptotic normalization of the integral over
S, it is, however, necessary to include two-loop correc-
tions.

For the full I(k, Q ) given in Eq. (36), the saddle
point can be obtained numerically from the solution to

1 = ~ ln(po+ Ci )—ln2poP)—
1+

2
ln2poe—

P') 2Po

(2)

+
P) 2Po Po+ C

1
ln(po+ C, }e

po+Ci

(53)

where po is the saddle point value of p=ln(k /A) [Eq.
(37)], which for x —1, gives k =(1.4)AQCD at the saddle
point. More significantly, the running coupling at this
scale is

a, (mbAe ')—=0.35 . (54)

Thus, even the modest values of k which dominate the
integrals in Eq. (51) are sufficient to take the gluon sub-

stantially off shell. Because this gluon is moving rapidly
in the rest frame of the 8 meson, it acts much like an in-
cident parton in hadron-hadron scattering [11), and its
interactions with more than one parton from the B meson
are suppressed by a power of its invariant mass, and thus
by a po~er of mb

The above considerations again show that Sudakov
effects in 8 decay dynamically produce an ofF-shell pro-
cess for large recoil energy, as argued earlier from physi-
cal considerations. In fact, in the center-of-mass frame
the entire process is short distance, thus justifying in
principle our use of two-particle wave functions for the B
and the pion. Even though the effect for realistic values
of the b-quark mass is not completely satisfying, it is a
step in the right direction. Note also that the higher-
order corrections tend to increase this efFect. In any case,
we have been able to identify the asymptotic behavior for
large m& even though corrections for the realistic case of
m& =mb are not small. Alternately, this result describes
the decay of a hypothetical "large" B meson, whose ra-
dius is much larger than 1/A.

It should be pointed out here that heavy-quark
effective field theory ideas tell us that k is of order A,
although the precise relation between the two is not
specified. Our approach provides this missing informa-
tion, at least for this process. It is also interesting that
the scale -(few)XA seems to emerge in heavy meson
systems with one heavy and one light quark. In view of
the above, we feel encouraged in our use of perturbative
@CD.

With short-distance nature of the b+ integration in

hand, at least asymptotically, we return to the evaluation
of M„(p',p }, Eq. (48}, by a saddle point approximation.
For this we need to evaluate the integral

G(pQ2) f e I(kg)
k

at the saddle point. Let us define

f(Po):Po+I(Po) (56)

where I(po) denotes I(k, Q ) in Eq. (36} evaluated at
the saddle point po in the variable p=ln(k /A) [Eq.
(37)]. In these terms, we have

If"(p')I =
po+Ci po

1+
2 ln(p()+ C, )

13) (Po+Ci )

8y(2)
K

p2

1
ln2po

2po

1 1

(Po+ Ci }' 2po
(57)

and the saddle point approximation is

-f(p )
' 1/2

e
G(po, Q') = 2'

lf"(p.)l
(58)

X [f, (x, mb )p'"+f~(x, mb )p"}, (59)

where the quantity in curly brackets is the 8 —~ form
factor:

C~(F)
f;(x,mb )=g;(x)

mb

4ifs
a, (xmbAe 0)

V'3

X f $ (g, Q')G(po, Q') ',
1 —x 1gi(x)= — and g~(x)=—
X X

(60}

We have chosen to evaluate a, at the typical hard
scattering scale of the problem. We should note, howev-
er, that the scale of the hard scattering vanishes with g
(the fraction of the pion's momentum carried by the hard
gluon to the d quark). Taking this into account would in-
crease our estimates somewhat, since the running cou-
pling at that scale ~ould also increase. The singularity in
the running coupling at (=0 would be regulated by Su-
dakov corrections associated with the b-u vertex, which
is on shell at /=0. We shall not attempt to include such

In Eq. (48) for M„, we now use (58) for the integral
over b+ of (), and (42) for h„. The resulting expression
for the 8-+nlv amplitude Eq. (17) is

GF
A(p', p)= V bu y„(1 ys)Q V P
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refinements here.
Equation (60) is the basic result of our first approach,

accurate up to corrections that decay as inverse powers
of the logarithms of the heavy-quark mass when x is
fixed. For the b quark, of course, such logarithms are not
very large, and corrections are likely to be numerically
significant. It is worthwhile, however, to consider the nu-
merical implications of this asymptotic formula, which
we shall exhibit in the next section.

"', f'd fdk,
mb k~C+ +
x x(1—x) ]

2
/

2

C+ +
x x(1 —x)

and fix N', C by the conditions

1
4

B. %'ave functions

We next turn to the second approach, i.e., evaluation
of Eq. (45} using model wave functions for the B meson.
To this end we write this equation as before, in the form

M„(p',p ) =pg((x, mb )+p„fz(x, mb ),
where, in general,

f, (x, mb)=g;(x) 16mf . P (),Q )
Cz(F) i dg z

mb 0

(61)

—I(k )

x fdk-'
k

a, (xmbk )Ps(k }

(62)

y(t1( k
—)—

mb

Xexp
2 2

m 1 mb
X

2co 2m
(63)

where x is the fraction of the b-quark momentum, and we
identify x =(1—k /m ). As expected this wave function
is peaked near x=1. Other parameters in this model
wave function are co=0.4 GeV and m =meson mass
=5.28 GeV. N can be determined from the normaliza-
tion condition, Eq. (14), to be %=1.56 GeV. Again, nu-
merical results are given in the next section.

Model II. Following Ref. [24], we write

y,("'(x,k, )= .
N'

2 k2
C+ +

x x(1—x)

(64)

and where the g;(x) are given in Eq. (60). As above, we
have neglected the effect of g on the scale of the running
coupling. For ((}zi(k ), we employ two models, to illus-

trate the range of possible predictions.
Model I. Here we use the oscillator wave function of

Ref. [23]:

The x distribution one then gets is

60.2 GeV x (1 x)
(25 —21.6x )

(66)

and once again we substitute x = 1 —k /m.
In the subsequent numerical evaluations, the coupling

constant a, (xmbk ) in Eq. (62) is frozen at its value dic-
tated by the (sharp) maxima of the integrand in k . In
both models this happens at k —few X A.

IX. NUMERICAL ESTIMATES AND DISCUSSION

Neglecting the lepton masses, the differential decay
rate becomes

mbx=I/ g If +f I

=—
I v„ Izz.(», (67)

where the second relation defines R (x).
To proceed further, we need a pion wave function. As

a test case, we adopt the model of Ref. [25], neglecting
evolution in Q:

P ((,Q )=5&3f g(1 —g)(1 —2g) (68)

Then, for B +n l+v, we—find, using our first ("asymp-
totic") approach,

g (asy) g2f zf 2~ 3x 2 azIg(p Q2)I225 1
fT

972 3 F B b s 0&

(69)

Here, as mentioned earlier, we have frozen k to its
value given by the maximum of Eq. (62), in g (p, Q ) and
in a, (xmbk ). Throughout we use A=100 MeV, and we
take fr =160 MeV, as indicated by lattice simulations
[26]. R ' '(x) is plotted against x in Fig. 7 (solid line).

For the model wave functions, Eqs. (63) and (64), we
have evaluated the expression

3
' '2

16mbx
R ' =GF 2——

27& X f ' "
y„(g,Q') f dk a, (xmbk )y,""'(k-)-

These 8 (x)'s for the two model-dependent wave func-
tions are also plotted in Fig. 7 (dashed line for model I
and dotted line for model II).

The calculation of the decay 8 ~phv proceeds in an

analogous manner, for the helicity zero (A, =O} final state
vector meson. In perturbative QCD, the decay to these
"longitudinal" p mesons is the dominant mode. The final
state longitudinal p is projected out by (gf')& instead os
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S I I I I I I I I I I ~

/
/

/

shown for the decays to a pion and a longitudinal p
meson. The total width of the B meson is
(0.51%0.02)X10 MeV [27,28]. For 8—+p+Iv and
B~~l v, current experimental upper limits on the
branching ratios are, respectively, 1.6X10 [29] and
3.3 X lo-' [30].

The rates for other charged B-meson decays may be
obtained from the above by isospin symmetry and quark
model considerations: for example,

~ ~
~ ~
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~ ~
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~ %
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0.5

r
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FIG. 7. Plot of R (x), in units of GeU, with x.

, Gp I V.I I'o,'fsf,'inbx(2 —1ix )'I G(po Q') I'
36m'

—=
i V„,i'R, (x) . (72)

In Fig. 8, R (x) is plotted against x using the first ap-
proach only as an illustratian of the order of magnitudes
of the prediction. It should be noted that the expressions
for dI' jdx diverge for small x where the assumption of
large hadronic recoil fails. In Table I, results for the par-
tial decay rates with x integrated from x& to x2 are

(yyf')&, replacing f by ~2f (f =109 MeV) and the
pion wave function by that of the longitudinal p meson
(see Ref. [6]). In the end, ane arrives at the same formula
as before [Eq. (60)] with the above replacements. A A, =0,
p-meson wave function may also be faund in Ref. [25]:

Pp(g, Q )=5v 3(v 2f )g(l —g)[—,'(1—2() +0.15] . (71)

Then, we Snd, for 8 ~p+Iv, approximately,

(73)

and so on, with similar results for the p meson.
A striking feature of these formulas is the presence of a

dynamical zero in the differential rate at x =
—,'. It is un-

clear whether our calculation can be trusted at this kine-
matic point, and even if it is indicative, the next-to-
leading corrections may remove this zero. The possibility
of a dip in the differential decay rate remains, and this
could have important consequences on the extraction of
V„& from the experimental data. In particular, not taking
this dip into account, if actually present, could result in
an underestimation of this Kobayashi-Maskawa (KM)
matrix element.

As indicated after Eq. (60), many refinements of our re-
sults are possible, including the effect of the variable g of
the pion wave function in the scale of the running cou-
pling, and the inclusion of Sudakov effects near /=0, in
addition to the transverse momentum of the pion wave
function. Also, we must recognize that the Sudakov ex-
ponentiation cuts off the integrals for values of k that
are too small to be reliably estimated by lowest-order cal-
culation in the exponent. Because the cutoff is relatively
sharp, however, we do not believe that the latter point
has a large effect on the accuracy of our estimates.

Finally, let us comment on the size of our results. If
we take, as in Ref. [27], i V„&i-3X10 3, then the in-

tegrated widths given in Table I are of order 10 of the
total B decay width quoted above. Thus, in the perturba-
tive calculation, these large recoil decays are indeed rare.

30 I ~ I I
i

I I I I
i

I i I I
i

i I I I
i
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FIG. 8. Plot of R (x), in units of GeV, with x.
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TABLE I. Results for partial decay rates with x integrated from x, to x2.

Process

B'~~1v

XI

0.6
0.8
0.6

1.0
1.0
0.9

Method I

2.6X1O "(V„,('
2X10-"(V ('

1.4xlo "Iv I'

Model I

1.4x 10-"~V„,p
1X(0-"~V„,~'

0.8x 10-"iV„, '

Model II

O.Sx 10-"~V„,~'

O.3Sx 1O-"~ V„,~'

03X10 "iv,bi

8' plv 0.6
0.8
0.6

1.0
1.0
0.9

4x 10-"iV„, i'
3X10 "i vbi'
2x 10-"Iv„, l'

zx10-"i V„, i'
1.Sx 10-"[V„, ['
1.2X10 "[V„&('

o.7s x lo-"
i
v„„i'

O.S3 x 10-"[V„['
0.44 x 1O-"

J V„, J'

For comparison, the total semileptonic decay width for
B ~Dlv has a branching ratio of roughly 10 . Rough-
ly speaking, this difference may be accounted for by the
factor

—
gf

—g k, +m
i=1

2

p+ gk; —m

—P+m
J

2p gk,
(A 1)

V
5

Vb mb
(74)
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where the product is ordered according to group factors,
where V involves only hard gluons, and where we define

A further simplification comes from anticommuting the
factors —P+ m from each quark line out to the external
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of eikonal vertices —2p" X(group matrix) and propaga-
tars, 2p (gk, ), shown in Fig. 2(a). Infrared divergences
from the quark line occur when the first j gluons all have
soft momenta, with j & 1 [31]. In this momentum region,
we may write
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APPENDIX: THE EIKONAL PHASE
AND INFRARED SUBTRACTIONS

In this appendix, we briefly describe the cancellation of
infrared enhancements in the definition of V'""', Eq. (5).
(In this appendix, we drop the subscript "b" on V.) We
begin with the observation that infrared divergences from
the couplings of gluons to the heavy quark are associated
with times far in the initial state, and therefore with
gluon attachments to the incoming b-quark line in Fig. 1.
Let us consider a propagator along the incoming b-

antiquark line, carrying the momenta of j gluons, with
which it has interacted following the initial state. In this
situation, the power-counting analysis used in quantum
electrodynamics [31,14] shows that we may identify all
infrared divergences by working in the eikonal approxi-
rnation for the fermion line. The eikonal approximation
may be defined as the replacement

At each order in perturbation theory, infrared diver-
gences result from precisely the combination of eikonal
lines and vertices that are generated from the eikonal
phase, Eq. (4), which at nth order gives

U(k, )„'&', = g
i=1 j j—l, . . . , l

Here and below we use the homogeneity of the combina-
tion of eikonal vertices and propagators to replace the
vector no of Eq. (4) by the antiquark momentum p.
Since, by assumption, all b-quark lines in V, Eq. (A2), are
off-shell, we can neglect the soft momenta (the k;) in V.

V can thus be factored into two separate sums, one for in-
frared divergent gluons, which is identical to the series
generated by U(A ), and one generated by the hard
gluons in V. As a result, multiplication by U '( A ) is
guaranteed to cancel the infrared divergences of V.

Although it is not strictly necessary, it may be helpful
to show explicitly how higher orders cancel in the com-
bination UU ' = 1, since the same combinatorics cancels
infrared divergences in VU '. Let us consider order n in
the expansion of UU ', in which the n gluon fields have
been contracted with other fields in a diagram, and are
hence represented by gluon propagators of momentum

k,~. For simplicity, we shall not consider self-energies on
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the eikonal lines. We now sum over partitions of the n

gluons between U and U ', keeping their relative order
axed: m=1, . . . , n, with m the number of gluons from
U ' and n —m the number from U. In U ', the order
of momentum Bow is reversed,

m

U(k )
—1(m) —g

I =I i i+1, . . . , m

(A5)

The complete nth order contribution is illustrated in Fig.
9, and is given by

FIG. 9. Diagrammatic representation of the nth order contri-
bution to UU

n n I 1g()
m =P 1=1 ( +1 2, . . . , m ) ( +mm —1)( +m ) +m+)+m+1 m+2 +m+1 m+2, . . . , n

=0. (A6)

Note that the product over vectors and color matrices is implicitly ordered, and is independent of the sum over eikonal
propagators. The vanishing of the sum follows from the identity [32]

=0,

which is zero as an immediate consequence of Cauchy's theorem.
In a practical sense, the advantage of inserting by UU in Eq. (3) to get (6) is simply to make the infrared-5nite de-

cay process independent of the momenta of soft gluons that are infrared divergent in perturbation theory, and which
correspond to the formation of the 8-meson bound state. In this manner, the computation of the hard scattering ampli-
tude H of Eq. (19) becomes unique, including the subtraction on the b-quark propagator, and it is multiplied uniquely
by the eikonalized 8-meson wave function.
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