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A functional derivation is presentedof relativistic three-particle equations in configuration
space. The equations are formulated in terms of two-particle attributes and the lnhomoge-
neous terms are factorized in terms of the two-particle T matrix. The equations are further-
more exhibited in a practicable form in which the kernel is connected and the inhomogeneous
terms contain multiple-scattering contributions.

I. INTRODUCTION

The investigation of dynamical models' in sepa-
rable approximations and the formulation of Fad-
dt. ev' have greatly extended the understanding of
the three-particle problem. These and subsequent
investigations have revealed a number of features
to which a three-particle theory should aspire and

a number of equations have been suggested parti-
cularly for treating the nonrelativistic three-par-
ticle problem. " Equations which define the three-
particle scattering amplitude in terms of the two-
particle T matrix and kernel are of particular in-
terest for they allow the introduction of pole ap-
proximations and justify the use of separable mod-
els. The relativistic three-particle theory" '4 has
been approached by relativistic equations in anal-
ogy to potential scattering or by graphical tech-
niques. The most useful applications are in the
scattering of particles from two-particle bound
states. ' A derivation of relativistic versions of
the eikonal approximation for three-particle scat-
tering processes has also been given. '

In this paper a functional-derivative formulation
is given. of relativistic three-particle equations
which are defined in terms of two-particle attri-
butes and which allow the description of a number
of processes involving composite particles. The
equations originate from a study of the radiative
decays' of composite particles. The paper is or-
ganized as follows: In Sec. II the functional-deri-
vative technique' is introduced and employed to
derive two-particle equations and identities which
are required in the development of the three-par-
ticle theory of Sec. III. It is found that the tech-
riique lends itself to the derivation of three-parti-
cle equations of appropriate form in which the
clustering of the three-particle amplitude in terms
of two-particle attributes is exhibited. The impli-
cations of this clustering decomposition' for prac-
tical applications are apparent for it allows the in-
troduction of pole approximations in the two-parti-
cle amplitudes. The appearance of disconnected

contributions to the kernel of the integral equation
prevents the existence of the Hilbert-Schmidt
norm. In Sec. IV this difficulty is circumvented by

formulating relativistic three-particle equations
with connected kernels. In the concluding section
of the paper, V, the relation to previous work is
given.

II. TWO-PARTICLE EQUATIONS

The formulation proceeds from a spinor equation
of motion which may serve as a starting point in

many-body theory, a quark model, ' or the unified
theory of elementary particles. ' This equation
may be expressed in the following compact nota-
tion:

D'&a+ ~i

and

a,,=-~(y ),„v(x, -x,)

To the extent that the three-particle equations are
expressible in terms of two-particle attributes,
they may be regarded as being independent of the
starting equations.

Consider the generating functional

U = exp(~v&atakg)

and the Green's function,

c„=iw-'&o( ry„y, U(o),

where

w =&oiz'vio)

(2.4)

from which the more-than-two-particle amplitudes
may be derived by functional-derivative techniques
with respect to the "classical source, "q». In
view of the fermion nature of the fields the classi-
cal source is antisymmetrical under change of in-
dices and the variation is given by

=6; 6„q —5~5„;.&q~
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(D + '7 +I)zk Gks 6zs ~

where the mass operator, M, is given by

(2.V)

In order to keep the formulation as simple as pos-
sible, only the terms generated by the first term
of Eq. (2.6) are retained. When the need arises,
the equations may be appropriately symmetrized.
The Green's function satisfies the equation 1rq esp +rq, sp+Grp Gqs

= i GrjG,„T~„fg Gf, Gg p

(3.1)

(3.2)

(3.3)

(2.11). However, in order to avoid disconnected
contributions it is advantageous to proceed from
the following truncated four-point function:

M.h Gh. = z V. ,n. Gh. .s (2.8)

and the four-particle Green's function is defined
by

(2.9)

We next define a six-point function by

8
8 (z)„,.p)

Aa
(3.4)

&&q,np+G&pGqn+'zG3h&hs rr+rq, spG&n (2.10)

where the four-point function, F, is given by

Forming the functional derivatives of Eq. (2.V)

with respect to the source q and using the fact that
the mass operator depends on q only via G, it fol-
lows that

Fmploying the two-particle equations of Sec. II, it
follows that

(
8 BMjf

~j Ifd, feg+g a,db cq,hP
BAa

BG,p BGqh
+ Z+jh, fc ~eqa, hpb 8 Gqh Gep

@ba

BGr
rq, sp (2.11)

where

(3.5)

BMhg
z&hs, g. =

BG
~

rs
(2.12)

The two-particle 1' matrix is in turn defined by

I;q ~=-G;pGq + zGjG,„T;nfgGf G p (2.13)

The effective two-particle interaction, K, is de-
fined by

82Mjf .

BG BGgd eh
(3.6)

denotes a three-particle effective interaction which
derives from the two-body effective interaction.
It therefore follows that the six-point function
satisfies the equation

and satisfies the integral equation

4a,bc =&d. ,be
—Z&ds, br G.j&ja,fc Gf' (2.14)

~rqa, spb + ZGrj@j h,fc Scqa, hpb Gfs Irqa, spb &

where the inhomogeneous term is given by.

(3.V)

=Z&h &rI"rq sp (2.15)

and taking the last two equations into account, it
follows that

Relationships which are needed in the sequel are
Qow derived.

(a) Employing the result

f rqa, spb 8 ++ + G)rqa, spb

BG„j
rqaspb Z qn jn jg Gfs Ggp &q b Bq

BGfs
Brqa, spb zGrj GqnTj n,fg Ggp

BAa

Gras, spb Grpt~jk p,fcXF'kapbFcq, p, k

(3,8)

(3 9)

(3.10)

= -zGqnTh„, G~.
Bgp

(2.16) —zK k ~,(F„~bG „+G,pF kb)]G~ .

(h) Utilizing Egs. (2.8), (2.9), (2.11), (2.1.3),
and (2.16) it follows that

BMh j
M, j = zV,p,j,Gqp

—zy, p, rjG„p —zy,.p „,Gr
8&pq

(2.1V)

(3.11)

The inhomogeneous terms may be further exhibi. -
ted. Utilizing ezluations (2.11) and (2.13), it fol-
lows that

Brqa spb z Gas GrjTj n fg Gfb Ggp Gqn

The last equation may be iterated to exhibit the
structure of the miss operator.

III. THREE-PARTICLE EQUATIONS

Three-particle equations may be derived by func-
tional-derivative techniques starting from Eq.

~rj Gqn ~jn, fg Ggp Gf $ Gah~gh, ex Gcs. ~xb

and the crossed term

&rqa, spb ZG.b Ga, Gqn& ..fg Gfs Ggp

(3.12)
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FIG. 1. Graphical representation of some representa-
tive terms of the inhomogeneous term Eq. (3.8) exhibit-
ing the clustering decomposition.

Srqa, spb =GrxGazXxqz, ypb Gys t (3.15)

it follows that

G„G„xXq, ~pbG~+iG, zGr; E;q f,G,xXxqz ~pbG~qGfs

(8.16)

which is the configuration-space representative of
the desired relativistic three-particle equation de-
fined in terms of the two-particle kernel. Equa-
tions (8.12) to (3.14) exhibit the inhomogeneous
term factorized in terms of two-particle attributes.

IV. RELATIVISTIC THREE-PARTICLE
EQUATIONS WITH CONNECTED KERNELS

The relativistic three-particle equations of sec.

Representative terms of the inhomogeneous term
Eq. (3.8) are depicted in Fig. l.

The structure of the three-particle effective in-
teraction may be illustrated by iterating Eq. (2.1V)
and applying Eq. (3.6) with the effect

&~h p,fc~ —-~ p,nc Gn. ~xh,fX

-V),.hG. ~ p,f.G-~",)..G ~

-V;) „hG„V„f„G G„,Vzp ~c+ ~ ~ ~ .
(3.14)

Defining

i T a gs Gsj Eye,f~GfaGezG;&y~X. qz, ypb

which, by virtue of Eq. (4.2), equals

(+me ~d &me gd +ez Grx ~yd &xqz, yPP '

(4.3)

(4 4)

III are not suitable for many practicle applications
in view of the disconnected nature of the kernel.
In order to circumvent this deficiency it is first of
all necessary to symmetrize the kernel in ordex to
take into account the role of the spectator particle
that accompanies the two-particle kernel.

It follows from Eq. (3.16) that the appropriately
symmetrized equation which exhibits the first par-
ticle, the second particle, and finally the third
particle as a spectator, respectively, is given by

Gaz Grx Xxqz, 3fpb G3fs Irqa, s pb

—ZGaz Gc„G3~Grm K~~cGgs X„q

—iGr K ~,Gg, Ge GxG„,X„„„pb
—i Gs K,~q Gga GezG„„G„qX„q „pb .

(4.1)

In view of the dependence of the kernel of the equa-
tion on the two-particle kernel itself, a partial in-
version of the equation may be effected by taking
into account the two-particle relativistic equation

T e~, =E e~c —iT,~rGr;K, e f,Gf,

according to Eq. (2.14).
The convolution T,~,I„-„,» as determined by

Eq. (4.1) is next to be considered. The contribu-
tion which derives from the last term of.Eq. (4.1),
in particular, reads

+me, gdGezGrxsydXxqz, ypb Tmh, gtIrqh, tpb ~ Tmh, gt GhzGcx~yd Grj+jd gcGft Xxqz, ypb

~ Tmh, gt Grj+je,fc Gfh Gez Gcx Gyt Xxqz, ypb m

Appllcat1on of the above procedu1e furthermore yields the equations

GazGcx Gy. &~,gcXxqz, ypb
= Tmt g.i...,tpb

—& Tmt, gn Gng&ge, fc Gfa Gez Gcx&yt Xxqz, ypb

& Tmt, gn Gt )&g e fr Gfa Gez Gnx G3ffI Xxqz, 3fpb

(4.5)

(4.6)

& e,gcGe. G. G~X q. ,ypb
= T h, g.I.qh;pb

—i~ h, g. Gh. Gc.GAG.&&&~,fcGf.X.qz, ypb

~ Tmh, gnGsj +pe,fdGfaGezGnxGydXxqz, ypb (4.7)

A graphical representation of the last equation is given in Fig. 2. Equations (4.5) to (4.7) may be regarded
as the relativistic analog of the Faddeev equations. The importance of the equations derives from the fact
that they incorporate the two-. particle dynamics of Eq. (2.14) which in turn implies a connected three-par-
ticle kernel This resu. lt may be achieved by substitution of Eqs. (4.5)-(4.7) into Eq. (4.1) with the result
that

GazGrxXxqz, ypb Gys Irqa, spb ~GrmGgs Tmt, gnInqa, tpb ~GrmGga Tnh, gnInqh, spb ~GsmGga Tmh, gtirqh, tpb

(~rmGds Tmt
~ en Gje~es (~nj+jegc~cx Gyt +~t J+tegdonxayd)k+xqs, ypt
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[GrisGga Tish, en Grit Gfs(Ghg Gee Get K&e,fc +Kfe, pe Gth Gee Gii )s] Xsag ehh

[GseiGga Tish, gt GcsGrt(Ghg Gait Ktit, t'cGft +Grj Kte, t'cGthGeg Get)] Xseg (4.8)

Equation (4.8) is depicted in Fig. 3. This equa-
tion represents a linear relativistic three-particle
equation defined in terms of a "known" kernel and
inhomogeneous terms which are factorized in
terms of two-particle attributes. In contrast to
Eq. (4.1), for example, it possesses a connected
kernel accompanied by the fact that the Hilbert-
Schmidt character of the kernel is not aggravated
by the more-than-two-particle nature of the the-
ory. This circumstance is also reflected by the
structure of the inhomogeneous terms of the new
equation. These. terms represent multiparticle
scattering contributions. Once the contributions
of the cuts associated with these multiple-scatter-
ing processes have been separated from the ker-
nel, they do not interfere with the convergence of
the Fredholm or quasiparticle methods. The rela-
tivistic three-particle scattering problem is re-
duced to the solution of three-particle equations
which may be solved by standard methods provided
the two-particle Bethe-Salpeter kernel is suffi-
ciently well behaved.

V. CONCLUSIONS

A functional-derivative formulation of a relativ-
istic three-particle theory has been developed.
Relativistic three-particle equations -have been de-
rived and the main difficulties that arise in more-
particle theory were avoided by rendering the
three-particle kernel connected. The equations
provide a basis for the description of many differ-
ent physical processes such as three-particle
bound states and scattering, scattering of compos-
ite particles, rearrangement collisions as well as
the decay of unstable composite particles.

It is of interest, in conclusion, to discuss the
relationship of this work to related investigations
in three-particle theory. ' It is appropriate to em-
ploy a symbolic notation for this purpose. Equa-
tion (4.1) in a symbolic notation reads

kernel connected. In order to make contact with
related investigations, it is first of all to be no-
ticed that, according to Eqs. (3.12) and (3.13), the
inhomogeneous term may be separated into con-
nected and disconnected parts.

Consider a separation of the form

I= ID+I~,

where

(5.2)

S =SD+$~,

where S~ and S„satisfy the equations

SD = Itt —tG(Kt+K, +Kh)GSD

and

S„=I„-iG (K; +Kt +Kh)GS„.

(5.4}

(5.5)

(5.6)

Relativistic Faddeev equations may be derived
from the equation for the disconnected part Eq.
(5.5) and Eq. (5.3).

Define the disconnected three-particle ampli-
tudes as follows:

Stt = PS'. (5.V)

Substitution of Eq. (5.V} into Eq. (5.5) yields the
equation for the disconnected part:

S'= I' —iGK,G(S'+St.+S ) . (5.8)

Partial inversion of the equation by means of the
two -particle equation

T; =Xi —i T;GK;G (5.9)

Itt= Q I'. (5.3)
i=1

In Eq. (5.3), the I' denotes the two-particle T ma-
trix connecting the particles (j, k) accompanied by
the ith particle as a spectator.

It follows from Eqs. (5.1) and (5.2) that the
three-particle amplitude may be decomposed in
the form

S = I iG(K; +K, +K-h)GS, (5.1)

where the K, denotes the two-particle kernel ac-
companied by particle i as a spectator. In Sec. IV
a method has been developed for rendering the

~TK~xw UTER Lx)

FIG. 2. Graphical representation of the
three-particle Eq. (4.7) with final-state interaction.

FIG. 3. Graphical representation of the
relativistic three-particle Eq. (4.8).



yieMs a coupled set of relativistic Faddeev equa-
tions'

(S.i0)

Ftee,gy, eoeetder the Eq. (5.6). The kernel of
the equation may be cast into a connected form by
the method of Sec. IV. The inhomogeneous term
contains, among other terms, pole terms connect-
ing the bvo-particle T matrix, These terms gen-
erate relativistic equations for the connected part

of the thx ee-particle amplitude i.n a "ladder" ap-
proximation, Tbls equation IQay be further sim-
plified by considering the two-particle 7 matrix
in the proximity of its bound-state poles. The re-
sulting equation describes the scattering of a par-
ticle from a bound-state analogous to the Amado
model' introduced in connection with nucleon- deu-
teron scattering. The multiple-scattering terms
that occur in the connected equations generate dy-
namical singularities, the role of which have been
investigated in the triton bound-state problem. '
These singularities also play a role in the treat-
ment of unstable composite particles. '
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