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The vertical muon attenuation curve deep underground has been analyzed through the medi-
um of a nucleonic cascade model, to yield a primary cosmic-ray nucleon spectrum in the
energy region below 40 TeV. Calculations of the angular distribution of muons underground
reproduce the Utah experimental results within about 20% without the need to postulate the
X process. At these energies it is concluded that the hadron absorption cross section is, to
good approximation, constant and geometric, and that the partial inelasticities are also con-
stant. .

I. INTRODUCTION

Muons are the most penetrating of the readily
detectable cosmic rays, and fluxes have been
measured down to a depth of 9 ~ 10' g/cm~ below
the earth's surface (9000 m of water eIluivalent).
The resulting absorption curve underground ean
be analyzed to yield both the sea-level muon spec-
trum and the primary cosmic-ray nucleon spec-
trum. ~

In thi. s report, 3n assumed trial primary nucleon
spectrum is used in combination with an extranu-
clear cascade transport code' to generate second-
ary pions throughout the atmosphere. The muons
resulting from pion decay are absorbed in the
earth and the resulting absorption curve is com-
pared with the experimental curve. Any discrep-
ancies between the theoretical curve and the mea-
sured curve can be removed by adjusting the pri-
mary nucleon spectrum and recalculating.

Using the primary nucleon spectrum obtained in
this way, angular muon distributions were calcu-
lated and compared to the angular distributions
obtained in the Utah mines. Agreement to within
20% on an absolute basis was found without postu-
lating the X process or other unconventional pro-
cesses.

H. THE NUCLEOMC CASCADE

An analytical solution to the Boltzmann equation
for hadron transport with constant geometric cross
sections and constant partial inelasticities has
been developed and applied to the case of acceler-
ator beams. ' Agreement with experiment and with
Monte Carlo calculations of the same quantities
was extremely good in the range from 1 to 18
GeV.'3

Calculations of the propagation of atmospheric

cosmic rays have also been carried out on the
same basi. s. ' In those calculations, and in the
ones described here, the atmosphere is repre-
sented as a flat isothermal slab with a scale height
of 6.7 km. The cascade is treated as purely nu-
cleonic (see Fig. 1 of O' Brien4), and the resulting
pions are either absorbed or decay to muons. Mu-
ons from kaon decay make only a small contribu-
tion to the flux and will be neglected here. ~ The
partial inelasticities used in the calculation are
taken from Ref. 5 and are given in Table I.

Secondary hadron production was calculated us-
ing the "power-law" model' which is devised so
as to agree with the partial inelasticities of Table
I and the secondary particle multiplicities of
Meyer et al. '

ln. MUON TRANSPORT
A. Muon Sfoppjng Po~qq

Muons lose energy by four processes: ioniza-
tion, pair production, bremsstrahlung, and nu-
clear interactions. The ionization loss is given
by

0.3072 Z 1.022 &&10',

where 8, (E) is the energy . loss due to ionization in
MeV cnl /g, evaluated at energy E, p Is tile IIluoll

velocity relative to the speed of light, q is the
ratio of muon momentum to muon rest mass
(= pc/m„c ), I is the ionization potential of the me-
dium in eV, Z and A. are the conventional symbols
for atomic number and weight, and 5 is the den-
sity effect. Armstrong and Alsmiller give for the
density effect'

6 =ln 8.306x10'—q'—
A I
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TABLE I. Partial inelasticities for
nucleon-a, ir collisions.

TABLE II. Properties of air and standard rock.

I
(eV)

Density
(g/cm~)

p
n

7t'

E'

0.211
0.211
0.292
0.180
0.090

Air

Sta,ndard
rock

14.485

22

7.22 93

124

x/a&

2.65

where p is the density of the material in g/cm~.
When 6 takes on negative values, it is to be re-
placed by zero.

The energy loss due to bremsstrahlung and pair
production is given by

Sb(E) = bb(Z'/A)E,

S„(E)= b„(Z'/A)E,
(2)

where E is the muon kinetic energy in MeV, bb is
the energy-loss coefficient for bremsstrahlung,
and 5 is the energy-loss coefficient for pair pro-

pp
duction. Recent calculations ' suggest a value of
a little over 4x10 for

happ
and a value of just over

3x10 ' for bb.' This is in agreement for the value
calculated by Meyer et al."for the sum of the two
processes, which is adopted, giving

s„„l)= v.34&&10-'(z'/A)E.

The energy loss due to photonuclear interactions
is given by

S,„(E)=4.26&&10"o„,E,

(3)

(4)

where o„, is the photonuclear cross section.
Meyer et al."have shown that the theoretical

and experimental muon attenuation curves at great
depths can be made to agree if a„,=250 pb/nucleon
on the assumption that the sea-level muon spectral

'Air density is a, function of atmospheric depth, and
in an isothermal atmosphere is proportional to the in-
verse scale height. Here II=6.7x 10~ cm, and x is
atmospheric depth in g/cm2.

index is 2.6. Adopting this value, the total stop-
ping power is

0.3072Z 1.022x108 2 2 6

7.34x10 '—+1.06x10 ' F...z'
A

(5)

In the calculations to follow, the earth is as-
sumed to be composed, as is customary, of "stan-
dard rock." The properties of air and standard
rock are shown in Table II.

where E is the energy the muon has at a depth x,

8. Muon Straggling

Given the sea-level muon spectrum, y„(E~, 0),
per cra' per second per steradian in the vertical
direction as a function of kinetic energy F~, the
muon spectrum in the same units at a depth ~ in

standard rock in the continuous-slowing-down,
straight-ahead approximation is given by

S(E,) '~ dE'
~~~" ) s(s) ~ ~(s')s(s')) '

(6)
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FIG. 1. Comparison of
the vertical sea-level muon
spectrum calculated in this
study with the muon spec-
tra of Osborne et al. (Ref.
14) and of Kiraly and%'olf-
endale (D-70) (H,ef. 1).
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starting from its initial energy Es, S(E) is the
stopping power in standard rock evaluated at an
energy E, and A(Z) is the-mean free path for muon
decay per g/cm'.

The relationship between E, E~, and ~ is given
formally by

~& dZ'
S(Z')

and the decay probability is obtained from

aw)=( ,)cap,

(6a)

(6b)

where P is the muon momentum, c is the velocity
of light in vacuo, 7. is the rest-frame muon lifetime
(= 2.2 gsec), and p is the density of standard rock.
The stopping power is written as

S(E) =S,(E)+5.1x10 E.
Equations (6) assume that slowing down is con-

tinuous. However, the bremsstrahlung and photo-
nuclear processes involve large energy transfers,
and underground muon fluxes calculated by Eqs.
(6) will be too large. This effect amounts to only
about a factor of 2 in 1 Mg/cm' (1 Mg/cm' =10'
g/cm' =104 m of water equivalent). By comparison,
the sea-level muon flux has been attenuated by
about 9 orders of magnitude. This is the sort of
change in intensity that would be brought about by
a small reduction in the stopping power, and sug-
gests that the effect of fluctuations on muon pene-
tration to great depths can be accounted for by us-
ing a modified stopping power. Accordingly, in-
troduce

S~(E) =S,.(E)+ZfE,

where F is chosen so that when S~(E) replaces S(E)
in Eqs. (6) the correct flux is obtained.

Kobayakawa has calculated the ratio

f dEp~(E, r) (8)R(r)= '
f dEy„(E, r)

where y ~(Z, r) is the muon flux with straggling
taken into account, for sea-level muon spectra of
the form

(E 0) acE -Y-i .
He shows that y = 2.5 well represents the under-
ground attenuation data, and that the ratio R (r) is
insensitive to the parameters of the calculation.

Kobayakawa's work is applied to this study by
choosing a value of I' which, when y= 2.5, gives
values of R(r) which agree with his results. By
this means I' is determined to be 0.9275. The pre-
cise ratios obtained are shown in Table GI. The
largest discrepancy with Kobayakawa's results in
this representation is 6%.

IV. THE TRIAL PRIMARY SPECTRUM

The vertical pion, nucleon, and muon spectra at
sea level were calculated in the energy range
1-1000 GeV by means of the theory discussed in
Sec. III.' Agreement using the primary spectrum
proposed by Peters" was excellent. The integral
nucleon flux per cm' per second per steradian is
obtained from

log, oy (&E) = n —0.0495[11.9 + log„(1.V + E)]', (9)

where y(&E) is the integral flux of nucleons with

energy greater than F., E is the nucleon energy in
GeV, and a is 6.885.

For the transport calculations the differential
form is required, this is obtained by differentiat-
ing Eq. (9),

log»y(E) = (n —8) —0.0495[11.9+log»(1.V+E))'

+ log„(0.099[11.9 + log, (1.l E)+]/(1.7 + E)),

(10)

where y(E) is the differential nucleon'flux per
(cm'sec MeVsr) at E GeV. When the total particle
spectrum is wanted, +=7.03, and when the proton
spectrum is wanted, o. = 6.73.

TABLE III. Comparison of the ratio of the cosmic-ray muon flux calculated neglecting
straggling, and including its effect as obtained in this study and as obtained by Kobayakawa
{Ref. 12).

Depth
(Mg/cm2)

Present study
(E=0.9275) Kobayakawa

% Difference
[QC —Ps)/K] x 100

0.4

0.6

0.8

1.0

0.85

0.66

0.53

0.43

0.84

0.70

0.55

0.43

1.2

5.7

3.6
0.0
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spectra obtained by Osborne et al.'4 and by Kiraly
and Wolfendale' (known as D-70) are shown for
comparison. At energies below 1 TeV agreement
with the Osborne et al.'~ spectrum is very close
as this is based on the same data as the compari-
son carried out earlier. ' Above 1 TeV both the
Osborne et al. spectrum and D-70 depend on an
analysis of underground muon fluxes, the main
difference being that the later curve for D-70 as-
sumes a larger value for the stopping power. Re-
ferring to Eq. (6c), the high-energy part of Os-
borne et al. was derived on the basis of

N
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FIG. 2. Comparison of the vertical muon attenuation

curve underground calculated in this study, using the
primary cosmic-ray nucleon spectrum of Peters (Ref.
13), with experimental data (Refs. 10 and 15-20) and the

. world-wide survey data of Larson (Ref. 21).

S(E) = a+bE,

with b a constant having a value of 4.0X 10 '
I
here,

as in Eq. (6c), E is in MeVj, whereas the later
spectrum was derived on the basis that b had the
value 4.1 x 10 ' at, 1 TeV and 4.3 x10 ' at 10 TeV.
The results of both Osborne et al. and D-70 lie be-
low the calculated muon flux. Had the value for 0
of 5.1&&10 ' suggested by Meyer et al."been used
by these authors, the difference between the spec-
trum calculated for the present study (by the
methods of Ref. 6), which at high energies has al-
most no dependence on the form of the stopping
power, and the spectra derived from the under-
ground data, which are very sensitive to it, would

be quite small. As it is, the ratio between the
calculated spectrum and D-70 at 10' GeV is 1.4
to 1.

V. C'ALCULATED MUON FLUXES

UNDERGROUND

A. The Incident Muon Spectrum

The trial primary spectrum yields a muon spec-
trum at sea level as shown in Fig. 1. The two

B. The Vertical Muon Attenuation Curve

The calculated and measured vertical. muon at-
tenuation curve is shown in Fig. 2. Agreement
with experimental data is quite good " over
the whole range of depths, indicating that the trial
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FIG. 3. Calculated ver-
tical muon spectrum at a
depth of 9 x 10 g/cm of
standard rock.
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TABLE IV. Energy interval of the sea-level muon

spectrum that governs the muon flux at a given depth
underground.

Depth

(Mg/cm2)

Muon spectrum
Lower Upper
limit limit
(GeV) (GeV)

0.10

0.15

0.20

0.25

0.30

0.35

0.40

0.45

0.50

0.55

0.60

0.65

0.70

0.75

0.80

0.85

0.90

0.95

1.00

2.41 x 102

4.11x 102

6.26 x 102

9.00 x102

1.25 x 103

1.68 x 103

2.24 x 103

2.94 x103

3.83 x103

4.96 x 103

6.39 x103

8.21 x10'

1.05 x 104

1.34 x 104

1.71 x104

2.18 x104

2.77 x104

3.52 x104

4.47 x 104

4.p1 x10'

6.14 x 10'

8.84 x 102

1.23 x10~

1.66 x10'

2.21 x103

2.90 x10~

3.78 x103

4.90 x103

6.31x103

8.10 x103

1.04 x104

1.32 x104

1.69 x 104

2.15 x104

2.73 x104

3.47 x104

4.41 x 104

5.60 x104

spectrum is essentially correct up to the highest
energies considered. It is convenient to include
the fit to the world survey of muon data made by
Larson, ~ since these points are the basis for the
Utah anomaly, to be discussed later. It should be
noted that the points from this fit shown in Fig. 2
are not independent of the other data.

To determine the primary spectral energy which
controls the muon intensity at a given depth, it is
necessary to know the shape of the underground
muon spectrum. The calculated muon spectrum
at 0.9 Mg/cm' is shown in Fig. 3. Spectra at
other depths and zenith angles differ somewhat in
their flatness and the rate of "roll-off ' above 100
GeV, but all are qualitatively similar in shape
and in that 50% of the muons lie in the range 0.1
to 100 GeV. This range of energies is adopted to
provide an indication of the dependence of the re-
sponse of underground muon detectors on the sea-
level muon and primary nucleon spectra. We per-
form the integration' [Eq. (6a)]

f p(E')F, „odE'

(-: -".'. )' (12)

where y(E') is the primary differential cosmic-
ray nucleon flux, I'„„is the number of pions pro-
duced at an energy E', cr is the (geometric) reac-
tion cross section, v.„is the rest-frame decay time
of the charged pion (= 26.02 nsec), H is the scale
height (= 6.V x10' cm), and x is the atmospheric
depth of pion formation (= 100g/cm2) 22 Noting
that 0 is constant and representing E,„by the
power-law model, ' then, at high energies,

V,(E) ~ V(E) (13)

and the muon energy intervals can be converted
by Eq. (11) to the corresponding intervals of the
nucleon spectrum. These intervals correspond to
an approximate threshold, the lowest energies of
the primary cosmic-ray nucleon spectrum which
can produce the muon fluxes at a depth r to which
the muon detectors principally will respond, as
the integral of Eq. (12) indicates. On this basis
[i.e., Table IV and Eq. (11)] it can be seen that
the deepest point, of Meyer et al., ' corresponds
to about 3.6x10~ GeV in the primary spectrum and
about 2.7@10~GeV in the sea-level muon spectrum.

A knee exists in the attenuation curve at 0.5
Mg/cm', dividing it into two regions with different
behavior. This can be explained as follows. First,
approximate the vertical sea-level muon flux by

P„(E~, 0) =ARE (14)

At low energies, y=. 2.3 (see Fig. 1), and the stop-
ping power [Eq. (7)] is

S~(E) = -1.88. (15)

Substituting Eqs. (14) and (15) into Eq. (6) gives

y„(~)~~ ".
At high energies

dz'
g S (E')

for a fixed ~; with E = 100 Me V we obtain the lower
limit and with 8 =100 GeV the upper limit of the
energy interval of the spectrum of the sea-level
muons that sl.ow down into that region. The results
of this calculation are shown in Table IV. The
corresponding energy range of the primary nucleon
spectrum is gotten by noting that the relation be-
tween a muon produced through pion decay and the
initiating pion is

Z„+ (m„/m„)R, =0.76 E,
and that
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S'(Z) = re
and y= 2.7 (Fig. 1 again). This results in

(17)

cp„~ exp (-Fybr) = exp (-12.8r) .
Meyer et al."have carried out a least-squares

analysis of the vertical muon data at depths
greater than 0.4 Mg/cm' of standard rock, fitting
them to

(18)

y„~exp ( r/-A). (»)
/

They obtained X =0.0804", o»'3", Mg/cm' Comparing

Eqs. (18) and (19) it is seen that A. =1/Fyb =0.0781,
which is excellent agreement. This is also indi-
cated in Fig. 2. The knee in the curve occurs in
the region of the transition between the part of the
absorption curve governed by Eq. (16) and the part
governed by Eq. (18).

C. The Primary Spectrum

The tria, l spectrum in Eqs. (9) and (10) is based
on geomagnetic data at low energies, the emulsion
data of Kaplon 8t al. and Barrett et aI.,"and the
Linsley air-shower data at high energies. '4 This
spectrum, Eq. (9), is shown in Fig. 4 along with
other emulsion measurements, ' ' two extensive
air-shower (EAS) measurements, '~ "and two sat-
ellite measurements. '

The spectrum inferred by Brooke et@I,."from
sea-level nucleon measurements has not been in-
cluded, as it has been shown that the sea-level
spectrum can be obtained from the trial spectrum,
Eq. (10).'

It is noted at this point that the primary spec-
trum below 10' GeV is assumed to be 91.5% pro-
tons, 6.5% n particles, and 1% heavier nuclei, '3

so that EAS measurements of the integral particle
spectrum are multiplied by 0.7 and measurements
of the proton spectrum are multiplied by 10/7 to
reduce them to the same footing, which in this
case is the nucleon spectrum.

Finally, the results of Kir@.y and Wolfendale'
are included. This spectrum, like the one in Fig.
1 on which it is based, is marked D-70.

The trial primary spectrum agrees with most of
the emulsion data (except McCusker and Peak" ),
and is consistent with the Bolivian Air Shower
Joint Experiment (BASJE) data reported by La
Pointe etal."In addition, while it lies above D-70,
the difference may be due to the nuclear model as-
sumed in going from the muon data of Fig. 1 to the
nucleon data of Fig. 4, since the muon spectra of
Fig. 1 are considerably closer together.

The trial primary spectrum yields an attenuation
curve in excellent agreement with measurement as
has been noted above and shown in Fig. 2. The
last point, however, corresponding to about
3.6x10' GeV in Fig. 4, is 2 standard deviations
below the calculated line (-30%), and suggests that
the trial spectrum is somewhat too high starting
somewhere around 2x10 GeV. If this were so, it
would agree more closely with D-70 and with the
BASJE data than it appears to now. It is felt that
further measurements deeper than 0.8 Mg/cm'
would 5e required to settle the point.

The behavior of the satellite data remains an
unsolved problem. Grigorov etal."have attempted
to show that the "Proton" satellite data are con-
sistent with the atmospheric nucleonic fluxes if an
energy-dependent cross section for nucleon ab-
sorption is used. This possibility, cannot be ruled
out, out of hand, but it does not appear likely as
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FIG. 5. Cosmic-ray muon flux at a depth of 2.4 x105
g/cm2 as a function of the secant of the zenith angle 0*
calculated in this study and measured by Bergeson
et al. (Ref. 34).

FIG. 6. Cosmic-ray muon flux at a depth of 4 x10
g/cm2 as a function of the secant of the zenith angle 8*
calculated in this study and measured by Bergeson
et al. (Ref. 34).

both the nucleon spectrum up to 4 TeV (Ref. 5) and
the muon spectrum up to 10 TeV in this paper
have been calculated with the trial spectrum and
constant cross sections, and have yielded good
results. The sea-level nucleon spectrum and the
sea-level muon spectrum depend quite differently
on the nucleon absorption cross section used and
it is difficult to see how both spectra can be cor-
rectly calculated unless both the incident cosmic-
ray spectrum and the cross sections are essen-
tially correct.

To recapitulate, the nucleon spectrum adopted
here, Eqs. (9) and (10), is in agreement with the
earlier emulsion measurements of the primary
cosmic-ray spectrum, and consistent with the
BASJE air-shower measurements, though strongly
disagreeing with the "Proton" satellite data and
with the satellite data of Pinkau et al. In addition,
there is some evidence from the underground muon
measurement of Meyer etal. '0 that the trial spec-
trum is too high above about 20 TeV, which would
lead to better agreement with D-70 and Barrett
et al." The nucleon spectrum adopted here yields
good agreement with the sea-level muon spectrum
up to 10 TeV, the sea-level nucleon spectrum up
to 4 TeV (Ref. 5), and the vertical muon attenuation
curve down to a depth of 0.87 Mg/cm', correspond-

ing to a primary nucleon energy of about 36 TeV.

D. The Utah Measurements

Bergeson et al.""have proposed the existence
of a process, the X process, that operates between
1 and 4 TeV, in order to explain the measured
angular distributions obtained in the Utah mines.
Certainly Eqs. (18) and (19) indicate that the ver-
tical underground muon fluxes at greater depths
than 0.5 or 0.6 Mg/cm' (primary nucleon energies
5 or 10 TeV) are inconsistent with the X process,
in agreement with the observation of Bergeson
etal. for these energies. However, 1-4-TeV mu-
ons correspond to a depth range 0.25 to 0.5 Mg/cm'
which is the transition region between "low-energy"
slowing down, as described approximately by Eq.
(16), and "high-energy" "catastrophic" slowing
down described by Eq. (18), so that qualitative
arguments based on the vertical flux alone are in-
sufficient.

In Figs. 5-7 angular muon fluxes underground
are calculated by means of Eqs. (6) and (7) and
compared with the Utah results. " The first and
the last of these were chosen to lie outside the
range of the X process and the middle graph was
chosen to correspond with the depth where the ef-



604 KERAN O' BRIE N

5xlo 10 6

DEPTH = 0.8 Mg/cm

4xlO Io—

IO 7—

3xlo-Io
I

OJ
E

2xlO IO—

I

EA

EP lO-8—
CU

E
CJ

lO-IO

lo-9—

sece*

I

7
lO-Io I I I I I

0.2 0.3 0.4 0.5 0.6 0.7

Mg/cm~

FIG. 7. Cosmic-ray muon flux at a depth of 8 x10~
g/cm~ as a function of the secant of the zenith angle 8~

calculated in this study and measured by Bergeson
et al. (Ref. 34).

FIG. 8. Comparison of the muon attenuation curve
underground at a zenith angle of 65' calculated in this
study with the measurements of Bergeson et al . (Ref. 34).

lo
feet is expected to be maximum.

Typically, calculation and measurement are
within 20%, but the discrepancy is frequently
larger than would be predicted on the basis of the
size of the statistical errors alone and the experi-
mental values seem to have a different shape than
the experimental curve. The world survey data of
Larson" to which allusion has already been made,
and which anchor the Utah data at 0, are in agree-
ment with the calculated 0 data as has already
been shown (Fig. 2).

In Figs. 8 and 9 attenuation curves for fixed
zenith angles of 65' and 75 are shown. Here ex-
perimental and theoretical curves have the same
shape. The agreement between theory and calcu-
lation is excellent in Fig. 8. In Fig. 9, the dis-
crepancy is independent of depth and hence of en-
ergy, and thus cannot be due to the X process.
The X process would cause the experimental data
to deviate downwards near 0.4 Mg/cm' in both
cases.

VI. CONCLUSIONS

I
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E
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lo-8—
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Mg/cm~

Calculations of cosmic-ray propagation in the
atmosphere and underground have been carried out
making the following assumptions:

FIG. 9. Comparison of the muon attenuation curve
underground at a zenith angle of 75 calculated in this
study with the measurements of Bergeson et al. (Hef. 34).
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(1) The hadron-nucleus absorption cross section
is constant, and geometric (at least out to 50 TeV).

(2) The muon photonuclear cross section is 250
pb per nucleon.

(8) The multiplicity of shower particles is the
same as that given by Meyer etal. '

(4) The partial inelasticities (see Table I) are
the same as Ref. 5.

(5) There is no X process.
It was concluded that the primary integral nu-

cleon spectrum is given by

log»[y(&E)j =6.8 85- 00495[11. 9+1 go»(1. 7+E)]',

g& 4x10' GeV,

where E is in GeV, and y(&E) is in (cm' sec sr) ',
plus the five assumptions given above, because
this spectrum reproduces the vertical muon attenu-
ation curve down to a depth of 0.87 Mg/cm' and
the angular muon spectra of the Utah group'4 to
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