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Using methods previously used to derive the relativistic eikonal approximation it is shown
that high-energy particles are approximately equivalent to external moving point sources.
This result is independent of the nature of the rest of the process involved, but holds only
when the high-energy particle does not suffer significant changes in its four-momentum, nor
changes in its internal state, during its interactions with the other particles.

I. INTRODUCTION

It has been known for some time that large-mass
particles are approximately equivalent to static
sources in quantum field theory: This fact is used
implicitly, for example, in most treatments of the
hydrogen atom.' A particle of large momentum is
also quite “rigid” in the sense that its state is not
easily changed significantly, and this feature has
been used as the basis for the eikonal approxima-
tion to some high-energy processes in quantum
field theory.2™® In this paper an approximation
scheme which includes both the high-momentum
and large-mass limits is discussed. It is shown
that there may be situations where the effects of
particles of high energy (i.e., particles with a
large mass or a large momentum, or both) in-
volved in some process may be approximately re-
produced by external potentials which are static
and spherically symmetric in the rest frames of
the high-energy particles.'®

The body of the paper begins, in Sec. II, with a
review of the derivation of the eikonal approxima-
tion to the sum of crossed-ladder diagrams for
two-body scattering. It is then pointed out that this
result can be extended to a much wider class of
processes: In Sec. II fairly arbitrary processes
involving a single high-energy particle are con-
sidered, while Sec. IV discusses processes with
two high-energy particles. The concluding Sec. V
contains a summary of these results and suggests
possible applications and generalizations.

II. THE EIKONAL APPROXIMATION

It has been shown in several different ways?~°
that the sum of all arbitrarily crossed-ladder
graphs in quantum field theory leads, in the high-
energy small-angle limit, to a relativistic analog
of the eikonal approximation. (It should be noted,
however, that this result does not hold for all the-
ories.'~* Roughly speaking it is valid only where
the high -energy particles have no internal degrees
of freedom,’ and in particular where their com-
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posite nature is unimportant. This difficulty will
be ignored in the remainder of this paper, so that
the results obtained will not necessarily be accu-
rate, or even applicable, in every situation.) The
essential approximation in the derivation is the
linearization of the denominators in the propaga-
tors of the high-energy particles. The graph
shown in Fig. 1, for example, involves propagator
denominators of the form

(q; =kP -M?+ie==2qk+(q;~—q;) k+F* +ie,
where ¢ =%(q,+qi) is the average of the initial and
final four-momenta of the high-energy g line. The
linearization leading to the eikonal approximation
simply drops the (g, —q;) -k +k? terms, assuming
that in the high-energy fixed-momentum-transfer
limit

(q; =FP-M?+ie~-2q-k+ic.

This approximation replaces the Feynman propa-
gator
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FIG. 1. One of the six diagrams contributing to the
three-rung contribution to the two-particle scattering
amplitude. The sum over all diagrams of this type can
lead to the relativistic eikonal approximation in the high-
energy small-angle limit.
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5 HIGH-ENERGY PARTICLES AS EXTERNAL SOURCES 893

where V=4/q,, so that the g-line particle propa- to an external source. To obtain this result one
gates only forward in time with velocity V. In this must sum over the permutations of the points of
approximation, therefore, the high-energy parti- attachment of the % lines to the ¢ lines, making
cle is completely impervious to outside influence, use of the identity®

and it is reasonable to assume that it is equivalent

1 1
~2q +kp, +1i€ ) ~2q +(kpy+ * * ¢ +kp(payy) +i€

-> - AP - n
=29,0%(d; —q; +k, ++ + - +k,) X@m)" ] 6(2 %)
=1

0%g;—q;+hy+- - - +kn)z
P

This identity follows directly from the more obvious relation

23 Oty =tpinary)* * * O(tpy —tpy) =1

aftezf> Fourier transformation and some simple rearrangements and changes of variables. Its use elimi-
nates the linearized g-line denominators from the integrand, and the resulting 6 functions can be used to

do the integrations over the time components of the % vectors. The end result is an integral which is equiv-
alent to that for the scattering from an external potential, and at this stage a relativistic version of the po-
tential -theory eikonal approximation can be used to obtain a compact expression for the scattering ampli-
tude. The simplification made possible by linearizing the g-line denominators is a special case of more
general results discussed below.

III. SINGLE HIGH-ENERGY PARTICLE

In this section we shall consider the contribution A4, to a process involving a single high-energy line
which comes from all diagrams in which the high-energy particle (again represented by a “g line” in dia-
grams) interacts »n times with the rest of the diagram. A typical diagram for »=3 is shown in Fig. 2: A,
is the sum of this diagram and the 5=3! -1 others obtained by permuting the points of attachment of the
k lines to the ¢ line. For general » we have

A= (n ék){, 7k, )(2n)464 (q, —g;+ }31 k,) E,({p}, {k)

x;}[(q-km)z—M2+ie]‘1 ce[(g=Fp =+ " ~Rpnay)? - M2 +i€]™.

Here the f;(k;) are the k-line propagators in momentum space, including the coupling to the ¢ line, while
F is the amplitude for the rest of the diagram, represented by the blob in Fig. 2.

In the limit in which the energy of the g-line particle becomes very large, with gy —¢q; remaining fixed,
we assume that the ¢g-line denominators can be linearized. This leads immediately to the approximate
form

A, (-1)""12q, f (H (‘;’ k); fik;) 216(2q - k,)) (21r)363(o’1, -§;+ ]Z_Z E,)E.({P}, {&}).

Jj=1

We want to compare this expression with the corresponding term B, in the transition amplitude for the
process F occurring in the presence of the external fields

1= [ £ avs
instead of in the presence of the ¢ line, as indicated in Fig. 3:

B,= f( I gk)'; a,-(k,.)) (2m)*o* (Pf =P - ,é k,) F.({p},{®},
where P;=33 p,and P;=3, p,. If we choose

a;(k)=-215(2q - k) f;(k),
then

d*k n
B,=(=1)" f ( 1I @ )’4 Si(k,)2m0(2q - k,)) (21r)4a4<1=, -P, —;?1 k,) F,{p},{®D.
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FIG. 2. One of the six diagrams contributing to the
amplitude A; for the process q; +py; + pg; — g + pyy
+pos+ Pyr. The cross-hatched blob labeled F repre-
sents the complete amplitude for the sub-process py;
+Pa+Rytky+ ky— Py +pgs+py with the® lines off
shell.

Making use of relations implied by the other &
functions, we have

6(Pyo =Pyo =2 kjo) =6(Pyo =Py =¥ - 23 k;
=6(P;, —Pjo - v+ (B, - B)).

The energy & function in this form can be taken
outside the integral, giving

n= _27’5(2‘1 * (Pf _Pi))An ,

The form chosen for q; above implies that

8,(x) = -fz% e'®*216(2q - ) f;(k)

= ~(2g,) f —g,% R Er)

0=Tek
Assuming that the propagator f depends only on
the invariant /%, i.e., that f(k)=f (-k?),

Bk it AT e
&,(x)=-(2¢,)™* ke e (1= £ (k2 = (V- k)).

Taking ¥V to define the z direction,
_ 2 — vE2\ M2
8,() = ~(2M)" ‘c((b(—r:—) :

where

v | {5;’;— R F ().

FIG. 3. The analog of Fig. 2 for the process py; +py;
= Dis +Dy5 +P3s in external potentials.

The interaction with the high-energy g-line par-
ticle is thus approximately equivalent to the inter-
action with the external potentials &,(x) which are
just the Lorentz transforms of potentials V,(r)
which are static and spherically symmetric. The
8(2g « (P; —P;)) in the relation between B, and 4,
merely requires that energy is conserved in the
frame where =0 in which the external potentials
are static. This equivalence of high-energy parti-
cles and moving external point sources producing
simple potentials is more-or-less obvious for
particles of large mass, and is contained implic-
itly in previous treatments of two-particle scat-
tering in the ultrarelativistic limit. These two
limiting cases are connected by the result obtained
here, which is of course not limited to two-par-
ticle scattering since the process F is fairly ar-
bitrary. It should be noted, however, that the g~
line particle was assumed not to change signifi-
cantly its internal state, nor its momentum or
energy, while it was interacting with the other par-
ticles involved in the amplitude F. The result is
thus limited to small-angle elastic or slightly in-
elastic scattering where the high-energy particle
is “not very composite” and where there is a small
probability for its spin or isospin state to change.

IV. TWO HIGH-ENERGY PARTICLES

The result obtained above for a single high-en-
ergy particle could be immediately generalized to
an arbitrary number of such particles except for
two complications: In general there will be no
frame in which energy is conserved since the high-
energy particles will not necessarily have a com-
mon rest frame, and furthermore it may be neces-
sary to-take into account the interaction of the
high-energy particles with each other. In this sec-
tion these complications will be studied in their
simplest form by considering the amplitudes cor-

qai

Qe

FIG. 4. One of the 2400 diagrams contributing to the
amplitude A,y; for the process gy; +qq; +p1; +Po; — dyy
+qg¢tDif +Pas+ Py The blob labled F represents the
complete off-shell amplitude for the sub-process p,;
+ho; Ry thytRyy Ry Dyp + Doy Py




3 HIGH-ENERGY PARTICLES

responding to Feynman diagrams of the type illus-
trated in Fig. 4. To simplify the discussion we
shall work in a frame where §, = 3(d,,+§,;) and
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sub-diagram F and the g, line, n, between F and
the ¢, line, and with m [ lines between the two ¢
lines, summed over all permutations of the points

8, = 2(@,; +d;) are antiparallel, with §, defining the of attachment to the ¢ lines, is
z axis. The amplitude with n, & lines between the

Anpan= o [ (T e 700 (TX s 74060) (T 553 20) v 6 (3D

m!
Ny N
X (277)464<q1f =gy + Z)le) (27)*s* (qu =Gz + BZ)Kza)
o= =1
Xg} [(g4 -K1P11)2 =MZ2+ie]™ -+ [(gyy ‘K1P11 - —K1P1(N1-1))2 -M?+ie]™

XPE [(g2; ‘K2P21)2 = Mp?+ie]™ o [(gy —Kopp=*** "Kng(Nz—l))z -M?+ie]™.
2

In this expression N, =%, + m and N, =n, +m, and we have defined the new labels for the % and [ lines:
Ky =ky, Ky =ky,

Klnl =kyp K2n2 = k2n2 ’

1’
K1(n1+1) =1, Kz(n2+1) ==,
K1N1=lm7 K2N2=_lm’

The factor of 1/m! compensates for the double counting in the permutations of the points of attachment of
the [ lines.
If we here again linearize the g-line denominators and use the identity introduced in Sec. II, we obtain

—7)m( _1)t1+ng 4 4 o
A= T [T e 200, - ) f0) (T G 270020 - fl8s) Fop G0}, (D

m!

x (217)353(61, ) E1> (211)353(@2, —Gp T m) (n (‘2-’%4 215(2, + )276(24, - l)g(l)) .
The identity
5(x)6(y) = 6(x+9)6(c,x = c,9),
where ¢, +c,=1, can be used to transform the § functions:
@m)P6%(d,, — 8, + 3 KD (@1)20% @, - Tps + 2 Kp) = @0)P6%(F, - B, - Dk, - k)@ 0B+ + 30 1),
where

6= Cl(alf -, - cz(ﬁzf -4,
and

K=c1(2_‘_, k,) —cz(Z)l?z) .

For reasons that will become clear below the coefficients ¢, and ¢, will be chosen as
¢, =v/(v,+v,) and c,=v,/(v,+v,),

where v;=[q;|/q;,. With this transformation we have

A= (17 (T g 200020, 10 108) (T {5 270205 B 14(8) oy (o1, LD

x @2nPe*(P; - B, -k, -2 k,)

x [ﬂf(ﬂ(%l)? 276(2q, - 1)215(2q, - l)g(l)) @n°6* G +A + 3 T)] :

m!
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|en

The factor in large square brackets can be simplified by using the integral representations
@y’ G +A+0 )= f &rexp[-iT - (5+A + D 1)),

21r6(2q-l)=deeXp(-i2¢I'lT)s
and
g)= [ #x e D(),

doing the integrations over ;, and then using the resulting 6 functions to do the integrations over the x’s.
The term in large square brackets then becomes

266, +a,) [ & e S+ E [ix(o)]m
where
x(b)=—fdrld'rzD(x+2q1~rl+2q2'ra)

is the eikonal function for the interaction between the two g-line particles. As indicated, y depends only on
the magnitude of b, the projection of the space component of the four-vector x on the x-y plane. Summing
over all m, we find

d*ky

(2m)

Anlna =§0An1n2m = (—1)"1+"2fd2b e-‘Z’g e X® J.(H e 276(2q, - kdfﬂéﬂ)(ﬂé%% 276(2q, kz)fz(kz))

X (2063, - B, = 0 K, - N K,)215(a, +8,) e B F, . (o}, {ED).

nyng

Now consider the corresponding term in the amplitude B,,l,,2 for the process F to take place in the pres-
ence of the external potentials

®,;(x) =jzg’¥§'& et a,;(k)-

and

®,,;(%) =f(621:f)!4 e % ay, (k) :

By~ J(TL e b (TT (s ) (0B, =Py = 5 b = 5 o) (2, D

If we choose

ayj(ky;) = =216(2q, * ky;) f,;(Ry ;) emiorkuiB
and

@5,y = —275(2q, - k) f, (ky) €3825°8 |
then, using the definition of A above,

B, ()= (=11 (ng% 2620, ) (k) <Hé‘1:)?;zn5(zqz ) flks)

X (@M B, = B - Tk, - S k) e S8 E, (o} {RD).

nyn2
The other § functions can be used to transform the energy 6 function:

5(Pfo -P, =2 ko= ko) = 5(13«) =P, -7, Z)Ex -, Eﬁz)
= (v, + )7 5((v, + v,) By - By) - A,)
= (v, +v,)718(5,+ 4,),
where the last step follows because, from energy conservation in the amplitude A, we can identify P, ~ Py,
with
Qrio* Gzio =150 = oo = V1(G1is = Qups) = V2(dais = Gar)

= =(v,+1,)5,.
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(Note that our particular choice of the ¢;’s was used at this point.) This result gives

nlnz(b) ( 1)"1*"2(01""1]2)-1 (H(zkl 21]’5(2(]1 k )fl(k ))<H(2 2115(2q2 )ﬁ(kz))2ﬂ6(52+ Az)

X (27r)363(_15, -

and, comparing with the expression for A
above, we find that

ning

e (vl+v2)fd2b emi8 b gixp ().

nyny

The forms chosen for the a,; and a,; imply that

2\ 1/
®,,(x)= -(2M) 1Vu(<(r1. +c,b)? "‘(_Tit)—)l 2)

and
2\1/2
®,,(x) = -(2M5) IVZJ«("L - ;b + El_ﬂ%%) )’

where, as in Sec. III,
B W BT oS
Vir) = f oy @)

The amplitude A, involving two high-energy par-
ticles, can thus be approximately obtained from
the amplitude B for the same process to occur in
the presence of two sets of external potentials, &,
and &,, which are static and spherically symmetric
in the rest frames of the two high-energy parti-
cles, but which in the frame under consideration
are Lorentz-transformed so as to move with the
corresponding particles. In this frame the poten-
tial centers move in the +z directions and have
relative impact parameter b. The amplitude B
for this configuration is then multiplied by the
function exp{7x(d)] which accounts for the inter-
action between the two high-energy particles, by
a factor (v, +v,) exp(-i5 -b), and then integrated
over the entire b plane to give the amplitude A.

V. CONCLUSION

It was shown above that under certain conditions
a high-energy particle may be approximately
equivalent to an external moving point source: Its
influence on other particles is nearly the same as

_EEI_ZE‘Z -4 bFnlnz({p}’{k})

that of external potentials which are static and
spherically symmetric in the average rest frame
of the high-energy particle. The reason for this
is that a high~energy particle without internal de-
grees of freedom is very little affected by its in-
teractions, and the “feedback” it receives from
the other particles can be almost ignored.'® This
“as given” nature is just the identifying feature
which distinguishes external potentials or sources
from their dynamically determined counterparts.

This observation, or generalizations of it, may
prove useful in a variety of calculations. The
simple case of two interacting high-energy parti-
cles is well known,?~® and has been extended to a
restricted class of inelastic two-body collisions.®
It should also be possible to develop approximate
expressions for the absorptive corrections to
productions reactions, at least in restricted kine-
matical regions.!”

The results discussed above apply only when the
high-energy particle changes neither its four-mo-
mentum significantly, nor its internal state, either
virtually in its intermediate states or between the
real initial and final states. It is probable, how-
ever, that they can be generalized, along the lines
of some earlier work,®:® to include processes with
a single “strongly inelastic” vertex where the
high-energy particle’s state is changed significant~
ly. This would considerably broaden the class of
processes which could be treated, although almost
certainly at the expense of complicating the formu-
las.
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We demonstrate in this paper that despite the appearance of dynamical terms in the current-
commutation relations as a result of the electromagnetic interaction, one can still use the
algebra of currents to derive low-energy results,

INTRODUCTION

It is generally assumed that the algebra of the
currents is preserved even in the presence of
symmetry-breaking effects. However, when elec-
tromagnetic fields are included, two effects com-
bine to make their appearance felt in the com-
mutation relations: (1) The general principles of
quantum theory require that gradient terms be
included in the commutator of time and space com-
ponents, and (2) gauge invariance then effectively
modifies these commutation relations through the
substitution 9,~§,—ieA,. These terms can be ex-
plicitly calculated in several models, e.g., spin-
zero electrodynamics, the algebra of fields,! etc.

In this paper we show that the inclusion of these
new dynamical terms does not affect the general
results obtained from current algebra by means of
low-energy theorems, and that one can still make
model-independent calculations provided that one
is careful with relativity and gauge invariance.
Furthermore, we show that the appearance of non-
canonical terms is in fact necessary if one is to
avoid certain paradoxes.?

A LOW-ENERGY THEOREM

Consider the one-photon~vacuum matrix element
of the vector-vector current correlation function
iT*(V¥4x)Vv?(0)), namely,

Tk, q)= f dx e %y ()| T*(V(x) V¥(0))|0),
)

where the T* product is the covariant time-
ordered product®

iT*()=iT( )+ph.6%x)
and p#” is the coefficient of the gradient term in
the commutator
[Vx), V40)]16(x°) = 2V(x)6*(x)
+i(8y +ie AP (x)6%(x), (2)

with p4?” =p”4 and p%. =0. The explicit appearance
of A, in the commutator is required by gauge in-
variance.?”® Calculating the divergence of (1) in
the standard way, one obtains

iq, T2 = [ dxe™ e ity | T, (IPUONIO)

—iely | 4,0N[0) 42 VXO)0).  (3)

One can view Eq. (3) as a way of calculating the
matrix element (y[V£(0)|0). On the other hand, one
can show’ on the basis of Lorentz and gauge in-
variance alone that the matrix element of a gauge-
invariant four-vector field between the vacuum
and the one-photon state must vanish, i.e.,

(&) 7*(0)[0) =0 4)

whether J" is conserved or not. The inclusion of



