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Using the model that the baryons are composed of quarks with harmonic interactions, we

compute cross sections for high-energy neutrinos and electrons to excite the nucleon to the
resonance states with masses below 1.9 GeV. The frame dependence of the nonrelativistic
quark-model results is emphasized and discrepancies between some previous model calcu-
lations of electroproduction form factors and data are shown to be due to the frame chosen.
For neutrino production, the model predicts that a significant excitation of the second and

third resonance regions will be seen from neutrons, but' with proton targets only the
6 (1236) excitation will be observed. An interesting result of the electroproduction calcula-
tion is the prediction that the P&&(1470), while suppressed at small t {and hence in photopro-
duction), will dominate over the S&&(1550) and Df3(1520) at large t ~ 1.5 (GeV/c) .

I. INTRODUCTION

The symmetric quark model of hadrons with har-
monic interaction has been discussed extensively
in the literature of recent years. The model has
had continued success in classifying the observed
resonance states'; many of the states that the
model predicts to exist have been discovered in

phase-shift analyses while states with quantum

numbers that cannot be accommodated in the con-
ventional formalism have not had their existences
confirmed. "Dynamical calculations have been
made of both strong and electromagnetic resonance
widths using both nonrelativistic' ' and relativis-
tic" formulations of the model. A particular suc-
cess of the model has been in the selection rules
that it predicts, some of these following from the

SU(6)~ISO(3) symmetry"'"' whereas others seem
to depend critically upon the harmonic-oscillator
formulation. ' "

A survey of Refs. 3-12 will show the variety of
"quark models" that exist. In Refs. 3-7 the inter-
actions which lead to the transition from the
ground-state nucleon to the resonant three-quark
state were written in nonrelativistic form in direct
analogy with nuclear-physics calculations, the im-
plicit assumption being that on the one hand the

quarks were very massive (so that a nonrelativis-
tic calculation was relevant) while on the other
hand they were quasifree. " It is not at all clear
that such a strange picture should have any rele-
vance to the real world, and yet the real world
seems in many cases to behave in the manner that

such a model would predict. '4 An attempt to under-

stand why such a model works motivated the rela-
tivistic approach of Ref. 8.

Granted that the model of Ref. 7 works well for
photoproduction, then one should proceed to test it
as extensively as possible. Thornber' made com-
putations of the electroproduction transition form
factors for various resonances and in comparing
the ratios of the excitation and elastic form fac-
tors, found marked disagreement with the data for
) t) & 1 (GeV/c)' (where t is the invariant mass
squared of the exchanged virtual photon). However,
we shall see that the disagreements at large t were
due to the particular choice of frame that she em-
ployed (a similar conclusion to this has been in-
dependently reached in Ref. 6). When account is
taken of the frame dependence and the nonrelativ-
istic nature of the model, the agreement with the

data is considerably improved. Electroproduction
has been considered in a relativistic quark model

by Ravndal and also by Copley et al. '
The main purpose of this paper is to use the non-

relativistic model ' ' to compute the cross sec-
tions and form factors for the production of reso-
nances by neutrinos interacting with nucleons. The

reasons for this computation are twofold. First,
it enables the model to be tested further than has

been done to date; in particular the axial-vector
excitation matrix elements are probed in this case,
a feature not present in photoproduction and elec-
troproduction. Secondly, neutrino physics is about

to enter a new and exciting era, with resonance ex-
citation being measured for the first time from
hydrogen" and excitation from nuclei, using very
high-energy neutrinos, being in prospect with the
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advent of the National AcceIerator Laboratory
(NAL). » Very few calculations or model expecta-
tions for resonance excitation rates with neutrinos
exist" "and so it is of interest to see what fea-
tures of resonance production the model predicts
will be seen. We compute the excitation rates to
the b,(1236), and to the negative-parity resonances
in the mass range 1.50-1.55 GeV (S», D»}, and
1.65-1.70 GeV (S», D», D», S», D»). In the mass
range 1.70 to 2 GeV is a complicated band of posi-
tive-parity resonances, and we consider the ex-
citation of the most dominant of these in the third
resonance region [E»(1688)]. We shall not discuss
excitation of the many other resonances in this en-
ergy band whose quark-model assignments are in
many cases uncertain. We also consider possible
excitation of the Roper resonance [P„(1470)], there
being considerable debate as to whether this reso-
nance does or does not couple significantly in pho-
toproduction. ""

Due to the nonrelativistic nature of our model we
shall show how the results depend upon the choice
of frame in which the calculations are performed.
This enables us to specialize to particular frames
and compare our results with those of other au-
thors. In the case of weak production we predict
that from neutrons significant excitation of
D»(1520) and S»(1550) will take place and will
dominate the second resonance region at small t
(momentum transfer squared), whereas at large f
we expect the P»(1470) to become significant and
even dominant. ' In photoproduction and small-t
electroproduction the D» and Spy are again predict-
ed to dominate, but for ) f ) & 1 (GeV/c)' the
P»(1470) is expected to become significant. For
weak production from neutrons and also for elec-
troproduction, the third resonance region will be
dominated at large f by E»(1688) excitation. At
small t there is expected to be a significant contri-
bution from D»(1670) excitation. " The dominance
of E» at large t is due to its assignment L = 2 in
the oscillator spectrum while the D33 is only L = 1;
this behavior is analogous to the behavior of the
P»(1470) in the second resonance region. With
proton targets only I = —', resonance states can be
excited with neutrino beams and so no second res-
onance will be seen. In this case we also expect
the third resonance to be suppressed, and so the
total excitation from proton targets will be domi-
nated by the P»(1236).

These conclusions for the weak production agree
with those of Ravndal" but are in contradiction
with those of Albright et al. These latter authors
claim that the negative parity 70plet of SU(6} will
not be excited; however, the fact that these reso-
nances are known to be excited by the vector cur-
rent (photoproduction and electroproduction) and

II. CURRENT-CURRENT INTERACTION

All semileptonic weak interactions observed up
to now can be described by the phenomenological
Lagrangian"

2 = ~ [Z (~t('j, ) +j ('„)) + H.c.], (2 1)

where Q is the Fermi constant, G '-10 xMp'
(M~ =proton mass). The muon and electron weak
currents are given by

(2.2)j ('„,.)
= 4(„,,)(~)r'(1 —r, )4(,„,.)(~),

where this form implicitly assumes that the neu-
trino is massless, has left-handed helicity, and
that the electron and muon number are separately
conserved. The weak hadron current J~ is as-
sumed to consist of vector and axial-vector parts,
and between states A and B is written

(2.3)

where in this form the state B has one unit more
electrical charge than does the state A. . We shall
assume that the hadronic current consists only of
first-class currents" [i.e., the vector (axial-vec-
tor) parts are even (odd) under G parity], second-
class currents being absent, or negligible.

We first consider the lepton current. Using the
spinor normalization

u(') t(p)u("'(p) = 6„, ,

we evaluate

II'"(p) = u(p„)r'(1 r, )u(p. )-

(2.4)

(2.5)

in a coordinate system where the muon and neutri-

also by the axial-vector current (vN-N*) makes it
appear that these authors are in error.

In Sec. 'lI we discuss our kinematics and the form
of the current-current interaction. In Sec. III the
problem of satisfying the conserved-vector-cur-
rent hypothesis is discussed. Matrix elements and
cross sections are treated in Secs. IV and V, while
parameters and frame dependences are considered
in Sec. VI.

The reader whose interests lie primarily in the
excitation-rate predictions rather than in the for-
malism of the calculations is recommended to pro-
ceed directly to the figures which summarize our
results in a digestible fashion. The frame depen-
dence of the nonrelativistic quark-model predic-
tions is highlighted in Fig. 3 (below). The insensi-
tivity to the choice of parameters is seen in the
comparison of the model predictions for the ratios
of transition to the elastic electroproduction form
factors (Fig. 4, below) for a wide range of the
quark's mass and g factor.
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Pp,

(b)

FIG. 1. Definition of the scattering angles for the
lepton current in the x-z plane (a) in the current-
current interaction, (b) for vN N*IJ, .

no momenta define the g-z plane and the three-mo-
mentum transfer k is in the z direction (Fig. 1).
With the neutrino momentum in the direction (8, 0)
with respect to the z axis and the muon momentum
in a direction (p, 0) we obtain

Eq+ m —[pp[ ( p —8 p+ 8
W~(+)=~

N )~», i
sin, cos

and

(A. = 0, 1, 2, 3) (2.6)

Zp+m+ [p„[ ( 8- Q . 8+/W"(-}=
~ ( )~„, i

cos 2, -sin

g sin
2

-cos

(2.7)

where W~(+-) are the expressions for the lepton
current when the left-handed neutrino produces a
muon with positive helicity (p =+) or negative he-
licity (p=-), respectively, energy Z„, mass m,
and momentum magnitude ) p~ i. The helicity and
momentum transfer from the lepton to hadron sys-
tem is then represented by

W~(p) exp(ik x) (2.8)

where k =p„-p„with p, „ the neutrino and muon
mom enta.

In order to compute transition amplitudes, and
hence excitation rates to the various resonance
states B, we must contract the above expression

Term

u(p
'
)you(p )

u(p')y. u(p )

u(p')u;&k 'u(p )

u(p'h; V5u(p)

u(p')Vg 5u(p)

u(p')ask u(p)

Nonrelativistic
reduction

Xy Xi

g p+p' i(o. xk)
c a

g~t[0 x R]r,

XJ O'X(

~ ~. (I+p')'
Xy' 2M Xg

2M

(2.8) in the form of (2.7) or (2.6) into the hadronic
charge-raising current (2.3) where A is a nucleon.
Once the form of Jq is specified then it is a labo-
rious but otherwise straightforward procedure to
compute the rates for exciting the various reso-
nances. Therefore we must consider what form
the hadronic current will have within the confines
of our model assumptions. Following Refs. 3-V
we assume that the quarks which constitute the nu-
cleon resonances, A. or B, are quasifree insofar
as the weak and electromagnetic interactions are
concerned and that the lepton weak current couples
locally to the weak current of each quark. -This is
analogous to the electromagnetic case where the
photon field is assumed to couple locally to the
electromagnetic current of each quark. This is the
additivity assumption, where the weak (electro-
magnetic} interaction of the baryon is written as
the sum of the weak (electromagnetic) interactions
of the individual constituent quarks. The quark
structure of the nucleon resonances is then taken
into account through the use of appropriate initial-
and final-state quark wave functions. In this man-
ner, once the form of the individual quark weak or
electromagnetic current is specified, then the
weak and electromagnetic transition amplitudes be-
tween any two nucleon resonance states may be
computed.

The quark's weak-interaction current, which
transforms as an isospin-raising operator, con-
nects the quark (st} with the isospin and strange-
ness of the neutron to the quark ($') with isospin
and strangeness of the proton. Assuming that the
quarks are quasifree and that we may neglect sec-
ond-class currents at the quark level, then the
general form of the weak quark current is

((P[ V~+A~ [Bt)

= g(p')(ay„+ ibo ~„k' —cyzy, —dkzy, )g(p),

(2.9)

TABLE I. Nonrelativistic reduction of terms in the
quark's vector and axial-vector currents.
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where a, b, c, d are functions of the invariant four-
momentum transfer squared, f =k'k„.

In order to reproduce an SU(6) structure of the
baryon spectrum the quarks must be described by
two-component spinors and so, in analogy with
Ref. V, we perform a nonrelativistic reduction of

the quark's weak current to first order in the in-
verse quark mass. (The result will include the
familiar electromagnetic form in its vector part. )
In:Table I we give the nonrelativistic reduction of
the various terms in the quark's current. We find
to the order 1/M, (with M, the quark mass) that

(2 ) W"(6'i A. i ) "'"— '" ~ W — — —'bW k+ W ~

e e

(Woko-W. k) e ~~

e
(2.10)

where y, &
are two-component spinors. The term

in the square brackets above represents the inter-
action operator between free-quark states. Using
this operator we replace the free-quark wave func-
tions (2w) 'I'e'~ '" and (2w) '~'e '~'*

by the quark-
model wave functions appropriate to the initial and
final baryon states. Summing this single-quark in-
teraction operator over the quarks which constitute
the baryon states and integrating over the spatial
coordinates we obtain the hadronic current matrix
element describing transition between these states.
In our calculation we shall assume the quark form
factors to be constant such that a(t) =-a(0) —= a and
similarly for b(t), c(t), and d(t).24

If now we write c/a =ft and b/a = (g -1)/2M, we
obtain the interaction operator in the form

a W, — — W ~ (o xk) +fto ~ W~ ~
W (p+p') ig

e e

III. CONSERVED VECTOR CURRENT

The conserved-vector-current hypothesis (CVC)
identifies the weak hadronic vector current with a
conserved isospin current, the I, component of
which is the isovector part of the electromagnetic
current. Thus CVC implies that the isovector part
of the electromagnetic current is related to the
weak vector current by a rotation in isotopic-spin
space and the weak vector form factors can be de-
termined from electron-nucleon scattering (once
the data from both neutron and proton targets are
accurate enough to enable the isovector separa-
tion).

The vector current is conserved at the quark
level where V~ has the form

u(p'}(ay~+ ibo~"k„)u(p)

and k~V~ =0.

e e

(2.11)
Our formalism has defined the g direction to be

the direction of the momentum transfer k =p —p',
from the leptonic to the hadronic system. This
leaves us with the choice of which frame to employ
in the evaluation of the transition amplitudes in
our nonrelativistic approximation. We consider
the following frames: (i) laboratory, (ii) isobar
rest frame where the final-state nucleon reso-
nance is produced at rest, (iii) Breit frame where
the initial- and final-state baryon three-momenta
are equal and opposite. The isobaric frame,
where no energy is transferred, is not considered
by us as it clearly has a nonsensical threshold de-
pendence in t (i.e., at t =0 all excitations would
vanish by kinematics}. In Fig. 2 we illustrate the
kinematics for the three cases we consider. All of
these frames are connected by a simple Lorentz
boost in the g direction.

(a)
PB

B

k

p =0
PA

FIG. 2. Kinematics of vA pB in (a) laboratory,
(b) Breit, and (c) isobar rest frames.
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With our nonrelativistic reduction we obtain for
the vector current

V, = g~~aX, e'",
p+p' ig(o xk)

Xy~ 2M
+

2M X& &

(3.2}

(which agrees with the form for the electromagnet-
ic current used in Refs. 4-'l) and

kkVk =(koVo —k V}

arises entirely from the axial-vector current in
the limit that the. muon mass vanishes. Thus the
CVC condition has important consequences for the
near-forward production of N* resonances with
which we are here concerned. We are thus led to
modify the nonrelativistic form of the vector cur-
rent so that the CVC condition is satisfied explicit-
ly. This we do following Dalitz and Yennie26 by de-
fining O'", = J'ovko/k, and we obtain the following form
for the vector current:

ikz k
"'(P+P' (3.3) J() =. Q j) Qe

where ko=E& -E„is the energy transfer to the
hadronic system.

Matrix elements of the nonrelativistic form of
the operator k~ V~ between appropriate quark-mod-
el wave functions give a nonzero result. Thus the
CVC condition is no longer satisfied in the non-
relativistic limit.

Adler" has shown that if the vector current is
conserved then the forward production of N~ reso-
nances in the process

v+N-N~+ p,

r g ikz (n+p')
2M 2M

(p+p') K k, „:~

~

2Mk2 k2 k
c

where kk =- [ k,' (. In this form the vector current is
divergenceless and may be used to compute photo-
production and electroproduction rates. With the
additional contribution of the axial-vector current
to the interaction operator we have the final form
of the weak interaction, which we write as

3

[(W„+iW)(P(z& —iP,")+(W„—2W, )(P."'+ iP", )]
/=1 e

(9)
[(7(+,.)(W, — iW)- (o)(/W+i,W)] &+,W6'/+&(W + 2Wx)+(/&+I~(W*

ee

'[a,k, +a'(Z, —ik )+v (k, +ik„)]+— (Wk, -Xk)) .
e

(3.4)

IV. EVALUATION OF MATRIX. ELEMENTS

and (4.1)

drr "e ""j (kr)=(kj2n') e ' '

The center-of-mass motion has been factored out
in these spatial integrals.

We can determine the parameters a and R by
considering the process v+n- p+ p. in the limit

Using the interaction operator (3.4) and the
quark-model wave functions given by Faiman and
Hendry, ' we can determine the matrix element of
this operator for the weak excitation of various
resonances. The interaction operator is summed
over the quark index (j) (j=1,2, 3}and 7' is the
isospin-raising operator such that 2'(n) = (p). The
operator p( j) is taken to be the differential opera-
tor —iV(j) operating on the quark-model wave
functions. In evaluating the spatial integrals as
given in Table II, we have used

e'"' =Q i~(2L+1)' 'j ~(kr)(42/)'"Y~ r)
L

TABLE II. Spatial integrals. Wave functions are writ-
ten /LE for quark orbital state L. The radial excitation
for the H,oper resonance is |)Ioo.

(i, ~eikz~i ) e k /on.

[eikzp (i, ) i ke k/6n-2 2

(i

sheik

/i )ze k /on

k2 262
(i,x Jeik p fy ) io( )1/2 1 e /

x feikz(p ~ip ) f(]) ) iik(2 )2/2e-k /6ix—. 2 2

&i oI '"Ii )= -x(x)"'(—)
(i) ~eikz(p +ip )[i) ) 2 ke-k /on

2 2

&&2ole p. l&oo&=-2(2) k ~-en2e~ 2 ~n & -~ia.

(i,x ]eikx[i, ) e-k /6n1 k 2 2

(ikl "'Z.l)~)= Xi ('-„
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k and k, tending to zero ("static limit"}. The ha-
dronic current matrix element is of the form

~,(0) =-(p)[r,~,(q'), .I '~.(q')

-r&r, F~(q') —&~r,& (q')]u(&) (4 2)

for the neutron-proton transition. In this static
limit we obtain for W~J~

W.x&x;~,(0) @ x',.x;~.(0), (4.3)

where y& and X,. are the two-component spin func-
tions for the proton and neutron, respectively.
Taking quark wave functions for the proton and
neutron and using the quark-model interaction op-
erator in the same limit we obtain for W~J),

5
+WOX~X&+ 3&W XyoX;.

we estimate that f~-10/m (with m the muon mass
in GeV). From experiments on radiative muon
capture (Ref. 27, p. 366) one estimates

fI,(t = nP) = —(13+ 2.8),

while in Ref. 28 is estimated the value

f~(t = m') ='1.2/m.

TABLE III. Resonance production rates relative to
P33(1236) jn "forward" [t =-0 015 (GeV/g)2] p~p

when E„~3 GeV.

Quark-
model Relative production rate

Resonance assignment Laboratory Breit Isobar

We are thus led to identify a = E,(0) and R =-',E„(0)
= 0.7.

For the induced pseudoscalar we first define

f~=d/c, where in general f~= f~(q'), but we here
assume it to be independent of q' [see Sec. II, im-
mediately following (2.10)j. Using the Goldberger-
Treiman relation

Z, (t) = 2M„S„(0)/(m,' —t)

In Fig. 9 below, we show the effect of including the
induced'pseudoscalar term with f~ = 10/m. The
importance of this term can then be seen by com-
parison with the curves where f~ is set=0.

In the Appendix we give the square of the matrix
element, summed and averaged over final. and in-
itial spins for the various resonances. We also
consider possible configuration mixing of the form

S»(a) = cos g,S»['8}+ sin G,S»['8},
S»(b) = -sing, S»[ 8}+cos G,S„{'8}

and

D»(a) = cos G,D»[~8}+sing, D»['8},

D»(b) = -sing„D»['8}+cos G~D»['8},

which allows for the possibility that the observed
states S»(1550 and 1 t10) may be mixtures of the
quark-model eigenstates S»('8}and S»('8} (simi-
larly for D») The .results quoted in Table III as-
sume g, ~ =0 (which is suggested by the mass spec-
tra). The results for arbitrary g may be straight-
forwardly constructed. " Table III shows the ex-
pressions for the lepton current W~(p) appearing
in the squared matrix elements of Eq. (3.4}.

In the forward direction (g = P =0) the lepton cur-
rent vanishes in all but the following cases (see
Table IV):

i w„(+) + tw, (+)[= 2c(+),

w, (-) = w.(-) = c(-) .
Furthermore, in the limit of the vanishing muon
mass, g = 0 in the forward direction which implies
that the quantity kwo(-) —kcW,(-) occurring in the
Appendix should be zero.

In general the production rate to positive-helicity

TABLE IV. Expressions for the leptonic current
W&(+) with

E„+M-Jp„l Z„+m+ IpJ
(+ [g (p +m)]f/2 an (-) —

[E (E +m)]1/2

P»(1236)

D„(1520)

P gg (1470)

~3~(1650)

D»(1670)

D(5 (1670)

Fgs(1688)

S«(1700)

D(3(1700)

4(10)

2 (8)

2(8)

'(8)

'(1o)

(10)

4(8)

2 (8)

4(8)

4 (8)

100

14.8

32.3

14.1

0.9

0.5

1.0
5.3

2.7

0.4

9.9
1.8
1.0

7.5

2.1

1.3
1.8
4.5
5.7

0.6

1.7
2.8

6.9

0.5

100 100

14.7 13.5

45.1 49.6

Positive-helicity muons

W'p (+) = sin[2 (Q —0) ] C (+)

W, (+) =sin[-,'g + e)] C(+)

( W„(+) +iW„(+) (
= 2 c os 2 0 cos 2 Q C (+)

( W„(+)—iW {+)~ = 2 sining sin2$ C(+)

Negative-helicity muons

S p( ) =cos[p(p 0)] C( )

Wz (-)=cos[2(y+ 0)]C(-)

~ W„(-)+iW~ (—)~ =2sin2$ cos2GC(-)

~ W„(-) -iW~ (-)~ =2cos24 sinaGC(-)
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muons is suppressed with respect to that for nega-
tive-helicity muons due to the behavior of C(+)
which vanishes as the muon mass tends to zero
(or equivalently as the neutrino energy increases).
In this limit of being able to neglect the muon
mass, the only contribution to IMI' for the forward
direction comes from the term BR'. This is a
purely axial-vector contribution and we thus satis-
fy the Adler condition on the vanishing of the vec-
tor amplitude in this forward configuration. We
also note that the term A, represents the vector-
axial-vector interference term and vanishes in the
above limit consistent with the Adler condition.

term in the frame of our choice.
We have thus put our nonrelativistic calculation

into a relativistic form but it still remains, of
course, a nonrelativistic calculation. Our results
depend upon the frame which we choose as we see
in the discussion of the next section.

VI. CHOICE OF PARAMETERS AND FRAME

The para, meters g/M, are determined by requir-
ing that the matrix elements of the magnetic mo-
ment operator

V. DIFFERENTIAL CROSS SECTIONS

x5'(p„+pe-p, -p~)p .ppv pA

For the process vA- p, B we can write

(5.1)

da'= E E IMI
8g " p„pA Ep E~

x 5'(p„+ps -p„-p„) . (5.2)

The expression for the cross section should be
a Lorentz invariant. The second factor in the
above expression is explicitly Lorentz-invariant
and implies that the factor E„E„IMI' should be the
same. We therefore evaluate E,E„IMI' in the
frame of our choice and express it in terms of
Lorentz invariants. This then allows us to calcu-
late the differential cross section in any frame. In
the laboratory frame the differential cross section
takes the form

(
—„„[=,~(E.E„IMI').

)lab

me lp„l'
E„I p„ I (E„+m„) E„E„cos8~-

(5.3)

where the term in curly brackets is evaluated in

the laboratory frame and e~ is the scattering angle
in this frame. The subscript F on the term
(E„E„IMI~)» denotes that we can calculate this

With matrix elements of the interaction operator
between quark-model wave functions denoted by
M, the transition matrix element is given by

s„=(s.)- (,; )
'
(a.)

x 54(Pal+Pe -P„-P„)MG/~2

and the cross section by

d = 2
4mAm~ M2dpp dpi' Q.=(v} EE I I (2) (2w) 2

((I, =the charge of the ith quark) between quark-
model wave functions for the proton yield the pro-
ton's magnetic moment. We obtain p. ~

= p.„where
p, ~ =2.'79e/2M~ is the proton magnetic moment with

M~ the proton mass and p. , = ge/2M, . Therefore
g/M, -2 GeV ~.

The spacing between the adjacent levels in the
oscillator potential is given by c('/M, and from ex-
amination of the observed baryon spectrum the
separation of the bands is approximately 400
MeV." Thus we take o.'/M, =0.4 GeV. Following
Copley et al. ,

' we shall assume g = 1 and so M,
=0.333 GeV with n'=0. 14 GeV'. The values of our
parameters are similar to those used in Refs.
3-7 and our final results are not significantly al-
tered if we changed these parameters to the parti-
cular values of any of the various references cited.
As examples we show in Fig. 4 below that the elec-
troproduction form-factor ratios predicted by
the model are almost independent of the particular
values of the parameters. This highlights the fact
that it is the choice offrame which is the most
critical feature of the nonrelativistic calculation.

By virtue of the harmonic interaction between
the quarks in the nucleon the resulting prediction
for the elastic electromagnetic form factor is of
Gaussian form, whereas empirically the proton's
form factor has a much less dramatic behavior,
the data being well approximated by a function of
the form (1 —t/ . 0l) t' for 0 & -t & 25 (GeV/c)',
where t is the four-momentum transfer squared.
For values of -t&0.5 (GeV/c)' the Gaussian form
and the above behaviors diverge, the Gaussian
having a much faster falloff than do the data for in-
creasing I t I. In order to obtain predictions which
are not sensitive to the nature of the form factors,
we consider the ratio of resonance to elastic dif-
ferential cross sections:

do'
(eN - eN*) —(eN—- eN)

dQ dQ

and also
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The calculations that we have performed are
necessarily nonrelativistic and depend upon the
three-momentum transfex' in the pax'ticular fxame
in which the calculation is performed. Below we
give expressions for the squared three-momentum
transfer P in terms of the invariant squared four-
momentum transfer t fox the various frames we
ax'e considering.

Laboratory frame:

FIG. 5. Ratio of resonance to elastic cross section
for electroproduction of &33 {1236}in the Breit frame.
Data are froIn Ref. 31.

k' = -t+ (ms' —m„' -t)'/4m„'.

Isobar rest frame:

k' = -t+ (ms' —m„'+ t)'/4ms'.

Breit frame:

k'=-t+(me' — m„' ')[/(2 m„'+ms') —t].
Here m~, m~ are the masses of A, B, respective-
ly, in the process /A - /B with l a lepton and
-t&0. Fox the case of guasielastic scattering,
and neglecting the neutron-proton mass difference,
these relations reduce to the following.

Laboratory and isobar rest frames:

k = t+ t'/4m~'-.

Breit frame:
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[exp(-9/3n')], „„/[exp(-8/Sn')]„
then has the following behavior for large values of
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FIGe 4. Palameter depeIldence of the x"Rtlo of reso-
nance to elastic cross sections for the x esonance
Ejs(1688) o The vRllous parxIletrlzatlons Rle (R) g= 30'
M =10 GeV, F2=0.1468V2 (b) g=1 M =333 MeV
0,2= 0.06 GeV2 (c) g= 2 M = 0.5 GeV, 0.2= 0.14 GeV2

(d) g= 1, M = 333 MeV, 0.2= 0.14 GeV2. Note that the
8888Qtlal shape of the curves ls R function of the Xc = 2
assignment of E&&(1688) and is only minimally depen-
dent upon the choice of parameters.
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VII. RESULTS

In Figs. 5-7 we exhibit the electr'oproduction
form factors as predicted by the model in the Breit
frame and compare with the experimental data" in
the first, second, and third resonance regions. In
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FIG. 12. All previous graphs have assumed the inci-
dent lepton to have an energy greater than approxi-
mately 3 GeV. The effect of kinematic suppression on
the weak production of the resonances S&&(1550) and
Df3+520) is shown; (A) 5-GeV neutrino (8) 2-. GeV
neutrino.

The vector current which we have used is simi-
lar to the one used by Thornber' in her considera-
tion of the electroproduction of resonances. We
have attempted to derive the hadronic current that
we have used by a nonrelativistic reduction. Sub-
sequently we use an effective mass, M„which is
rather light. This brings into question the validity
of our nonrelativistic reduction especially as con-
cerns the region away from t =0. We do not at-
tempt to justify the use of this hadronic current for
nonforward scattering, but we assume its validity
in our calculations.

Fig. 8 we show an interesting prediction of the
model, namely, that the P»(1470) will be sup-
pressed in comparison with the S»(1550) and
D»(1520) in photoproduction and low te-lectropro-
duction, but that it will dominate over these reso-
nances for large t. This result is due to the fact
that the P» is believed to be a radial excitation at
N(= 2n+ L) =2, whereas the S» and D» are orbital
excitations with I =1. Consequently these latter
resonances pick up a factor of k in their form fac-
tor near t =0 while the P» picks up O'. That the
P yy should dominate is a result of the quark as-
signment; the value of t at which it begins to dom-
inate is proportional to the magnitude of the quark
spring constant n'. (See Table II, where the spa-
tial integrals which yield the form factors may be
found. ) An analogous behavior is expected for the
F»(1688) in the third resonance region due to this
resonance being in the L=2 level of the oscillator
potential while the 9» and D33 are at L = 1. This
behavior is exhibited in Fig. 8(b).

In Figs. 9-11 we show the predictions for the
ratios of weak-production form factors to the elas-
tic form factor. For I = —,

' resonances the results
shown are for proton targets in Fig. 9. The exci-
tations of the second and third resonances from
neutrons are shown in Figs. 10 and 11, respective-
ly. The inclusion of an induced pseudoscalar term
with magnitude f~ = 10/m (see Sec. IV) is shown in
the curves labeled A, while neglect of the term
yields the curves B.

Table III shows the weak excitation rates of the
various resonances compared to the P»(1236) rate.
Weak excitation from proton targets can only take
place for I = —,

' resonances. Our results show that
the S»(1650) and D»(1670) are very weakly excited.
The P»(1236) resonance will therefore dominate
any resonance excitation from proton targets, the
second and third resonance regions being marked-
ly suppressed.

From neutron targets we expect that significant
excitation of the D»(1520) and S»(1550) will be
seen, and with the prominent excitation of P»(1470)
also expected at large t there mill be a clearly
visible second-resonance enhancement. Similarly
we expect to see a prominent third resonance with
E»(1688) the dominating resonance, especially
away from the forward direction.

It has been claimed by Albright et al."that the
weak excitation of resonances in the (70, L=1-)
supermultiplet will vanish. This is contrary to the
results we have described above and also to the
results of Ravndal. " This latter author examined
both electromagnetic and weak excitation of reso-
nances in a relativistic formulation of the model
and his results are very similar to those that we
have obtained in this nonrelativistic approach. He
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implicitly is comparing the excitation form fac-
tors to the elastic form factor, as we do here, and
also finds the result that the Roper resonance
could be important at large f (examination of his
Fig. 5 in his electroproduction paper shows that
the P» transverse photoabsorption cross section is
falling much less rapidly with increasing t than
those of the S» and D»). Detailed phenomenologi-
cal analyses of coincidence electroproduction in
the second resonance region will be required to
see whether this prediction is borne out by the
data; these we await with interest.
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APPENDIX

s„f'8}:

1 (y gk 2k 4k
A. =——+

9 Mq 2M 3(yg 3(y

'M, ~ 6M, 2M,

A2=9 9 2 2 ~
+R

2 8k gk 2k
3 9 9~2R 2~ 3MR

16 k pk k k pkka

~„('8}:
A., =0,

We collect here the expressions for the spin-
averaged square of the matrix element ~M~'. The
essential structure of ~M~' is

[M[ =e '~'" [A,(kW0 —k,Wg)

+A, ([W+ iw, ['+~W„- iw, ~')

+A, (~W, + iW, ~'-~W, - iW, [')+BR'j.

All that remains is to list the resulting expres-
sions for A.„A„A.„and B for the various reso-
nances considered. We present here the results
for the process vN'-N~'p . The electroproduc-
tion results can be derived by setting R =0 (i.e.,
removing the axial-vector matrix elements) and
making necessary adjustments in the isospin
Clebsch-Gordan coefficients. We do not list these
explicit expressions here. One can also select out
those terms depending upon R (axial-vector terms),
and making necessary phase-space adjustments
one can then immediately read off the N*-Nm
widths. We have checked these and find that they
contain the results of Faiman and Hendry (Ref. 3).

Dl M, 0.' 6M, 2M,

D„('3}:
A, =O,

7 k gk
2 405 2 2M

+R

7 k2 gk
405 n' 2M,

4o5 ' 2M, 6M, 2M,
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A~=0,
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a=45 —
Wg l-2'M ——

No 6M
—2'M

A3=
9 2M 8)

8»('10j, vN' N*+'+p,

30. k k pkok

5 18 2M

S»(210}, (vNO N*++p, ) =3(v¹ N*+++p, ).
D»{'10), vN'-N*"+p

P„(14VO):

A2 6 9 3 2
+ji', +

3
+

gk' =6 9-' 2, '. "'3M, '

3. ]08

2 $08 ]8 2; 2~ +B

As y08 9

D»f'10), (vN'-N'++p ) =4(vN'-N*"+V ).
P»f'10), (vN'-N*"+p, ) =3(vN'-N*'+p ):

A, =0,

25

1 12n fgkok—
TVO 1 +

In all these expressions, k, is the energy trans-
fer to the hadronic system and k, =(t+k')"' where
t is the invariant four-momentum transfer squared.
In the Breit frame (which is the frame for which
our figures are drawn) we find

(~R ~2)2
2(me'+m„m) -t '
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The processes y ~+a, y ~+~+7( vr, yy-~+a, and yy 7(+~+7( ~ can now be studied in
e'-e colliding-beam experiments. Amplitudes for these processes are considered in the
low-energy region where simple analyticity may be used to extrapolate from the zero-energy
values determined by gauge invariance and current algebra. It is argued that in the S-wave'
two-pion state a broad o resonance will appear as an enhancement in yy x+m at an energy
much lower than the o mass. For the process y-7t+~+x m an approximation is made (which
amounts to an extreme interpretation of p dominance) to predict a cross section of about 1.6
& 10 + cm2 at energies just above the p mass. A similar approximation is used to estimate
the nonresonant cross section for yy- ~+7t+x x, in substantial accord with a recerit result by
Terazawa. We find this cross section to be too small [0(10 36 cm2)] to be of present experi-
mental interest.

I. INTRODUCTION

The small mass of the pion gives it a privileged
position in strong-interaction theory. Low-energy
amplitudes for purely pionic processes are ex-
pected to be dominated by singularities coming
from intermediate states which in turn contain on-
ly pions. Furthermore, the pion pole should dom-
inate low-energy matrix elements of the diver-
gence of the axial-vector current, and this allows
low-energy pionic amplitudes to be constrained by
the current algebra.

Unfortunately, there are no corresponding ex-
perimental advantages to purely pionic systems,
and up to now our information on these systems
has been perforce indirect. With the recent con-
struction and operation of colliding electron-posi-
tron beams, however, amplitudes for the produc-
tion of pions by photons have become measurable.
The most obvious and important example is the
pion form factor in the timelike region which has
already been extensively studied. ' The colliding
beams at Frascati also produce large numbers of
multipion events. ' In addition, Brodsky, Kinoshita,
and Terazawa' have pointed out that the cross sec-
tion for e'e e'e +pions, involving the produc-
tion of a pair of nearly real photons which then

form pions, will be at least as large as v(e'e» y- pointlike pions) when electron beam energies
exceed about 1 GeV. This means that pionic
states of positive charge conjugation will also be
available for study in forthcoming experiments at
Fraseati, CEA, SLAC, and DESY.

In this paper we consider amplitudes for the pro-
duction of two and four charged pions by photons in
the low-energy region. This is the regime of va-
lidity of (i) current algebra, (ii) analyticity with
simple intermediate states. The basic plan is to
find, using gauge invariance and current algebra,
the zero-energy limits for these amplitudes, then,
using two-particle unitarity, to extrapolate these
amplitudes past threshold up to energies of roughly
the p mass.

This program has already been carried out by
Qounaris and Sakurai for the important case of
the timelike-pion form factor. ' For orientation,
we review and discuss briefly in Sec. II their re-
sults. In subsequent sections we consider, re-
spectively, the processes yy-m'w (Sec. III),
y-m'm'w w (Sec. IV), and yy- m'w+w m (Sec. V).
Appendix A discusses the ambiguity in the uni-
tarization of the yy- m7l amplitude and the possible
application of a concept of 0 dominance. Appendix
8 deals with yy p,

'
p, , useful for normalization


