5 SPONTANEOUS VIOLATION OF

Hence,

or-3ll38), T

From (2.50), we obtain

(B9)

DILATATION INVARIANCE... 3077

(&)-2ee) | I

by virtue of

(B10)

(0] B (x)| B, )= sy b

@ " @aT (B11)

igx
et?r,

*Supported in part by the National Research Council of
Canada.

ID. Maison and H. Reeh, Miinchen report (unpublished).

’G. Mack, Nucl. Phys. B5, 499 (1968). G. Mack and
A. Salam, Ann. Phys. (N.Y.) 53, 174 (1969). M. Gell-
Mann, in Proceedings of the Third Hawaii Topical Con-
ference on Particle Physics, edited by S. F. Tuan (West-
ern Periodicals, North Hollywood, Calif., 1969); C. G.
Callan, Jr. and P. Carruthers, Phys. Rev. D 4, 3214
(1971). The last paper contains several useful references
on this subject.

3In this context see also M. Kugler and S. Nussinov,
Nucl. Phys. B28, 97 (1971).

“A. Aurilia, Y. Takahashi, and H. Umezawa, Progr.

Theoret. Phys. (Kyoto) (to be published).

5A. Aurilia, Y. Takahashi, and H. Umezawa, Phys.
Rev. D 5, 851 (1972). This paper will be referred to
as L.

8y. Fujii, Lett. Nuovo Cimento 1, 384 (1971).

'C. G. Callan, S. Coleman, and R. Jackiw, Ann. Phys.
(N.Y.) 59, 42 (1970).

8J. Goldstone, A. Salam, and S. Weinberg, Phys. Rev.
127, 965 (1962).

. Takahashi, Proc. Roy. Irish Acad. 71A, 1 (1971).

10we define (y+8 + m)S,(x —y) =6(4)(x—y).

Up, Lurié, A. J. McFarlane, and Y. Takahashi, Phys.
Rev. 140, B1091 (1965).

PHYSICAL REVIEW D

VOLUME 5,

NUMBER 12 15 JUNE 1972

High-Energy Delbriick Scattering from Nuclei*

Hung Chengii
Department of Mathematics, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139

and

Tai Tsun Wui
Gordon McKay Laboratory, Harvard University, Cambridge, Massachusetts 02138
and Deutsches Elektronen-Synchvotron (DESY), Hamburg, Germany
(Received 12 January 1972)

We study the elastic scattering of a high-energy photon from a heavy nucleus, considered
to be a static Coulomb field due to the charge Ze. Exchange of an arbitrarily large number
of photons with the nucleus is taken into account, and the effect of this multiphoton exchange
is found to be very large, particularly for momentum transfers which are large compared
with the rest mass of the electron. In addition, an interesting theoretical problem in this con-
nection is formulated but unfortunately not solved.

I. INTRODUCTION

Three years ago, we studied in detail all two-
body elastic-scattering amplitudes in quantum
electrodynamics at high energies.!”®> Among these
processes, the one with the most direct experi-
mental interest is Delbriick scattering,’ or the
elastic scattering of a photon by a nucleus, con-
sidered to be a static Coulomb field. At the time
when we carried out our theoretical analysis, the
only relevant experimental data on Delbriick scat-
tering were those of Moffatt and Stringfellow” at an

energy of about 90 MeV, and a comparison of these
data with our theoretical results is given in IIIL
Recently, the experimental group F39 of DESY ob-
tained data on Delbriick scattering and photon split-
ting at energies of several BeV and momentum
transfer of a few MeV/c, although the data analysis
is as yet incomplete. Motivated by this new infor-
mation on copper, silver, gold, and uranium, we
give in this paper the basic theoretical formulas
for Delbriick scattering and some of the simple
consequences.

The lowest-order diagrams for Delbriick scat-
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tering® are of the sixth order, and hence the ma-
trix elements are of the order of Z%¢®, where as
usual Z is the atomic number of the target nucleus,
and ¢%/471=a=1/137.04 is the fine-structure con-
stant. For these diagrams, two photons are ex-
changed with the nucleus. If, more generally, 2n
photons are exchanged with the nucleus, then the
matrix element is of the order of (Ze?)*"e? for n
=1, 2, 3,.... Since for heavy nuclei Ze? is not
small, the effects of multiphoton exchange must

be taken into account. At high energies, the in-
clusion of multiphoton exchange does not compli-
cate much the basic formula, which was first given
in Ref. 1. Since the matrix elements from the
lowest-order diagrams have been analyzed in
great detail in III, we are here concerned with the

effects of multiphoton exchange, or in other words,
the effects of Coulomb correction.

In this paper we shall follow closely the develop-
ment in the later part of III. We emphasize that,
here as well as in III, no artificial nonzero photon
mass is ever introduced. The generalization to
include multiphoton exchange is, however, far from
being trivial. In fact, as discussed in Sec. 7,
there is an important problem that we do not know
how to solve.

The effect of multiphoton exchange is quite large
for heavy elements. For example, as seen in
Sec. 6, for a momentum transfer of several MeV/
c, the resulting reduction in differential cross
section can be more than a factor of 10 in the case
of uranium.

2. HIGH-ENERGY AMPLITUDES

Let w be the energy of the incident photon in the laboratory system; then, when w is much larger than
the electron mass m, the Delbriick amplitude is given asymptotically for fixed nonzero momentum transfer

A =2%, by?

m(m,_,iwzzez(zn)-zfdal [(al+-fl)2] -1+1otz[(al _?1)2] -l-iaZgZ!('f.l’ aL) s (2‘1)

where ¢ and j are respectively the directions of polarization for the incident and scattered photons, and

g :.’j is the photon impact factor given by®%5

87,(7,,d,) =8a2fdﬁd6' 5(1- - B')fldx(aﬁaﬁ"‘(l = ryyry = BF, 70,11 - 888 (x = 3)°]
(1] 4]

47 2p%x(1 - x) +m?

_ 888'x(1 - x)Q;Q; -Q%5,,(1 - 888’ (x - 3)*]

with

Qzé(ﬁl+?1)_ﬁ?1-

4 x(l—x)+m2 ) ’ (2-2)

(2.3)

We are interested in the properties of 91‘® as given by (2.1).

3. FEYNMAN PARAMETERS

In order to make use of the methods and results of III, it is necessary to introduce Feynman parame-

ters.® Since

(@, +F)%] 7+ 2[(q, - F,)?] "*"**%=(n1Za) ™" sinh(nZa)

1
Xf dasdagd(l - a, - ae)[(aj_ +T)) 20, +(q, ——fl)zas] -z(as/as)wd ’ (3.1)
o

the effects of multiphoton exchange are contained entirely in the factor

(as/as)? (sinhnZa)/(1Za) ,

(3.2)

which approaches 1 as Z-0. Accordingly, by (3.1)-(3.5) of III, we can write down immediately that

MP~L1i(2n) 3 Z20|t] 1G,

G=-G,6;;+ Gzrlirlj/lflal ’

(3.3)

(3.4)
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G,=G,(7)
=[(sinhnZa)/(1Za)] fldBfldﬁ’fldxfldaef%das, cos[Za In(ag/a;)]6(1 - B— B — a, — ag)(B+87)3
0 4] ) 1] 0
, B*(as + o)
X [(B +B )2T2<{T[(ﬁ _{_3,)(15(1G + Bl - x;(as,iae)] +(8 +B:)2(a5 ; as)}z
(B ag = Bag)[(as + ag) +(B+B)x(1 —x)] 7! )
T l(B+B) s + x(1 = x)(BPag +B2as) ]+ (B+ B[ (as + ) + (B+B)x(1 - x)] } 2
o 168
7[(B+B") asag + B2x(1 = x) (a5 + ) | + (B + B (as + )

(488" (o + ag) +(B+ B )5 + a5) + (B+B)x(1 = x)] ~* )] 3.5)
TT(B+ B s + x(1 = ) (B + B2 as) ]+ (B+B V(s + a5) + (B+B) (1 - x)] ‘

and

G, =G,(1)

=[(sinhnZa)/(1Z )] fo 1dB fo ldB' fo ldx fo 1daa fo aedas cos[ZaIn(a,/a;)]6(1 - B =B - ay - ag)(B+p")28p8p

(1 - x)72 B o + ag)
x k=T ({T[(B +B) 50 +B2x(1 = x)(as + )|+ (B+ B ) (as + @)

(B o — Bag)? >
" (as + ag) + (B +B)x(1 = ) [{r[(B+ B etz + x(1 = x) (B ag + B2as) [+ (B+ B[ (s + a5) + (B+ B (1 = DI 1 /'

(3.6)

In (3.5) and (3.6), 7=|t|/m? and ¢t =-4% 2.
Equations (3.5) and (3.6) can be slightly simplified by the change of variables

o=B+p", z=B/(B+B"), and z'=oy/(as+a). (3.7
In terms of the matrix elements for perpendicular and parallel polarizations, the results are

1-2'
dz’cos(Zaln z’z )

1/2

m(m 1 1 1
(mfm>~ -%i(Zn)’seszzw[(sinhnZa)/(nZa)]fdxf dof dz
| 0 o o 0

X[ 40712(1 - 2)
TI(1-0)2"(1 = 2") +0z3x(1 - x) ] +0

(1-0)[407Y(1 - 0)z(1 - 2) +1]
T-o+ox(1- )1 -0P2'(1-2") + x(1 = x)o(1-0)(z * - 222’ +2')] +0[1l — 0 +ox(1 — x)]}

(128200 2 3x1-) a
*T\1-82(1-2)x(1-%) <{T[(1-a)z’(1 -2') +022x(1 - x)] +0}?

_ (1-0)(z-2')? ]
[1-0+0x1-0){r[(1-0)%'(1-2") + (1= ©)o(1 - 0)(z% - 222" +2')] +0[1l -0 +ox(1 = x)]?) '
(3.8)

Numerical calculation on the basis of (3.8) is being carried out by members of F39 at DESY, especially
Willutzki.

Using a method similar to that in III, we apply Mellin transformation® to study the behavior of G, and G,
as given by (3.5) and (3.6), respectively:

G0 [ "6, () i-tar (3.9)

for n=1,2. This task is greatly facilitated by merely including in addition the factor (3.2), or rather its
real part, in numerous formulas given in IlI. For example, from (3.18) and (3.19) of III, we get
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jon

G,(¢) =meseng[T(¢)]*[r(2¢)] ~*((sinhnZa)/(1Z )]
1 1 1 1/2
’ 1-8-8 _ _ -l -1
xfodﬁj; dﬁﬁdasﬁ dagd(1-B-p")6(1 - as - ag)as o™ cos[ Za In(as/ ;)]

x{[1-288"(1 - 22)7][B* - 1t (csent)(1 - E)asae) ™ {(BPag + B2 as) F(2 - £,1 - £;2; 2)]

-mg3(esemy)(asae)t[1- 488" (1+22) | F(1-¢,1-¢;2;2)} (3.10)

and

G,(¢) =mesemg[T(1 +¢)]3[T(2 +2¢)] ~Y(sinhnZ )/ (7Z )]

1 1 1 1/2
X f dﬁf dB’f dag dagd(1-B-p)6(1 - oy — a5)8B8 as o~ cos[Za In(og/ a))
o 4] 1] 0

X[BF - 3 (1 - ) eseme)(asae) ™ F (B as - Bag’F (2 - ¢, 1-£;3;2)],  (3.11)
where
2= (B a5 — Bae)*/ (a5 ) - (3.12)
4. BEHAVIOR FOR w>>A>m

As in III, we want to study the behavior of the scattering amplitudes in the two extreme cases w>wm > A
and w> A>m. Since the former case is completely understood,’ we concentrate on the latter one.

We need to find, for this purpose, the properties of G,(£) and G,(¢) in the neighborhood of ¢ =0. By
(3.26), (3.27), and (3.31) of III, we know that, for £=0,

G,(£) =£7HGy+G4+G,) +0O(1) (4.1)
and
G,() =2¢7'G, +0(1), (4.2)
where G;, G,, and G, are given by the integrals
1/2

G, =4[(sinh1Za)/(1Za)] fldﬁfldﬁ’fldae dagd(1-B—-p)o(1 - a5 - o)
1] ] o] ]

x cos[Za In(ae/as)] BB’ (B’ a5 — Bate) "2 In[ a5~ g~ (B ag + 2 ax) ],

(4.3)

Gy =4(sinh1Za)/(1Za)] fld fld 'fld fmd 5(1 6(1 )

4 nZza ) Bo B . aso Qs -B-B = Q05— Qg

xcos[Za ln(ae/as)] BB a5~ ag™ ln[B'z(Bzas + ﬁ’zas)] ,
(4.4)
and
. 1 1 1 1/2
Gs =-—2[(smhnZa)/(1rZa)]j; dﬁj; dﬁ’j; dasj; da;d6(1-8-p)08(1 - a5 - a,)
x cos[ZaIn(ag/a5)] a5 *a, ™ In[B~2(FPa, + B2ay)]. (4.5)
We shall show that these integrals can all be carried out explicitly and the results are

G;=2[1-ZaImy'(1-iZa)], (4.8)
G,=3Za) [(Za)™* - 27(1 +42%0%) csch(27Za)], (4.7)

and

Gs=-(Za)"[(Za)™* - 27 csch(27Za)]. (4.8)
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In (4.6), ¢’ is the second derivative of the logarithm of the I'" function, and is sometimes called the tri-
gamma function. By (4.6)-(4.8), we get

IMD~ —i(2m)2e*ZwAa™2 [-2 (1 - 32%02)(Za)™ ! +1 (47)(1 - 2220%) csch(27Z ) - 2220 Imy’ (1 —iZ a)] (4.9)
and
MP ~i(2m) 2e*ZwAa™2 [-3(1+32%2a%)/(Za) +5 (47)(1 - 2Z%0°) csch(27Za) + 22202 Imy’' (1 - iZ )] (4.10)

for w>A>m.
We give below a derivation of (4.6)-(4.8) from (4.3)—(4.5), but this derivation may not be the best. Let
us consider G, and G, first; as a first step, we rewrite (4.4) and (4.5) in the form

G, = —2(1rZa)‘1Rej:dﬁj::das{[aS/(as —1)] % _ 1} B(1 - B, (828 + (1 - 28) ) (4.11)
and

G, =(1rZa)"Rej;1dﬁfc dog{las/(as - 1]2* - 1} o, In(B72[2 + (1 - 28)as)) . (4.12)
In (4.11) and (4.12), the contour C is around the branch cut from 0 to 1, as shown in Fig. 1. In both cases,
this contour C of integration can be shifted so that it wraps around the branch cut due to the logarithmic

factor In[g% + (1 - 2B8)a;]. This logarithmic branch cut is from -» to —p%/(1 - 2) if 8<% and is from g%/
(28-1) to +« if B> 3. Therefore,

1 -8%/(1-28) )
G,= —2(1rZa)"Re(21n')f dﬁf dag{las/(as - 1)]'%* - 1} B(1 = B ;™! (4.13)
o Foo
and
1 -8%/(1-28) .
Gs= -Z(ﬂZa)'lRe(Zm')f dﬁf dodlog/(as-1)]1%* -1} a7t (4.14)
[} Foo

where the - sign in the range of integration for a, applies for 8< 3 and the + sign for 8>3. These formulas
can be slightly simplified with the change of variable

o' =as/(as-1), (4.15)

and the results are

1 1
G, =2(1rZa)"Re(21ri)f dp da’ o' "1 - o) p(1 - p) (a2 — 1) (4.16)
) 8%/ (1-8)2
and
1 1 .
Gy = —(nZa)"Re(Zm')f dp da' o' (1 - o) Ha''%*-1). (4.17)
) 82/(1-8)2

The remainder of the calculation for these two cases is completely straightforward: We merely integrate

by parts with respect to 8 and carry out the necessary elementary integrals. Equations (4.7) and (4.8) re-
sult.

\

o, plane . A plane

YIAe

\}/

FIG. 1. The contour C of integration around the branch FIG. 2. The contour C’ of integration for the inverse

cut from 0 to 1. Mellin transform of the step function.
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We choose not to apply this procedure directly to G;, because the structure of branch cuts in the a; plane
is somewhat more complicated. Instead we find it expedient to write, with a change of variable,

G3=Gs, +Gsz (4.18)
where
1 Lo/ (1-ag) 1M2
Gy, = -4[(sinh7Za)/(1Z )] Re[ dog[ag/(1 = a) 2% as(1 - a5)]”2f dx (1 - x"%)1In(1 +x?) (4.19)
(4] o]
and
1 . [asl(x-as)]l/z
Gsz =—4[(sintha)/(nZa)]Ref dogag/(1 - ag)]17(1 - 2a5)f dxx~*In(l +x3). (4.20)
0 0

The x integration in (4.19) is elementary, and thus
Gsy = -4[(1) - Rev(1 —-iZa)]. (4.21)

The evaluation of G,, is more complicated. One way is to use the integral representation of the step
function

(_21’1-)—1[ x) d)‘/x={0 if x>1

1 if x<1 (4.22)

where the contour C’ of integration is shown in Fig. 2. Thus

Gaz =-4[(sinh7rZa)/(nZa)]Ref dx A"fldas los/(1 - ag)]2(1 - 2a5)fmdxx"1n(1 +x2)x (1= )20, 2 .
c’ 4] [

(4.23)
In this form, all the integrations can be evaluated, and we get
Gy =2+4[(1) -Red(1-iZa)|-2ZaImy'(1 -iZo). (4.24)
Equation (4.6) follows from (4.20), (4.21), and (4.24).
5. SERIES EXPANSION IN Z«

As an indication of the importance of multiphoton exchange, we expand the right-hand sides of (4.9) and
(4.10) into power series in Za. Since''

ULz ==y +2 (17 "™, (5.1)
we get

Imy/(1 —iZa) = zii (1) 20+ 1)(Zay. (5.2)
Here ¢ is the Riemann ¢ function and y is Euler’s constant. Furthermore

cschz =—i°2(22"“— 1)B,, z*""/(2n)!, (5.3)

where B,, are the Bernoulli numbers. Because of the appearance of ¢ in (5.2), it is desirable to use the
relation®?

B,, =(-1)""%(27)"2"2(2n)!¢(2n) (5.4)

to get the expansion

csch(2nZa) = (12a)™1S (=1)"2(22"1 = 1)z (2n)(Za)?". (5.5)

n=0

Write
‘P = Lo, (5.6)
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and
WP =3 M, (5.7)
n=0

where 91, and 91, are both proportional to Z*e*(Z@)*". Then it follows from (4.9) and (4.10) that, for
w>A>m,

Mo~ i(2m) e Zwa (G 7 - 1), (5.8)

M, o~5i(2m) 2t Z2wa (3 7* +5), (5.9)

M, ~5i(2m) 2 Z2wA ™ (-1)"(Z@)*[4(2%™* = 1)£(2n +2) — B (20 +1) +8(2%"7" — 1¢(2n)] , (5.10)
and

M, ~5i(2m) 3 Z2wA2(~1)(Za)*[4(22™ — 1)£ (20 +2) +6n¢(2n + 1) +8(22" = )£ (2n) ], (5.11)

for n=>1. Equations (5.8) and (5.9) agree with (4.4) and (4.5) of IIL

r
6. SOME NUMERICAL RESULTS perpendicular polarization. Therefore, the polar-

ization P of the scattered beam, as given by
To show the importance of multiphoton exchange,

= (D)|2 _ (D)2 (D)|2 m(m 2 6.2
we plot in Fig. 3 the ratio M?/9M ,, and MP /M, P = (P2 = [/ (2| + (217 5 (6.2)
as given by (4.9), (4.10), (5.8), and (5.9) for w>A is increased. In Fig. 4, we show this polarization
>m. It is seen that the matrix elements are de- for w> A>m as a function of Z. In particular,
creased in each case. In particular, for uranium for uranium
mP/am,,~0.1693 P~86.96%, (6.3)
and (6.1) compared with P= 62,329 for hydrogen [see Eq.
(D) - (4.6) of II1I].
/M o= 0.2969 . The effect is more drastic for differential cross
Furthermore, the ratio is always smaller for sections. In Fig. 5 we show the reduction of dif-

10
09
w
=
¢ PARALLEL
] POLARIZATION
(v )
07+
>
[
< llSI
=
.
S st
=]
= PERPENDICULAR
§ I POLARIZATION
(¥ %)
= 03t
02r
01
u I I 1 . i 1 1 1 1 n " 1 . VR 1 1 1
[10] 20 T30 4«0 [so 60 70 ] [eqf 90] (0] 20 [ 40 [%0 60 70 ] g 30]
t Al Fe Cu Ag W AuPb U C Al Fe Cu Ag W AuPb U
z z
FIG. 3. Reduction of the matrix elements for Delbriick FIG. 4. Polarization of scattered photon at high energies
scattering due to multiphoton exchange. Note that neither when the incident photon is unpolarized and the momentum

matrix element changes sign. transfer is much larger than mec.
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FIG. 5. Reduction of the differential cross section for
Delbriick scattering due to multiphoton exchange.

ferential cross sections given by
(P2 4+ |9 |2) /(| o |2+ [ 1 o]%) (6.4)

for w> A>m. For uranium, this ratio is 0.076 96,
i.e., a reduction by a factor of 13.

7. DISCUSSION

We have shown that the effect of multiphoton ex-
change is quite large for Delbriick scattering. In
order to use either the simple results (4.9) and
(4.10) for w> A>m or the more complete (3.8)
for the purpose of comparison with experiments,
the following points must be kept in mind.

(i) The size of the nucleus has not been taken
into account. Theoretically, it is not difficult to
include this effect’® but the resulting formulas are
more complicated to evaluate numerically.

(ii) The matrix elements discussed here refer
only to elastic scattering. For example, if the
target is lead, we have studied the process

v+Pb-y +Pb. (7.1)

In particular, in (7.1) the lead nucleus remains in
its ground state. Experimentally, it is rather dif-
ficult to ascertain that the nucleus is neither ex-
cited nor broken up when the momentum transfer
is more than a few MeV/c. One possibility, as
suggested by Ting,' is to use different isotopes

of the nucleus as the target. With possibly a small

H. CHENG AND T. T. WU 5

correction due to nucleus size, different lead iso-
topes, for example, give the same Delbriick cross
section, although the levels of the nucleus can be
quite different.

A possible practical application of Delbriick
scattering is to produce a beam of linearly polar-
ized photons. The value given by (6.3) seems
quite encouraging for this purpose.

We conclude with a few more theoretical re-
marks.

(i) The series expansion given in Sec. 5 con-
verges if and only if

Za<s. (7.2)

In particular, this means that for heavy elements
the convergence of the perturbation expansion in

Z a for Delbriick scattering is non-uniform. Thus
Delbriick scattering at a momentum transfer of a
few MeV/c provides an excellent way of testing
perturbation calculations of very high orders. Just
how high the order is must be determined by nu-
merical calculation from (3.8).

(ii) Strictly speaking, the condition w> A>m
for (4.9), (4.10), and many other equations is not
precise enough. These results are valid when w/A
is very large and A/m is also large. That is,

(4.9) for example should be written as

lim lim MP/[-i(27)2e*ZwA™?]

A—>ew W—>e

=-2(1-32%c®)(Za)™!
+3 (47)(1 - 22%0?) esch(21Z a)
-222a*Imyp’(1 -iZa). (1.3)

(iii) There is a most interesting unsolved theo-
retical problem. Since the asymptotic expressions
(4.9) and (4.10) are analytic at Za =0, we ask
whether this is also the case for the next order
terms, i.e., terms down by a factor A~? with possi-
bly additional logarithmic factors. In the Appendix
we study these terms assuming that Z« is fixed
and positive. A comparison with the results of III
then shows that these terms are different depend-
ing on whether Za is zero or positive. This means
that we do not know what the correction terms to
(4.9) and (4.10) are. What is needed is the next
term in the asymptotic expansion of (3.8) for large
A but uniform in Za. Even though we are most
anxious to get this term, we are so far unable to
make any progress because Mellin transformation
cannot be used for this purpose.
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APPENDIX

In this Appendix, we study briefly one of the leading correction terms to (4.9) and (4.10), assuming that
Za is of the order of unity. For this purpose, we need to find the behavior of G,(¢) and G,(¢) for ¢ in the
neighborhood of -1.

Let

E=¢+1, (A1)

then by (D1), (D2), (C1), and (C2) of III, we have

G,(¢g) =-meseng[T(-1+£)]2[T(-2 +2£)] "} [(sinhnZ @) /(nZ @) | H (£) (A2)
and

Gy(2) = -7 cseng[I'(¢)]*[1(2£)] ~Y[(sinh7Z )/ (1Za) | H,(£) (A3)
where

1 1 1 1/2 R
H1(§)=j; dﬁj(; dﬁ'j; dasj; dagd(l - p—-p)5(1 - as - o) Re(ay/ o) %% o, "2 F a3+t

x {[1+288"(1 - 28)" ] [B2*2¥(ase)?~ “meseni(l - £)(2 - £)(BPag + B2as) F(3 - &, 2-£;2;2)]

+mesenE(l - £) o a1 +48p"(1 - 28) Y| F(2 - £,2 - £;2;2)} (A4)
and

1 1 1 1/2
Hy(&)= | dB | dp’' | das dagd(l - B - p)5(1 - ay — ag) Re(ag/ o) 2*8 88" oy tar,~?
0o 0 0 ]

X[p7*28 — ST +ET G +£)(B a5 - Bae) (B g + B2 ;) F (£, 2~ £53;2)].  (AD)
In (A4), z is given by (3.12); in (A5),

Z=(p" a5 - Bae)?/(BPag+B%ay) . (A6)

In the previous case of III where the factor Re(as/a;)'?® is absent, H,(£), for example, is of the order of
£72 for small £: one power comes from B=0 and the other power from ag~ = 0. With this additional fac-

tor Re(ay/a,)'%*, the Hy(£) of (A5) is instead of the order of £ at most. This is the basic reason for the
complication discussed at the end of Sec. 7.

We shall study only the H,(£) of (A5). By (C.8)—(C.11) of III, we have
H2(€)~Hu(£)+éﬂzz(§), (A7)

where

1 1 1 1/2
H21(£) =j; dﬁj; dﬁ’fo dasj; dog 6(1-p-p)0(1 - Qs — as) Re(as/as)iza

XSBﬁ’ as-la6-1[ﬁ-2+2§ - (B’as - Bas)z(ﬁzas + ﬁ;zas)-hg] (A8)
and

1 1 1 1/2
Hy(£) =L dﬁj; dB’j; dag A dag 6(1-g-p)6(1 - a5 — ag) Re(as/as)‘Z“Bﬁﬁ’(ﬁzae +ﬁ;2a5)-2+§

X{‘l +[1+ (B as - ﬁas)-z(ﬁzas +ﬁlzas)] ln[as_las-l(ﬁzas + 3'2‘15)” . (A9)

We nee.d to obtain terms of the order of £7%, 1, and ¢ for H,,(£), and the term of the order of 1 for Hyy(&).
In particular, we can just set £ =0 on the right-hand side of (A9).
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We shall not calculate all these terms; instead, we shall get only the leading term. Hence it is sufficient
to consider H,,(£). Unlike the case previously treated in III, the two terms on the right-hand side of (A8)
are separately meaningful. In fact, the term g~*2* gives no contribution because, for Za #0,

1
f dag oy ag™ N as/ag) ' =0. (A10)
0
Therefore, H,,(£) does not contain any term of order £, and we concentrate on the term of order 1:
1 1 1 1/2 iz
Hap8)~Hyy(0) = - [ dﬁj dﬁ'f doty [ dag5(1- - F)5(1 - @y - @) Re(arg/ ) 20
0 0 0 0

X 8B a5 g (B a5 — B ag) (o +B2as) 2. (A11)

If the contour C of Fig. 1 is again used, we get

H,,(0) =4 csch(1Za) f 1dB B(1 - B)Re f dag{las/(as = 1)]1% = 1} as (8 - a)*[p* +(1 - 2B)a;) 72 - p7%}
0 (o]
=4 csch(nZa)anldB B(1=p)Im[p/(1 - p)]?*%((1-28)"2- B 2+iZap (1 -28)""]

=87 CSCh(ﬂZd)fldB{‘[ﬁ/(l - B)12%a-1 1 1 (3 /0B)(1 - B)3(1 - 2B) " B/(1 - )] %1%}
o

=872 csch(nZa) csch(2nZa) . (A12)
In particular, it is interesting to note that
H,,(0)=4(Za)™?+0(1) as Za-0. (A13)
Accordingly, by (A2), for ¢ near -1
G,(8) ==16m(Za) * esch(2nZa)(c +1)72+O((g +1)™Y) . (A14)
When (A14) is combined with (4.2) and (4.6), we get
Gy(1)=4{1-ZaImy'(1 -iZa)] - 167(Za) ' csch(2nZa)r ! InT +O(77?) (A15)

for large 7 with fixed Za#0. Numerically, for uranium, (A15) is approximately
G,(7)~2.493 - 41,977 InT +O(17Y). (A16)

Thus, in this case, the second term gives a contribution of 26.1%, 13.2%, 8.1%, and 4.0%, respectively,
for A =10, 15, 20, and 30 MeV/c.

We are now in a position to state more explicitly the unsolved problem of (iii) near the end of Sec. 7.
Define, by (4.1), (4.2), and (4.6)-(4.8),

G,(Int, Za) =7{G,(1) - (Za) {-3 (1 - 3Z%a®)(Za)*

+% (4m)(1 - 22%0%) csch(21Za) - 22202 Imy'(1 - i Za) ]} (A17)
and
Gy(InT, Za) =7{G,(1) - 4[1 - ZaImy'(1 -iZa)]} . (A18)

What are the behaviors of G,(x,y) and G,(x,¥) as x—«? In particular, by (A13), what are the behaviors of
G,(x,y) and G,(x, y) for fixed xy as x-=?
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A completely covariant field theory is developed which includes both stable and unstable
particle fields. Exact single-particle propagators for both the unstable and stable cases
are derived for arbitrary spin in terms of matrix elements of the basic interaction. The
free-particle approximation to these propagators does not contain the unphysical terms
which are usually present in the propagators derived in the interaction picture. The rela-
tionship to the Lehmann spectral representation is established and general equations for the
various renormalization constants are given. Based upon general considerations it is shown
that in the limit of high momentum transfer an extra factor ¢ 2 occurs in the cross section
for 2-particle-to-2-particle scattering, more in line with experimental observations.

1. INTRODUCTION

In a previous paper,! in an investigation of the
Lee model, the authors showed that a V -particle
state is well defined even though no stable V -par-
ticle state exists as an in- or out-state. This
state, which can be simply described as

[V (p, t)y =~ #¥|p), 1)

where H is the exact Hamiltonian and |p) is the re-
normalized “mathematical” V -particle state, is
shown to be the scattered-wave part of the exact
N, 6 scattering solution thereby relating the un-
stable state to the production process and, there-
fore, to the stable in-states of the model. In the
large-time limit, corresponding to an out-state
for the stable case, |V (p,t)),.. approaches the
exact V-particle eigenstate of H. In the unstable
case, for large mean life ' and T't <1,

Lm [(p|V (p, |2 ~e=Tt +0 (t-3/2),
- @)

}gngw ¢k, b = RIV (b, )I2~ (1 —e~T#) +0 (¢572),

where |k, p —k) is the N, 6 in-state, precisely what
one expects for the time dependence for an un-

stable state and its decay products. Thus, for the
Lee model there appears to be no difficulty in ex-
tending the usual field-theoretical approach to in-

clude a discussion of ‘““asymptotic” states, rather
than just in- or out-states, thereby including the
possibility for a description of an unstable particle
within the framework of the theory.

In this paper the authors extend the analysis used
on the Lee model to a general relativistically in-
variant field theory that includes stable as well as
unstable particles. Covariant Heisenberg field op-
erators are defined which create single-particle
states with the properties of the V -particle state
given in Egs. (1) and (2). Expressions are derived,
in terms of the basic matrix elements of the inter-
action, for exact propagators for particles of ar-
bitrary spin for both the stable and unstable cases.
Since the calculations are carried out in the
Heisenberg representation rather than the inter-
action representation, no unphysical contact terms
arise in these expressions. Along the way expres-
sions are also obtained for the various renormal-
ization constants.

A sample calculation of the S matrix for the pro-
cess 2 particles in and 2 particles out is done as
an illustration. In the limit of high momentum
transfer, for both stable- and unstable-particle
exchange, extra factors of the momentum transfer
appear which depress the cross section over the
usual Born-approximation results.

The approach presented differs from that of
other authors?-® who describe a field theory of un-



