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Textures are topologically nontrivial field configurations which can exist in a field theory in which a
global symmetry group G is broken to a subgroup H, if the third homotopy group m; of G /H is nontrivi-
al. We compute this group for a variety of choices of G and H, revealing what symmetry-breaking pat-
terns can lead to texture. We also comment on the construction of texture configurations in the different

models.
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I. INTRODUCTION

Long-standing interest in topological defects such as
vortices (cosmic strings) and monopoles has recently been
joined by interest in textures, field configurations which
are everywhere at the minimum of the potential energy of
a theory but cannot be smoothly deformed to a constant
configuration without leaving the vacuum manifold. The
cosmological implications of textures have been exten-
sively studied [1-3], as well as their appearance in or-
dered media [4]. In field theories with higher-derivative
interactions, texture configurations can lead to stable soli-
tons such as Skyrmions [5].

Although textures are conceptually distinct from de-
fects, the computations which reveal their existence are
entirely analogous; both depend on the topology of the
vacuum manifold M, the set of minima of the potential
energy in the theory under consideration. A topological
defect will necessarily exist if, on a certain region of
space, the fields take values in J such that it is impossi-
ble to find a smooth solution over all of space which does
not leave M. For example, we may be given the value of
the field on a circle S! in space. If it is impossible to
smoothly deform the image of this circle in J/ to a point,
then the field must climb out of /M somewhere inside the
circle, and we know that a vortex must pass through the
circle. Clearly, such vortices can exist if the first homoto-
py group (M), the set of topologically inequivalent
maps from S!_sM, is nontrivial. Similarly, monopoles
are related to m,(M) (topologically inequivalent maps of
two-spheres into /), and domain walls are related to
mo(M) (topologically inequivalent maps of zero-spheres,
or simply the number of disconnected pieces into which
M falls).

Textures, on the other hand, are field configurations
which do remain in the vacuum manifold everywhere in
space, but are nevertheless topologically distinct from the
“global vacuum” in which the field has no gradient ener-
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gy and lies at the same point of M everywhere. (It fol-
lows that textures are only important in theories with
spontaneously broken global symmetries; in a gauge
theory, a “texture” configuration is merely a gauge trans-
form of a constant-field configuration.) A region of space
with a spherical boundary may be said to contain a tex-
ture if the field lies in M at every point, takes the same
value everywhere on the boundary and is topologically
distinct from a constant-field configuration. Since the
boundary maps to a single point in field space, such a
configuration defines a map from a three-sphere into the
vacuum manifold. Thus, the existence of textures is
predicated on the existence of topologically nontrivial
maps S°—M, which are classified by the third homotopy
group m3(M). For a theory in which a symmetry group G
is spontaneously broken to a subgroup H, the vacuum
manifold M is isomorphic to G /H. Hence, 7;(/M) can be
calculated once G and H are specified. '

It is not difficult to discover symmetry breaking pat-
terns which lead to texture. For example,
SO4)/S0(3)=S?3, and it is well known that 75(S3)=2Z.
However, it would be interesting to know when any
specified field theory predicts texture. In this paper we
undertake the task of computing (G /H) for a variety
of symmetry-breaking patterns, thereby constructing a
catalog of when and in what forms texture can appear.
By the standards of modern algebraic topology this is not
a sophisticated problem; from the point of view of the
practicing cosmologist, however, it is useful to know both
what the relevant homotopy groups are, and also how
field configurations representing textures may be con-

IThe manifold G /H depends not only on G and H, but on the
specific embedding of H in G. In the course of the paper we will
specify how H acts as a subgroup of G for each of the models we
consider.
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structed in a given theory. We have therefore en-
deavored to calculate the topological properties of the
vacuum manifolds in such a way that the discussion
would lead directly to the examination of specific field
configurations.

We would be remiss if we failed to mention that the
texture scenario for cosmological structure formation has
been dealt blows on both theoretical and observational
grounds. On the theoretical front, it has been noticed
that symmetry-breaking operators induced by quantum
gravity can drastically alter the evolution of would-be
textures, rendering them cosmologically impotent [6].
(At the same time, our understanding of Planck-scale
physics is insufficient to make incontrovertible statements
about such effects.) Observationally, the texture scenario
for structure formation, when normalized to the ampli-
tude of microwave background fluctuations observed by
Cosmic Background Explorer (COBE), predicts galaxy
velocity dispersions somewhat higher than those ob-
served [3]. (Once again, however, our understanding of
galaxy-scale physics is also insufficient to make incontro-
vertible statements at this time.) Finally, it is not clear to
what extent the topologically nontrivial nature of tex-
tures is relevant; investigations have shown that interest-
ing perturbations can result from scalar field gradients
even when 74(M)=0 [7].

Nevertheless, the resilient nature of cosmological mod-
els and the possible appearance of texture in other con-
texts suggests to us that our results are still interesting.
Furthermore, in the absence of symmetry-breaking
operators, -a theory which might predict texture must
now be shown to be consistent with the large-scale struc-
ture data, and the computations done below help to make
this possible.

II. BASIC TECHNIQUES

A. Set-up

In this section we describe some general techniques
used to compute 73(G /H) for various choices of symme-
try breaking patterns. We review some basic homotopy
lore, including a description of the exact sequence, and
describe some simplifications which occur when H is
Abelian.

We first recall the homotopy groups of various spaces,
including the Lie groups in which we are interested. This
information can be found in reference books, and we have
compiled those groups which are relevant to us in Table
I. It is also useful to know that the homotopy of a prod-
il

Yq+1 4 Bq

m,(H)

- —1,11(G/H)

The maps a;, B;, and y; are specified in terms of the
spaces G, H and G /H, and they are all group homomor-
phisms. For example, the map a, takes the image of a g-
sphere in H into an image of a g-sphere in G using the in-
clusion of H as a subgroup in G, i:H~G. For more de-
tails see [8,9].

T (G /H)——
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TABLE 1. Homotopy of Lie groups and spheres. We list the
homotopy groups 7, through ; for the spheres and compact
Lie groups. “Ex. groups” refers to the exceptional groups Ej,
E,, Eg, F,,and G,.

Space X m(X) o(X) m3(X)
S! VA 0 0
S? 0 z VA
S3 0 0 z
snz4 0 0 0
SO@3) z, 0 z
SO®4) z, 0 ZoZ
SO(n =5) Z, 0 VA
SU(n 22) 0 0 z
S[U()XU()] z 0 0
S[U(n)XU(1)] Z 0 z
S[U(n)XU(m)] z 0 ZoZ
Sp(n=1) 0 0 z
Ex. Groups 0 0 Z

uct of two spaces is simply the sum of the individual
homotopy groups,

T XXY)=m (X)®m,(Y) . 2.1)

Finally, we shall make wuse of the fact that
SU(n)/SU(n —1) and SO(n)/SO(n —1) are homeo-
morphic to spheres:

SU(n)/SU(n —1)~S* 1,

(2.2)
SO(n)/SO(n—1)~S"~1 .

Notice that, since SU(1) and SO(1) are both the trivial
group, SU(2)~S?3 and SO(2)~S!. The usefulness of these
relations stems from the simple nature of the lower
homotopy groups of the spheres:

0 forg<n,

Z for g=n . 2.3)

T, (S™)=
For g > n there is no easy relation analogous to (2.3); in
fact, the computation of 7,(S") is an open problem.

B. Exact homotopy sequence

The exact homotopy sequence is a sequence of maps
between homotopy groups of two spaces and those of
their quotient space. If G is a Lie group with subgroup
H, we have

Yq

(H)— - - (2.4)

qg—1

“Exactness” means that the image of each map is pre-
cisely equal to the kernel (the set of elements taken to
zero) of the map following it. An important consequence
of exactness is that if two spaces A4 an;i B are sandwiched

between the trivial group, 0—> A ——B —0, then the
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map ¢ must be an isomorphism. This is easy to see: since
the kernel of B—0 is all of B, ¢ must be onto.
Meanwhile, since the kernel of ¢ is the image of 0— A4
(which is just zero), in order for ¢ to be a group
homomorphism it must be one-to-one. Thus, ¢ is an iso-
morphism.

The exact homotopy sequence can also be used when
the space G appearing in (2.4) is not a Lie group, as long
as G may be thought of as a fiber bundle with fiber H and
base space G /H. For example, if H is a group which acts
freely (only the identity has fixed points) on a manifold
M, then M may be thought of as a fiber bundle with base
space M /H. The usefulness of this fact arises when a
global symmetry group G breaks spontaneously to a sub-
group of the form H,XH,. Then we may think of
G/(H,XH,) as (G/H,)/H,, even if G/H, is not a
group, since the action of H, divides G/H, into well-
defined equivalence classes. Thus, we can apply (2.4)
with G /H, playing the role of G and H, playing the role
of H. It is important, however, not to get carried away; if
a subgroup H of G can be written in the form A4 /B, it is
in no way permissible to think of G/(A/B) as
(GXB)/A.

In computing 74(G /H) we take advantage of the fact
that, for any Lie group H, m,(H)=0. We therefore con-
sider

a B

Tl H) oy G)——m( G /H) ——0 . (2.5)
The map y takes all of 73(G /H) to zero. Since the se-
quence is exact, the image of S is therefore all of
m3(G /H); i.e., B is onto. This implies that 7;(G /H) is
isomorphic to the domain of 8 [which is all of 73(G)]
modulo the kernel of B (which we know is Ima). Thus,

(G /H)=m4(G)/Ima . (2.6)

Therefore, our task is reduced to computing 7;(G) (usual-
ly easy to do) and Ima (sometimes hard to do).

C. Abelian subgroups

Consider the case of a general global symmetry group
G spontaneously breaking down to an Abelian subgroup
A. All compact, connected, Abelian Lie groups are of
the form A=U(1)XU(1)X --- XU(1); disconnected
groups will be of this form times various factors of Z and
Z,. Using the product rule (2.1), along with
m3(U(1))=m3(Z)=m4(Z,)=0, we have 7;( 4)=0 for any
Abelian group 4. (The compactness condition is actually
unnecessary.) As Turok [1] has pointed out, the exact se-
quence

m(A) — m(G) — m(G/A) — m(A)
I ()
0 0
then implies that
m{(G/A)=m(G), A Abelian . (2.8)

This includes, of course, the case 4 =0. Further, when a
subgroup H can be decomposed into H=K X 4, with K
an arbitrary Lie group and 4 Abelian, we can use the

JAMES A. BRYAN, SEAN M. CARROLL, AND TED PYNE 50

reasoning of Sec. II B to show that

(G /(KX A))=m(G/K), A Abelian . (2.9)

The interesting examples in which H is non-Abelian must
be handled on a case-by-case basis.

III. SIMPLE GROUPS

A. General procedure

In this section we present a formula which can be com-
bined with (2.6) to compute 7;(G /H) when G and H are
both simple.? (Generalization to nonsimple groups is
straightforward.) The important property of simple
groups is that 75(G)=Z for any simple group G; the ele-
ment of Z to which a map g:S3— G corresponds is called
the winding number of g, or 75(g). (We denote the range
space of g as a subscript for clarity.) The map
a:m;(H)—m5(G) whose image we wish to compute is a
homomorphism from Z to Z,which may be thought of as
multiplication by an integer p. In other words, a map
f:S3— H with winding number 7n(f) will, when com-
posed with the inclusion map i:H <G, yield a map with
winding number

neglio fl=pmy(f) . (3.1)

Hence, the image of a is every pth integer, so (2.6) and
m3(G)=Z together imply that

(G /H)=Z, , (3.2

the group of integers modulo addition by p. In the case
p =0 this is interpreted as Z,=Z, while Z, is the trivial
group. Our aim is therefore to compute p.

Clearly, it should be possible to compute p by choosing
a generator f of 7;(H) [a map with unit winding number,
ny(f)=1]; then (3.1) implies that p is equal to the wind-
ing number of iof in G. Rather than computing this
winding number directly we shall define a number £;(4)
which is proportional to the winding number of a map ¢,
and then take the ratio of £4(ie f) to the equivalent ex-
pression for a map with winding number one. In other
words, since p=ng(iof)xEg(io f) for a map f which
generates 73(H), we shall choose a map g:S°—G which
generates 73(G) [thus, 75(g)= 1], and calculate the ratio

_ Eglief)
§c(g)

To do so we take advantage of a remarkable fact unique
to 73 (as opposed to the other ;). Given a map $:S3—>G
which takes a point labeled by x to a matrix ¢(x ), there is
an integral expression proportional to the winding num-
ber:

(3.3)

NG(d) = f53d3x €*Tr[(3;4)¢1(3;4)¢ '(Bxd)d '],
(3.4)

2We are very grateful to Sidney Coleman for explaining to us
the procedure outlined in this section.
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where matrix multiplication is implicit. A demonstration
of the topological invariance of this quantity can be
found in [10]. Thus, p will follow from Eq. (3.3) if we can
evaluate (3.4) for the maps io f and g.

Fortunately it is not even necessary to evaluate (3.4), as
we can use another remarkable fact unique to ;. This is
a theorem due to Bott [11], that a map ¢ representing a
generator of m;(G) may always be taken to be a
homomorphism from SU(2) to G.> The integral in (3.4)
will then be equal to a constant factor [proportional to
the volume of SU(2), but independent of ¢] times the
value of the integrand at any point. We may take this
point to be the identity element of SU(2) (with coordi-
nates x =0), which is mapped to the identity element e in
G. Thus, (3.4) is equivalent to

N6 (@) < €*Tr[d,4(x)3;4(x )3, d(x)]l, —o »

—-1_

(3.5

where we have used ¢(0) '=e e. Now, the quantity
[9;4(x)]¢~ !(x) evaluated at x =0 defines an element of
the Lie algebra of G. Since the group homomorphism ¢
defines an algebra homomorphism

¢,.:§u(2)—->g
- (3.6)
X, —X;,
(3.5) takes the form
n6(¢) < e*Tr(X, X, X)) . (3.7

The matrices X; are elements of g, the Lie algebra of G,
but by themselves they define a representation of 3u(2),
the Lie algebra of SU(2). Specifically, they satisfy com-
mutation relations

[Xi,fj]=eif"fk , (3.8)
from which it follows immediately that

XX, =2X, . 3.9)
Thus, (3.7) becomes

N6(¢) < Tr[(X,)?+(X,)*+(X;)?] . (3.10)

Since the three X; are a basis for su(2) (in some represen-
tation), the quantity Tr(X;)? is the same for each i. If we
therefore pick, for example, i =3, we may say

Ng(d) < Tr(X;)? . (3.11)

We may notice a resemblance between (3.10) and the
expression for the second Casimir operator of the repre-
sentation. For an irreducible d-dimensional representa-
tion A, this is a matrix

Co(A)=(A))?+ (AP + (A3
=JJ+11,, (3.12)

where the A; are the basis for 8u(2) in this representa-

3As i:H—G is already a homomorphism, we need only to
choose f to be a homomorphism SU(2)— H for io f to be a
homomorphism.
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tion, I; is a d Xd identity matrix, and J is the spin of the
representation [related to d by J=(d —1)/2]. Thus, if
the representation X is irreducible, the right-hand side of
(3.10) is just TrC,(X); if it is reducible, it will be a sum of
TrC,(A*) for each irreducible factor A4 in X. The trace
simply introduces a factor of d; hence, (3.10) becomes

2 dA(dA_l)(dA+1) .

irreps A

Ng(d) (3.13)

(Remember that the proportionality sign means that the
winding number equals the expression on the right-hand
side times constant factors which do not depend on the
map ¢.) Notice that (3.13) allows us to determine what
maps ¢ determine the generator of m;(G); in principle we
can examine all homomorphisms 8u(2)—g and search for
the one for which (3.13) is the lowest. In practice, it is
usually easy to find the generator.

Since the right-hand sides of (3.11) and (3.13) are each
proportional to ng(4), they clearly must be proportional
to each other. It will be convenient to make this propor-
tionality explicit for a certain choice of conventions.
Thus, we will define

Ec(de)=—2Tr(X;)

=L s 4,a,-0@d,+1),

irreps A

(3.14)

a number characterizing the algebra homomorphism
¢+:8u(2)—g (and the associated group homomorphism
#). Note that the expression Tr(X;)? is indeed conven-
tion dependent; thus, (3.14) represents a statement about
the conventions we shall choose below. Note also that

the factor | sets £5(¢«)=1 when the representation of

8u(2) induced by ¢. is two dimensional and irreducible;
this is the lowest possible value for maps which define
nontrivial representations. Finally, it is important to dis-
tinguish between £;(4+) and the winding number 74(¢);
there is no guarantee that £;(g+) will be unity for a map

g:SU(2)— G which generates m3(G), so we must normal-
ize the winding number appropriately:

Ec(ds)
Eclgs)

Therefore, in order to compute p from (3.3) we need to
choose homomorphisms f:SU(2)—H and g:SU(2)—G,
which are generators of 7, in their respective groups
[7u(f)=1 and nz(g)=1]. We then find the associated
maps (3.6) between the Lie algebras, and take the ratio of
(3.14) evaluated for iof and g. In Sec. IV we shall go
through this procedure for various symmetry-breaking
patterns.

n6(d)= (3.15)

B. Finding the generators

In order to apply the procedure just outlined, it is
necessary to find maps from SU(2) to both G and H
which generate the third homotopy group. As mentioned
previously, it is sufficient to find a homomorphism be-
tween the Lie algebra of SU(2) and that of the group; this
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will define the group homomorphism. We now set about
finding the relevant maps for the cases of interest to us,
namely, SU(n), SO(n) and the symplectic groups Sp(n).

We begin by considering SU(2). Since SU(2) is
homeomorphic to S3, and m4(S?) is generated by the
identity map, 7;(SU(2)) is generated by the identity
homomorphism. Let us think about this fact on the Lie
algebra level. The usual convention in physics is to define
a Lie algebra element T of SU(n) to be traceless and Her-
mitian, such that group elements are of the form
g{(T)=exp(iT). For convenience we shall use the nota-
tion common in the mathematics literature, where the
Lie algebra consists of matrices X which are traceless and
skew-Hermitian (X = —X), such that group elements are
of the form g(X)=exp(X). Thus, we take the basis vec-
tors X; of 8u(2) in the defining representation to be

1 10 i 1 0 —1
Xi=21i o] X255 01 o |-
(3.16)
1 i 0
X3_5 0 —il|’
with commutation relations
(X, X;]1=€"X, . (3.17)

As this is an irreducible two-dimensional representation,
the (trivial) Lie algebra homomorphism g« :X;—X; has

Esua)(gx)=1. (3.18)

[Note that, in the conventions we have chosen, both ex-
pressions in (3.14) yield the same value for £gy;)(8+).]
This is the lowest possible value that £ can take for any
map, and hence the identity homomorphism g:SU(2)
—SU(2) specified by g« is seen to be the generator of
m4(SU(2)), in accordance with expectation.

For all SU(n) n =2, we have m3(SU(n))=Z. It is easy
to find a map which generates 7, since there is a natural
homomorphism g.:3u(2)—3u(n), given by placing the
2X2 matrices representing X; in the upper left hand
corner of n X n matrices which are zero elsewhere:

(X;)

g X;—X, = 0 (3.19)

0

The Lie algebra elements X;, upon exponentiation, define
an SU(2) subgroup of SU(n) with an element of SU(2) in
the upper left-hand corner, ones on the rest of the diago-
nal, and zeros elsewhere. We therefore may extend (3.18)
to

(3.20)
J

Esum(gs)=1, n=2.

m(Z;,) — my(SU2)XSU(2))
I I I
0 ZoZ ZoZ
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Once again, as this is the minimum value £ may take, the
group homomorphism g:SU(2)—SU(n) specified by
(3.19) is a generator of m3(SU(n)).

The case of SO(n) is somewhat more interesting. SO(2)
is topologically a circle, and thus 73(SO(2))=0. In the
case of SO(3), on the other hand, the Lie algebra is iso-
morphic to that of SU(2), and this isomorphism specifies
a map g:SU(2)—SO0O(3) which generates 73(SO(3)). This
map is the familiar double cover of SO(3) by SU(2);
indeed, we may think of SO(3) as SU(2)/Z,, in which case
the exact homotopy sequence

B
m(Zy) — m(SUR2)) —— my(SO(3)) — my(Z,)

i I I Il
0 V4 Z 0

(3.21)

tells us immediately that the map S is an isomorphism.
Thus, the generator of 73(SO(3)) is a map from the
three-sphere into SO(3) which wraps twice around the
group. Let us see how this appears at the Lie algebra lev-
el. The Lie algebra of SO(n) is given by antisymmetric
real n Xn matrices. For n =3 we may choose as a basis
three matrices Y;, given by

0 —-10 00 —1

Y, =1 0 0|, Y,=1]0 0 0 |,
0 0 O 10 O

(3.22)

00 O

;=100 —1],
01 O

which have commutation relations
[Y,,Y,]=€"*Y, . (3.23)

The isomorphism gu:8u(2)—380(3) is therefore immedi-
ate:

g*:XiF—)Yi . (3.24)
This isomorphism establishes the matrices (3.22) as a rep-
resentation of 3u(2); it is three dimensional and irreduc-
ible. Thus,

§so3)(8x)=4. (3.25)

We can be certain that the group homomorphism defined
by g« does generate m3(SO(3)), as there are no two-

dimensional representations of 3u(2) by real antisym-
metric 3X3 matrices. Therefore no other homomor-
phism 8u(2)—80(3) will yield a lower value for £.

SO(4) is something of a special case, in that it is not a
simple group. The Lie algebra 80(4) is isomorphic to
8u(2)®8u(2), and SO(4) itself is isomorphic to
(SU(2)XSU(2))/Z,. This latter fact allows us to use the
exact homotopy sequence to find 75(SO(4)):

B
—— m(S0(4) — m)Z,)

I . (3.26)
0]
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Thus, there are two generators of 74(SO(4)), each of which may be thought of as inherited from a projection map

p:SU(2) XSU(2)—S0O(4).

These generators may be specified by exhibiting the Lie algebra isomorphism

Dp+:3u(2)®3u(2)—80(4). A basis for 8u(2)®8u(2) is given by 4 X4 matrices X7, X,.b,i= 1,2,3, where the X/ consist of

the 8u(2) generators X; from (3.16) in the upper left 2X2 block and zeros elsewhere, while the X? have the X; in the
lower right block and zeros elsewhere. As a basis for 80(4), we choose

0 -1 0 0 00 —1 0
(1t o 0 o (oo o —1
Zi=510o 0 o 1|°% 3|10 0 o
00 —10 01 0 O
01 0 0 0 01 0
{l-10 0 o (1o 00 —1
Zi=510 0 0 1| %= 53 |-100 o0
0 0 —10 0 10 0

It is easy to check that the map p«:X?—Z;, X)—Z, ., is
an algebra isomorphism. Thus, the submanifolds defined
by exponentiation of the two subalgebras (Z,,Z,,Z) and
(Z4,Z5,Z¢) serve as the two generators of 73(SO(4)). As
representations of 8u(2), these subalgebras are each re-
ducible into a sum of two two-dimensional representa-
tions. We can evaluate (3.14) for the homomorphism p«

restricted to either the X? or the X?, obtaining

Esow[ps (X)) =Esowps (X))]=2 . (3.28)

Notice that this number is lower than the result (3.25) for
SO(3). This is because the representation of 3u(2) given
by (Z,,Z,,Z) cannot fit inside 80(3); the sum of two irre-
ducible two-dimensional representations cannot be ex-
pressed as real 3 X3 antisymmetric matrices. With 4X4
matrices there is no difficulty, and we are able to find a
representation for which £ is lower.

For n>4, the SO(n) are all simple, and hence
m(SO(n))=Z. We may choose the first six basis ele-
ments for 8o0(n) to be n X n matrices with the matrices Z;
from (3.27) in the upper left corner and zeros elsewhere.
(We will refer to the resulting matrices also as Z;; no con-
fusion should arise.) A homomorphism 8u(2)—380(n) is
given by
1,2,3.

g+ X;Z, , i= (3.29)

Just as in (3.28), this representation has £gq(,)(8+)=2,
which guarantees that the group homomorphism g
defined by the algebra homomorphism g« is a generator

of m3(SO(n)), as there is no two-dimensional representa-
tion of 8u(2) via real antisymmetric n X»n matrices. On
the other hand we could also consider the homomor-
phism g%:X;—Z; , ,, i=1,2,3. This also defines a gen-
erator of m;(SO(n)); however, unlike in SO(4), in
SO(n > 4) these two generators are actually homotopic to
each other. Therefore we may take either one as the gen-
erator, and we shall generally choose (3.29).

Finally we consider the symplectic groups Sp(2n), all

00 0 —1
(o o1 0

» 235510 =10 o |’
1 0 0 0

(3.27)

0 0 01
(lo o 10
v Zs=5 10 —10 0
-1 0 00

of which are simple.* As basis elements for the algebra
8p(2n) we may choose

LeA"”, X;eS5", (3.30)

where I, is a 2X2 identity matrix, the X; are the
2X2 elements of 3u(2) defined in (3.16), the A}")
(j=1,...4n(n—1)) are a basis for real antisymmetric
nXn matrices, and the S{"(k=1, .. .3h(n+1)) are a
basis for real symmetric n Xn matrices. Note that all of
these matrices are traceless and skew-Hermitian; hence,
8p(2n) is naturally a subalgebra of 8u(2n). Let S\ be the
n Xn matrix with a 1 in the upper left corner and zeros

elsewhere. Then there is a homomorphism
g+:83u(2)—8p(2n) given by
g« X, > XS . (3.31)

For this (two-dimensional) representation we have

Espam(8+)=1. (3.32)

As this is the lowest value possible, the group homomor-
phism specified by (3.31) must be a generator of
m5(Sp(2n)).

IV. EXAMPLES

In this section we apply the general formulas just de-
rived to explicit computation of 7;(G /H) for different
choices of G and H. We shall consider the cases
G =SU(n) and G=S0(n). For these groups, Li [12] has
calculated what subgroup H remains unbroken when a
set of scalar fields ¢ transforming under a specified repre-
sentation of G attains a specified vacuum expectation
value. In the interest of completeness we also compute
7(G/H) and 7,(G /H).

It is important to note that a theory invariant under
global SU(n) or SO(n) transformations is sometimes in-
variant under the larger symmetry groups U(n) or O(n),

4We are taking Sp(2n) to be the symplectic group consisting of
2n X2n matrices, with n an integer. Other conventions denote
this same group by Sp(n).
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respectively. The existence of this extra degree of sym-
metry may affect the corresponding vacuum manifold, if
the extra symmetry is broken by a vacuum expectation
value. In what follows we will assume that the true sym-
metry really is SU(n) or SO(n); the generalization is
straightforward. In any event, only the first and second
homotopy groups of the vacuum manifold can depend on
this distinction, and therefore the prediction of textures is
unaltered.

A. G=SU(n)

Consider a set of scalar fields ¢° (a=1 - - n), which
transform in the vector representation of a global symme-
try group SU(n):

¢a_>¢a’= Uu'a¢a ,

where U is an n Xn matrix representing an element of

4.1)

SU(n). Now imagine that ¢ attains a vacuum expecta-
tion value
(¢°)=pday » 4.2)

where p is a constant parameter and 8 is the Kronecker
delta. The unbroken subgroup consists of those transfor-
mations which leave (4.2) invariant; in this case,
H=SU(n —1), as explained in Li [12]. We therefore
wish to compute 75(SU(n)/SU(n —1)). Our task is facil-
itated by the fact that SU(n)/SU(n —1) is homeomorph-
ic to S ! [Eq. (2.1)]. We are only interested in n =2
[since SU(0) does not exist], and hence in spheres S? with
g = 3. In this case m; follows immediately from (2.2):

Z for n=2

m3(SUn) /SU(n —1)= 14 for n>2 .

4.3)
We can derive this same result using the techniques of
Sec. III. There we found that the generator of m3(SU(n))
could be taken to be an SU(2) subgroup in the upper left
corner of the SU(n) matrices. Since the subgroup
H=SU(n —1) consists of (n—1)X(n—1) matrices in
the upper left corner, it is clear that (for n > 3) the map
g:SU(2)—SU(n) generating m3(SU(n)) is precisely the
same as the composition io f:SU(2)—SU(n), where f is
the generator of m3(SU(n —1)) and i:SU(n —1)=>SU(n)
is the inclusion of H in G. Therefore (3.3) becomes

Esumlio f)
Esun)(8) @4

According to (3.2), p serves to determine (G /H)=Z,;
hence, 75(SU(n)/SU(n —1))=Z,=0 when n =3. (“Z;,”
the integers modulo division by 1, is the trivial group.)
Thus (4.3) is verified.

We next consider the case of [ distinct n-vectors ¢
(j=1...D, all of which acquire linearly independent vacu-
um expectation values. We may take all of the nonzero
components of (d)?) tobea=n—I+1,n—1I,...n. The
original SU(n) symmetry is broken to H=SU(n —/).
Once again, for n —[ >2, the maps f [generating 73(H)]
and g [generating 7,(G)] satisfy /o f =g, where i is the in-
clusion of H in G. Thus, (4.4) holds true for this case as
well, and we obtain
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7(SU(n)/SU(n —1))=0, n—1Z2. 4.5)

The same result may be obtained by the factorization
procedure of the Appendix, by considering the map
i:SU(n —1)—SU(n) as the composition i, _0i, 50 """
oi,_;, where i,:SUm)=>SU(m +1) is the usual in-
clusion into the upper left corner. Then the map between
homotopy groups a:m;(SU(n —1))—m;3(SU(n)) factors
similarly; however, since 7;(SU(m +1)/SU(m))=0 (for
m >2), each a,,:m(SU(m))—m3(SU(m +1)) must be an
isomorphism [by Eq. (2.6)]. Thus « itself is an isomor-
phism, and (4.5) is recovered.

We now consider scalar fields transforming in the sym-
metric second-rank tensor representation,

— b
¢a'b'_Uaa'U b'¢ab ’

where @,, =¢,,. Such a fields may attain a vacuum ex-
pectation value

<¢ab > :psan 6bn . 4.7)

This serves to break SU(n) to SU(n — 1), and the analysis
is identical to the vector case, culminating in (4.3). How-
ever, a different choice of potential V(¢,,) can lead to a
vacuum expectation value

<¢ab ) :pﬁab ’

with p once again a constant [12]. In this case the unbro-
ken symmetry group is H=SO(n); note that SO(n) is
naturally a subgroup of SU(n), as all real orthogonal ma-
trices are automatically unitary. The appearance of
monopoles in this model was studied in Ref. [13]. We
can proceed to compute 73(SU(n)/SO(n)) on a case-by-
case basis. For n=2, SO(2) is Abelian, and hence
73(SU(2)/S0(2))=m3(SU(2))=Z. For n=3 we recall
from Sec. II B that the generator f of m3(SO(3)) is a dou-
ble cover, with £go3)(f+)=4 (3.25). Since the inclusion

i:SO(3)>SU(3) is trivial we will also have
Esullio f)«]1=4. Meanwhile, the generator g of

73(SU(3)) has £gy(3)(g+)=1. It then follows from (3.14)

that the winding number of io f in G is 4, from which we
obtain m,(SU(3)/SO(3))=2Z,. The case n =5 is equally
straightforward; the only difference is that in this case
Esom(f+)=2, leading to m;(SU(n)/SO(n))=Z,, n=5.
The only subtle case is n =4, due to the fact that SO(4) is
not simple, and 7,(SO(4))=Z&Z. Nevertheless, the log-
ic leading up to (2.6) is still valid, so we need only to find
the image of a:m,(SO(4))—m;(SU(4)). As this is a
homomorphism from Z&Z to Z, it must be of the form
a:(a,b)—q,a +q,b for some integers q,, g,- We have al-
ready discovered in Sec. IIIB that the generators of
m,(SO(4)) [corresponding to (a,b)=(1,0) and (0,1)] may
be obtained by exponentiating the subalgebras (Z;, Z,,
Z3) and (Z,, Zs, Z,) as specified in (3.27), and further-
more that (3.14) evaluated on either generator gives
Esoa)(f+)=2, where f. is taken to be the map from
SU(2) to either generator. Thus, we derive g, =g, =2.
The image of a is therefore the even numbers; from (2.6)
we find m,(SU(4)/SO(4))=Z,. Taken together we have
found

(4.6)

(4.8)
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Z, n=2
m3(SU(n)/SO(n))=1Z, , n=3
22 y n=>4.

4.9)

We therefore have the interesting situation where 7, can
be a finite group, and two textures with positive winding
number can mutually unwind rather than collapsing. We
comment briefly on this later.

We turn next to the antisymmetric second-rank tensor
representation,

— b
¢a’b’_Uaa'U b’¢ab ’

with ¢,, = —¢,,. There are two types of vacuum expec-
tation value which can be attained. The first, for which

(4.10)

0 1
-1 0

(¢a)=p S I (4.11)

0 0

breaks SU(n) to H=SU(n —2)XSU(2); thinking of G/H
as [SU(n)/SU(n —1)]/SU(2), it follows from (4.5) that
m3(G /H)=0. The other alternative is

0 1
10 0
0 1
-1 0
<¢ab>=p
0 1
0 -1 0
4.12)
when n =2k is even, and
0 1
-10 0
0 1
-1 0
<¢ab>=p
0 1
0 -1 0
0
(4.13)

when n =2k +1 is odd. This pattern breaks SU(2k) or
SU(2k +1) to H=Sp(2k). As with the orthogonal
groups, the symplectic matrices are automatically uni-
tary, so the inclusion i:Sp(2k)—>SU(2k[+1]) is trivial.
Since we found in Sec. III that the generator f of
m3(Sp(2k)) satisfied &gp54)(f«)=1, we must also have
Espi2i[(io f)«]=1. Hence the winding number of /o f is
one, which implies
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m(SU(2k[+1])/Sp(2k))=0, k=1. (4.14)

This symmetry-breaking pattern therefore does not lead
to texture.

The final representation of SU(n) we consider is the ad-
joint representation, which transforms as

¢*, - U™, U, , 4.15)

where ¢°%, is an n Xn skew-Hermitian matrix, and the
dagger denotes Hermitian conjugation. The scalar fields
¢°, can attain a vacuum expectation value of the form

P1

p1 0
(¢ab>: ." ’
0 P2

(4.16)

)

where p, is a constant appearing [ times, and p, is a
constant appearing n—/ times. (By convention we
can choose n—1[21]) The result is to break SU(n)
to H=S[U(n —1)XUW)]=[SU(n—1)XSU()XU(1)]/
Zy,_; leading to vacuum manifolds known as
Grassmann spaces. This symmetry-breaking pattern is
well known from grand unified theories, where SU(S) is
often said to break to SU(3) XSU(2)XU(1). While this is
true at the Lie algebra level, the unbroken subgroup is ac-
tually S[U(n—1)XU(/)], consisting of matrices of the
form

M A Orxinn detM =1 (4.17)

= ’ et =1, .
Opn—nx: B

where A€U(n—1I), BEU(), and 0,4, —_; is an

IX(n—1) zero matrix. When n—I/=]/=1, we have
S[U(1)XU(1)]=U(1), and hence m,(S[U(1)XU(1)])
=0. For n—I>I1=1 we have m(S[U(n—1)XU(1)])
=Z, and for n —1 2122 we have 7,(S[U(n —1)XU(])])
=Ze&Z. In either of the latter cases, one generator of ,
is given by a subgroup consisting of matrices with an
SU(2) matrix in the upper left corner, ones on the remain-
ing diagonal, and zeros elsewhere. As this subgroup also
generates m3(SU(n)), the map a:my(S[U(n—1)XU(I)])
—m3(SU(n)) will be onto. Hence, from (2.6) we have

m3[SU(n)/S[U(n —1)XU(1)]]

Z forn—I=I=1

o forn=3, n—121>1. “18

B. G=S0(n)

Since the orthogonal groups may be thought of as uni-
tary groups over the real numbers rather than the com-
plex numbers, it should not be surprising that much of
the structure uncovered for the case G =SU(n) repeats it-
self when G =SO(n). For example, we consider a set of /
distinct n-vectors ¢ (j=1"-- -1, all of which transform
as

¢ 97 =074, 4.19)
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where O is an n Xn matrix representing an element of
SO(n). If each vector attains a linearly independent vac-
uum expectation value, the symmetry will be spontane-
ously broken to SO(n —I). In the case of SU(n) the re-
sulting vacuum manifolds had trivial third homotopy
groups (for n—1I2>2), because the generator of 73(G)
could be thought of as the generator of m3(H) included in
G. The same will occur for SO(n), but only when n and
n—1 are sufficiently large. Consider the case
n>n—I1>4. As usual, the inclusion SO(n —1)=>SO(n)
places an element of SO(n —1) into the upper left corner
of the SO(n) matrix. We have discovered that the gen-
erators of 73(SO(n)) and 73(SO(n —1)) are the same, and
are specified by exponentiation of the Lie subalgebra with
basis elements Z,, Z,, Z, from (3.27). [This is not pre-
cisely true for n —I1 =4, since m3(SO(4)) has two genera-
tors; nevertheless, the important fact is that one of the
generators of m3(SO(4)) also generates m3(SO(n)).] Thus,
just as in (4.4) for the case of SU(n), we obtain

_ Ssomtief) 2

=————===1, n>n—1[24, (4.20)
Eso(n(8) 2
leading via (3.2) to
m4(SO(n)/SO(n —1))=0, n>n—124. (4.21)

]
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The lower-dimensional cases must be handled individual-
ly. For n =5 and n —I =3, the procedure is the same, but
the generator of 7;(SO(3)) is specified by the Lie algebra
(3.22). Hence £5¢,,)(io f)=4, and

m3(80(n)/SO(3))=Z, , n=5. (4.22)

Meanwhile, when n=4 and n—I[/=3, we use

SO(4)/S0(3)~S? to obtain

m3(S0(4)/SO(3))=Z . (4.23)

The only remaining possibility is n» —/=2; as SO(2) is
Abelian we have

m3(8O0(n)/SO(2))=m4(SO(n)) . (4.24)

A set of fields ¢,, =¢,, transforming in the symmetric
second-rank tensor representation of SO(n) can attain a
vacuum expectation value for which ¢,, is diagonal; de-
tails can be found in [12]. The result is to break SO(n) to
a subgroup H=S[O(n —1)XO(l)]=S0(n —1)XSO(I)
XZ,, where we can always choose n—[>1. As in the
case H=S0(n —1I), the analysis is straightforward for
sufficiently large n, n —/; using (2.9), we will ignore the
Z, factor. Specifically, for n >n —12>4, we have the ex-
act sequence

7(S0(n)/80(n —1)) — m[SO(n)/(SO(n —1)XSO(1))] — m(SU)),

I
0

which implies
m3[SO(n)/(SO(n —1)XS0O(1))]=0,

n>n—1>4. (4.26)

There are only three cases for which n —/<3: n=6,
1=3; n=5, 1=2; and n=4, [=2. In the last of these,
H=S0(2)XS0O(2) is Abelian, and we have

m;[S0(4)/(SO(2) XSO(2)) |=m4(SO(4))=ZeZ . (4.27)

Similarly, for G =S0(5), H=S0(3)XS0(2), the Abelian
factor is irrelevant, and

m3[SO(5)/(SO(3) XS0O(2)) | =m,(SO(5)/SO(3))=Z, .

(4.28)

Lastly, the case G=S0(6), H=S0(3)XS0(3) bears a
close resemblance to G=SU(4), H=S0(4). From (2.6),
we need only to find the image of

7(SO(3)XSO(3)) —— 7,(SO(6))
I I
ZoZ VA

The same reasoning used in the computation of
m,(SU(4)/SO(4)) tells us that the image of a is the even
numbers, which implies

m3[SO(6)/(SO(3) XSO(3)]=Z, .

(4.29)

(4.30)

I (4.25)
0

The last case to consider is that of the antisymmetric
second-rank tensor representation ¢,, = —¢,,. As in the
case of SU(n), the scalar fields may attain a vacuum ex-
pectation value of the form (4.11), breaking SO(n) to
SO(2) XSO(n —2); we have computed m;[SO(n)/
(SO(n —2)XS0(2))] above. The fields may also attain a
vacuum expectation value of the form (4.12) if n =2k is
even, and (4.13) if n=2k+1 is odd (k =2). In either
case, the unbroken subgroup is H =U(k). Let us consid-
er the Lie algebra map i«:u(k)—80(2k) corresponding to
the inclusion i of U(k) into SO(2k). It takes a complex
k Xk anti-Hermitian matrix X, which we write X +iX;,
to a real antisymmetric 2k X 2k matrix of the form

0

1
01 ®X, . (431

iv: X, +iX—X= ®Xg+

—10

For n =2k +1 the map is the same, Evith an extra column
and row of zeros added to X. Since the map
f:8u(2)—u(k) is given by (3.19), it is straightforward to

compute that

Esok[+1lisef+)=2 . 4.32)

As the generator g of m(SO(n)) satisfies £go(,)(8+)=2
for all n 2 5 we have
m(SO(2k[+1])/U(k))=0, 2k[+1]25. (4.33)

The only other case of interest is SO(4)/U(2), for which
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precisely the same logic holds, with the exception that
m,(SO(4))=Z&Z; therefore, the image of a:m;(U(2))
—>m3(SO(4)) is one of the Z factors, and

m(SO(4)/U(2))=Z . (4.34)

This completes our computation of 7,(G /H).

C. Other homotopy groups

The various symmetry-breaking patterns we have stud-
ied may lead not only to textures, but also to strings,
monopoles, and domain walls. Here we calculate the

]

P =

B 14
0 ——m(G/H) —— m(H) m(G)

For G=SU(n) we have 7,(G)=0, which leads immedi-
ately to

m(SU(n)/H)=1m(H) (4.36)

and

m(SU(n)/H)=0, 4.37)

for any choice of H.

The case G =S0(n), n = 3, requires more effort. Let us
begin with H=SO0(n—1), for n—12=3. We need to ex-
amine the exact sequence (4.35) with 7(H)=m(G)=1Z,.
However, despite the fact that m(H) and 7(G) are iso-
morphic as groups, it does not necessarily follow that the
map & is itself an isomorphism. Therefore this sequence
by itself is insufficient to compute the unknown homoto-
py groups; we must examine the map & in more
detail. In a manner analogous to that discussed
below (4.5) for the case of SU(n), we may factor
@ into @,_,ed,_,0 ---od,_;, where &, 7 (SO(m))
—m(SO(m +1)). We therefore consider the sequence
(4.35) with G=S0(4), H=S0(3). The quotient space is
SO(4)/S0(3)~S3, and we know that 7,(S%)=1,(S*)=0.
Thus, (4.35) guarantees that @;:m(SO(3))—m,(SO(4)) is
an isomorphism. Similar arguments suffice to show that,
for any m 2 3, @,,:m(SO(m))—m(SO(m +1)) is an iso-
morphism, and thus that &@:7(SO(n —1))—7,(SO(n)) is
an isomorphism for all n >n—12=3. Thus, the image of
@ is all of 7 (SO(n))=Z,. Exactness of (4.35) implies
J

4
m(G/H) ——0.
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lower homotopy groups ; and , of the vacuum mani-
folds G /H considered above, to determine whether these
theories predict strings or monopoles. [We do not study
7y, which governs the appearance of domain walls, as all
of the groups we consider are connected, and 7y(G /H) is
always the trivial group.] For the most part, these calcu-
lations require less effort than the computation of ;.

For all Lie groups G, 7,(G)=0; furthermore, for most
of the groups we consider (those without Z, factors),
mo(G)=0. We therefore have the following exact homo-
topy sequence:

(4.35)

[
that the kernel of B:Z,—m,(SO(n)/SO(n—1)) is all of
Z,, and that the image of B is the kernel of 7, namely, all
of 7,(SO(n)/SO(n —1)). Together these imply that

m(SO(n)/SO(n —1))=0, n=2n—123. (4.38)
Similar reasoning leads to
m,(SO(n)/SO(n—1))=0, n=2n—123. (4.39)

Furthermore, we can repeat the procedure with
H=80(2), the only modification being 7 (H)=Z. The
results in this case are

7,(SO(n)/S0(2))=0, n>3 (4.40)

and

m(SO(n)/SO(2))=Z , n=3. (4.41)
For G/H =S0(n)/(SO(n —1)XSO(l)XZ,) we have
mo(H)=Z,, and hence (4.35) does not apply. Instead
we may proceed in stages, first considering
(SO(n)/S0O(n —1))/SO(1) and then [SO(n)/(SO(n —1I)
XSO(1))]/Z,. Without presenting the relevant details, it
is straightforward to find that the Z, factor renders the
vacuum manifold non-simply-connected:
m[SO(n)/(SO(n —1)XSO(l)XZ,)1=2Z, , (4.42)

while the second homotopy group is more complicated:

Z, for n=3, 1=1,
0, for n=24, 1=1,
m,[S0(n)/(SO(n —1)XSO(1)XZ,)]= {Z&Z , for n=4, =2, (4.43)
Z, for n=5, 1=2,
z,, for n=6, 123
Finally, we can consider G =SO(2k[+1]) breaking Z, for 2k[+1]23,
down to H =U(k). In this case the exact sequence (4.35) m,(SO(2k [+1])/U(k))= 0, for 2k[+1]=2
by itself is insufficient; however, it is easy to check that ’ )
the map & is onto, which then leads to (4.45)

(SO(2k [ +1])/U(k))=0, (4.44)

and

We have tabulated the results of all of our homotopy
calculations in Table II.
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TABLE II. Homotopy of vacuum manifolds. We list the results of our computation of the homotopy groups of vacuum manifolds
G /H for various choices of G and H, as well as the dimensionality of G/H. The integer n —! is always taken to be greater than or

equal to I.
G H m(G/H) m(G/H) m3(G/H) dim(G /H)
SU(n) 0 0 0 z n*—1
SU(Q2) u(l), SOQ2) 0 zZ z 2
SU( ) SU(n —2)XSU(2) 0 0 0 4n —7
U(n 23) S[U(n —1)XU()] 0 zZ 0 2l1(n —1)
U(n =3) SU(n —1) 0 0 0 1(2n—1)
(21[+1] Sp(2/) 0 0 0 22 —1—1[+4]+1]
u@3) SO(3) 0 zZ, Z, 5
SU( z4) SO(n) 0 Z, Z, tn(n+1)—1
SO(n+4) 0 zZ, 0 z intn—1)
SO4) 0 zZ, 0 ZoZ 6
SO(n+#4) SO(2) 0 V4 Z tn(n—1—1
SO(4) SO(2) 0 z ZoZ 5
SO4) SO(3) 0 0 z 3
SO(n =5) SO(3) 0 0 Z, tnin—1-3
SO(n =5) SO(n—1) 0 0 0 H2n—1-1)
SO@3) SO(2) X Z, Z, Z VA 2
SO4) SO(3)XZ, Z, 0 z 3
SO(n =2 5) SO(n —1)XZ, Z, 0 0 n—1
SO4) SO(2) XSO(2)XZ, Z, ZoZ ZoZ 4
SO(5) SO(3)XS0O(2)XZ, Z, V4 z, 6
SO(n 2 6) SO(n —2)XSO(2)XZ, Z, 4 0 2(n—2)
SO(6) SO(3) XSO(3)XZ, Z, z, Z, 9
SO(n=7) SO(n —1)XSO(I) X Z, Z, zZ, 0 I(n—1)
SO4) u@) Z, 0 V4 2
SOQ2k[+1]) U(k) Z, 0 0 k*—k+1[+2k]

V. DISCUSSION

We have studied the topology of the vacuum manifolds
G /H resulting from the spontaneous breakdown of a glo-
bal symmetry G to a subgroup H. The homotopy groups
7,(G/H) are related to the existence of field
conﬁguratlons of potential significance to cosmology: to-
pological defects for ¢ =0, 1,2, and textures for g =3. Al-
though it is generally straightforward to calculate

7,(G/H) for g =2, the case ¢ =3 relevant to textures is
more difficult. We have therefore studied a number of
different choices for G/H, and computed the relevant
homotopy groups.

Although the results of this paper allow us to predict
whether any given spontaneously broken global symme-
try will lead to texture, there are a number of questions
remaining to be answered about the cosmological effects
of those textures which result. For example, one may ask
what the likelihood is that a specified field configuration
will collapse and unwind, and how may such unwindings
per horizon volume are predicted by the Kibble mecha-
nism. In the same vein, it would be of interest to know
the characteristics of collapse; e.g., whether the field ap-
proaches a spherically symmetric configuration, rather
than a pancake or spindle configuration. All of these is-
sues may in principle depend on the geometry of the vac-
uum manifold G/H under consideration. Hence, both
analytic and numerical studies of the evolution of tex-
tures resulting from different choices of G and H would
be of interest. (Such studies have been performed in the

case of G /H=S3[14] and G /H =S5?*[15].)

While we will not attempt to answer any of these ques-
tions in this paper we would like to briefly discuss the
construction of field configurations representing individu-
al textures, which would be appropriate initial conditions
for simulations. We imagine therefore that we have a set
of scalar fields ® which transform under some represen-
tation of the global symmetry group G. We will write the
action of an element £ €G on ¢ as uP, although the ex-
plicit matrix form may be more complicated. Our goal is
to specify a field configuration ®(x) which is in the vacu-
um manifold (or, equivalently, in G/H) and has a given
winding number.

The action of G on the vacuum manifold is
transitive—a fixed element is taken to any other element
by the action of the group. Therefore, every field value ¢
in the vacuum manifold is of the form u®, where we
have specified a fiduciary field value @, in the vacuum
manifold. Hence, our sought-after field configuration
®(x) can be written

P(x)=plx)Py , (5.1
where u(x) is a map from space (at fixed time) to the sym-
metry group G. (Such a description may be highly redun-
dant, as two different group elements u, and p, may satis-
fy p,(DO 1, ®,; however, this redundancy is not a con-
cern in the construction of a field configuration.) We are
only considering maps pu(x) which go to a constant ele-
ment of G at spatial infinity; that is, u(x) represents a
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map S>—G, and hence an element of 73(G). Acting
p(x) on @, therefore produces a map S°—G/H, and
hence an element of 7;(G /H); indeed, we have just ex-
hibited the map B:m;(G)—m3(G /H) found in the exact
homotopy sequence.

Since we would like ®(x) to represent a nonzero ele-
ment of 7;(G /H), we are interested in elements of 73(G)
which are not in the kernel of 8. This is straightforward,
given the results of the previous sections, which allow us
to construct the map S explicitly by taking advantage of
the fact that the kernel of B was equal to the image of
a:my(H)—m3(G). For example, consider the case
G=SU(3), H=SO0(3), for which m(G)=Z and
m(G/H)=Z, and B is “mod 4.” Thus, elements of
3(SU(3)) with winding numbers 1, 2, or 3 will be taken
by B to maps with the same winding number in
m4(SU(3)/SO(3)), while a map with winding number 4
will be taken to a map with winding number zero, and so
on. To specify a nonzero element of 7;(SU(3)/SO(3))
we therefore need only to find a map u(x) representing
m3(SU(3)) with winding number one (for example). This
is also straightforward, as we have specified the genera-
tors of 74(G) in Sec. III B, in terms of group homomor-
phisms SU(2)—G. Thus, we specify a map fi(x) from §°
(representing space) to SU(2) which generates 73(SU(2)),
and a map g:SU(2)— G which generates 7;(G); the field
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Let us illustrate this procedure for G =SU(3),
H=S0(3). In a Cartesian coordinate system (x,y,z), an
example of a map from space to SU(2) which covers the
group once [and hence generates 7;(SU(2))] is given by

f(x)=Icosy(r)—io-Xx siny(r) , (5.2)

where I is a 2X2 identity matrix, the o; are the Pauli ma-
trices [related to the Lie algebra elements X; of (3.16) by
0, =—2iX,], r=V'x2+y*+z% ®,=x,;/r, and x(r) is a

function with boundary conditions x(0)=0 and
x( o0 )=m. In polar coordinates (r, 6, 4) this becomes
cosy —i cos@siny e'?sin@siny
alx)= (5.3)

—e "'Ysin@siny cosy+i cosfsiny

As usual we will pick the generator of 7;(SU(3)) to be
represented by the inclusion g:SU(2)—SU(3) in the
upper left corner. The scalar fields which break SU(3) to
SO(3) lie in the symmetric second-rank tensor representa-
tion of SU(3), and attain a vacuum expectation value of
the form (¢,, ) =pd,,, with p an arbitrary constant. It is
natural to choose as our fiducial value of the field
®,=(¢,,); then, using the transformation law (4.6), the
field configuration becomes

: (x)=pU(x)U%,(x)8, , (5.4)
configuration ®=pu(x)®, where u(x)=gofi(x), will then Db P b od
have winding number one [as long as 3 takes a generator ~ where U€,(x) is an SU(3) matrix representing
of 7;(G) to a generator of m3(G /H)]. u(x)=gofi(x). Using (5.3) we therefore have
J
1=2icge,s, —2s3 +(1+e 2)sps? 2i(54C, —CyCSy)SpSy 0
dap(X)=p 2i(54€, —CyCpSy )SgSy 1+2ic9cxsx—2si+(1+e2i¢)s§9§ o], (5.5)
0 0 1
[
where ¢, =cosy and so on. This configuration represents point for the study of a number of models beyond those

a texture of winding number one, the evolution of which
could be studied numerically.

From this point, it is easy to construct additional
configurations with the same winding number, simply by
choosing different maps p:S°— G which generate 7;(G).
For example, for any submanifold = of G, conjugation by
a fixed element m defines a new submanifold mXm !
homotopic to Z; hence, if u(x) generates 73(G), so will
w'(x)=mu(x)m ~!. Furthermore, given two maps p,(x)
and p,(x), the winding number in 7;(G) obeys

Ne (i) =n6(p) + 161, . (5.6)

Therefore, field configurations with higher winding num-
bers are readily constructed (if they exist at all). These
could be single textures with winding number greater
than one, or two nearby textures.

Although it is still unclear whether topological proper-
ties of spontaneously broken symmetries play a role in
the formation of large-scale structure in the universe, the
lack of a single compelling model of structure formation
encourages further study of many different models. The
calculations performed in this paper provide a starting

considered to date; further work should enable us to
determine the relationship of these theories to the ob-
served universe.
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APPENDIX: FACTORIZATION

Whenever we have two spaces X and Y and a map
¢:X—Y, there is an induced map in homotopy
D:7,(X)—m,(Y). In calculating the action of ® we are
often aided by the existence of a third space Z in between
X and Y, in the sense that there are maps ¥;:X —Z and
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¥,:Z — Y (which induce maps ¥, and ¥, in homotopy)
such that ¢=1,09,. In that case we can factor the map
® into W,0¥,. In other words, if the diagram between
topological spaces

4
X — Z
s Ly, (A1)
Y
commutes, then the diagram between homotopy groups
\pl
T,(X) —— m(Z)
P ly, (A2)
me(Y)

will also commute.’ (Recall that a diagram is said to
commute if, for any two objects in the diagram and any
two maps between the objects, obtained by composition
of maps in the diagram, those two maps coincide.) This is
straightforward to show, by considering how the maps

5In still other words, we are defining the homotopy functor
from the category of topological spaces to the category of
groups. See [16].
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between spaces induce maps between their homotopy
groups.

Given ¢:X —Y we construct &7, (X)—m,(Y) in the
following way. Fix a map f;:S9—X, which represents
the homotopy class [folEm,(X). Then ¢of, is a map
from S?—Y, which represents [¢o folEm, (V). We
therefore define ® via ®:[ f,]—>[do f;]. We need merely
to show that this definition is independent of our choice
of fo, ie., that it sends two homotopic maps f,,
f1:89—X to the same class in 7,(Y). To do this, consid-
er a homotopy® from f, o to f,, given by a map
F:[0,1]XS%—X which satisfies F(0)=f,, F(1)=f,.
Then the map ¢o F serves as a homotopy from ¢o f,, to
#o f1, and hence the map ® is well defined on homotopy
classes.

Now consider the composition W0 ¥,. V¥, takes the
homotopy class of f:S9— X and maps it to the homotopy
class of o f:S9—Z, while ¥, takes the homotopy class
of £:S9— Z to the homotopy class of 1,0 7:59— Y. If we
choose f=uyyof we find that W,0 W :[ f ][0 (0 f)].
Since composition is associative we have shown that
W,o ¥, is the same map as that induced by v,04,. Thus,
if 6=1vY09Y,,then P=W,0 ¥,.

6Each map must have the same base point. That is, f,, f,, and
F must all send the north pole of S to the same point in X.
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