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Scattering of a Charged Vector Meson in a Static Field at High Energies~
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We study here the scattering of a charged vector meson (without the anomalous magnetic
moment) in a static field. The scattering amplitude for such a process is obtained explicitly
in the case of a central field. We find that the simple-exponentiation form of the eikonal
approximation does not occur.

I. INTRODUCTION

More than a decade ago, a number of authors
discovered' that the scattering amplitude of a high-
energy scalar meson (or a fermion without the an-
omalous magnetic moment) in a static field takes
the simple-exponentiation form of the eikonal ap-
proximation. Two years ago, several authors have
found that, at high energies, this simple-exponen-
tiation form holds for the multi-photon-exchange
amplitude of electron-electron scattering" or
pion-pion scattering. ' There remained the ques-
tion of whether the simple-exponentiation form in
fact occurs in al/ high-energy amplitudes.

Lately, it has become clear that this cannot be
true. When the particles in collision have finite
sizes or internal degrees of freedom, the simple-
exponentiation form does not occur.

Several examples of this breakdown of simple ex-
ponentiation have been given. In field-theoretic
models, for instance, the failure of exponentiation
is due to the fact that a particle in collision devel-
ops a structure by creating particles. ' ' Since
field-theoretic models are difficult to handle, we
have also sought easier and physically more trans-
parent examples in potential scattering. In particu-
lar, we have studied the following two eases: (i)
potential scattering with more than one channel';
(ii) potential scattering of a fermion with an
anomalous magnetic moment. ' In both instances,
breakdown of the simple-exponentiation form oc-
curs. Case (ii) is closely related to ease (i): A
fermion has two spin states which do not decouple
at high energies if the fermion has an anomalous
magnetic moment.

In this paper, we shall study the scattering of a

II. VECTOR MESON IN STATIC FIEI.D

We here consider the interaction of a charged
vector meson" with a static field. We shall des-
ignate the magnetic moment of this vector meson
to be (1+v)(ej2M)S, where S and M are the spin
and the mass of the vector meson, respectively.
The wave function P, of a vector meson in a static
field V(x) satisfies

B„G»-M Q, +zen/„F»=0,
where

(2.1)

w„=i~„,v(x),

BA, BA„

ex„8x,
Equation (2.1) can also be written as

charged vector meson in a static field. %'e shall
show that the simple-exponentiation form does not
occur even if the vector meson has no anomalous
magnetic moment. Physically, this is because the
spin states of a vector meson do not decouple at
high energies even if the vector meson has no
anomalous magnetic moment —a fact which can be
easily checked by examining the Born term. Thus
the case of the vector meson is equivalent to the
potential-scattering case with more than one chan-
nel.



P„-M'P, =ie Aq — "+ (A„y,) A-„"— (A,Q„) +e'(A„A„P, A„A,(i) ) —ieK(t)„Ee„,.

(2.2}

Applylllg 8„'to (2.1) we get

8M8 G~v —M 8„(t)v+ie((8„(j)~F[(((=0, (2.3)

mhich will be useful later. The boundary condition is

lim y,(x)=e """)a„,

mhere a„ is a constant and z is the third component of the four-vector g„.
We give explicitly the four equations contained in (2.1):

[(E —eV)'+V'-M'](t), +i(Z —eV) yo — V ~ y+i«(tIo V(x)=0, i =1,2, and 3 (2.5)

(IV" -M')P —iIV' [Z —ev(x}]/+ice/ YI V(x) =0 .

we rewrite (2.5) and (2.6) as

(2.7}

(2.8)

( )Eev+Z'+V' -—M +e V )E, +i(Z —eV)(eZ+ —)4 —(iZ+—)V E,e(eel —V(x)=0,,

(2.10}

III 'tile Rbove equations) 4E Rlld VI Rre tile tl Rllsvel'se pR1'ts (co11'tRi11111g tile fll'st Rnd the second'component)

of 4 and V, respectively.
For the convenience of later calculations, we shall choose the dependent variables in: (2e.a)-(2;10}'to be

4„4 =C, —C„and 4E. Then (2.8)-(2.10) become

(2.11)

—[((Z —eV)eD)V e +('(Z —ev)D+V ' —M +ice V)ei —[(Z —eV) +V —M IE„=O; (2.12)

BV 2 . . -. , &V
+ i F. —eV g)+S'+V~ -M'+ie~ —40 — F. —eV -i F;-".eV &=.+ie 1+@—4

mhere
(2.13)

8S =—+ieV-;
Bg

Finally, we shall rewrite (2.3) into a more convenient form. We first observe that

(2.14).
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thus

BAp
BpBpGpp Se GypBxp

From (2.3) and (2.15), we get

BAp BAp

Bg 8xp

Bp BpGp p+2se Q~ p ~

BAp

Bxp

(2.15)

-ie(1+v) ' —i(E —eV)$, —M [-i(E —eV)po+V'Q] —ieKQO& V=0.BV spo 2

Bx~ B xg

Substituting (2.7) into (2.16), we get

[e(1+]()(E—e V)('V, V) +M'&, ] .4,

(2.16)

BV BV 2 ~

+ ie 1+v —S+ie 1+v V~V ~ V~+I'8+ieic V'V 40 — e 1+v —E —eV +M i F. —eV-iK) 4 =0.

(2.17)
Although Eq. (2.17) is already contained in Eqs. (2.11)-(2.13), it is useful in later calculations.

In the following sections, we shall solve (2.11)-(2.13) to obtain the scattering amplitude in the high-ener-
gy limit.

III. THE WAVE FUNCTION

In this section we shall solve (2.11)-(2.13) in the limit E-~, for the special case ]( =0.

When v =0, (2.11)-(2.13) take the form

(
2'(E —eV)22 —(e —+22 V,' —M —V,V, )2' ,—22V,E [((E—eV)+Q]V, E =0,

-[i(E —e V) +G](v'E. 4E+[i(E —e V)S+ t)'~ -M']Co —[(E —e V)' +'20-EM ]4E=)0,

RllCl

(-'(E —e V)V, + 'e(Ve V)] i,+('(E —eV)22+22' 0,' —M'] 0 —((E —e'V)' —'(E —e V)22+ 'e —)0 =0.

In the limit E —~, (2.4) and (2.7) give

lim 4 „(x)-a„.
By Lorentz covariance, ao and a, are O(E), while a., is O(1).

Also, Eq. (2.17) becomes, at ~=0,

BV
[e(E —eV)(V, V)+M V, ] 4) + ie B+ie(V—,V) ~ V, +M X) C, — (E —eV) e—+iM' +M'S C =0.

Bg

(3 1)

(3.2)

(3.3)

(3.4)

(3.5)

A. The Wave Function in the Leading Order

We shall solve (3.1)-(3.4) in the limit E -~. We make the asymptotic expansion

4 =(E/M)4(,"+4("+ME-'4'"+~ ~ ~

4 =(E/M)C(o)+CP+ME 'CP+ ~

C, =(E/M)C {,"+4(,') +ME '4 (,']+ ~ ~ ~,

and substitute it into (3.1)-(3.3). The leading term in (3.2) (proportional to E') immediately gives
@(0) 0

Similarly, the leading term in (3.1) gives

(3.6)

(3 7)
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which, together with (3.4) and a,,=O(l), implies that

@(0) p

Next we equate to zero the terms that are O(E) in (3.1) and the terms that are O(E') in (3.2):

2znC',"—M-'nV, C',"+is,C'" = 0

(3.8)

(3.9)

in4',"-me'" =0. (3.10)

Because equating the terms which are O(E') in (3.3) to zero also gives Eq. (3.10), we still need one more
equation for determining C',", 4'", and 4~". We can go to the higher-order terms in (3.2) and (3.3), but it
is much simpler to collect the leading terms in (3.5):

e(V V) ~ 4~'+ fe Q—+ie(%~V) V~+M 0 4i'O'M — e —+iM 4'" =0. (3.11)

Making use of (3.10), we reduce (3.11) into

e(|i',V) ~ 4',"+[ieM '(V,V) ~ V, +2MS]C',"=0. (3.12)

Eqs. (3.9), (3.10), and (3.12) constitute a complete set of equations which we can solve to obtain the leading
terms of 4„4, and C,.

Let us set

H, =rc',"~ iM 'vP'"]exp(ief v(x, z')dz'),

E, =4',"exp ie Vx„z' d~'

G, =C'"exp ie 'Vx„~' d~'

(3.13)

and substitute (3.13) into (3.9), (3.10), and (3.12). We get

—2eM '(Viv)Eo =0, (3.14)

8+0 + 2eM '(V~V) ~ H, =O, (3.15)

8
G =iM —I'

az
(3.16)

Note that (3.14)-(3.16) are no longer partial differential equations. Equations (3.14) and (3.15) can be writ-
ten in the matrix form

= —,'eM 'A

where H„and H, are

B„
H~

the components of H, and

(3.17)

0 0
0 p

-BV/Bx -BV/By

B V/Bx
B V/By

0
(3.18)

If the potential V(x) is a central field, i.e. , V(x) = V(r), where r =
~
x ~, then

A. =r 'V (r)a, -

where

(3.19)
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v'(r) =—„v(x)

0 x
0 y

-y 0
(3.20)

The important point to observe is that B is independent of z. Since, in the process of solving (3.17), we
can treat 8 as a constant, it is possible to obtain the solution of (3.17) in closed form.

We write

a= fx, f

' -x
0 g X~ -S Xg

0 0 0
0 ffx I

0
0 0 ifx„f-

2x
1

X

-x 0
(3.21)

4'here

fx, f'=x'+y'. From (3.1V)-(3.21), we then obtain

y x x 1 0 0
y y 0 @AY 0

0 f fx I -ifx
I

0 0 e-

y -x 0
1 1 1 ~ l~
oX py -2$

) X~
1 1 ~ t~
gx py ~z )X~

(y'+x'cos&)/IX. I' -xy(1 —cos@/lx I' »inlvlx, l

-xy(1 —cosW)/I x, l' (x'+y' cosw)/I xi I' (3.22)

-x sinW/ I x, I -y sinW/IX I

8
w = —,'eM-'I x, I

v'((z" + I x,f')"')(z" +
I x,I')"'dz', (3.23)

and a„a„and a, are related to the incident wave vector and are defined in (2.4) or (3.4).
From (3.22) and (3.13), we get

a' =I-(ee, ~ xe )I x
I

' sioev csex 'e, cosie] axo( isf v(, e')ae'), -

a'"=--',iese *i"(1el)lxl 'l(xa, +xa.)«ace+sex 'Ix, le, sioielsxa(-ief I e'i)dsx'),

(3.24)

(3.25)

a'."=Ie,(x*+e'«six)lx I .*-ass'(i —cosie)I*,I
'+Mx 'o,xlx, l 'sioielsxo( exf i'(x„e-')«')-eix ' —x"",

(3.26)
and

a' " I a.xi(i „«=si-xII* I
-+e (* +i .«'sie)1 **I- '+Mx a.i,le 'I- i i'eI m( s'ofsi'(x„e-ee)«') -ese-' —s' .

(3.2 "I)

Notice that lim 4'"=0, since V' vanishes at infinity.
)x )~~

8. The Wave Function in the Next Order

We shall now give the equations which determine 4',",4'", and 4'~". These three equations are obtained
by equating to zero, respectively, the following: (i) the terms which are O(1) in (3.1); (ii) the terms which
are O(E) in (3.2); (iii) the terms which are O(1) in (3.5). We get

(3.28)
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i$4'"-M4"'= jg ~ 4"'+ (ieVQ —[p' '+M')M '4"'- 2eVC"' (3.29)

BV . - - , , BV
eM(V V) 4 ' + fe S—+ie(V V) ~ V +M' 4"'- eM—4'"o—

=[e'V(V, V) -M'V, ] 4,"' — eV e +eVS—' M2~ 4&'&.
Bz

(3.30)
Although Eqs. (3.28)-(3.30) are easy to solve, their solutions are quite complicated. Fortunately, for the

purpose of obtaining the scattering amplitude, we need only the asymptotic form of the wave function in the
limit z-~. In particular, we shall need lim, „4' .

As z-~, the potential V can be neglected, and (2.2) and (2.3) become

82
-M „-0,

BX Bxp
(3.31)

8 d)~''-0 z-~
BXp

Substituting (2.7) into (3.31) and (3.32), we get

(
B 8

2iE —+ +V -M' 4 -0
2 i v

(3.32)

(3.33)

BC,
-gE4 + +V['@ 0 z~

Bz
(3.34)

From (3.33), we get

" - f(2E}-'(7r,' -M')4, ,
Bz

(3.35)

the term 8'4„/sz' being negligible. From (3.34) and (3.35}, we get

- -iE '
V~ 4~+ — --iE 'V~ ~ 4~+ 2E V~ -M 40, (3.36)

Notice that 4 is of the order of E ' in the limit z-~. This is consistent with the earlier observation that
lim, ,„4~"=0. Equations (3.35) and (3.36) can also be obtained from (3.28)-(3.30) by setting V=O.

Finally, let us write down explicitly the wave functions in the limit z-~. We have from (3.10) and (3.24)
-(3.27) that, as z-~,

e, -[-[xa,~ ca[[it [
'atte 'si tt a, coast]exp(-tef tt(x, z'[dz') (3.37)

and

et [e —x [x e, Nt -coast&[x [

' ztp 'a, x
[ [

' ttlexp( ef 'V(x„z')dz') - x-' -,t'„oe (3.38)

where

V'(x„z')
(,,2, (-„(2)u2 (3.39)

C. The Polarization Vectors

The incoming vector meson has three polarizations. They are, in the limit E —~,

[1,0, 0, 0], (3.40)
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[o, 1, o, o],
(3.42)[o, o, z/iaaf, iz/iIf —i ,'flf/z-],

where we use the notation [a„a„a„a,] for a four-vector. The first two vectors, given by (3.40) and (3.41),
respectively, are transverse, while the third vector, given by (3.42), is longitudinal.

I.et us denote the momentum transfer as 6, which is taken to be in the direction of the x axis. Then the
outgoing vector meson can have the following three polarizations:

[l, o, —n.z ', o-],

[o, 1, o, o],

(3.43)

(3.44)

(3.45)[~/I&, o, z/Jtf -!~'/(z~), iz/M-! ijtf/z],

where 6 =
~ Z~ . The polarization vectors given by (3.43) and (3.44) are transverse, while that given by

(3.45) is longitudinal.

The scattering amplitude is equal to the integral of the right-hand side of (2.2) multiplied by the complex
conjugate of the w'ave function of the outgoing plane wave. Thus

gg . =Q+ d xd ~ ge A + A
8$p 8 8&f)p

f» p ~ ax ex " ' " exV

8
(A„(jhow) +e~(A~AqQ„. AqA -pQq) —ieapqFq,xp,

By making use of Eq. (2.2), (4.1) is reduced to
P

3ft =11* d'«. "&"
ex ex ' ex exP P

(4.2)

In the above, b, and pf are, respectively, the polarization vector and the foUr-momentum of the outgoing
vector Dleson.

Since

Af p and

Rl'8 botll zel'0 If @~ Is R fl'88 field, we 1llay I'ewI'Ite (4.2) Rs

3Rf» =5,* dsxe '~~"
~

— -

~
-Af (j~

g xP ex~ 8xlI&xP
(4.3)

y, =y, —e ""a,, (4.4)

with Q„and p» the polarization vector and the four-momentum, respective'':, :Qf the incoming vector lH986Y1.
Notice that p, vanishes Rt infinity.

In order to make use of the results in Sec. III ops the asymptotic form of the- vsse fmction in the limit
e-~, we write (4.3) as

&~»
——limbp* d xe»~~"

p
— . — Qp-M

8 8

fgI ~I Bxtf ex' 8xP&x~

En fact, if the external field vanishes outside of a finite, region, we only need to take L, charge enough so that
the external field vanishes for ) e]&L. This is because ('2.2) becomes the free wive equitation in the region.
where A, vanishes, and the integrand in (4.5) is equal to zero. For claritjr-:ef;. ,argjamtent it is helpful. ta
imagine that I. can be so chosen and the limitiag process I. ~ is unn6ce@W/g

We Rlso observe that sillce Qy~ = e' &" 8~ Is R fl'88 f181d', we llRve

8~ 2" =0 and — M =0
ex Bxp Bxp
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Therefore, if we perform integration by parts to get the differential operators in (4.5) to apply on the final-
state wave function pI, , the integrand vanishes and we are left with only the surface terms. Furthermore,
the integrated terms at the surfaces ( x( =~ and ) y( =~ vanish as P„vanishes at infinity, and the integrated
terxns at the surface z = -L, vanishes because of the boundary condition. Thus we are left with only those
terms contributed by the surface z=L and originating from integration by parts with respect to z. Thus
(4.5) is reduced to

(4.6)

Since 84&/Bx& vanishes if the external field vanishes, we can drop it from (4.6). Thus (4.6) is finally re-
duced to

8 ~ —84(~
SR&; = lim d'XI 4p„ (4.7)

So fR1' 110 Rppl'oxlnlRtloll 11Rs been made RIll (4.7) ls exRct.
In the high-energy limit E -~ (4.V) is reduced to

BR'] 2E$ d xg llIQ gyp p
= 2Es d x~ 8 lim 6p4p —6p+cp

g ~OO g ~O0

where (2.7} has been used. We may, alternatively, write (4.8) as

Ky] 28$ d Sate llIQ —6g C —Q —5 4o Qo +by+ ~ 4g- ag (4 9)

In the following, we shall explicitly calculate 3R&; from (4.9), (3.36)-(3.38), and (3.31). We shall consider
0Illy the cRse 111 wlllcll the po'te11tlRl ls celltl'Rl so tllRt 'tile wave fllnctloll ls glvell by (3.36)-(3.38).

If both the incoming and the outgoing vector mesons are of transverse polarization, then b, and 6 are
both 0(E ') and a, =a, =0. Equation (4.9) becomes

~y,.-2E& d &~e '~" lim -& @0—~o +b~ ~ C~-a~ (4.10)

Substituting (3.37) and (3.38) into (4.10), we get
Oo

SRg; 2EI d xl e [bj+
' al —(xl ' bj+)(xl 'Rl )(I —cosU)

~ xl~ j exp -I8 V(xl, z)dz -bj+'Rl
~ 00

(4.11)

In obtaining {4.11}, we have set

(4.12)

Equation (4.12) is true because

d'x e-'~"b,* V C 1iEO'
~

d'xle ' "b,* %1(40 —ao)

=-E-' d'x, e '~"(b*, Z)(C, -II,), (4.13)

the last step following an integration by parts. Furthermore, from (3.36) or (3.37), it is easily shown that

i =E '(b, F)-
if b„ is transverse. Thus (4.12) is verified.

Since we have taken V to be central, we may make in (4.11) the replacement,

(x,.b,*)(x,.R) = (xb,*+y52~)(xa, +ya, ) -x'sly& + y'&24 ~ (4.14)
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This is because the terms linear in y vanish-upon integration as they are odd functions of y. Thus if a~ and

6, are both in the scattering plane, we have

)Z, -czi ', d*,e-'c* [1—z*lx, l
'(1 —cosii)]exp(-'e ! v(x„)d )

—1 .

If a and b, are both perpendicular to the scattering plane, we have
I

%,-2Zi d'x, e '~" [1-y'( x, ~

'(1 —cosU)] exp -ie V(x„z)dz —1

(4.15)

(4.16)

If one of a~ and b~ is parallel to the scattering plane and the other is perpendicular to the scattering
plane, the scattering amplitude vanishes.

In terms of the helicity states, we have

Z{. =)Z-- -1Zi: d'z, e '*' -',()+casu)axp(-ie . V(ic„)dz) —1 (4.17)

pd, =Z) .-Zi d'x, e-'c*(V'-x')lx,
l

*{1—cosir)exp -ie ', V(x„z)de).
4 sa {)O

(4.18)

In the above gg, designates the scattering amplitude for the case in which the incoming vector meson is
of helicity -1 and the outgoing vector meson is of helicity +1. The other notations should be obvious.
Notice that at the forward direction 6 =0, we have 5g, =3@ =0.

B. Longitudinal to Transverse

As long as the outgoing vector meson is of transverse polarization, (4.10) always holds. Now if the incom-
ing vector meson is of longitudinal polarization, we have from (3.37)-(3.38} that, as z- ~,

4, -EM 'cosUexp -ie i V'x~, z' dz'

(p, -cc,(x, l sinrrexp(-ie v(x, , z )d") {z'v.,s, . -

Substituting (4.19) and (4.20) into (4.10) and remembering (4.12), we get

(4.20}

Sxn-PZ{ :'d*z, e 'c*(P; x, )lic,
l

' psins(xsie-V(x„z)dz)

Thus, if the polarization vector of the outgoing vector meson lies in the scattering plane, the scattering
amplitude is given by

?Zi d'x, e 'c'zlx,
l 'sinriaxp -z'e V(x„z)de) (4.22)

And if the polarization vector of the outgoing vector meson is perpendicular to the scattering plane, the
scattering amplitude vanishes.

From (4.22), the helicity amplitudes are given by

=WSZ' d'x, e-'*six, l-'siniiaxp(-ief V( „)d ), xzz
where 3g„, (Sit,) is the amplitude for the transition from the helicity-zero state to the helicity-plus-
(minus-} one state.

Notice that (4.22) and the right-hand side of (4.23) both vanish at a =0.

(4.23)

C. Transverse to Longitudinal

If the outgoing vector meson is longitudinal and the incoming vector meson is transverse, we have from



(3.38) and (4.9) that

gg . -2E d' e-'~'I [-EM 'C +(2EM) '(M' —S')4 &M '(@ —a„)], (4.24)

a, and a being zero. From (3.36), we have

d'x~e ' "Iim(-EM '4' ) = ' d'x e '~'Iim[iM 'V (4 —a, ) —(2EM) '(v ' —M')C' ]

d'x e '~" lim[-&M '(4„—a„)+(2EM) '(&'+M')4'0].

The last step is a result of integration by parts C.ombining (4.24), (4.25), and (3.3?), we get

3m&, -2Mi~fd'x, e '~" lim 4,

~ sinU exp (4.26)

Thus, if the polarization vector of the incoming vector meson is in the scattering plane, the scattering am-
plitude is equal to

-2Ei z'x, e-'~" x(R. I 'siniisxy(-(ef i'(x„.al«). (4.2?)

And if the polarization vector of the incoming vector meson is perpendicular to the scattering plane, the
scattering amplitude vanishes. %e also have

x x(„&=cd(, =a-'*.e-"*xlxl's(nUezp,
( «, v(R.-, z)«).

Notice that, aside from the sign, (4.2?) and (4.28) are, respectively, identical to (4.22) and (4.23).

D. Longitudinal to Longitudinal

If both the incoming and the outgoing vector mesons are longitudinal, we have from (3.35), (3.38), and

(4.9), that

3R„.-2Ei d'x„e '~" lim [-EM-'4 + (2ME)-'(M' —~')4, ~ SM-'4„-1+—,a2M-'].
z +Go

Now, similar to (4.25), we may derive the e(luaiity

(4.29)

d'x, e '~'Iim( EM '4 ) -= I" d'x~e '~" lim[-bM '4„+(2EM) '(6'+M')4, ——,'6'M '].
z oo z~

Substituting (4.30) into (4.29), we get

(4.30)

d2x e-'~*lim(ME-~4~ 1)fi

p OO

-2Ei I d x e ' " cosgexp je ( P—'(x~, z')dz' —1

In deriving (4-.31), we have made use of (3.3?) and (3.35),

V. SUMMARY

For the convenience of later uses, we li, st together here all the helicity amplitudes obtained in See. IP:

II„-2Ei d2x„e '~" —,'(1+cosU) exp -ie y(x„z)dz —1
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()o

pi(„—pd( d'z, e-'-e* oosiiaxp -ie: p( „x)dz)z—i

K„dzdefd'x, e 's'x(x,
(

'siorr axp(-ie p(x„z)dz), (5.1}

SK Q K+Q

((I0+ It+0

9RQ 5K+0 y

*(Z'-z*)(x,
(l

*(i —sos')sxp(-ze P(x„z)dz),

with U given by (3.39).
As is seen from (5.1), all of the helicity amplitudes fail to exhibit the simple-exponentiation form of

Moliere. This failure is due to the coupling of the three helicity states of a vector meson. Thus we have
once again vex ified, in a special example, that the failure of simple exponentiation always occurs if a par-
ticle has several degrees of freedom and they couple together. %e shall next discuss the implications of
(5.1).

A. Born Term

It is probably worthwhile to list the Born terms
of the scattering amplitudes below. They are

3II&'~ -2Ze V(~),

It Q) ~(s)

~(~) -~(~)

=(2) '"Sedif-'i d'Xe '~"—BV
Bx

= -(2)-'"mS-'~e V(Z)

gg(&) gg(&)
~Q +Q

~(&) ~(~)~'+Q+ +Q

~(~) ~(~)

gg(&) -0

expected: We study the Born terms in the high-
energy limit. If coupling occurs in more than one
channel, simple exponentiation cannot occur for an
arbitrary potential.

B. Higher-Order Terms

It is also possible to obtain (5.2) easily from the
Feynman rules. However, the calculation of the
higher-order terms is rather difficult by the Feyn-
man method. For example, in the second order,
an individual Feynman diagram. can give an ampli-
tude of the order of s'. We have explicitly checked
that, upon adding up all second-order amplitudes,
the s' terms cancel out. We have not even at-
tempted, however, to check the cancellation of the
s(lns)" terms, n =1, 2, . . . , with the Feynman meth-
od. Our calculations in Sec. IV imply that all loga-
rithmic factors indeed cancel in a/l orders of per-
turbation. In fact (5.1) is much more simple and
elegant than what the perturbation calculations
suggest.

C. Selection Rules

gg(&) -0
g'(7Y) is the Fourier transform of

V(x):

P(o)=fd" ""P(*-).

Note that (5.2) implies that the helicity of a vector
meson can change by one unit by interacting once
with the external field. It also suggests a simple
way to test vrhether simple exponentiation can be

We note from (5.2) that, in the lowest order, the
helicity can either remain the same or change by
one unit, but it cannot change by two units. Thus
all helicity states are coupled together, as we have
mentioned before. In the second order, change of
two helicity units is allowed, as is evidenced from
(5.1}.

In the forward direction 4 =0, all of the helicity-
flip amplitudes vanish. This is a result of conser-
vation of angular momentum.

From (5.1) we have
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SR+p —% p &

9gp+ Skp
(5.3)

U= —,'eM 'Ix~l ~ V'(x» e)(x~'+z') '"«
CQ

=-,'eM 'lx„l x ' —
J V(x„z)«

Equations (5.3)are simply a consequence of invari-
ance under space reflection. Another way to ex-
press (5.3) is that there are three polarization
states: (i) the one with longitudinal polarization;
(ii) the one with the polarization vector lying in
the scattering plane; (iii) the one with the polar-
ization vector perpendicular to the scattering
plane. States (i) and (ii) couple together, while
(iii) only couples to itself.

To conclude, there are no selection rules emerg-
ing in the limit of infinite energy. The only selec-
tion rules found are consequences of sacred laws
such as the conservation of angular momentum or
parity —and hold for low and intermediate, as well
as high energy.

D. Ultraviolet Divergence

Let us consider the specific example

=-'e~ 'g(2~) '&.'(I x, l ).
Thus, as Ix, l-0, we have

U=O(l x. l
')

(5.6)

(5.7)

As a result of (5.7), the nth Born term, n&1,
contains integrals of the form

which diverges at
I
x

I
=0. Thus if V is a single

Yukawa potential, all the higher-order Born terms
have ultraviolet divergences and are not defined.
However, the sum of all these terms at high ener-
gies is formally given by (5.1), which is in the
form of convergent integrals. The physical implica-
tions of this are most interesting and wi11 be stud-
ied in a separate paper.

~-fx)
V(lxl) =g(4~)-' '-

then

(5 4)

(5.5)
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