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Differential cross sections for electrons scattered inelastically from hydrogen have been
measured at 18°, 26°, and 34°. The range of incident energy was 4.5 to 18 GeV, and the
range of four-momentum transfer squared was 1.5 to 21 (GeV/c)?.. With the use of these
data in conjunction with previously measured data at 6° and 10°, the contributions from the
longitudinal and transverse components of the exchanged photon have been separately deter-
mined. The values of the ratio of the photoabsorption cross sections gg /0 are found to lie
in the range 0 to 0.5. The question of scaling of 2M,W; and vW, as a function of w is dis-
cussed, and scaling is verified for a large kinematic range. Also, a new scaling variable
which reduces to w in the Bjorken limit is introduced which extends the scaling region. The
behavior of o and og is also discussed as a function of v and ¢°. Various weighted sum rules

of vW, are evaluated.

I. INTRODUCTION

The measurements we report here extend our
earlier study of inelastic electron-proton scatter-
ing at forward angles® to larger angles (), higher
four-momentum transfer squared (¢g?), and higher
electron energy loss (v), and allow a separation of
the two electromagnetic structure functions of the
proton. We present the results of the separation
with a discussion of the g2 behavior of these func-
tions and of the implications of the measurements
with regard to the question of scaling, The differ-
ential cross sections d2g/dQdE’ for inelastic
electron-proton scattering have been measured at
the Stanford Linear Accelerator Center by detect-
ing the scattered electron at laboratory angles of
18°, 26°, and 34°. Measurements were made at
incident energies between 4.5 and 18 GeV and at
scattered electron momenta between the limit set
by elastic scattering kinematics and 2, 1.75, and
1.5 GeV/c, respectively, for the three angles.
These measurements have been combined with our
earlier measurements at 6° and 10° to provide a
separation for various values of ¢? in the range
from 1.5 to 11.0 (GeV/c)? over a range of W, from
2.0 to 4.0 GeV, where W is the mass of the unob-
served hadronic state.

In making the separation we have found it con-
venient to use the representation for the differen-
tial cross section employing the absorption cross
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sections, o, and oy, for virtual photons with trans-
verse and longitudinal polarization components,
respectively.?® In the limit as ¢~ 0 gauge invari-
ance implies o -0 and g,-0y,, the latter the to-
tal photoabsorption cross section for real photons.
On the assumption of one-photon exchange, the dif-
ferential cross section in the laboratory frame can
be written as follows:

d*o(0,E,E")
T dQdE’ Trfon(q?,W?)+ €os(q?,W?)],

_a KE [ 2
=7 (=) (1)
o 1
T1+2(1+v%/q %) tan®(3 9)

The quantity K =(W?-M,?%)/2M,, where M, is the
rest mass of the proton, v=E-E’, and ¢°
=4 EE’sin®(360), where E is the incident electron
energy and E’ is the scattered energy. The mea-
surements were taken over a large region of ¢2-
W? space as shown in Fig, 1, in order to provide
a sufficiently fine grid of data so that the unfolding
of radiative effects could be accomplished in a mo-
del-insensitive way, Radiatively corrected cross
sections at constant values of ¢% and W2 for differ-
ent values of € (which correspond to different
values of 6) allow the separate determination of op
and og, which yields R, defined as ¢g3/0 .

The differential cross section can also be ex-

y 0<ex1,
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FIG. 1. The regions of the kinematic q%-W? plane
covered by the measurements at 18°, 26°, and 34°. The
symbols show where cross sections were measured.

The shaded area in this figure and the area marked “Sep-
aration Region” in Fig. 4 represent the region where data
at three or more angles exist. Previously measured 6°
and 10° data were also used in the separations.

pressed in terms of two structure functions W, and
W, (Ref. 3) such that

dza —4a2(El)2
dQdE’' =~ ¢t

[W,(q?W?) cos?(36)
+ 2W,(q%,W?)sin®(36)]. (2)

These structure functions are related to the two
absorption cross sections for virtual photons in the
following way:

K q°®

K
Wl =41T2(IOT .

3)

Thus the structure functions W, and W, may be
found directly from the values of ¢, and g; from the
separation procedure,

II. EXPERIMENTAL METHOD

The experimental equipment and techniques used
in this experiment were very similar to those used
in an experiment in which the elastic form factors
of the proton were measured to large ¢%.* Thus
the emphasis here will be placed on problems spe-
cific to this experiment and on modifications to the
apparatus based in part on the experience gained
during the past several years, since the elastic
scattering measurements, with the SLAC spectrom-
eter facility. The incident electron beam, vary-
ing in energy between 4.5 and 18 GeV, was typically
momentum-analyzed to Ap/p =+0.5% and was fo-
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cused at the target to a spot approximately 3 mm
high and 6 mm wide. The uncertainty in the abso-
lute energy of the beam was +0,2% independent of
energy. The incident-beam position and angle,
monitored continuously throughout the experiment
with two retractable zinc sulphide screens located
upstream and a fixed screen located just down-
stream of the hydrogen target, remained constant
both horizontally and vertically to +1 mm and +0.1
mrad, respectively, The number of incident elec-
trons was measured to an absolute accuracy of
+0.5% by two toroidal beam monitors which were
intercalibrated with a Faraday cup several times
during the experiment. No energy dependence of
the monitor calibration was observed to this level
of accuracy. Collimation studies of the incident
beam were made to eliminate the possibility of a
low-energy, large-area beam halo which could in-
troduce systematic errors in the data taken at low
secondary momenta,

The liquid-hydrogen target was specially de-
signed to accommodate the very large beam inten-
sities used in this experiment.® These intensities
were as high as 50 mA, in a 1.6-usec beam pulse.
Beam repetition rates up to 360 times per second
were employed. The condensing target contained
a pump which recirculated the liquid hydrogen in
a closed loop from the target cell through a heat
exchanger in contact with a liquid-hydrogen reser-
voir., Extensive tests showed that the recirculation
eliminated variations of target density with varia-
tions of electron-beam cross-sectional area and
intensity, to an accuracy of 2% in the scattering
cross section. In addition, the density was shown
to be constant within +1% throughout the actual ex-
periment by detecting with the SLAC 1.6-GeV/c
spectrometer protons recoiling elastically from
the target. The density of the liquid hydrogen was
0.070 g/cm® determined from the temperature of
the hydrogen measured by two hydrogen vapor-
pressure thermometers inserted in the target
above and below the beam line, The 7-cm-diame-
ter target cell was an aluminum cylinder with
0.003-in.-thick walls. The wall contribution to the
scattering was measured by using an identical, but
empty, aluminum cylinder mounted directly below
the target assembly. Scattering from the replica
target and other windows was typically 10% of the
full target rate.

The scattered particles were momentum-ana-
lyzed by the SLAC 8-GeV spectrometer.* The
spectrometer focused point-to-point and dispersed
momentum in the vertical plane, and focused line-
to-point and dispersed the horizontal scattering
angle in the horizontal plane. The momentum dis-
persion was approximately 3 cm per percent and
the horizontal projected angle dispersion was ap-
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proximately 4.5 cm per milliradian, The magnets
were calibrated to the same standard shunt as the
magnets defining the incident beam energy. The
alignments of the magnetic elements were fre-
quently monitored during the experiment, All ob-
served misalignments were such as to change a

ray by less than one fifth of the designed resolution.

An attempt was made during this experiment to
understand and reduce the uncertainty in the solid-
angle acceptance of the spectrometer which had
been used in the previous elastic scattering experi-
ments.* As described in-Ref, 4, a computer model
of the spectrometer has been derived which satis-
factorily reproduced the optics measurements ob-
tained by directing the incident beam into the spec-
trometer and mapping out the acceptance with a
large family of rays of various energies and angles.
Based on this model, lead apertures, each several
radiation lengths thick, were installed in the spec-
trometer to define more sharply the acceptance
and to simplify the acceptance calculations. The
vertical projected angular acceptance, approxi-
mately 60 mrad, was defined by a lead aperture
located before the last quadrupole magnet. The
total acceptance of the spectrometer AQ(Ap/p) was
25.4 mrad®, This was calculated analytically and
by a Monte Carlo method. The calculations agreed
to +1%.

Particle detection, identification, and angle-mo-
mentum measurements were accomplished by a
system of detectors consisting in sequence of a
threshold gas Cerenkov counter (C), a large trig-
ger counter consisting of five .overlapping plastic
scintillation counters, a scintillation-counter hodo-
scope of 55 vertical elements to measure particle
scattering angles, a scintillation-counter hodoscope
of 41 horizontal elements to measure particle mo-
menta, another large trigger counter identical to
the first, a telescope of three scintillation counters
preceded by one radiation length of lead (DEX), and
a total absorption, lead-Lucite shower counter
(TA). The hodoscope and trigger counters were
the same as those used in the elastic electron scat-
tering experiment of Kirk et al.*

The two orthogonal hodoscopes defined the reso-
lution of the spectrometer to +0.05% in momentum
and +0.15 mrad in horizontal scattering angle, A
restricted set of these hodoscope counters was
used to define a smaller acceptance to investigate
possible effects due to scattering from the lead that
masked the hodoscopes. Average cross sections
calculated with the total acceptance and with the
restricted acceptance agreed to +1% in the case
where the cross sections were not strongly vary-
ing with momentum. The calculations of the accep-
tance were considered accurate to +2%. Further
details on the spectrometer and the acceptance
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calculations may be found in Ref, 6.

After each event, an on-line computer system,
utilizing an SDS 9300 computer, scanned the hodo-
scope buffers, the charge monitors, and six ana-
log-to-digital converters. This information was
written on magnetic tape for later analysis. A con-
tinuously updated cross section as well as updated
detector efficiencies and inefficiencies due to hodo-
scope multiple tracks were evaluated on line using
a fraction of the events written on tape. The larg-
est instantaneous counting rates occurred in the
large trigger counters and were kept less than 5
per machine pulse by regulating the incident-beam
intensity. The fast electronic dead-time effects
were less than 3%. The number of events per
pulse was kept at a rate less than 0.3 events per
pulse.

III. DATA ANALYSIS

The electron yields and cross sections for a par-
ticular E, E’, 0 setting, target type, and spectrom-
eter polarity were calculated by counting the num-
ber of events on the data tape satisfying three dif-
ferent requirements, allowing successively greater
electron-pion discrimination. The discrimination
requirements were (a) a large pulse height from
the TA counter corresponding to a 99% efficiency
for a pure electron sample; (b) a signal from the
Cerenkov counter plus requirement (a); and (c)
large pulse heights from all three DEX scintilla-
tion counters plus condition (b). Where the three
cross sections agreed within statistics the least
restrictive requirement having the largest number
of successful events was used. All events were
required to have good signals from both trigger
scintillation counters and to represent particles
unambiguously passing through the restricted set
of hodoscope counters.

Discrimination of electrons from pions became
a problem at the lowest secondary energies. The
largest pion-to-electron ratio encountered was
about 300:1 where the pion rejection of the com-
bined system (C DEX TA) was about 2x10%: 1, and
the electron efficiency was 0.74. This low effi-
ciency was due to the DEX system which had an
energy-dependent efficiency for electrons that
ranged from 0.74 at 2 GeV to 0.88 at 8 GeV and
had an uncertainty of +1.5%. For most points,
DEX was not used, and the electron efficiency
was 0.97. The largest correction for residual
pion contamination was 4%; generally it was less
than 19%.

Corrections were made for the electron detection
efficiency of all counters, for the computer logging
deadtime (less than 15%), and for ambiguous hodo-
scope bit patterns (typically 7%). The final mea-
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sured cross section was corrected by subtracting
the cross section for electrons scattered from the
target walls and the contribution from electrons
coming from 7° decay and pair production. This
contribution was measured by reversing the polar-
ity of the spectrometer and was negligible over
most of the spectra except at the lowest scattered
energies where it was always less than 25%.

The measured cross sections were corrected for
radiative effects using the formulas in the Appen-
dix. We here describe the procedure in a qualita-
tive way. First, the elastic radiative tail was sub-
tracted. This was calculated using the formula of
Tsai” for electron bremsstrahlung during the elas-
tic scattering which is exact to lowest order in a.
Radiative-energy degradation of the incident and
final electrons by the surrounding target material

was also included along with corrections for multi-.

ple-photon effects and radiation from the recoiling
proton. After the subtraction of the elastic tail,
the inelastic radiative effects were removed in an
unfolding procedure using a peaking-factorization
approximation which allowed the radiative tail to
be expressed as the sum of two one-dimensional
integrals involving the previously corrected cross
sections at the same angle. The particular version
of the peaking-factorization approximation used
was determined by a direct comparison with an ex-
act calculation of the inelastic radiative tail, as-
suming a model which approximated the experi-

mentally determined inelastic form factors.

The inelastic radiative-tail corrections were as-
signed an error of +10% of the correction to take
into account both the inaccuracy of the peaking ap-
proximation and errors introduced by interpolation
of the cross section. The different methods of in-
terpolation used changed the corrected cross sec-
tions by less than half of the statistical error. The
elastic tail corrections were assigned an average
error of +3% of the correction which reflects un-
certainties as large as 5%. The maximum total
radiative correction was 30%, and the corrections
were generally smaller than those at the lower
angles.’

Elastic electron-proton scattering was measured
for nine combinations of incident energy and scat-
tering angle. These data were taken for two rea-
sons: (1) comparison of these data with the elastic
data taken earlier at SLAC* provided a check of the
over-all normalization of this experiment; (2)
comparison of these data with those taken earlier
at 6° and 10° with the 20-GeV spectrometer® pro-
vided an inter-spectrometer normalization check
so that the two sets of inelastic data could be used
together to determine separately the two structure
functions.

Two different analyses of the elastic data were
carried out. In the first, cross sections were cor-
rected for the effects of radiation using an unfold-
ing method described in Ref. 4. In the second, the

TABLE I. The principal sources of uncertainty in the final cross sections, excluding count-
ing statistics, are summarized in this table, The uncertainties with point-to-point variation
were combined in quadrature with the counting statistics (with the exception of the DEX un-
certainty, as noted) to arrive at the cross-section errors given in Table II. These are our
estimates of the standard deviations. An over-all normalization uncertainty, which we take

to be £5%, is not included in Tables II or III.

Over-all
Point-to-point normalization
variation uncertainties
(%) (%)
Energy and angle of incident beam 0 +0.5
Charge monitor +0.3 +0.5
Target thickness. (g/cm?) +1 £2
Spectrometer acceptance +1 +2
Counter efficiencies
TA 0 +0.5
Cerenkov 2 0 £1
DEX? £1.5° £1.5
Electronic deadtimes <%l 0
Pion contamination =+2 0
Radiative correction
Elastic tail +3% of correction 0
Continuum +10% of correction 0

2The uncertainty appropriate to this counter is only relevant to those runs where the count-

er was employed in the analysis.

bThis contribution was added linearly after the others had been combined in quadrature.
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theoretical cross section was folded with radiation TABLE II. Radiatively corrected differential cross
effects, the incident energy spectrum, and the sections for inelastic electron-proton scattering. All
spectrometer resolution using the elastic form measured points with W =1.8 GeV are listed. The er-
factors previously reported by the MIT-SLAC col- rors a‘re approximately statlstlc'al standard dev%atlons.
e A i . An estimated over-all systematic error of +5% is not
laboration® together with the elastic scattering included.
measurements taken at 6° and 10° with the 20-GeV
spectror.neter. These predictions were then com- 0 E E 26/dQdE"
pared with the measurements. Both methods gave deg) (GeV) (GeV) (10~% cm?/sr GeV)
similar results, indicating that any relative sys-
tematic errors between the present apparatus and 18 4.501 2.250 7600 +430
the 20-GeV spectrometer are not apparent com- 2.000 7000 £450
pared with the statistical errors of approximately
3%. This result is especially important for those 6.503 8.500 1879 + 54
. 3.000 2413 + 75
separations of 0, and o4 that also rely on data tak- 2.500 2593 : 98
en at small angles with the 20-GeV spectrometer. 2.000 2510 £120
Typically, a systematic 3% difference between the
6° and 10° data and the present data would change 8.598 4.780 460 = 15
the ratio R=0g/0, by 0.06. This uncertainty is 4.500 572 £ 17
small compared to the statistical errors in the 4.000 79+ 44
values of R. , 3.500 957  * 36
. . 3.000 1036 + 50
Tgble 1 contalfls .a summary ‘of the estimates of 2.500 1229 65
various uncertainties. 2.000 1330 +£130
Figure 2 shows the radiatively corrected spec-
trum for E =18 GeV, and 6=26° along with the ra- 10.404 5.500 180.6 + 6.3
diative correction factor, defined as the ratio of 5.000 284 + 10
the final corrected cross section to the measured 4.500 409 £ 16
cross section. 3.940 512+ 23
3.500 604 + 32
3.000 630 + 40
IV. RESULTS 2.500 751 £ 47
2.000 801 + 99
Table II gives the values of the radiatively cor-
rected cross sections for which W=>1.8 GeV. The 13.299 7.000 19.88 = 0.90
quoted errors reflect both counting statistics and 6.500 492 = 1.9
the parts of other estimated uncertainties that have 6.000 93.0 = 3.6
point-to-point variation, two of which are the er- 5.500 1358 * 5.6
rors described above for the elastic and inelastic i‘ggg ;32'2 i 1;'7
radiative tails. Not included is an additional over- 4:000 263 + 91
all systematic error that is estimated to be +56%. 3.500 306  + 28
The shaded area of the ¢2-W?2 plane in Fig. 1 3.090 315 + 23
shows the kinematic range over which og and o, 2.500 4117 + 49
can be separated requiring data at a minimum of 2.000 533 + 74
three values of € (i.e., using the data taken at 6°,
10°, 18° 26° and 34°). Actual data points at dif- 17.000 8.000 7.08 * 0.35
ferent angles for the same values of ¢% and W? ex- 7.500 15.17 = 0.56
. 2 ; 7.000 29.9 =+ 1.1
ist only for ¢?=4 (GeV/c)?; W=2, 3, and 4 GeV. 6.500 s & 17
However, the data at each angle are sufficiently 6.000 643 + 2.6
finely spaced that they can be reliably interpolated 5.500 86.9 * 3.4
to a particular point in the ¢*-W? plane. Separa- 5.000 1011 = 74
tions with several different interpolation methods 4.500 122.8 = 9.4
indicated that the results were insensitive to the 4.000 145 =+ 12
particular procedure used. Interpolations at twen- 3.500 173 = 16
ty points (¢%, W?) were chosen to represent the ac- 3.000 191+ 20
cirs 2.500 239 + 31
tual amount of data taken within the shaded area of 2.000 271 + 54
Fig. 1, some emphasis being placed on those areas
with data at four or five values of €. Figure 3 26 4.494 2.000 1410 + 67
shows four examples of € plots used to obtain these 1.800 1518 + 81

ratios. The assumption of one-photon exchange,
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TABLE II (Continued)
0 E E' d*0/dQdE’ 0 E E’ d*c/dQdE’
deg) (GeV) (GeV) (10~% em?/sr GeV) deg) (GeV) (GeV) (10~% cm?/sr GeV)
26 6.700 2.940 212.6 = 17.8 26 18.030 3.750 12,9 £ 1.2
2.750 283.1 *= 10 3.500 15.3 = 1.7
2.500 340 +* 14 3.250 21.5 = 1.7
2.250 407 + 19 3.000 25,7 = 2.5
2.000 504 + 25 2,750 32,9 = 4.1
1.750 585 + 51 2.500 394 £ 5.2
. . + .
8.696 3.750 32.2 = 2.0 2.250 45.7 7.3
2.000 56 + 10
3.500 57.2 = 3.0 1.750 81 + 16
3.250 91.7 = 3.7 :
3.000 119.9 = 5.0 34 4,501 1.600 404 + 22
2.750 154.9 = 6.8 1.400 533 + 31
2.500 195.5 = 9.7 1.200 652 + 41
2.270 229 = 12 5.795 2.020 108.0 + 7.6
2.000 275 + 17
1.750 317 + 20 1.750 175.3 £ 9.6
‘ 1.500 252 + 21
11.905 4.500 4,70 £ 0.48 1.250 356 + 33
4.250 9.34 = 0.89 7.899 2.500 24.8 = 1.6
4.000 177 = 1.0
2.250 38.2 = 3.3
3.750 25,9 = 1.6
2,000 62.4 = 5.1
3.500 35,1 = 2.2
1.750 90.4 = 8.0
3.250 47.0 = 4.5
1.480 125 + 12
3.000 634 *= 6.2 1.250 153 + 91
2.750 76.9 = 7.7 :
2.500 91.2 = 9.9 9.999 3.000 3.02 £ 0.35
2.250 113 + 12 2.750 8.60 + 0.57
2.000 121 + 17 2.500 15.03 = 0.86
1.670 161 + 23 2.250 26,1 = 1.2
15.006 5.000 1.34 + 0.17 2.000 364+ 2.9
1.750 472 + 4.4
4,750 2.87 £ 0.26
1.500 70.3 £ T4
4,500 5,66 = 0.39 1.250 104 + 13
4,250 8.07 £ 0.50 :
4,000 13.83. £ 0.91 12.500 3.250 1.22 £ 0.19
3.750 184 = 1.5 3.000 3.52 £ 0.40
3.500 23.3 = 1.3 2.750 7.57 £ 0,55
3.250 31.6 + 1.8 2.500 10.32 £ 0.64
3.000 39.6 = 2.3 2,250 7.1 £ 1.7
2.750 45,9 = 4.3 2.000 21,9 = 24
2.500 52,0 = 5.4 1.750 32,1 = 4.0
2.250 62,7 = 7.6 1.500 47.8 = 6.6
2.000 76 + 10 1.250 61 + 13
1.750 "o 15 14.996 3.250 0.85 + 0.25
18.030 5.500 0.500+ 0.090 3.000 2,29 £ 0,38
5.250 1.09 = 0.15 2,750 4,30 £ 0.53
5.000 1.31 = 0.20 2.500 7.21 = 0.99
4,750 2,76 £ 0.29 2.250 11.8 * 1.8
4.500 4.7 £ 0.39 2.000 16.7 = 2.0
4.250 7.66 * 0,55 1.750 19.6 £+ 3.0
4.000 10.14 = 0.99 1.500 32.6 = 54
which underlies the definition of the electromagnet- using the data taken at 6°, 10° 18° 26° and 34°.
ic structure functions, implies a linear dependence The errors in R take account of the correlation be-
of (dc/dQdE’)/T'7 on € for a particular point tween og and 0;. The R values are in the range 0
(¢%, W?). The data are everywhere consistent with to 0.5, and no striking kinematic variation is ap-
this requirement. parent. In addition to the random errors quoted,
Table III gives the 23 values of R, 04, 05, W,, we estimate that there are systematic errors that

and W, along with their estimated random errors, might change the values of R by +0.06.
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On the assumption that R is a constant in this
kinematic range, we find that for this particular
set of points the average value of R =0.18+0.10,
where the above-mentioned systematic error is
included linearly. The values of R obtained are
also compatible with R =0.031(¢*/M,?) and with
R~ q®/v®. These two forms are suggested by theo-
retical considerations.® Undoubtedly, various
other forms would also be compatible with our re-
sults.

V. DISCUSSION

From the results of the experiment at 6° and 10°
(Ref. 1) combined with the assumption of a pre-
dominantly transverse electromagnetic interaction
(that is, the ratio o4/0,=R is small) it was found
that vW, depended only on the ratio of q*> and v over
a substantial range of the data.!® This property is
called “scaling” in the variable w EZMpu/qz. Bjor-
ken had predicted the possibility of this behavior
in the asymptotic kinematic region reached by let-
ting ¢ and v go to infinity with w held constant.!
Our measured values of R support the earlier as-
sumption that led to scaling of the 6°and 10° data.
Now we discuss the validity of scaling behavior in
the light of these experimental determinations of
R and, additionally, over a wider range of ¢* cov-
ered by the large-angle data. In Fig. 4 the shaded
area labeled “Separation Region” contains the ki~
nematic locations of the points available for the
separation studies. Within this region, W, and W,
may be separately determined without any assump-
tion about the relative contributions from the
transverse and longitudinal components of the
cross sections. To investigate possible scaling
behavior elsewhere in the full kinematic region of
our data including the data at 6° and 10°, bounded
by the heavy line in Fig. 4, values of R have been
obtained by extrapolation of the measured values.
In order to determine the sensitivity of our knowl-
edge of vW, to variations in the method of extrapo-
lation, we have employed the three parametriza-
tions of R (see Sec. IV), all consistent with the
measured values. It has been found that the con-
clusions reported below concerning scaling behav-
ior are insensitive to the choice among these
forms.

Throughout the remainder of this paper a con-
stant value of R=0.18 has been assumed over the
full kinematic region of measurement. With this
assumption, each cross section yields values for
W, and W,. To test for scaling behavior it is use-
ful to plot vW, for fixed w as a function of ¢, or
equivalently, as a function of W, the mass of the
unobserved, final hadronic state. [w, ¢¢ and w
are related by W2=2M,v + M,? - ¢* = ¢*(w = 1) + M,2.]
For constant w, scaling behavior is exhibited in
such a plot if vW, is independent of W (or ¢?). Val-
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FIG. 2. (a) The radiatively corrected inelastic scatter-
ing spectrum d%c/dQdE’ for E=18 GeV, 9=26°. (b) The
radiative correction applied to the data as a function of
E’, defined as the ratio of the final corrected cross sec-
tion to the measured cross section. )

ues of vW, are shown in Fig. 5, calculated from in-
terpolations of radiatively corrected spectra mea-
sured at 6°, 10°, 18°, 26° and 34° (i.e., interpola-
tions over the full kinematic region of Fig. 4). The
plots are presented for representative values of w;
w=1.5, 2, 3, 6, and 12. Scaling behavior is not
expected where there are observable resonance
“bumps” because resonances occur at fixed W, not
at fixed w, nor can it occur for ¢*- 0, because

vW, cannot depend solely on w in this limit. By in-
specting the plots in Fig. 5 and other similar
graphs we have come to a number of conclusions
regarding the validity of scaling in several kine-
matic regions. These conclusions are summarized
below; the regions, with the kinematic variables,
are shown in Fig. 4.

1. For 4 <w< 12 (RegionB)

For W>2.0 GeV and ¢°>1.0 (GeV/c)?, vW, is a
constant within experimental errors and hence
“scales” in w (or, indeed, in any other variable).
The range of kinematics for the measurements in-
cluded in this test covers ¢ from 1 to 7 (GeV/c)?
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TABLE IIl. R, o5, 05, W; and W, for 23 values of ¢ and W? using data taken at 6°, 10°,
18°, 26°, and 34°. The errors arise from the propagation of the errors given in Table II.
The effects of over-all systematic errors are not included. We estimate that systematic
errors could make R uncertain by about +0.06.

¢ w Op Os
[(GeV/o? (GeV) (1070 em?) (107 cm?) R 2M, Wy v W,
1.5 2.0 42.8 £5.3 —2.8 6.6 —0.06+0.15 1.19 £0.15  0.290+0.012
1.5 2.5 31.7 £3.3 4.8 +3.7 0.15+0.13 1.52 +0.16 0.344+0.005
1.5 3.0 26.7 £2.8 5.4 x3.3  0.20+0,14 1.93£0.20  0.343+0.007
L5 3.3 253 £2.8 5.8 %3.6  0.23:0.17 2.26 £0.25  0.347x0.011
3.0 2.0 16.1 1.9  0.75£2.6  0.05+0,17 0.45 £0.05  0,179+0.009
3.0 2.5 158 £1.5 2.0 2.0  0,12:0.14 0.76 +0.07  0.265+0.008
8.0 3.0 157 +1.6 L7 £2.2  0.1120.15 1.14 £0.11  0.3140.014
3.0 3.4 133 £2.0 4.3 £2.8  0.32:0.26 1.27 +0.19  0.349:0.019
4.0 2.0 8.8 +£1.3 2.0 x1.7  0.23+0.23 0.244+0.038 0.131+0.005
4.0 3.0 11.0+1.2 2.0 £1.8 0.18+0.18 0.799+0.086 0.284+0.016
4.0 4.0  9.0x17 4.5 £3.0  0.50+0.43 1.22 £0.23  0.3690.039
5.0 2.0  5.82+0.63 1.0 0.9  0.17x0.17 0.162+0.018  0.092+0.004
5.0 2.5  7.38+0.57 1.1 0.8  0.15:0.12 0.353+0.027 0.169+0.005
5.0 3.0  8.23:0.65 1.4 1.0  0.170.13 0.596£0.047 0,240 0.009
5.0 3.4 8.0 x1.2 2.2 1.8  0.27£0.27 0.763+0.113 0.289+0.019
8.0 2.0  1.82+0.25  0.58%0.35  0.32+0.24 0.051£0,007 0.,039:0.002
8.0 2.5  2.95+0.27  0.57+0.41  0.200.16 0.141x0.013  0.0870.004
8.0 8.0 3.55+0.33  1.30+0.59  0.37+0.20 0.257+0.024 0.1570.009
8.0 3.5  4.15£0.54 1.6 1.1  0.39x0.30 0.420£0.055 0,2240,021
8.0 4.0  4.99:+0.74 03 +1.8  0.06+0.37 0.67 +0,10  0.2350.048
11.0 2.0 0.74+0.16 0.34+0.23 0.46 +0.40 0.021+0.004 0.020+0.001
11.0 2.5  1.44+0.18  0.28+0.28  0.200.22 0.069+0.008 0.048+0.003
11.0 3.0 1.82+0.22 0.89+0.41 0.49+0.29 0.132+0.,016 0.102+0.008
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and values of W between 2 and 5 GeV.

2. For w<4 (RegionA)

In this region of w the number of measurements
of vW, above the resonance region is considerably
increased by the large-angle data. The experi-
mental values of vW, scale for W> 2.6 GeV, but
vW, appears to increase as W decreases below
2.6 GeV. This region covers kinematic ranges of
W between 2.6 and 4.9 GeV, and of ¢® between 2
and 20 (GeV/c).

3. For w>12 (RegionC)

There are relatively few points above ¢*=1
(GeV/c)? and no points above ¢?=2 (GeV/c)?, mak-
ing it difficult to determine any variation of vW,

with changing ¢®>. There are no measurements of
R in this region, and the values of vW, are espe-
cially sensitive to variations in R. The large-
angle data have a maximum w of 8 and influence
the values of vW, for w >12 only through the values
of R determined in the low-w region. Scaling can-
not be tested critically in this region, since the
uncertainty in R prevents the large-w behavior of
vW, from being known with assurance. If R=0.18
is assumed, then for ¢*>0.8 (GeV/c)? vW, decreas-
es slightly as w increases. However, for larger
values of R, consistent with the extrapolated
values, vW, is constant. Preliminary analysis of
more recent data does not resolve these ques-
tions.'? »

These conclusions, based on data which extend
the ¢® range of previous vW, measurements and
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FIG. 3. Typical examples illustrating the separate de-
termination of g and oy. The straight solid lines are
best fits to Eq. (1). The dashed lines indicate the one-
standard-deviation values of the fits, The assumption of
one-photon exchange made in calculating og and o, im-
plies that linear fits should be satisfactory. For the two
upper graphs measured data exist at each angle. For the
two lower graphs the data were interpolated. Effects of
over-all systematic errors are not included.

which include measurements of R, confirm the
scaling behavior of vW, as a function of w for

¢*>1 (GeV/c)? as indicated by the earlier 6° and
10° data. Though these studies cover an extensive
kinematic region, we would, however, give greater
emphasis to conclusions based on data from the
separation region in Fig. 4 where the analysis re-
lies on interpolations between measured values of
R.

As a byproduct of studying the behavior of the
large-angle data at small w we discovered that for
the whole range of w the scaling region is extended
from W= 2.6 GeV down to W~ 1.8 GeV (which is
approaching a resonance bump) if a new variable
w’=w+a/q? is used instead of w. The constant a
was determined to be 0.95 +0.07 (GeV/c)? by fitting
the data with W>1.8 GeV and ¢*>1 (GeV/c)®.*® The
quoted error on a was derived from the covari-
ance matrix of the fit and does not include system-
atic errors or any contribution from the uncertain-
ty in R. The statistical significance of a being dif-
ferent from zero is greatly reduced in a fit to the
data for W>2.6 GeV, implying that functions of
either w or w’ give satisfactory statistical fits to
the data in this kinematic range. In what follows
we use a=M,2=0.88 (GeV/c)?, which gives w’'=w
+M,2/¢*=1+W?/q*. Regarding w’ we note that (a)
in the Bjorken limit w’ becomes equal to w so the
two variables have the same asymptotic properties,

K3

25

q? [(Gev/e)?]

0 5 |0 15 20 25 30
w2 (Gev?)

FIG. 4. The kinematic plane in g% and W? is shown
along with lines oficonstant w, the scaling variable
2M,, v/q®. The heavy line bounds all data points mea-
sured at'6°, 10°, 18°, 26°, and 34°, The region marked
“Separation Region” includes all points where data at
three or more angles exist. Various values of ware in-
dicated with w = coinciding with the ¢%=0 abscissa and
w=1 corresponding to elastic scattering (W?=0.88 GeV?).
Region I indicates the region where the data are consis-
tent with scaling in w=2M V,,/q2. Region II indicates the
extension of the scaling region if the data are plotted
against w’ =1+ W2/q2. The ranges A, B, and C in the
variable w indicated in the figure are discussed in the
text.

and (b) in the kinematic region covered by our
measurements, ¢> and v may not be large in the
sense of the Bjorken limit and parametrization in
terms of some variable other than w might have
physical significance.

The question naturally arises whether the other
structure function, W,, also exhibits scaling be-
havior. A study of our results shows that, within
errors, W, scales as a function of w (or w’) over
the same kinematic range as vW,.

Figure 6 shows 2M,W, and vW, as functions of w
for W= 2.6 GeV, and Fig. 7 shows these quantities
as functions of w’ for W= 1.8 GeV. The data pre-
sented in both figures are for ¢®>>1 (GeV/c)? and
use R=0.18 in the evaluation of the points. The
observed scaling behavior-in w and w’ is impres-
sive for both structure functions over a large ki-
nematic region.

Since W, and W, of Eq. (3) are related by

MW, w <1+2Me)

W, ~1+R wy
_w’ __a 2Me>
" 1+R (1 w’q? t o)’ (4)

it can be seen that scaling in W, accompanies scal-
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ing in.vW, only if R has the proper functional form -

to make the right-hand sides of the equations func-
tions of w (or w’). In the Bjorken limit, it is evi-
dent that vW, and W, will mutually scale if R is a
constant or a function of w (or w’). The measured
values of R are small and are not sufficiently pre-
cise to determine its functional form.

020

0I5

YW, OIO

0.05 Lg‘———— : ——
a2 = 1(GeV/c)?

O 15 20 25 30 35 40 45 50
040 r

030 r

vW, 0,20
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FIG. 5. Interpolated data are shown for five values of
w=1.5, 2, 3, 6, and 12. Scaling in w would imply a
constant value of vW, as W (or ¢°) is varied. The
curved solid line represents the fit to vW, as a function
of w’ given in Eq. (6). Note that a graph with w constant
does not have w’ constant. The horizontal dashed line is
the value of F (w) from Eq. (5).

Parametric fits of vW, to the values shown in
Figs. 6 and 7 give

VW, = F(w)

=(1-1/w)[1.274+0.5989(1 - 1/w)

- 1.675(1 - 1/w)?] (5)
and
VW, = F(w')
=(1-1/w’)*0.6453 +1.902(1 = 1/w’)
-2.343(1 - 1/w’)?]. (6)

For either w or w’ less than two, vW, can be satis-
factorily fitted with a single cubic term, a result
consistent with the threshold behavior of vW, pre-
dicted by models'* which relate it to the elastic
form factor. 2M,W, may be satisfactorily fitted by
(1-1/w’)® for 1.2<w’<1.5 and by (1 - 1/w’)* for
1.5<w’<5.

The kinematic dependences of o, and o5 give an
intuitively different but equivalent picture of in-
elastic electron scattering from the proten. Figure
8 shows the cross sections o, and og plotted for
constant ¢* as functions of W2. The dashed lines
indicate the W? dependence of 0,,. For ¢*<3
(GeV/c)? the cross sections are consistent with a
constant or a slowly falling energy dependence
similar to the behavior of 0,,. For larger ¢° oy
shows a rising energy dependence resembling a
threshold-type behavior. This rising behavior of
or at high energy is unique among the various total
cross sections that have been measured. The ¢®
dependence of 0, shown in Fig. 9 shows no pure
power-law behavior but varies in the region of the
present data between 1/¢% and 1/¢° as indicated by
the straight lines shown in Fig. 9. The point w’=5
roughly separates the threshold region of vW, from
the flat, structureless region. The rising energy
dependence of o, for large ¢® reflects the rising
behavior of vW, for w’<5. The 1/¢* dependence is
correlated with the constancy of vW, for w’>5, and
the 1/¢° asymptotic dependence as w’ approaches
unity corresponds to the asymptotic limit of the
threshold behavior of vW, obtained using Eq. (6):

K
lim VW, = ——(0p +0g)
2w W2 const . 2 4ma TS

oc lim (—1—3 o 1
q2 = w; W2 = const 1 +q2/W2 qs ’

The results of our separation of o, and oy show
that o, is dominant in the kinematic region that we
have investigated. The smallness of R precludes a
definite statement that og is significantly different
from zero. The lack of measurements in the re-
gion 2M,v/q? > 10 prohibits a comparison with some
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FIG. 6. 2M,W, and vW,
are shown as functions of
w for R=0.18, W > 2.6 GeV,
and ¢2>1 (GeV/c)2.

[ | ]

diffractive models for R, but we find that R is
small for values of 2M,v/¢? up to about 8 and is not
strongly varying with kinematies.

The new data permit further investigation of sum
rules involving vW, reported with the 6° and 10°
data.’® Using R=0.18, interpolations of both the
small- and large-angle data were used to deter-
mine vW, at a constant value of ¢*=1.5 (GeV/c)%
The evaluation of the integral in the Gottfried sum
rule,’® based on a nonrelativistic pointlike quark
model of the proton, gives

20 ¢,
J: %’JVW2=0.78:I:0.04

when integrated over the range of our data.

We have also evaluated the Callan-Gross'® sum
rule, which is related to the equal-time commuta-
tor of the current and its time derivative and which
is also equal to the mean square charge per parton

20

in parton models.'” For this integral we find
20
J' 49 Ly -0.172.+0.009,
W

which is about one half the value predicted on the
basis of a simple quark model of the proton, and
is also too small for a proton described by a quark
model with three “valence” quarks, in a sea of
quark-antiquark pairs.

Recently, Bloom and Gilman'® have proposed a
constant-¢?, finite-energy sum rule based on scal-
ing in w’ (Ref. 19) that equates an integral over
vW, in the resonance region with the corresponding
integral over the asymptotic expression for vW,.
They have pointed out that the applicability of the
sum rule to spectra which have prominent reso-
nances is indicative of a substantial nondiffractive
component in yW,. The sum rule requires that, at
constant g2, J, equal J, with
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R=0.18
Wz(,8 GeV

w’ for R=0.18, W >1.80
GeV, and ¢%>1 (GeV/c)’.

04

03

A

1 . [N WU TN WU S T | J

(),

= (gg—fﬁ)fmdvF(w’) = fl “aurr @,

where (VW;,)W is given by interpolation, at fixed

q%, of the 6° and 10° data with R =0.18 and where
F(w’) is given by Eq. (6). The upper limit is deter~
mined by choosing a missing mass W,, which is
somewhat beyond the prominent resonance bumps,
whence 2M, v, =W,? ~M,? +q®. We find that in the
range of q2 trom 1 to 4 (GeV/c)z and W,, from 2.2

and

3 4 5678910 20

= (W2+q?)/q?

to 2.5 GeV the maximum deviation of J, from J, is
9%. This result is only weakly sensitive to modest
changes in R.

Parton models and diffraction models have been
suggested to explain the inelastic scattering re-
sults. The scaling behavior observed in these
measurements arises naturally in simple parton
models in which the proton is made up of pointlike
constituents, and, in general, diffraction models
are not inconsistent with scaling. Preliminary
analyses!? of our recent measurements of inelastic
electron-deuteron scattering suggest that there are
differences between the inelastic electron-proton
and electron-neutron cross sections. Such differ-
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FIG. 8. The values of o, and og given in Table III are
shown at constant ¢? as a function of W2 (or v) for ¢2
=1.5, 3, 5, and 8 (GeV/c)?. Also shown is the v depen-
dence of the total photoabsorption cross section.

ences would point to a substantial nondiffractive
component of the deep-inelastic cross section for
values of w less than approximately six.

FIG. 9. The values of o, given in Table III are shown
at constant W as a function of ¢2 for W =2, 2.5, and 3.0
GeV. The solid line indicates a 1/4% dependence and the
dashed line represents a 1/¢® variation with ¢%. The
point w’ =5 is also indicated.
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APPENDIX: RADIATIVE-CORRECTION FORMULAS

The measured cross section for the scattering of electrons of energy E from target protons into solid

angle dQ and energy dE’ will be denoted by doy.q/ddE".

The corrected cross section as defined here is the

cross section calculated to lowest order in a, that is, assuming the exchange of a single photon with the
lowest-order expressions for the photon propagator and electron-photon vertex used. The corrected cross

section will be denoted by do/dQdE’.

This Appendix is based on the thesis of Miller® which includes dis-

cussions of the derivation of many of the formulas. Our treatment of multiple-photon corrections differs

somewhat from that in Ref, 7.

A. General Formula

The formula used to radiatively correct the measured inelastic cross section was the following:

1+6'(g?)

t/2+bt t/2+bt -1
A ®(AE’ e !
do -——(E,E’, 0)= —E) (——E,) —]
dQdE E E (1 +bt, +bt,)

do,
X [—W—(E,E', 0)-

dQdE’ dQdE’

QEEMM(E E’, 6)

_1+08(¢,®)

E-AE t/2+bty B t/2+btg
- ’ -1
J;:mm aE (E E, +hyulE, B ))dﬂdE' (& B, 9)( E> (E’) T(1+bt, +bt,)

A /2+bt t/2+bt 2
Boax (v, B, 20 k') ¢ 1+6'(q?)
J.ME,dEl(E, o+t (B, E))deE,(E El, 9)(-—LE> LN —toa ]

E’ T(1+bt,+bt,)

(A1)
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All quantities appearing in Eq. (A1) will be defined
and discussed in this and the following sections of
this Appendix. doy, .o/dQdE’ is the radiative tail
from elastic e-p scattering. Its formula will be
given in Sec. B of this Appendix.

The two integrals involve the corrected cross
section and represent the radiative tails from in-
elastic production of higher-mass states of the
proton. E, and E_, are the energies at pion
threshold along the paths of integration:

Epin = (E" +myq + mnz/sz)n, s
E,’nax = (E —-My _mwz/ZMp)/ny (AZ)
AE=mm'AE’,

where m, is the pion mass, and M, the proton
mass. The kinematical quantities n and n’ are
given by

n=1+ gMESinZ(ée) ,
? (A3)

2E’ -
’= 1-—sin2(19)] .
e[i- S

It is an approximation that the inelastic radiative
tail can be expressed only in terms of the cor-
rected cross section at two points (E - w, E’, 9) and
(E,E’+w’, 0) instead of as an integral involving the
two inelastic form factors individually. (Ir} this Ap-
pendix w and w’ denote the energies of radiated
photons defined by w =E ~E’y’ and w’ =E/n-E’,
not the scaling variables defined earlier.) This so-
called “peaking-factorization” approximation
causes a maximum error of roughly 10% in the
calculated radiative tail, which is tolerable in this
case. v, and v, play the role of equivalent radia-
tors for the hard-photon bremsstrahlung process.

The following equivalent radiators based on the
peaking-factorization approximation were used.
They were determined by inserting approximate
inelastic form factors into formula (B.5) of Mo and
Tsai.” These approximate form factors resulted
from an analysis of the data using radiative cor-
rections employing the standard equivalent-radia-
tor description.

t|E E E\?
LI =5 ) ) -1 X -l
Vy z[E 2(1 E)+o 7(1 E) ],
t[E" E' E' 3]
. 2[E;—o.2<1-E;)+0.7(1-E;> .

The quantity ¢ in the exponent of the soft-photon
factor and in Eq. (A4) is given by

i}

(A4)

<
1]

2
t=-2ﬂ£(ln—fr?—1>, (A5)

where m is the electron mass.
t, and £, are the thicknesses of material tra-

versed by a detected electron, before and after
the point of scattering, measured in radiation
lengths. In practice the thickness of the liquid
target is apportioned equally between £, and {,. In
Eq. (A1), b =% +a, with a given by

12z+1 1
9 Z+¢ (191 Z ) —1.2(aZ)}’

a=
(A6)

_ 1n(1440z7%%)

“In(191 Zz77®) - 1.2(@2)

e

w(E, E,) is the probability for an electron to lose
energy E — E, by the emission of a single photon
per unit radiation length of material; i.e.,

w(E, E1)=Ei—El[1 +<—EE—’)2 -%—(% —a)] . (A7)

T refers to the mathematical I" function. 1+6’is
the radiative correction remaining after the
(AE/E)t soft-photon factor has been extracted. The
quantity 6’ is given by
200 f13 . ¢* 14
a2y 22 22 St
6'(q%) = p <121nm2 9>. (A8)

The soft-photon limiting energies, %, and k], are
defined as follows:

k,=min(sE, w,),
k{=minGGE, w}). (49)
The physical basis for these formulas is discussed
in Sec. C of this Appendix. For the E integral,
w,=E—E, and w;=w’/nn’. For the E’ integral,
w;=E{-E' and w,=1m'w’. The resulting corrected
cross section must not be sensitive to the choice
of the arbitrary factor § in (A9) since this fraction
is uncertain roughly within the range 0.2 to 0.8.
The ¢¥s in formula (A1) are defined as follows:

¢®=4EE’ sin*(30),
q,2=4E E’ sin*(30),
q;?=4EE{sin%*(30).

(A10)

AE’ is arbitrary as long as it is sufficiently
small so that the cross section do/dQdE’ does not
vary appreciably over this range of energies.
More precisely do/dQdE’ is defined as the limit of
the above expression (Al) for AE’~ 0.

Assuming the cross section is measured only for
a certain number of lines or spectra (E,9 const,
E’ varying), the corrected cross section must be
interpolated and extrapolated from the measured
lines in order to do the first integration in formula
(Al). The precise relationship of the corrected
cross section to the measured cross section is
that the corrected cross section, when interpolated
and extrapolated according to the scheme chosen,
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satisfies Eq. (A1) along the measured lines. Our final results are insensitive to the method of interpolation
used, but some of the results depend slightly on the method of extrapolation used.

B. Elastic Tail Correction

The formula used for the elastic radiative tail was the following:

daem

Gade” B E 0

dQdE’

_doy AT+ bty + bt
[ O (B, B, )7 + ty0lE, E = o)1 98 - 0, 0) 4 ,0(B" + ', E) B (&, e)](k Croty ety
elns .

T'(1+bt,+bt,)
(A11)

do!/dQdE’ is the cross section for bremsstrahlung during elastic scattering, calculated to lowest order
in @, but including corrections to higher order in @ to the photon propagator and electron-photon vertex.
It is given by the formula (B. 5) of Mo and Tsai,” with the modified proton elastic form factors F and G of

'(B.5), as follows:

4 2( 2 2 2 2( 2
i) - 6 )quqz/ fﬁ;}Gu (a®)]

G(4*) = %G, (@)1 +6'(¢*)].

[1+8(a®)],

(A12)

Gy and G, were determined by a fit to elastic ep data, using the assumption of form-factor scaling,: the
relation G,(q?)=2.793 Gz(¢®). The final results are insensitive to modest deviations from this relationship.
do}/dQ is the corrected electron-proton elastic cross section given by the usual Rosenbluth formula, but

with electrodynamic corrections,

4% 2 9= a? cos’(30) [ZMpGEz(qZH(q2/4Mp2)GM2(qZ)

" 4E? sin*(36) 1+q%/4M,2

+2tan*(36) -zgn%Guz(q"")] Mo [1+06%(¢®)]. (A13)

leas iS the equivalent radiator associated juSt with the incoming and outgoing electrons,

20 2
teas = —ﬂ—(ln—qu - )

(A14)

¢ is the total equivalent radiator, taking into account soft-photon radiation from the proton as well as from
the electron and including electron-proton interference effects,?®

1+q%/2M,2
[(1+q?/2M,2)% -

t= tem-i- 2(1(

Both f,,, and ¢ are calculated at (E - w, E’, ) in-
stead of (E, E’, 6), where w is the radiated energy,
since this corresponds to the most probable mo-
mentum transfer to the proton and gives the ¢
which is most important in the large-angle brems-
strahlung process. The two terms in (A15) in ad-
dition to fg, represent an attempt to estimate the
effect of radiation coming from the proton includ-
ing the interference term. k is an effective limit-
ing soft-photon energy and is discussed in the fol-
lowing section.

C. Selection of the Limiting Soft-Photon Energy

If we neglect entirely all multiple hard-photon
radiation we get the formula (A11) for the radiative
tail from elastic scattering, ep—ep. The quantity
k is arbitrary, being the limiting soft-photon ener-

G In{1+¢%/2M,2 +[(1 +¢%/2M,?)* - 1]12) — 1) + 4Ta In7. (A15)

—

gy. In general, we expect that k should be a small
fraction of E, E’ in order for the soft-photon argu-
ments to hold. As k goes to zero, the cross sec-
tion given by (A11) also goes to zero, which means
physically that soft-photon radiation always occurs.
The result (A11) depends on %, but the depen-
dence is quite small. We expect that the correct
radiative tail, including multiple hard-photon ef-
fects, can be put in the form (A11) with some value
‘of k that is a fairly small fraction of the energies
E and E’. A reasonable estimate for the actual
radiative tail would be formula (A11) with
(k/E)t/z+bt,,(k/E,)t/z+bta replaced by (k/E)'/z””b
X (k'/El)t/2+bta, where

k=min(3E, w), k’=minGGE’,w’). (A16)

The fraction § is arbitrary and the variation of the
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result with this fraction is a measure of our igno-
rance of the actual size of multiple hard-photon
effects.

It is interesting to consider a model calculation
that yields a specific value for 2. We consider
target energy losses only, that is, {<<{,,{,. The
radiative tail is then known exactly.

do do} P
T0dE =fW(E,E1, t) o (v OVT(EL, EY 1, )dE,,
(A17)

using the known form of the straggling function
m(E, E’, t) which is a solution of the well-known
diffusion equation.?® A good approximation for the
straggling function is®

E )“ 1+btP(2)

7(E, E,, t) =w(E, El)ténfl —l"(—l-l_-.b_t_)- ) (A18)

where z=(E — E,)/E and the correction form is a

parametrization based on numerical solution of the
diffusion equation® with the form

P(z)=0.53882 ~2.1938 22 +0.9634 2°. (A19)

A simpler and slightly different expression for
T(E, E,, t) has been given recently by Tsai.?® The
effective soft-photon energy k is defined so that the
result of formula (A11) agrees with the result of
the integration (A17); i.e.,

do,
f‘"(E; E, tb)a% (Eu O)F(E;, E’, td)dEl

B \btstdia 1
- (\/EE’> T'(1 +bt,+bt,)

X [t,,w(E, E- w)n'z%(E -w, 0)

do,
+t(E ', BB (E, e)] .

(A20)

Figure 10 shows k/VEE' versus Vow’/NEE' for
several different conditions where for simplicity
we have used t,=%,. The cross section is for elas-
tic scattering, ep—ep. The effective & is found to
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FIG. 10. The calculated limiting soft-photon energy &
defined by Eq. (A 20) is shown for elastic scattering for

two different kinematic conditions and two different as-
sumptions about the g° variation of the form factors,

be insensitive to ¢, and {,. However, k depends on
how rapidly the cross section varies. The graphs
show % obtained when the cross section is given by
the Rosenbluth formula with the usual dipole form
factors, and also with the form factors taken to be
Gg(g®)=1 and G,(¢*)=2.793.

The above procedure was used for determining
the value of % inserted into expression (A11) for
calculating the radiative tail from the elastic peak,
and is the basis for the formula (A16).
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